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The irregularity of two types of trees
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The irregularity of a graph G is defined as the sum of weights |d(u) — d(v)| of all edges uv of G, where d(u) and
d(v) are the degrees of the vertices u and v in G, respectively. In this paper, some structural properties on trees
with maximum (or minimum) irregularity among trees with given degree sequence and trees with given branching
number are explored, respectively. Moreover, the corresponding trees with maximum (or minimum) irregularity are
also found, respectively.
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1 Introduction

Let G be a simple connected graph with vertex set V(G) and edge set E(Q). Its order is |V (G)|, denoted
by n, and its size is | E(G)|, denoted by m. For v € V(G), let Ng(v) (or N(v) for short) be the set of
neighbors of v in G, and dg(v) = |Ng(v)] (or d(v) for short) be the degree of v in G. A pendent vertex
of G is a vertex of degree 1. Let A1(G), A2(G) and §(G) (or Ay, Ay and ¢ for short) be the largest,
second largest and minimum degrees of G, respectively.

A graph whose all vertices have equal degrees is said to be regular, otherwise it is irregular. Albert-
son [3]] defined the imbalance of an edge uv € E(G) as |d(u) — d(v)| and the irregularity of G as

irr =irr(G) = > |d(u) - d(v)], (1)

uveE(G)

where the summation is over all (unordered) edges uv in G.

The problem of determining the graph with maximum (or minimum) irregularity (or estimating bounds
on irr(G)) among some classes of graphs is of great interest. Hansen and Mélot [6] determined the
maximum value for the irregularity of graphs of order n with m edges and constructed the correspond-
ing graph which attaining this value; Henning and Rautenbach [[7]] explored the structural properties on
bipartite graphs with maximum irregularity. Various upper bounds on the irregularity of some classes
of graphs, such as K, ;-free graphs, bipartite graphs, triangle-free graphs were deduced in [14, |3} [1],
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respectively. In particular, Zhou [[14] established the relationship between irr(G) and Z; (G), and respec-
tively determined the graphs with maximum irregularity among trees and unicyclic graphs with a given
number of pendent vertices, where Z1(G) = 3_ cv (g dZ%(v) is the first Zagreb index of G. Recently,
Luo and Zhou [9] determined the graphs with maximum irregularity among trees and unicyclic graphs
with given matching number, respectively. More results on imbalance, the irregularity of a graph can be
found in [S} 10} 2, [11].

A positive integer sequence m = {dy,da, - - ,d,} is called the degree sequence of G if d; = d(v;) for
v; € V(G), i = 1,--- ,n. Throughout this paper, we order the vertex degrees in non-increasing order,
ie,dy > dy > -+ > d,. Also, a sequence 7 = {dy,da,--- ,d,} is called a tree degree sequence if
there exists a tree T having 7 as its degree sequence. Furthermore, the sequence 7 = {d;,ds,--- ,d,} is
a degree sequence of a tree of order n if and only if >, d; = 2(n — 1) [4]. For a tree T', a vertex of
degree 1 is also called a leaf (or a pendent vertex); a vertex v with d(v) > 3 is called a branching vertex.
The branching number of T, denoted by &(7'), is the number of those vertices v € V(T') with d(v) > 3.
For convenience, the degree sequence of T (7(T)) is the sequence of the degrees (in descending order) of
non-leaf vertices. Let 7™ and %% be the sets of trees of order n with degree sequence 7 and k branching
vertices, respectively. Let T . (or 1,7, ) be the tree which has maximum (or minimum) irregularity
among trees in 7", and BE _ (or BE, ) be the tree which has maximum (or minimum) irregularity
among all trees in %%

In the present paper, we explore some properties on 77 - (or T

min
i L k k
T .o (for T7. ), as well as By, .. (or B, ).

), and find the corresponding trees

2 Preliminaries

We use G — uv to denote the graph obtained by deleting the edge uv € E(G) from G. Similarly, G 4 uv
is the graph obtained by adding an edge uwv ¢ E(G) to G.

Vo Vi Via Vi Vi

Vk—l Vk Vk+l vt vt+1

TO

Fig. 1: A new path in T° obtained from 7" by S(v;, vx) on the path vov1v2 - - - VU1 1.

