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Observer-based Control for Linear Sampled-Data
Systems: An Impulsive System Approach

Héctor Riost, Laurentiu Hetel! and Denis Efimov$”

Abstract—This paper deals with the sampled-data control
problem based on state estimation for linear sampled-data
systems. An impulsive system approach is proposed based on
a vector Lyapunov function method. Observer-based control
design conditions are expressed in terms of LMIs. Some
examples illustrate the feasibility of the proposed approach.

Index Terms—Observer-based Control, Sampled-Data and
Impulsive systems.

I. INTRODUCTION

N the last decades, an enormous interest has appeared

in the design of controllers and observers for continu-
ous and/or discrete dynamical systems with communication
constraints. This interest has its motivations in systems with
sampled-data control, quantization and more generally, in
networked control systems. However, all the communica-
tions constraints, i.e. delays, sampling intervals, quantization,
packet dropouts, and so on (for details, see [13]); imply
additional difficulties in the analysis and design compared
to the classical control systems. Regarding the observer
design problem, one of the main issues is the scheduling:
only a subset of sensors is allowed to send their data
to the observer at the transmission instants. The sporadic
and partial availability of system measurements requires the
development of appropriate observer designs. Moreover, for
controller design, it would be unreasonable to assume that
all states are measurable. Therefore an observer-based control
approach is needed.

In this paper the observer-based control problem will be
focused on sampled-data systems. Several methods have
been developed to study sampled-data systems, e.g. the
Input/Output stability approach [12], the discrete-time ap-
proach [11], but two approaches stand out: the input delay
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approach, where the system is modeled as a continuous
system with a delay in the control input (see, e.g. [9], [8]),
and the impulsive system approach, where the sampled-data
system is treated as an impulsive system (see, e.g. [20], [5],
[4], [3D.

The input delay approach has been applied in [10] to
design a sampled-data output-feedback H, control for linear
systems while the impulsive system approach was applied in
[14] to sampled-data stabilization of linear uncertain systems
in the case of constant sampling based on piece-wise linear
in time Lyapunov function. The case of variable sampling
based on a discontinuous Lyapunov function method was
introduced by [16]. Also based on discontinuous Lyapunov
functions, in [3] stability and stabilization conditions for
periodic and aperiodic sampled-data systems are introduced.

In the context of observer design, one approach is based
on continuous and discrete design. In [7], such an approach
is used to design a discrete-continuous version of the high-
gain observer for nonlinear systems. Based on a small gain
approach, in [1] an observer design is proposed for certain
classes of nonlinear systems with sampled and delayed
measurements. Using the hybrid system approach, in [6] an
observer-protocol pair is designed to estimate the states of
a linear system under communication constraints induced
by the network. Adopting a switched observer structure, in
[2] decentralized observer-based output-feedback controllers
are proposed for linear systems connected via a shared
communication network.

In this paper a vector Lyapunov function-based approach
[15] for stability of impulsive systems is used to design
an observer-based control for linear sampled-data systems.
Such an approach, proposed by [17] and [18], is based on
a 2D time domain equivalence (see, e.g. [19] and [21]),
and provides a stability analysis based on linear matrix
inequalities (LMIs) for linear impulsive dynamical systems.
It is possible to show that the sampled-data control problem
based on state estimation may turn into one of finding
conditions for the exponential stability of impulsive systems.
Then, this vector Lyapunov function approach is applied to
find such conditions expressed in terms of LMIs, and solve
the proposed problem for linear sampled-data systems.

