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A graph G is a 2-tree if G = K3, or G has a vertex v of degree 2, whose neighbors are adjacent, and G — v is a
2-tree. Clearly, if G is a 2-tree on n vertices, then |E(G)| = 2n — 3. A non-increasing sequence 7 = (dy, ..., dy)
of nonnegative integers is a graphic sequence if it is realizable by a simple graph GG on n vertices. Yin and Li (Acta
Mathematica Sinica, English Series, 25(2009)795-802) proved thatif k > 2, n > 5k* + 2k and m = (d1, ..., dn)

n
is a graphic sequence with > d; > (k — 2)n, then 7 has a realization containing every tree on k vertices as a
i=1

subgraph. Moreover, the lower bound (k — 2)n is the best possible. This is a variation of a conjecture due to Erdgs
and Sés. In this paper, we investigate an analogue extremal problem for 2-trees and prove that if k > 3, n > 2k* — k

n
and ™ = (di, . ..,dy) is a graphic sequence with 231 di > ‘““T" — 5?", then 7 has a realization containing every 2-tree
i=
on k vertices as a subgraph. We also show that the lower bound ‘”“T" - %" is almost the best possible.

Keywords: degree sequences; graphic sequences; realization; 2-trees.

1 Introduction

Let K, be the complete graph on m vertices. A graph G is a 2-tree if G = K3, or G has a vertex v of
degree 2, whose neighbors are adjacent, and G — v is a 2-tree. It is easy to see that if G is a 2-tree on n
vertices, then | E(G)| = 2n — 3. An ear in a 2-tree is a vertex of degree 2 whose neighbors are adjacent.

The set of all non-increasing sequences m = (d, . .., d,,) of nonnegative integers with d; < n — 1 is
denoted by N.S,,. A sequence m € N .S, is said to be graphic if it is the degree sequence of a simple graph
G on n vertices, and such a graph G is called a realization of . The set of all graphic sequences in N S,, is
denoted by G S,,. For a nonnegative integer sequence m = (dy, . ..,d,), wedenote o(m) = dy + - - + dy,.
Yin and Li [12]] investigated a variation of a conjecture due to Erdés and Sés (see [[1], Problem 12 in page
247), that is, an extremal problem for a sequence m € G'S,, to have a realization containing every tree on
k vertices as a subgraph, and obtained the following Theorem|1.1
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Theorem 1.1 ([12])) If k& > 2, n > %kz + 12—916 and ™ = (dy,...,d,) € GS, with o(7) > (k — 2)n,
then m has a realization H containing every tree on k vertices as a subgraph. Moreover, the lower bound
(k — 2)n is the best possible.

This kind of extremal problem was firstly introduced by Erd6s et al. (see [S—6]). The purpose of this paper
is to investigate an analogous extremal problem for a sequence m € GS,, to have a realization containing
every 2-tree on k vertices as a subgraph. We establish the following Theorems|[I.2]and[I.3]

Theorem 1.2 Ifk >3, n > 2k* —kand 7 = (dy,...,d,) € GS,, with o(r) > %T" — %", then T has a
realization H containing every 2-tree on k vertices as a subgraph.

The lower bound 4’“7" — %" in Theorem|1.2]is almost the best possible.

Theorem 1.3 For k = i(mod 3), there exists a sequence m € GSy, with o(m) = 2|2 |n —2n — |2 ]2 +
|2E| + 1 — (—1)" such that 7 has no realization containing every 2-tree on k vertices.

2 Proof of Theorem

In order to prove Theorem we need some known results. Let 7 = (dy,...,d,,) € NS, and k be an
integer with 1 < k£ < n. Let

o (di—1,...,dp—1 — L, dky1 — 1,. ..y day+1 — L day 2, .- -, dn), ifdp >k,
k (dlfl,...,ddk71,ddk_+1,...,dk_l,dk+1,...,dn), if dp < k.
Letm, = (d},...,d,,_;), whered} > --- > d] _; is a rearrangement in non-increasing order of the n — 1

terms of 7). We say that 7}, is the residual sequence obtained from 7 by laying off dj,. It is easy to see
that if 7}, is graphic then so is , since a realization G of 7 can be obtained from a realization G’ of 7, by
adding a new vertex of degree dj, and joining it to the vertices whose degrees are reduced by one in going
from 7 to .. In fact, more is true:

Theorem 2.1 ([7]) 7 € GS,, ifand only if 7, € GSp—1.
Theorem 2.2 ([4]) Let # = (di,...,d,) € NS,, where o(n) is even. Then 1 € GS,, if and only if

t n
d; <t(t—1)+ > min{t,d;} foranytwithl <t <n-1.
i=1 i=t+1

Theorem 2.3 ([11]) Let 7 = (di,...,d,) € NS, where d; = m and o(w) is even. If there exist an
2

integer n1 < n and some integer h > 1 such that d,,, > h and ny > %LWJ then ™ € GS,,.