Consider a path vovivs - - - V0411 in a tree T, where dr(vo) = dr(viy1) = 1, let T be a new tree
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obtained from T by reversing the order of the components attached to v;, v;y1,--- ,v. Thatis T? =
T — v;_1V; — VpUk+1 + Vi—1Vk + v;Vk41. Clearly, T and T have the same degree sequence. This
operation is denoted by S(v;, vy ) on the path vgvivs - - - viv411. The process of this operation is shown in
Fig.

Let ¢ = uv be an edge of a graph G. Let G’ be the graph obtained from G by contracting the edge e
into a new vertex v’ and adding a new pendent edge u'v’, where v’ is a new pendent vertex. We say that
G’ is obtained from G by separating an edge uv (shown in Fig. [2).

G G’

Fig. 2: G’ is obtained from G by separating an edge uv.

Lemma 2.1 ([8]) Fore = wv € E(G), let G’ be the graph obtained from G by separating an edge uv. If
dg(u) > dg(v) for any v € Ng(u), then we have irr(G') > irr(G).

Lemma 2.2 For positive integer © < "2, the function f(n,z) = n® + (1 — 4z)n + 4a® — 2 is mono-

tonically decreasing on x.

Proof: Consider the derivative on z of the function f(n, z). Then we have

d(f(n,x)) n—2
2

e =8r —4n <8 x

—4n = -8 < 0, asxﬁ%’z.

n—

Then f(n,z) is monotonically decreasing on = < 72 This completes the proof. O

3 Maximal (or minimal) irregularity of graphs in .7 "

In this section, we explore some properties on 17 .. (or T77 . ), and find the corresponding trees 777, .. (or
T ).
man

3.1 Propertieson T~

max

Lemma 3.1 Each path vyvy - - - 0441 with d(vg) = d(vepr) = 1in T,

max’

has the following properties:
1. ifiisodd, then d(v;) > d(vig1—i) > d(vg) fori <k <t+1—1i;

2. ifiis even, then d(v;) < d(vpy1—) < d(vg)fori <k <t+1-—1i.
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Proof: We prove the result by induction on i. For i = 1, we will prove that d(vy) > d(v¢) > d(vy) for
2 < k <t — 1. Suppose the opposite that dp= (v1) < drx_(vg) for some 2 < k <t — 1. Let T° be
a tree by applying S(v1,vx) to T/ ... Clearly, T° € 7. Note that the edges vov, and vgvg1 in TF ..
are transformed to the edges vovy, and viv,,1 in TV, respectively. Hence we have

irr(T%) —irr(Th,,) = |dro(vo) — dyo(vk)| + |dro(vi) — dyo (v
—ldrz, (vo) —drz, (v1)| = ldrz, (vi) = drz (Vi)
= l|drg,, (vo) —dry, (vi)| + |dT,’,§”( 1) —drr . (V1)
—ldrx (vo) —drx, (vi)| = |drr, (vk) —drx, (Vg1
= drs,, (Uk)—1+ drz, (v1) —drz, (V1)
—(drz, (v1) = 1) = |drx, (vk) —drz, (vkg1)], asdrx, (vo) =1
> drg,, (vk) = d 7, (01) = ldry, (v1) —dog, (01)]
) —

max
maz( k

dT;;wx( ) (dT;,fm,( )*dT;;mz( 1))
0.

This is a contradiction. Hence dr= (v1) > drx (vx) for 2 < k < ¢ — 1. At the same time, we have
dr=  (v1) > drx (v¢). S1m1larly, we can prove that dr= (v¢) > drx_ (vx) for2 < k <t — 1. Hence,
we conclude that drr  (v1) > dpx (v¢) > dpx (vk) forl <k <t.