The outline of this work is as follows. A motivating
problem is given in Section II. Some preliminary results
are given in Section III. The main result is described in
Section IV. Some simulation results are depicted in Section



V. Finally, some concluding remarks are discussed in Section
VL

II. MOTIVATION

Let us consider the following sampled-data system

i(t) = Ax(t) + Bul(t), (1)
y(t) = Cl‘(tl), Vt € [ti,t“_l), (2)
u(t) = —Ki‘(ti), Vit € [ti,ti+1), 3)

where x € R” is the state vector, v € R™ is the sampled
control vector, and y € RP is the sampled output vector
at each time ¢; for all © € N, and £ € R”™ represents an
estimation of the system state x. The sampling instants ¢;
are monotonously increasing, such that lim; .., t; = 400,
and t;11 — t; € [Twmin, Tmax), Where Ty and Ty.y are
the minimum and maximum sampling intervals, respectively;
and tg = 0. The constant matrices A, B, and C have corre-
sponding dimensions while K is a design control matrix. The
control u is designed by means of the following sampled-data
state observer

z(t) = Az(t) + Bu(t)
+ L(y(t) — Ci(t:)), Vt € [ti,tiy1), (4

where £ € R” is the estimated state vector and L is a
design observer matrix. Define the state estimation error
e(t) = x(t)—(t). Then, the closed-loop and state estimation
error dynamics are given as follows

x(t) = A%(t) — BKI(Q) + BKB(Q), YVt € [ti,ti+1),

e(t) = Ae(t) — LC’e(ti), Vit € [tivti-&-l)-

Let us define the extended state vector &(t) =
(T (t) eT(t) zT(t;) eT(t;))T € RA™. Thus, the above

dynamics may be written as follows

§(t) = Agl(t), VE e Ry \ 1,
§(t) = Ie£(t™), viel,

®)
(6)

where T := {t;},. is a set of impulse times, £(t) € R*"
is the current state vector, £(t;) € R*" represents the reset
vector state, £(t;7) € R*™ denotes the value of ¢ just before
the impulse at time ¢;, ie. {(t;) = limyq, {(t), and the
corresponding matrices have the following structure

A 0 —-BK BK
|0 A 0 —LC
¢t~ o o 0 0 ’

0 0 0 0

I. 0 0 O
- 0 oo
¢t~ 11, 0 0 O
0 I, 00

Then, the sampled-data control problem based on state es-
timation, i.e. find the control gain matrix K and the observer
gain matrix L, may turn into one of finding conditions for
the stability of the impulsive systems described by (5)-(6),
under arbitrary variations of the sampling intervals.

III. STABILITY ANALYSIS FOR IMPULSIVE SYSTEMS

The entire state trajectory (£7,7)7 can be viewed as a
sequence of the diagonal dynamics' of the following 2D
system:

(&
dt \ Ti

£t1‘+1
k+1
tip1

Trt1

t

) = ( Aflgk >,VT;§ €0,T], Vi=keN, (1
tit1

> — ( I&% ) Vi, =T, Vi=keN, (8

where 7 € R is a timer variable, ((¢))7,7))T =
(ET(t, k), 7(t,k))T € RI"*! is the current state vec-
tor, (G777 DT = (€ (b + 1,7tk +
1))T € RI"*! represents the reset state vector, while
()T = (€ (g1, k), 7(tien, k)T € RO
denotes the value of (¢7,7)T just before the jump k + 1.
It is assumed that the solutions of (7)-(8) are unique for the

diagonal dynamics, i.e. for all i = k.

Remark 1. In this approach the model (5)-(6) corresponds
only to the sequence of diagonal dynamics of the 2D model
(7)-(8). This model transformation is used to obtain sufficient
conditions for stability, based on vector Lyapunov functions.
An equivalence between models is not required since neces-
sary and sufficient conditions are not provided.

In the present section some definitions and results for
the stability of impulsive systems, in the framework of 2D
systems, are introduced (see [18]).

Let |g| denote the Euclidean norm of a vector ¢g. The
following stability definition is introduced:

Definition 1. [18]. A 2D system described by (7)-(8), is said
to be exponentially diagonal & -stable (EDEL-S) if there exist
positive constants ki, ko, kK3, and c such that 0 < k1 < 1
and

512 < erhTHES)?, Vit =T, )
€412 < kol€li |2, V1t € [0,T)], (10)
ITE| < ks, (11)

foralli=FkeN.