Theorem 2.4 ([6]) If * = (d1,...,d,) € NS, has a realization G containing H as a subgraph, then

there exists a realization G' of m containing H as a subgraph so that the vertices of H have the largest
degrees of .

Theorem 2.5 ([10]) Letn > r and ® = (dy,...,d,) € GS, withd, > r — 1. If d; > 2r — 2 — i for
1=1,...,7 — 2, then 7 has a realization containing K,.

Theorem 2.6 ([9]) Ifr > 1, n>2r — land m = (dy,...,dy) € GS, witho(n) > 2n(r — 2) 4 2, then
7 has a realization containing K.
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Theorem 2.7 Let w = (dy,...,d,) € GS,.

(1) [5] Ifn > 6 and o(mw) > 2n, then  has a realization containing K.

(2) [8] Ifn > T7and o(w) > 3n — 1, then 7 has a realization containing K4 — e, where K, — e is the
graph obtained from K, by removing one edge.

(3) [L3]] If n > 9 and o(7) > 5n — 6, then 7 has a realization containing K5 — e, where K5 — e is the
graph obtained from K5 by removing one edge.

We note that a 2-tree can be constructed from an edge by repeatedly adding a new vertex and making it
adjacent to the two ends of an edge in the graph formed so far. We refer to the initial edge in constructing
such a 2-tree as a base of the 2-tree. Some properties of 2-trees can be summarized as follows.

Theorem 2.8 ([2,3]) Let G be a 2-tree with n > 3 vertices. Then
(1) G has at least two ears,
(2) Every vertex of degree 2 in G is an ear,
(3) No two ears in G are adjacent unless G = K3,
(4) Every edge of G can be a base.

We know that G is a 2-tree if either G = K3, or G has an ear u such that G’ = G — u is a 2-tree. In other
words, every 2-tree G # K3 can be obtained from some 2-tree G’ by adding a new vertex u adjacent to
two vertices, v and w, where vw € E(G’). We call this process aftaching u to vw and denote vw = e(u).
For a 2-tree G, we denote B(G) to be the set of all ears in G and C(G) = {e(u)|u € B(G)}. For
zy € C(G), we denote B(zy) = {u|lu € B(G) and e(u) = zy}. Denote T'(k) = K5 + Kj_» (a star in
2-trees), where Ko is the complement of Kj_o and + denotes ‘join’. Clearly, T'(k) is a 2-tree with k
vertices and k — 2 ears, and every ear attaches to the edge of K>. We also need the following lemmas.

Lemma 2.1 Let G be a 2-tree on k > 6 vertices and G # T (k). Then |C(G)| > 2.

Proof: If |C(G)| = 1, let C(G) = {xy}, then u attaches to zy for each u € B(G). Let G’ = G\ B(G).
Since G # T'(k), we have that |V (G’)| > 3, G’ is a 2-tree and each vertex of V(G’) \ {z, y} has degree
at least 3 in G'. This implies that G’ # K3, and x and y are exactly two ears in G’ by Theorem [2.§| (1)
This is impossible by Theorem [2.8](3).

Lemma 2.2 Let G be a 2-tree on k > 6 vertices. Let xy € C(G) so that xy is attached to as few ears as
possible, and let s be the number of these ears. Denote H = G\ (B(xy)U{x,y}). Then H is a spanning
subgraph of some 2-tree on k — s — 2 vertices.

Proof: Clearly, Lemma[2.2]is trivial for G = T'(k). Assume G # T'(k). Let G’ = G \ B(zy), where
|B(xzy)| = s. Then G’ is a 2-tree on k — s vertices. If s = 1, then by k > 6, we have k — s > 5. If
s > 2, then by |C(G)| > 2 (Lemma[2.1) and the minimality of s, we have k — s > (s + 1) +2 > 5.
By Theorem (4), G’ can be constructed from zy by repeatedly adding a new vertex and making it
adjacent to the two ends of an edge in the graph formed so far. In the process of constructing G’ from
xy, we let ¢’ be the first vertex that is attached to xy. Since xy can not be attached to an ear in G', we
have that dg/(y') > 3. This implies that zy’ or yy’ must be attached to a new vertex. Let a’ be the first
vertex that is attached to xy’ or yy’. Without loss of generality, we assume that 2’ is attached to xy’. Let
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{z1,...,x} be the subset of V/(G') so that x; is attached to zz’ fori = 1,...,¢ and {y1, ..., yy } be the
subset of V'(G”) so that y; is attached to yy’ for j = 1,...,t'. Denote