Now, assume that the result holds for other Values. If ¢ > 2 is even, assume that the result holds for
any | < i — 1. From that, if | = ¢ — 1is odd, we have dp~ (v;—1) > drr  (viyo—s) > drx (vk) for
i<k<t+2—dandi=1,2,---,[(t+1)/2]. If I = i is even, we should prove that dr= (v;) <
dr=  (viy1—i) < dp= (vg) for (i <k <t+1—iandi = 1,2,---,[(t + 1)/2]). Suppose the
opposite that dp~ (v;) > dpr (vg) forsome i +1 < k < t+1 —i. Let T° be a tree by applying
S(vi, vg) to Tr’fmr Clearly, TY € . Note that v;_1v; and vvyyq in TT . are transformed to v;_1vy
and v;vp4 in TV, respectively. By the inductive hypothesis, we have dTw J(vi1) > drr (vg) and
drx  (vi—1) > dT;;m( v;). Then we have

irr(T°) —irr(T],,) = ldro(vie1) — dyo(vi)| + |dro (v;) — dro(vesr)]
—ldrz,, (vi—1) —drz,, (vi)| = |drz, (k) = dr7, (Vks1)]
= |drz,, (vie1) —drz, ()| + |dry,, (vi) — drr | (Vkg1)]
—(drz, (vi1) —drz, (vi) = |drz, (oK) — drz, (k1)
= drz, (vi-1) —drz, (vg) + |drz, (vi) = drr (V1)

—(drx, (vie1) —drx, (vi)) = |drx, (V) — drr, (Vkg1)]

mazx

> drx, (vi) —drx, (vk) = |drz, (V) — drx, (03)]

max

= dry,, (vi) —drz, (vk) — (drg,, (vi) — dr7, (V8))

max max
= 0,

a contradiction. Hence, dr= (vz) <drx. (Uk) forany i+ 1 < k < t+1—1i. At the same time, we have
dp=  (v;) < dp=  (vig1— l) " Now we prove that drx  (vip1-4) < drx (vg) fori+1 <k <t+41—i.

max max

Suppose the opposite that dr=  (viy1-4) > dp= (vk) fori+ 1<k <t+1—i Let T° be the tree
obtained by applying S(vk,th i) toTr Clearly, 70 ¢ 7. Note that vg_1vg and Vi1 ;Ver2—;

max*
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in T7 . are transformed to vi_1vy41—; and vEvio—; In 79, respectively. Moreover, by the inductive

max

hypothesis, we have dr~  (viy2-i) > dpx (vy) and dpx  (viy2—i) > dpx (vi1-4). Then we have

irr(T%) —irr(Th,,) = ldro(vk—1) — dro(vipr—i)| + |dpo (k) — dro(vega )|
—ldry, ., (vk-1) — drz, (vi)| = |drz, (vig1-i) — drr, (Vig2—i)]
= |drz,, (vk—1) —drr, (vip1-)| + |drz, (k) — drr, (Ve2—i)|
—ldry,, (vk—1) —drz, (V)| = |dr7,, (Vt41-0) — dr7, (Ve42-3)]
= |dpx, (vk—1) —drr, (Vep1-i)| +drr . (Vepo—i) —drx ()
—ldry,, (vk-1) —drz, (vi)| = (drz,, (Vir2—i) — drr, (Vi41-4))
> _|dT;{mx (k) — dr= (Veg1—i)| + drs (Veg1-i) — dr= (V)
(drx

(vg) —drr (Vi41-4)) +drr. (Ve41—4) — drr

(vk)
e s e e

a contradiction. Hence we have dp~ (viy1-i) < drx  (vg) fori+1 < k <t + 1 — i. Therefore,
drx  (v;) <drx (V1) <dpx (vp)fori <k <t+1—dandi=1,2,---,[(t+1)/2].
The case for odd : is similar. The proof is completed. O

Let v; ; be the vertex whose closest leaf is at distance 7, and let vg ; be a leaf in T},

T ap- FOI integers
i, 7, k, 1, by Lemma[3.1} we have the following:

Lemma 3.2 For 1 < i < j, we have
1. dp~  (vik) > drx (vj1) for odd i;

T

2. dT:;Laz (i) < dp=

max

(vj,1) for even i.

For a tree T', let 2 be the set of leaves in T', and 27 be the set of vertices that adjacent to the leaves
inT. Letd = min{d(v),v € 27} and Z}. be the set of leaves whose adjacent vertices have degree d’
inT.

Lemma 3.3 Fortrees T and T™* with root v, let T" and T"' be two trees obtained from T by identifying the
root * of T* with v’ and v", respectively, where v’ € P} andv" € P\ P Thenirr(T') > irr(T").