Note that condition (11) holds by definition, i.e. |7f| < k3,
with K3 = Tyax. Denote 2! := ((¢)T, 71)T. In order to give
the stability conditions a vector Lyapunov approach is used?,
ie.

Zti+1) _ ( ‘/1(?/2) )

k+1 VQ(Zk;l-:ll) )
where V1 () > 0, Va(-) > 0, for all ¢ > 0, and V;(0) = 0,
V2(0) = 0. Now, let us introduce the following definition.

V(2

Definition 2. The divergence operator of a function V
along the trajectories of system (7)-(8) is defined for all

' The diagonal dynamics make reference only to those dynamics given by
(7)-(8) corresponding to @ = k, for all 4,k € N and for all ¢ € R>.

2The use of vector Lyapunov functions offers a more flexible framework
since each component of the vector Lyapunov function can satisfy less rigid
requirements as compared to a single Lyapunov function (see e.g. [15]).



t € [t;,tiv1) as follows

dVi(zp)
dt

t11+1) _

ti
e 1+1)

divV(z}, 2 oa1) — Vg(z,tj“).

+ Va(z (12)

Note that V) is differentiable with respect to continuous
time ¢ while the difference in V5 is calculated in discrete
time k. Thus, the following theorem is introduced.

Theorem 1. [18]. Assume that there exist positive constants
€1, €2, €3, C4 and cy such that the vector Lyapunov function
V(zL, zk‘ﬁ) and its divergence along the trajectories of the
system (7)-(8) satisfy, for all 7\ € [0,T;], i = k € N, the
following inequalities:

alé? <Vi(zh) < ealéil?, (13)
03|§£|2 < Va(2h) < C4|§Z|2, Vp =t tit1 (14)
divV < —cs(JER1? + €4 ), (15)
ca(ca—ecs) <ecies VT; < ?a, (16)
5
2 <, (17)
Cs
where v = —In [Csﬁ’?%} and o« = —In [1 — CQ(ZCECS)} for all

¢z (ca —¢5) > cics. Then, the 2D system (7)-(8) is EDEL-S
for any sequence {T;}, . such that T; € [27, Zal.

A. Exponential Diagonal ¢! -Stability: Quadratic Lyapunov
Functions

Consider that V; and V5 take the following quadratic

structure
t tiviy _ (fk)TPl(Tk)fk
V(Zk>zk—:1) ( (gki—ll)TPQ( k:—ll)gkl-ﬁ ) (18)

where Pj; is continuously differentiable with respect to t,
symmetric, bounded, and positive definite matrix for all T,ﬁ S
[0,T;], i = k € N, while P, is a symmetric and positive
definite matrix, i.e.

0<el< Pl(Té) < CQI, VT}; S [071—‘1]7
0<c3l < Po(r)) <cal, p=titisa.

19)
(20)

Thus, based on the previous choice for V; and Vs, if
Theorem 1 is applied to the ideal and uncertain impulsive
system (5)-(6), then the following result is obtained.
Corollary 1. Consider the vector Lyapunov function
V(z}i,ziﬁi) in (18). Assume that there exist matrices
Py(r}) = PL (Tk) > O continuously differentiable on t and
boundedfor all T} € ,i=keEN, Py(0)=Pl(0)>0
and Py(T;) = PT TZ > 0 satisfying (19)-(20), and a
constant C5 > O such that the following matrix inequality

Pl(Tk)Ag + Agpl(’rk)

0
+ 7dpdlt(t) + c5lan

<0, (21
0 1T P (0)1¢ - @b
—Po(T;) + cs51un

holds for all 7}, € [0,T;], for all i = k € N, and constraints

(16)-(17) are satisfied with cq, co, c3, ¢4 and cs. Then the
system (7)-(8), with f = 0, is EDEL-S for any sequence
{Ti}ien such that T; € [27, 2al.

Now the goal is to apply the conditions for exponential
diagonal ¢} -stability of the impulsive systems (7)-(8) by
means of the statements given by Corollary 1; and solve
the sampled-data control problem based on state estimation
for system (1)-(3) in a constructive way.