G” = Gl - {xaﬁ, v ,$$t} - {yy17 R ayyt'} + {y/.Tl, s 7?/7315} + {xlyla ERR ax/yt’} - {xy’xy/}
In G”, we first delete edges xx’ and yy’, and then identify the vertex x to the vertex =’ and identify the
vertex y to the vertex g/, the resulting graph is denoted by G’””. Then G'” is a simple graph and is a 2-tree
on k — s — 2 vertices. Moreover, H = G \ (B(zy) U {z,y}) = G’ \ {,y} is a spanning subgraph of
G///. O

Lemma2.3 Letk > 6,n>kandm = (dy,...,d,) € GS, witho(r) > 252 — 58 Then d; > k — [ L]
fori:l,...,f%]

Proof: If there is an even r with 2 < r < [2£] such thatd, < k — [5] —1 =k — £ — 1, then

o(m) < ( —Din-D+(k-5-Dn-r+1)
—r(k—2+ L) +kn—2n+k

2

Denote f(r) = &5 —r(k— 5 + %) + kn — 2n + k. Since 2 < r < 282 we have that
(

r) < max{f(2), f(*5)}

2
o(r) <
2_ 1
= max{t - 5 - (B2 4k - 1), e - - AP

4kn 5n

3 3 9

A

3 30
a contradiction.

If thereis an odd r with 1 < r < (2—3’“] such that d, < k — [f] —1=k- %1 — 1, then

o(m) < (r=1n-1+ k-5 —1Hn-r+1)
= S —rk- %)-Fk:n—l—k———%.
Denote g(r) = g—r(k‘ )+ kn+k— 22— 1 Sincel <r < 282 we have that

o(m) < g(r)SmaX{g(1)7g(2"?T+2)}
{41@7% 5n kn n 4kn 13n ﬁ‘F 7k 5

= Imax 3 3 373 6 9 "9 18
< 4kn _ 5n
3 37
a contradiction. O

Lemma24 Letk > 6, n > kand 7 = (dy,...,d,) € GS, with o(r) > 2&2 — 30 Then d; >
2(k+1—1i) fori=[2]+1,...,k

Proof: If there is an r with [%1 +1 <r < ksuchthatd, <2k — 2r + 1, then by Theorem

> :rg (7“—2)(7"—1)—}—i:min{r—l,di})—l—i:di
(r—=2)(r—1)+ Z <(r—-2)r—1D)+22k—-2r+1)(n—r+1)

= 5r2— (4k +4n + ) +4kn + 4k + 2n + 4.

Qu

o(r) =

i
m:
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Denote f(r) = 5r% — (4k 4+ 4n + 9)r + 4kn + 4k + 2n + 4. Since &2 < r < k, we have that

o(m) < f() < max{f(%E2), F(k)}
= max{%¥n _9on %—i—%,kz — 5k +2n+4}
< max{42 -3 [(2)2 - o m ta S (k- 3)(4 - k) + § + 2% — 4]}
< 4kn _ 5n
3 3
a contradiction. |
We now define a new graph G(k) as follows: Let V(Kjzep) = {v1,v2,... s Up 2] }, and G(k) be the
graph obtained from K(%] by adding new vertices =1, o, . . . =y and joining x; to vy, va, . .., vy; for

1 <4< |£] Itis easy to see that |V (G(k))| = k.

Lemma 2.5 If G is a 2-tree on k vertices, then G(k) contains G as a subgraph.

Proof: We use induction on k. It is easy to check that Lemmaholds for k = 3,4,5. If G = T(k),
then it is easy to see that G(k) contains G as a subgraph. Assume that k& > 6 and G # T'(k). Let
zy € C(G) so that zy is attached to as few ears as possible, and let s be the number of these ears. Denote
H = G\ (B(zy) U{z,y}). By Lemma[2.2] H is a spanning subgraph of some 2-tree G’ on k — s — 2
vertices. Denote m = k — s — 2. We consider the following cases.

Case 1. k= 0(mod 3) and m = 0(mod 3).

Let

M =G(k) - {vl,...,v@} - {:cl,...,xkam}.

Then M = G(m). By the induction hypothesis, G(m) contains G’ as a subgraph. This implies that
G(m) contains H as a subgraph. Putting x and y on v, and vy respectively and taking B(zy) =

{vsg,..., Vak—2m L1y Thm }, we can see that G(k) contains G as a subgraph.
Case 2. k = 0(mod 3) and m = 1(mod 3).
Let

M = G(k) - {’Ul,...,’Uzkfém,f%U%} - {xl,...,xkfvg,fz,l‘g}.