Proof: Let v1, vy € V(T) such that v1v" € E(T) and vav” € E(T'). Note that dp(v1) = d' < dr(ve).
Then we have
() = irr(T") = |dpo(01) — dis (7)) + |di (03) — ds ()]
—ldrr (v2) — dpr ()] = |dp (v1) — dpr (V)]
= |dr(v1) = (dr-(r") + 1) + |dr(v2) — dr(v")]
—ldr(v2) = (d=(r*) + 1)| = |dr(v1) — dr (V')
= |dr(v1) = (dr=(r") + 1) + (dr(v2) — 1)
—|dr(ve) — (dp=(r*) + 1)| — (dr(v1) — 1), as dp(v') = dp(v") =1
>  —|dr(va) — dr(v1)| + dr(va2) — dr(vy)
= —(dr(v2) —dr(v1)) + dr(ve) — dr(v1)
0.
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This completes the proof. a
The following recursive algorithm can be used to construct the tree T'7 .. with m = {dy,dz, -+ ,dn }.
(1) If m —1 < d,,, then by Lemma|3.1} it is easy to geta tree 1.y ...
Rooted at r with d,,, children with degrees d,- - ,d,—1 and 1,--- | 1;
——
dpy—m+1

2) If m —1 > d + 1, then by Lemma we see that the vertices in {vy j|j = 1,2,---} take
the largest degrees and they are adjacent to the vertices (in {ve |k = 1,2,---}) with the smallest
degrees. Construct the subtrees that contain vertices in {vg ;| = 1,2,---}, {v1 ;|7 = 1,2,--- } and
{vak|k = 1,2, -} first. Note that by Lemma we will let the larger degree vertex be adjacent to
the smaller degree vertex whenever possible. Thus, we produce the following subtree 77 :

Rooted at r with d,,, — 1 children with degrees dy, - - - ,dg,, —1, where 7 € {vo x|k = 1,2,---} with

degree d,, in T}, ., the children of r are vertices in {v1 ;|j = 1,2,--- }.

ax’
Note that removing 73 (except the root) from 77 .. results in a new tree S with degree sequence
{dg4,,, ++ ,dm_1}, in which Lemmas [3.1] and [3.2] still hold. Thus S is a tree with the new degree
sequence has the maximum irregularity.

(3) Now the only problem is how to attach 77 to S (by identifying the root of 737 with a leaf of S). By
Lemma we should identify the root of T} with a vertex v in &}, of S.

We now give an example which is a tree 7,7 .. with degree sequence © = {7,6,5,5,4,4,3,3,3,2} to
illustrate above mentioned process.

Firstly, by (2) we have the subtree 77 and new degree sequence{6, 5, 5, 4, 4, 3, 3, 3}. Then, we can find
a tree with this new degree sequence has the maximum irregularity. Similarly, we also have the subtree 15
and T3 by (2). The remaining degree sequence {4, 3} satisfies (1), producing the tree S with maximum
irregularity, where 71,75, T35 and S are shown in Fig.

Secondly, attaching T3 to S (according to (3)) yields a tree with degree sequence{5, 4, 4, 3, 3} has
maximum irregularity. Now attaching 75 to this new tree (according to (3)) yields a tree with degree
sequence {6, 5, 5, 4, 4, 3, 3, 3} has the maximum irregularity. We then have a new S (see Fig. E]);

Lastly, finding a leaf in the new S (Fig. 4) whose neighbor has the smallest degree, attaching 7} to the
new S as described above in (3) yields 77 ... However, T)" . is not necessarily unique, two of them are

ax* max

shown in Fig. 5] both are achieved through our algorithm.

A A O N

T T, T, S

1 3

Fig. 3: Construction of subtrees.
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Fig. 4: Attaching subtrees to S.

Fig. 5: Two trees T}, with the same degree sequence.

3.2 PropertiesonT’.

min
Lemma 3.4 Each path vgvivs - - - 001 with d(vg) = d(vey1) = 1in T, has the following proper-
ties:
d(vi) < d(vey1-i) < d(vr),

wherei+1<k<t+1—iandi=1,2,---,[(t+1)/2].