IV. OBSERVER-BASED CONTROL DESIGN

In this section a particular choice for P, and P, is pro-
posed. Then, by means of the statements given by Corollary
1, the control gain matrix K and the observer gain matrix L
will be found to provide a stabilization of the state dynamics
x as well as an estimation Z, i.e. stabilization of the extended
state £ in (5)-(6). Thus, the following proposition gives a
solution to the sampled-data control problem based on state
estimation.

Theorem 2. Consider that P, and P, have the following

structure for all 7} € [0,T;], i =k € N
TtPy + (T, — 1) P,
Py(rf) = £ (Tz ) 2, Py(7h) = Par + 7 Paa,

where Py = diag(Pﬂ(1)7P1(12),P17l( ) u ) SJorl=1,2,
with PO = P9 > 0, for 1 = 1,2, ¢ = 1,4, P9 =
(Pl(lq))_l, and Py = PJ >0, for | = 1,2. Then, the system
(5) (6) is EDEE-S ifthere exist matrices Pl(lq), for j,l=1,2,

1,4, and Py = P2l > 0, for | = 1,2; such that the
LMIs (22)-(23) with®

$11(0) = APD 4 PP AT + PW e — 2P L 0P,
$12(0) = PP A+ ATPD) + (PP — P(2))/0 4 Q12,
$13(0) = —2P1) 1 0PD | $14(0) = —2P)) + 0P,

$15(©) = I§TP21Ig — P21 — ©P2 + Q15,

$21(0) = APy + P\;) AT — P} /@,
¢>22( ) (2)A+ATP(2) ( l(f) (2))/@4*@227
4
$23(0) = 2PV 1 0P®) | $24(0) = 2P} + 0P,
$25(0) = IgTP21Ig — P21 — OP22 + Q2s,

hold for the finite set © € {Tmin, Tmax}» Q; = QjT =

diag(Qj_117 Qj27 Qj_317 Qj_417 Q]5) >0 fOl" .] = 17 2! ﬁxed
A = AT >0 for j = 1,2, and where
Yi, = KPY, vy, = KPY, (24)
Yr, = l(f)L’ Y, = Pl(g)L; (25)

and constraints (16)-(17) also hold with ¢1 = Amin(P11),
€2 = Amax(P12), €3 = Amin(Po1), €4 = Amax(Po1 + OPa2)
and Cs = min()\min(Ql); Amin(QZ))-

3The LMI variables are P(q) forl = 1,2, q=1,4; Py forl = 1,2;
and YK YLJ for j = 1,2. The matrices Q]l for j = 1,2,1 = 1,5, can
be declared as variables or fixed values; while matrices A for j = 1,2,
are fixed.



$11(0) 0 —BYx, BYk, 0 pY 0 0 0 0 0 0
* $12(0) 0 0 0 0 0 0 0 0 Y, C 0
* * $13(0) 0 0 0 Py Py 0 0 0 0
* * * $14(©) 0 0 0 0 P P 0 P
* * * * $15(0) 0 0 0 0 0 0 0
* * * * * —Q11 0 © 0 0 0 0 0 <o, 22)
* * * * * * —-OP 0 0 0 0 0
* * * * * * * —Q13 0 0 0 0
* * * * * * * * —@Pﬁ) 0 0 0
* * * * * * * * * —Q14 0 0
* * * * * * * * * * 7A1’1 0
* * * * * * * * * * * —Aq
$91(©) 0 -BYg, BYg, 0 Pl(;) Pl(é) 0 0 0 0 0 0
* $22(O) 0 0 0 0 0 0 0 0 0 YL, C 0
. « #23(©) ) ) 0 0 p{3) Py 0 ) 0 0
* * * $24(©) 0 0 o 0 0 Pl(é) Pg) 0 Pg)
* * * * $a5(0) 0 0 0 0 0 0 0 0
* * * * * —(—)Pl(l) o o] o] o] o o] o <
* * * * * * —Qo1 0 0 0 0 0 0 =0 @
" X * " x X x —er® o o 0 o o
* * * * * * * * — Qa3 0 0 0 0
* * * * * * * * * —@Pl(;l) o o o
* * * * * * * * * * —Qou 0 0
* * * * * * * * * * * —az?t 0
* * * * * * * * * * * % —Ag
—(1 —(1 _ —
PrWagaTpM 4 P —pM) o -p;MBK r;MVBK o
(2) _p(2) (2)
* PP a4 aTp® 4 (P17 (_)P12 ) o —Pp7Le o
Ti(0) = (P _p=(3), <-Qi.
N N Y he ) 0 o
—(4) _p—(4)
* * * 7(1311 _P12 ) o]
©
“ * * * $15(©)
(26)
—(1 e _ _
P1’2(1>A+ATP1’2(1) " Py >(;P12( )) o -r;MBK PN BK o
(2) _p(2) (2)
- PP A+ aTp@ 4 Pl P20 0 TR e °
T2(0©) = (P 3 _p(3)y < —Qa.
* * ~1 12 - ) 12 o o]
—(4)_p—(a)
* * * 7(1311 o 12 ) o]
« * * * $25(©)