Then M = G(m). By the induction hypothesis, G(m) contains G’ as a subgraph, and hence contains H
as a subgraph. Putting z and y on v; and v, respectively and taking

B($y) = {’03,. .. ,1)21c72:))m74,v%,x1,. . .,Zk—?—z,zg},
we can see that G(k) contains G as a subgraph.
Case 3. k = 0(mod 3) and m = 2(mod 3).
Let
M =Gk) —{v1,...,v2e-2m2} —{X1,..., Thom 735%}.
3 3

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G (k) contains
G as a subgraph.
Case 4. k = 1(mod 3) and m = 0(mod 3).
Let
M = G(k) — {v1,... ,Uzk—z?’m—2,’l}%} —A{xq,... Tk 1.
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Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G(k) contains
G as a subgraph.
Case 5. k = 1(mod 3) and m = 1(mod 3).
Let
M =G(k) — {vl,...,v@} - {xl,...,xkam}.

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G (k) contains
G as a subgraph.
Case 6. k = 1(mod 3) and m = 2(mod 3).
Let
M = G(k) — {uvy,... ,’U2k—23m—4,1]2k%} —{x,... 7:“7?72,:10%}.

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G(k) contains
G as a subgraph.
Case 7. k = 2(mod 3) and m = 0(mod 3).
Let
M = G(k‘) - {1}1, ey 'U2lc—237n—47’l)L3—1,’U2k'%} - {xl, ce 7xk7’r:);’l,72 }

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G(k) contains
G as a subgraph.
Case 8. k = 2(mod 3) and m = 1(mod 3).
Let
M = G(k) - {’Ul, ce ,'U2k—23m—2,1}%} - {171, ce ,Ik—'r;—l }

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G(k) contains
G as a subgraph.
Case 9. k = 2(mod 3) and m = 2(mod 3).
Let
M =G(k) — {vl,..wv@} . {xl,...,x%}.

Then M = G(m). By the induction hypothesis, G(m) contains H as a subgraph. Clearly, G(k) contains

G as a subgraph. O
We now define sequence 7, 71, . . . , 7% as follows. Let my = 7. We define the sequence
mo=(d, . d dl, L dD)

from 7y by deleting d;, decreasing the first d; remaining nonzero terms each by one unity, and then
reordering the last n — k terms to be non-increasing. Note that the definition of the residual sequence
obtained from 7 by laying off dj, is to reorder all the remaining terms to be non-increasing.

For 2 < i < k, we define the sequence

O dDdl L dy

k+1° »Yn
from ‘ ‘ _ 4
min = (Y d Yl dlY)y
(i—1)

by deleting dgi_l), decreasing the first d; remaining nonzero terms each by one unity, and then re-
ordering the last n — k terms to be non-increasing.
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Lemma 2.6 Letk > 6, n > kand m = (dl,...,d"%k'l,d"%k“+17...,dk,dk+1,...,dn) € GS,, satisfy

di > k— T[4 fori = 1,...,[2]. If m is graphic, then T has a realization containing G(k) as a
subgraph.
Proof: Suppose that 7, is realized by graph G with vertex set V(Gy) = {vg41,...,vn} such that

dg, (v;) = dgk) fork+1 < i <mn. Fori =k,...,1in turn, form G;_; from G; by adding a new
vertex v; that is adjacent to the vertices of (G; whose degrees are reduced by one in going from 7;_; to
m;. Then, for each i, G; has degrees given by m;. In particular, Gy has degrees given by 7. Since 7
satisfies d; > k — [4] fori =1,...,[2E], by the definition of ; fori = 1,...,k in turn, we can see that
Go[{v1,...,vx}] contains G(k) as a subgraph. O

Lemma 2.7 Letk > 6, n > kand m = (dy,...,drasqy,draeyyys - diy digrs oo dn) € GSp. Let
) = (dy,...,d),_,) be the residual sequence obtained from m by laying off d1 and p = (p1, ..., pn—2)
be the residual sequence obtained from 7 by laying off the term dy — 1. If 7 satisfies one of (a)—(c), where
(a) di =dy=n—1,
(b) di =n—1,dy <n—2anddy > dg,+2,
(c) di <n—2 di > dgy+2and dy, — dg, 42 > 2,
thenp1 :d3—2,p2 :d4—2,...,pk_2 :dk—Q.