Proof: We prove the result by induction on i. For i = 1, suppose the opposite that dr=  (vx) < dr=. (v1)
for 2 < k <t — 1. Let T” be the tree obtained by operating S(v1,vg) to T/¥ .. Clearly, T° € .7,". Note
that the edges vovy and vgvi41 in 17 . are transformed to the edges vyvy, and v1vg 11 in 79, respectively.

mzn
Then we have

irr(T°) — irr(T);,) = ldgo(vo) — dro(vk)] + |dgo(vi) — dro (vkt1))|
—ldrz, (vo) —drr, (vi)| = |drr, (vi) —drr, (Vi)

= |drr, (vo) —drr, (vi)| + |dre, (v1) —drr. (Ves1)]
*|dT;m( vo) —drr, (v1)| — |drr, (vk) — drr, (Vk41)]
= dpr, (vr) =1+ |dpr (v1) —drr, (Vky1)]
—(drr, (v1) = 1) = |drr, (vk) —drr, (vkt1)], asdrr, (vo) =1
< mm( vg) —drx, (v1) +
) —

Fldrs (o) - drs(00)]
- (ve

min min
nnn

drz, (01) +drz, (01) —drz, (vk)

min min min

This is a contradiction. Hence we have drr (v1) < drr (vg) for 2 < k <t — 1. At the same time, we
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have dr=~ (v1) < dr=. (v;). Similarly, we also can verify dp= (v;) < dpx (vg) for2 <k <t —1.
Hence we have dr= (v1) < drx (ve) < dpr. (vg) for2 < k <t

Now, assume that the result holds for any ['< i — 1. That is, we have dr= (v) < drr. (viy1-1) <
dr= (vg) forl +1 < k <t+1-1,1=1,2,---,[(t +1)/2]. Forl = i, we have to prove that
drr (v;) < dpr, (vip1-i) < drr. (vg) ford + 1 § k<t+1l-—d¢andi=1,2,---,[(t+1)/2].
Suppose the opposite that dr~ (v ) S drr. (vg) forsomei+1 <k <t+1—14 Let T0 be the tree
obtained by applying S(v;, vk)/ toTr.. . C]early, TY € 7. Note that the edges v;_1v; and vV 41 in
T7 .. are transformed to the edges v;_;v; and v;vg41 in TO, respectively. Moreover, by the inductive

hypothesis, we have dr=  (vi—1) < dpx_ (vy)and drr (vi_l) < drp~_(v;). Then we have

min

ZTT(TO) - er(Tmzn) = |dT0 (Ui—l) - dTU (Uk;)l + |dT0 ('Ui) — dTO (Uk+1)|
—ldrz, (vie1) —drz, (vi)| = ldrz, (v) = dr7 (V)]

min min min

= l|drz, (vic1) —drz, ()| + |drz, (vi) = drr, (Vkg)]

min min min

—(drz, (vi) —drr, (vie1)) = |drr, (k) — drr, (Vk41)]
= drr, (k) —drr, (vie1) +|drr, (vi) —drr, (Vkt)]

~(drg, (vi) = drg, (vi—1)) = ldrg, (0k) = drg, (Vks1)]
< drr, (vx) —drr, (v;) + |drr. (vi) —drr . (vk)
= drr, (vi) —drr, (vi) +drr, (v) —drr, (vi)

0.

This is a contradiction. Hence we have dr=. (v;) < drr. (vg) fori+1 <k <t+1— 1. Atthe same
time, we have dp~ (v;) < drr (le,i).”By the same argument as above, we have dr= . (vip1-i) <
dr=. (vy) for i +1 <k <t+1—i Hence we have dr= (vi) < dpr. (vip1-4) < d;f;rm (vy) for
i+1<k<t+1—4,i=1,2,---,[(¢t+ 1)/2]. This completes the proof. O

Lemma 3.5 ForanyT € 7 withuv, vy € E(T) and uy, zv ¢ E(T), let T° = T —uv — zy +uy + zv.
Ifdr(u) > dr(z) > dr(y) > dr(v), then irr(T°) = irr(T).