27N

Proof: After some algebraic manipulations on matrix
inequality (21) given by Corollary 1, it is possible to obtain
inequalities (26) and (27), that should be hold for the finite
set © € {Tiin, Tmax }-

Then, applying some quadratic non-singular transforma-
tions, Schur’s complement and A-inequality to (26) and (27),
respectively; one can obtain the LMIs given by (22) and (23).
The complete proof is omitted due to lack of space. ]

Remark 2. Theorem 2 provides a particular way to solve the
proposed problem, i.e. find the control gain matrix K and
the observer gain matrix L such that the system (5)-(6) is
stable. Then, one can obtain K from (24), and L from (25),
using any of the two equalities, respectively.

Note that a different selection for P; and P, even for Lya-
punov functions with non-quadratic structure, may decrease
the conservatism. More complex tools like sum-of-squares
[3], looped-functional approach [5], or convex characteriza-
tions [4], may be applied to improve the application of this
method.

V. SIMULATION RESULTS

Let us consider system (1)-(2) with

“(30) m=(1) 0

0 0 1

This example represents a double-integrator that has a
wide range of applications. Theorem 2 is applied together
with a bisection-like approach using SeDuMi solver among
YALMIP in MATLAB to find a solution for the LMIs (22)-
(23) and the corresponding control and observer gains.

Based on Theorem 2, it is possible to show that the
impulsive system (5)-(6) is EDS for all 2.40 > T; > 0 with
a set of feasible control and observer gains. The following
feasible results are obtained for different fixed values of 7T;:

L _ ([ 4.0697
(1i=0-5) = \ ' 1.8351
Lir;=1.0) = (

11.5031
Lir,—2.0) = <

5.4886
The trajectories of the system, for different values of T;, are

>7 K(1,—0.5 = ( 0.0441 0.4030 ),

), K(r,=1.0) = ( 0.0522 0.4188 ),

9.4047

Pl ) K(1y=2.0) = ( 0.0708 0.5789 ).
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Figure 1.

depicted in Fig. 1.

VI. CONCLUSIONS

In this paper a vector Lyapunov function-based approach
for stability of impulsive systems is used to design an
observer-based control for linear sampled-data systems. This
approach is based on a 2D time domain equivalence and
provides a stability analysis based on LMIs. Since the
sampled-data control problem based on state estimation may
be turned into one of finding conditions for the exponential
stability of impulsive systems, the vector Lyapunov function
approach is applied to find such conditions expressed in
terms of LMIs, and solve the proposed problem for linear
sampled-data systems. Some numerical examples illustrate
the feasibility of the proposed approach. The analysis of
uncertain sampled-data linear/nonlinear systems is in the
scope of the future research.

Trajectories of the sampled-data system, their estimations, and the state estimation error for different values of Tj.
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