Proof: If 7 satisfies (a), then p = (d3—2,...,d,—2),andso p; = d3—2,p2 = ds—2,..., pg—2 = dr.—2.
If 7 satisfies (b), then 7] = (dy — 1,d3 — 1,...,d,, — 1). By dy, — 2 > dg, 42 — 1, we further have that
pr=d3—2,po=ds—2,...,pt_2=dp —2.
Assume that 7 satisfies (¢). If dg,42 > dg, 12, then dg,4 2 — 1 > dg, 42, and hence d} = dy —

1,... 7d212+1 =dg,4+2—1. By dy > dg,42, wehave dy, —2 > dg,4+2 — 1, implying that p; = d3z —2, py =
ds—2,... y Pk—2 = di—2. Ifdd2+2 =... .= dd1+2, then dd2+2*1 < dd1+2. By dkfddl_;,_g > 2, we have
di=dy—1,...,d;,_; =dry—1and dy, 11 < da,+2, implying that py = d3 —2,p2 = ds—2,...,px2 =
di — 2. O

Lemma28 Letk > 6, n > kand 7 = (dy,.. .,d(%m,d[%mﬂ,...7dk,dk+17. ..,dy) € GSy. For
each m; = (dl(-i)l, A d,(f), d,(j}rl, ... ,dg)), lett; = max{j|d,ﬁ1 - dg}rj <1}
(1) If 7 satisfies (d) or (e), where
(d) di <n—2, dp > dd2+2 and djy, — dd1+2 <1,
(e) di <n—2,dp =dg,12 and dg, 12 = dg, 42,
then d,(!i)r = dg4r for r > tg.
(2) If 7 satisfies (f) or (g), where
(f) di=n—1de <n—2anddi = dg,+2,
(g) di <n—2,dy =dg,42and dg,+2 > da, 12,
then d,(igr = d,(cl_i)_r forr > 1.
Proof: (1) If 7 satisfies (d) or (e), then k + tg > dy + 2. Since d,(j;l) — gy < 1 implies that

k+ti_1
di), —d], < 1forl < i < k wehavethatt), > tj_y > -~ >ty > di +2 — k. By

min{d{7) = 1,..,d57Y - 1,a07Y,d) Y > a2 > i) > > dl Y,
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— gD . form > 1. Thus, dW = d""Y for r > t;. This implies that

we have that d(i) ktr k+r

k+ti_1+m k4t 1
d,(cli)r = djyr forr > ty.
(2) If 7 satisfies (f) or (g), then tj, > t_1 > --- > t1 > to > do + 2 — k. Since min{d,(ctll) -

Loody Y —1,d07h), L di ) v a2 > al ) > > dl Y fori > 2, we have that

R di+1 k k4t k}"l‘ti—l"l‘l.
d,(;}rti_ﬁm = d,(!;tli)_ﬁm fori > 2 and m > 1. Thus, dl(;)w = d,(g:}) for i > 2 and r > t,. This implies
that dgfzr = d,(clJZT for r > ty. m
If 7 = (dy,...,d,) € GS, has a realization containing every 2-tree on k vertices as a subgraph, then

7 is potentially A’(k)-graphic. If 7 has a realization in which the subgraph induced by the k vertices of
largest degrees contains every 2-tree on k vertices as a subgraph, then 7 is potentially A" (k)-graphic. It
is easy to see that if  is potentially A" (k)-graphic, then 7 is potentially A’(k)-graphic.

Lemma2.9 Letk >3, n > 6kand = (di,...,d,) € GS, withd,, > % — 2 and o(m) > 42 — 31,
Then  is potentially A" (k)-graphic.

Proof: We use induction on k. If & = 3, then by o(7w) > 4’“7" — 3% > 2n and Theorem 0, =
has a realization containing K3. By Theorem m is potentially A”(3)-graphic. If k& = 4, then b

o(m) > % — %" >3n—1and Theorem(Z), 7 has a realization containing K4 — e. By Theorem ,
7 is potentially A”(4)-graphic. If k = 5, then by o(r) > 252 — 22 > 5p — 6 and Theorem(3), ™
has a realization containing K5 — e. Since K5 — e contains every 2-tree on 5 vertices, by Theorem [2.4]
7 is potentially A”(5)-graphic. Assume k > 6. We only need to prove that 7 = (di,...,d,) has a
realization in which the subgraph induced by the vertices with degrees dy, ..., d; contains every 2-tree
on k vertices. Let m; = (d},...,d],_;) be the residual sequence obtained from 7 by laying off d; and
p = (p1,-..,pn—2) be the residual sequence obtained from 7} by laying off the term ds — 1. Then

n—22>6(k—3), ppo > (& —2)—2 =263 _9and g(p) = o(n) — 2d; — 2ds + 2 >

dhn 30 _4(n—1)+2 > 4(k_3%(”_2) - 5("3_2). By the induction hypothesis, p has a realization G;
in which the subgraph induced by the vertices with degrees p1, ..., px—3 contains every 2-tree on k — 3
vertices. Denote F' to be the subgraph induced by the vertices with degrees p1, ..., pr—3 in G1, and let
F” be the graph obtained from F' by adding three new vertices x, y, u such that x, y are adjacent to each

vertex of F and zy, zu, yu € E(F').

Claim F’ contains every 2-tree on k vertices.