Proof: Note that d(u) > d(x) > d(y) > d(v). Then we have
irr(T%) —irr(T) = |dro(u) — dro(y)| + |dro(z) — dro(v)]
=ldr(u) — dr(v)| = |dr(z) — dr(y)|
= (dr(u) = dr(y)) + (dr(z) — dr(v))
—(dr(u) — dr(v)) = (dr(z) — dr(y))
= 0.
This completes the proof. g

Suppose that the degrees of the non-leaf vertices are given. The greedy tree is achieved by the following
”ereedy algorithm” [[12} [13]:

(i) label the vertex with the largest degree as vy ; (the root);
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(ii) label the neighbors of vg 1 as vy 1,v1,2,- - , assign the largest degrees available to them such that
d(vi1) > d(vi2) > -

(iii) label the neighbors of v; 1 (except vg 1) as va 1, V2,2, - - -, such that they take all the largest degrees
available and that d(vs,1) > d(vg,2) > - - -, then do the same for vy 2,v1,3,- - -}

>

(iv) repeat (iii) for all the newly labelled vertices, always start with the neighbors of the labelled vertex
with largest degree whose neighbors are not labelled yet.

Theorem 3.1 Among trees in J,T, there exists a greedy tree with minimum irregularity.

Proof: Firstly, by the definition of the greedy tree with a given degree sequence, we easily to see that
the greedy tree satisfies the conditions in Lemma However, there are many trees for which these
conditions hold. Then by Lemma[3.3] the greedy trees with minimum irregularity are constructed among
these trees. This completes the proof. O

Remark 3.1 In fact, there are many trees different from the greedy tree with a given degree sequence
minimize irr(7T). Following is an example which are two 7.~ . _s. One is obtained by the greedy algorithm
with degree sequence m = {4,4,3,3,3,3,3,2,2,2,2}, also it is a greedy tree. The other one is not a
greedy tree with the same degree sequence, which are shown in Fig. [6}

a greedy tree a non—greedy tree

Fig. 6: A greedy tree and a non-greedy tree with degree sequence m = {4,4, 3,3,3,3,3,2,2,2,2}.

4  Maximal (or minimal) irregularity of graphs in %"

In this section, we explore some properties on B, . (or B . ), and construct the corresponding trees
Bfnam (OI' Brkrrnn)

We now explore some properties for trees in %%. For T € 28, let n; be the number of vertices of
degree i in T fori =1,2,--- ,A;. Then we have
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Note that
Ay Ay
2(n—1) :Zini :n1+2n2+zmi >ny+no+3k=n—k+3k=n+2k.
i=1 i=3

This implies that
Proposition 4.1 For any tree T € 5%, k(T) < 72

Moreover, note that

Aq Ay
2(n—1)=2ini = n1+2n2+zmi
i=1 i=3
> ni+na+3(k—na,)+ Aina,

n—k+3(k—na,)+ Aina,
= n+2k+ (A1 —3)na, >n+2k+ (A1 —3).

This leads to the following conclusion.
Proposition 4.2 For any tree T € 2%, A1(T) <n — 2k + 1.

4.1 Properties on B*

max

-2 pk . .
Lemma 4.1 For 1 < k < *5=, B, has the following properties:
1. BF

oz CONtains no vertex with degree 2;

2. BE . contains at most one vertex of degree larger than 3.

Proof: (1) Assume that there exists v € V(B ) such that dpr (v) =2. Let Ngr (v) = {w1,wa}.

Then dpr (w1) > 2 ordps (wp) > 2. Letu € V(B},,) with dgr (u) = Ay(Bf,,). Let

Npi (u) = {u1,uz, - ,ua, }. f u € N (v),let T" be the tree obtained from By, by Separating
an edge uv. Clearly, T’ € %8%. Then Lemma [2.1|implies that i7r(T") > irr(BF ), a contradiction. If
u ¢ Npx (v), then there exists a path contains u and v in BE ... Let v be the vertex connected to u via
wy withdpgr  (wy) > 2. Let T = BE .. — vwsy + uwy. Clearly, T" € %%. Hence we have
irr(T") — irr(BY )
= o (u) — dro ()] + dps () + e (v) — s ()|
—ldpx  (v) —dpr (w1)| —|dpr (v) —dpr (w2)]
= ldpr, (u)+1—dpy (w2)|l+dps (u)
+ldpe, (v) =1—dpk  (w1)| —|dpx  (v) —dpx (w1