Proof of Claim. Let G be any one 2-tree on k vertices. Take zy € C(G) and v € B(zy), and denote
H =G\ {xz,y,u}. By Lemma it is easy to get that H is a spanning subgraph of some 2-tree on k — 3
vertices. Since F' contains every 2-tree on k — 3 vertices, we have that F’' contains H as a subgraph. By
the definition of F”, we can see that F contains G as a subgraph. By the arbitrary of G, F” contains every
2-tree on k vertices. This proves Claim.

If 7 satisfies one of (a)—(c), by Lemma then py =ds —2,ps =ds —2,...,pp—2 = di, — 2. Now
by the definitions of p and 7{, it is easy to get that 7 has a realization G’ in which the subgraph induced
by the vertices with degrees dy, . . ., di contains F” as a subgraph. Thus by Claim, 7 has a realization in
which the subgraph induced by the vertices with degrees d, . . . , dj contains every 2-tree on k vertices.
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We now assume that 7 satisfies one of (d)—(g). If di, > 2k — 3, then by Theorem@ m has a realization
containing K, and hence 7 is potentially A”(k)-graphic by Theorem Assume that dj, < 2k — 4.
By o(m) > 4En — 3% and Lemmasand 2.4, we have that d; > k — [4] fori = 1,...,[2E] and
d [26941 = 2 L%J It is enough to prove that 7 is graphic by Theorem and Lemmas andﬁ Ifr

satisfies (d) or (e), by Lemma 28] (1), then

k k
M= (d), o d) kg, d).

If 7 satisfies (f) or (g), by Lemma[2.](2), then

k) k 1
me=(dy) o dE) A, L dD).

Ifty <n—k thenk+t, < n. Bydl), <dpp1 <dy <2k—4dandd, >d) >d, —1> 2% -3>1,
we have that d,(ﬁgl <2k—4andd, > dg) > [% — 3] > 1. Since W is a monotone decreasing

function of « on the interval (0, 2k — 3], by [2£ — 3] > 2F — 3, we have that

1 L(2k74+T%73'\+1)2J (2k—3+[ 2k —37)?
[ -3] 4 472k 3]
2
(2k—3+2E-3)
4(5-3)
1012 _o4kt27
2k—9
8 k(2k—9)+27
. 2E=9
% +9<n-—k.

IN

IN I

By Theorem , 7, is graphic. If ¢, = n — k, then dgjzl — d%k) < 1. Denote dﬁP =m. If m = 0, then

by d,(c]i)l < 1 and o () being even, 7y, is clearly graphic. If m > 1, then d,(le < m + 1, and hence

%L(m+1—2m—|—1)2J _

(m+1)?

<m+3<2k—-4+3<n-k.
By Theorem [2.3] my, is also graphic. O

Lemma2.10 Letk > 6, n = 6k and 7w = (dy,...,d,) € GSy, with o(m) > 2k — 50 4 4k2 — 14k,
Then  is potentially A" (k)-graphic.

Proof: By o(7) > 4’% — 5% 4 4k? — 14k + 2 = 2n(k — 2) + 2 and Theorem 2.6, 7 has a realization
containing Kj. By Theorem 2.4} 7 is potentially A” (k)-graphic. O

Lemma 2.11 Let k > 6 and n = 6k + t, where 0 < t < 2k? — Tk. If 7 = (dy,...,d,) € GS,, with
o(m) > 4’“7" — % + 4k? — 14k — 2t, then = is potentially A’(k)-graphic.

Proof: We use induction on ¢. It is known from Lemma [2.10| that Lemma [2.11] holds for ¢ = 0. Suppose

now that 1 < t < 2k% — 7k. Then o(7) > ‘““T" -5 1 d, > % — 2, then 7 is potentially A”(k)-

graphic by Lemma If d, < 2—3]“ — 2, then the residual sequence 7, = (d,...,d],_;) obtained by
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laying off d,, from  satisfies o(n},) = o(r) — 2d,, > &2 — 32 4 4k2 — 14k — 2t — 2(Z - 2) >

3
dh(n=1) _ @ +4k? — 14k — 2(t — 1). By the induction hypothesis, 7/, is potentially A’(k)-graphic,

and hence so is 7. O
We now prove Theorem [T.2]
Proof of Theorem[L.2} Let k > 3, n > 2k* — kand 7 = (di, ..., d,) € GS,, with o(m) > 42 — o2

We only need to prove that 7 is potentially A’(k)-graphic. If k = 3, then by o(7) > ‘“?T" -2 >0
and Theorem (1), 7 has a realization containing K33, and hence 7 is potentially A’(3)-graphic. If
k = 4, then by o(7) > 4’“7" — 5?" > 3n — 1 and Theorem (2), ™ has a realization containing
K4 — e, and hence 7 is potentially A’(4)-graphic. If k¥ = 5, then by o(7) > 4’“7" — %” > 5n — 6 and
Theoremlﬂl@), m has a realization containing K5 — e. Since K5 — e contains every 2-tree on 5 vertices,
7 is potentially A’(5)-graphic. Assume that k& > 6. We now use induction on n. If n = 2k? — k, then
by Lemma (t = 2k® — 7k), 7 is potentially A’(k)-graphic. Assume that n > 2k? — k + 1. If

d, > % — 2, then by Lemma 7 is potentially A’(k)-graphic. If d,, < % — 2, then the residual

sequence 7, = (dj,...,d,_;) obtained from 7 by laying off d,, satisfies o(7],) = o(mw) — 2d,, >
4’“7” — 5?” — 2(% —-2) > % — @ By the induction hypothesis, 7, is potentially A’(k)-graphic,
and hence so is 7. O

3 Proof of Theorem

In order to prove Theorem |(1.3] we recursively define a new graph F'(k) on k > 3 vertices as follows. Let
F(3) = Ks,andlet V(F(k — 1)) = {z1,...,2_1} for k > 4. Define F'(k) be the graph obtained from
F(k—1) by adding a new vertex z, and joining xj, to 2o, xy—1. Clearly, F'(k) is a 2-tree on k vertices.
Let a(G) denote the independence number of G. We need the following Lemma 3.1

Lemma 3.1 Let k > 3 and e € E(F(k)). Then
(1) a(F(k)) < [5];
(2) Ifk = 1(mod 3), then o(F(k) — e) < [£7].

Proof: (1) We use induction on k. It is easy to check that Lemma [3.1(1) holds for & = 3,4,5. Assume
that & > 6. Let V(F(k)) = {x1,...,zx}. By the construction of F'(k), we have that the subgraph
induced by {z_o,2k—1,2r} in F(k) is K3. Let X be a maximum independent set of F'(k). Then
{zr—2,zk—1, 26} N X| < 1. If {®p—2,2k—1, 2} N X]| = 0, then X is an independent set of F(k) —
{Zk—2,2k-1,2} = F(k — 3). By the induction hypothesis, we have that «(F(k)) = | X| < a(F(k —
3)) < [E22) < [51. 1 {wp—2, w1, 2} N X| = 1 let {p—o, xp—1, 26} N X = {z}, then X \ {z} is
an independent set of F'(k) — {zx—2, k1, 2} = F(k — 3). By the induction hypothesis, we have that
a(F(R) — 1= X\ {z}] < a(F(k - 3)) < [53], ie. a(F(k)) < [553] +1 = [£].

(2) Clearly, Lemma 2) holds for k& = 4. Assume that k¥ > 7. By the construction of F'(k), we have
thate = z;x;4 for1 <i <k —1lore=x;2;49forl < j <k — 2. Let X be a maximum independent
set of F'(k) —e.

Firstly, we assume thate = x;2;41 for 1 < i < k—1. If |{z;, 2,41 }NX]| < 1, then X is an independent
set of F'(k), and hence a(F'(k) — e) = | X| < a(F(k)) < (%W Assume that [{z;, z;11} N X| = 2, ie.,
{zi,2i41} CX. Ifi=1(ori =k —1),then X \ {x1,22} (or X \ {x_1,x1}) is an independent set of
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F(k) — {(El, Z2,23, 1‘4} = F(k — 4) (or F(k) — {(Ek, Th—1,Tk—2, $k,3} = F(k — 4)) This 1mphes that
o(F(k) — &) —2 = [X| =2 < a(F(k - 4) < [553], ie. a(P(k) — ¢) < [554] + 2 = [E52] = [4]
(as k = 1(mod 3)). If i = 2 (or i = k — 2), then X \ {z2,23} (or X \ {zx_2,2r_1}) is an independent
set of F(k) — {x1,22,23,24,25} = F(k —5) (or F(k) — {xp, xp—1, Th—2, Tk—3,Tp—a} = F(k —
5)). This implies that a(F'(k) —e) —2 = |X| -2 < a(F(k —5)) < [kgf’} ie., a(F(k) —e) <
(%] +2 = [%] = [g} (as k = 1(mod 3)). If3 < i < k — 3, then X \ {z;, 2,11} is an
independent set of F(k) — {z;_q, Ti—1,Tiy Ti1, Tit2, x;43}. For convenience, we denote F'(i) = K;
for ¢ = 1,2. Clear]y, O((F(Z)) < |—%-| for i = 1,2. Since F(k‘) — {,’L‘i,Q,xZ‘,l,!L‘i,!L‘iJrl,.’L‘i+2,.’13i+3}
is the disjoint union of F(i — 3) and F(k — i — 3), we have that a(F(k) —e) —2 = |X| -2 <
a(F (k) = {&i—a, @i 1, i, Tiy1, Tigo, Tiys}) = a(F(i = 3)) + a(F(k—i—3)) < [52] + 221 =
(4] + [E54] — 2. Hence a(F(k) —€) < [4] + [E54] = E22 = [£7 (as k = 1(mod 3)).