= dBmem (u) +1-— dBf;Lax (wz) + dBf",'Lw (u)
+2=1—dpx  (w1)] = (dpx, (w1)—2) —|dpy  (w2) =2 asdpy  (v)=2
= 2dpr (u)+2—dpr (w2)—|dgr (ws)—2|

> 0,

—ldgy,,, (v) = dp  (w2)]
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(2) Assume that there exists two vertices u,v € V(BE, ) . az) > 3and
dpr (v) > 3. Letdpr (v) = sand Ngk ’T( v) = {v1,v2,- -+ ,vs}. fu € Nk (v), without loss of

generality, we asksume that u = v,. Let T = BF . — {vvy,vv9, -+ 00, 3} + {uvy, uvg, - ,uv,_3}.
!
Clearly, 7" € %,. Hence we have

a contradiction. Hence the result follows.
such that dgi (u) = Ay(Bf;

irr(T") — irr(B¥ ..
s—3
= 3 lldr(u) —dr ()| = dpy,,. (v) ~ dpy,,, (03]

+2(s —3) + (s —3) (dpx _(u) —1)

£ 3 [l (0) = dro(00)| — ldpy

max

(v) —dpe . (vi)]]

max
1=s—2

() dpr (Ui)”

max

s—3
= > lldge, (u)+s—3—dge (v:)| - ldps
=1

+2(s —3) + (s — 3) (dpx__(u) — 1)

max
—1

+ ldpy,, (v) = (s =3) —dpx (i)l = ldpy (v) —dpe_ (vi)]
1=5—2
> —(s—3) ’ g (v) —dpr T(u)—(s—3)|
+(s—3) (dp mawu 1) —2(s—3)
= —(s=3)(dpx_(u)—3)+(s—3) (dBkla,( u) — 1), asdpr (v) =s
= 2(s—3)
> 0,
a contradiction. If u ¢ Ngx (v), let T" = B, — {vv1, 00, -+ 0053} + {uvy, uvy, - -+, uv,_s}.
Clearly, T’ € %%. By the same argument as above, we have irr(T") > irr(BF,.). This is also a
contradiction. Hence the result follows. O
Combing Proposition[d.T]and Lemma@, we then have the following.
Theorem 4.1 For1 < k < “32, BF _ has the degree sequence m = {n — 2k + 1,3, -+ ,3}.
H/—/
k—1
Lemma 4.2 For any tree T € 9" with degree sequence m = {A1, Ny, -+ Ao}, where k < 252 then
\—v—"
k—1
irr(T) = A2 + A1 (1 — 2A0) + 20 — 2+ (1 — k)A](As — 1).
Proof: Note that 7" with degree sequence m = {A1, Ay, -+ ,As}. Then T hast = 2(n — 1) — Ay —
—_———

k—1
(k — 1)Ay leaves. Assume that u; € V(T') with d(uy1) = A;. Note that for any tree T' € .77, there are
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A, disjoint pendent paths which begin with the vertex u;. If one of them is P; = ujus - - - u;v;, where
d(u;) = Ag for 2 <i < k,and d(vj) =1 for 1 < j < t. Then we have

irr(Py) = Z |d(z) — d(y)|

wy€B(Py)
d(u1) — d(u2)| + [d(u2) — d(uz)| + - - + |d(ui—1) — d(u;)| + |d(uw;) — d(v;)]

= d(u1) — d(u2) + d(u2) — d(uz) + - + d(u;—1) — d(u;) + d(u;) — d(v;)

= d(u1) —d(vj)

= A -1

if one of them is P» = ujv;, where d(v;) = 1. Then we have irr(Pz) = |d(u1) — d(v;)| = A1 — 1.
Obviously, there is A1 (A — 1) contributes to irr(T"), by the A; disjoint pendent paths which begin with
the vertex u1. By the construction of trees, there are leaving t — A pendent vertices which just adjacent
to the vertices with degree Ao, then they have (t — A1)(Ag — 1) contributes to irr(7"). No matter how to
construct the tree 7, there are some edges as the edge u;u; with d(u;) = d(u;) = As, and their balance
is 0 as |d(u;) — d(u;)| = 0. Therefore, we have

irr(T) = A(A1—1)+(t—A1)(A2—-1)+0
= A% —A1As + (A — 1)
= AT A A+ [2(n—1) = Ay — (k= 1)As)(Ay — 1)
= AT FA(1-200)+[2n -2+ (1 —k)Ag)(Ag — 1).