We now assume that e = ;x40 forl < j < k—2.If |{z;, 2,12} N X| < 1, then X is an independent
set of F'(k), and hence a(F (k) — e) = |X| < a(F(k)) < [£]. Assume that [{z;, zj42} N X| =2, ie.,
{zj,xj10} € X. Ifj =1 (orj =k —2),then X \ {z1,23} (or X \ {&x_2,2;}) is an independent
set of F(k) — {x1,22,23,24,25} = F(k —5) (or F(k) — {ak, xp—1, Th—2, Th—3,Tx—a}t = F(k —
5)). This implies that a(F (k) —e) — 2 = [X| — 2 < a(F(k — 5)) < [52],ie., a(F(k) —¢) <
(221 +2 = B = [5) @@s k = 1(mod 3)). If j = 2 (or j = k — 3), then X \ {w2, 24} (or
X \ {zk—3,xk_1}) is an independent set of F'(k) — {1, 22, z3, T4, 25,26} = F(k — 6) (or F(k) —
{Tk, Th—1,Th_2,Tp—3,Tk—a,Tk—5} = F(k — 6)). This implies that a(F'(k) —e) —2 = |X| -2 <
a(F(k —6)) <[5, ie, a(F(k) —e) < [5557+2 = [£]. If3 < j < k — 4, then X —
{(Ej,$j+2} is an independent set of F(k) - {xj,g,xj,l,mj,xj+1,xj+2,xj+3,xj+4}. Since F(k‘) —
{j_2,Tj—1,%;,Tj41,T 42, Tjts, Tjta} is the disjoint union of F'(j —3) and F'(k — j —4), we have that
a(F(k) —e) =2 =|X[ -2 < a(F(k) —{zj_2,2j-1, 25, Tj41, Tjy2, Tj43, Tjya}) = o(F(j —3)) +
a(F(k—j—4)) < [+ 547 = [§1+ 5471 —2. Hence a(F (k) —e) < [§1+ 54711 < [4]
(as k = 1(mod 3)). 0

Proof of TheoremH: Let k > 3 with k = i(mod 3). Denote H = K |2ty + K, |2, If H
contains F(k) on the vertices uy, . .., ux, then k — (| 22| — 1) < a(H[{u1, ..., uc}]) < a(F(k)) < [£]
(Lemmal)). This is impossible as k — (| %] — 1) = [£] + 1. Hence H contains no F(k).
Fori=0or2 weletm = ((n— 1)L51-1 (|2] — 1)»=15I+1) Then € GS,, o(m) = 2| 2 |n —
2n— LQ—?’kJ 24 L%J and H is the unique realization of 7r. Since H contains no F'(k), we have that 7 has no
realization containing F'(k). This implies that 7 has no realization containing every 2-tree on k vertices.
Fori = 1, weletm = ((n— DIFI-1 (|Z])2 (|2] — 1)"~LF]-1). Then 7 € GS,, o(n) =
2L%Jn —2n — L%jg + L%J + 2 and H + e (a simple graph is obtained from H by adding an edge e)
is the unique realization of 7. Assume that H + e contains F'(k). Since H contains no F(k), we have
that H contains F (k) — e. If H contains F'(k) — e on the vertices uy,...,uy, then k — (| 2] — 1) <

a(H[{u1,...,up}]) < a(F(k) —e) <[] (LemmaZ)), a contradiction. Hence 7 has no realization

containing F'(k). This proves Theorem|1.3 O
Since
4kn _ 5n 4k _ 5
: 3 3 _ 373
I 2, —an 22 [ T o ZE g b
notee 2 S n =20 — [F P+ [T+ 1= (1) 25 -2

we have that ‘““T" — %” is almost the best possible lower bound in Theorem
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For k = i(mod 3), we feel that 2[ 2 |n — 2n — |28 ]2 + | 28] 4+ 1 — (—1) is the best possible lower
bound for sufficiently large n, thus we propose the following conjecture.

Conjecture If k > 3 with k = i(mod 3), n is sufficiently large, and 7 € GS,, with o(mw) > QL%Jn —
2n—| %)%+ |2k | +1—(—1)", then  has a realization H containing every 2-tree on k vertices. Moreover,
the lower bound 2| % |n — 2n — | 2E |2 + [2F| + 1 — (—1)" is the best possible.
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