This completes the proof. O

Remark 4.1 In fact, Lemma also holds for A; = A,. That is, for any tree T € 7,7 with degree
sequence {Aq, -+, Ay}, where k < 222 then irr(T) = —kA? + (2n+k — 2)Ay — 2n + 2.
—_————

k
By Theorem [f.T]and Lemma[4.2] we then have the following.

Theorem 4.2 For any tree T € %’fw where 1l < k < ”7_2, we have
irr(T) < n? + (1 —4k)n + 4k — 2,

and the equality holds if and only if T has degree sequence m = {n — 2k +1,3,--- ,3}.
——
k—1

Moreover, by Theorem[4.2]and Lemma [2.2] we have the following.

n—2
Corollary 4.1 irr(B}, ) > irr(B2%,..) > > irr(Bkmzz J).

max max )

4.2 Properties on BF

min

Lemmad4.3 For1 <k < %32 Ay(BF

min

) < 4.
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Proof: Suppose that there exists u € V/(B},;,) such that dgr (u) = Ay(B,,) > 4. Let N(u) =
{ul, U2, s UA, -2, Vi1, vi+1}- Let P = vpvq, - - - ,Ui,lu(: Ui>’l}i+17 --- v be the IOHgCSt path in
B,’f“- that contains u. Let w; be a pendent vertex connected to u via u; (it is possible that w; = u1)
(Fig.[7). Let T* = BX . — uug + ugw. Clearly, T € %%. Then we have

irr(TY) = irr(Bp,) = ldr(wi) = dr(u2)] = 1= (dpe | (w) = 1)
_|dBfnLn (U) o dB:Cn'Ln (U2)|
= ldgr (w1) +1—dpge (u2)|—dpx

ko (W)
—(dpy,, (w) —dpr  (u2))

= |2 o dBrk;L'in (UQ)| o 2dB:cn7'n ('LL) + dBfnin (UQ), as dBrk;L'in (wl) = 1
< 0,
a contradiction. This completes the proof. a
Vo Ve u Ve VY Yoi Vg u Vi Vi Vi
ue u: MII- ‘."’.
w w,
1 2 k u,_tz ’
Wl Bmm o W1 T'1
Fig. 7: Trees BY,;,, and T" in the proof of Lemma
Theorem 4.3 For1 < k < 232, BF . has the degree sequence m = {3,--- ,3,2,--- ,2}.
—— ——
k n—2k—2
Proof: By Lemma 4.3 we assume that Bfnm has degree sequence {3,---,3,2,---,2,1,--- , 1}, where
——— N — N —
k x y
x,y are integers. Note that k + = + y = n and 3k 4+ 22 + y = 2(n — 1). Those yield that z = n — 2k — 2
and y = k + 2. Hence the result holds. O

Theorem 4.4 For any T € % where k < ”?*2, then we have

wrr(T) > 2k + 4,

and the equality holds if and only if T = T . withm = {3,---,3,2,---,2}.
S—— ——
k n—2k—2

Proof: By Theorem for any T € %%, we have irr(T) > irr(BE,) = irr(TF,)) with 7 =
{3,---,3,2,---,2}. Moreover, by Theorem form={3,---,3,2,---,2}, there exists a greedy tree
—_—— —— —_—— ——

k n—2k—2 k n—2k—2
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T* such that irr(T*) = irr(T,,,). By the construct of the greedy tree 7* withm = {3,--- ,3,2,--- 2},
—_—— ——
k n—2k—2
we have

(@) = Y ldw) - d(w)
wveE(T*)
= 33-D)+(k-1)B-2)(3-1)+0
= 2k+4.

Hence the result follows. O

From the proof of Theorem we know that ¢rr(T™*) is monotonically increasing on k. Hence we
have the following.

L2521

Corollary 4.2 6 = irr(BL . ) < irr(B?

<---<irr(B
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