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Abstract

An accurate determination of the catalytic property of thermal protection materi-

als is crucial to design reusable atmospheric entry vehicles. This property is deter-

mined by combining experimental measurements and simulations of the reactive

boundary layer near the material surface. The inductively-driven Plasmatron fa-

cility at the von Karman Institute for Fluid Dynamics provides a test environment

to analyze gas-surface interactions under effective hypersonic conditions. In this

study, we develop an uncertainty quantification methodology to rebuild values of

the gas enthalpy and material catalytic property from Plasmatron experiments. A

non-intrusive spectral projection method is coupled with an in-house boundary-

layer solver, to propagate uncertainties and provide error bars on the rebuilt gas

enthalpy and material catalytic property, as well as to determine which uncer-

tainties have the largest contribution to the outputs of the experiments. We show
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that the uncertainties computed with the methodology developed are significantly

reduced compared to those determined using a more conservative engineering ap-

proach adopted in the analysis of previous experimental campaigns.

Keywords: Uncertainty Quantification, Catalysis, Thermal Protection Systems

1. Introduction

Many achievements in rocket science have been made since Apollo, but the

prediction of the heat flux to the surface of spacecraft remains an imperfect sci-

ence, and inaccuracies in these predictions can be fatal for the crew or the success

of exploration missions. This quantity is estimated during the design phase of

the heat shield used to protect payload and astronauts during the spacecraft atmo-

spheric entry. Predicting the heat flux with accuracy is a rather involved exercise,

due to complex multi-physics phenomena typical of hypersonic flows, in particu-

lar gas-surface interactions. In order to properly size a Thermal Protection System

(TPS) and verify design margins, nominal values determined from ground testing

are required, and also their associated uncertainties. It is difficult to rigorously

quantify “error bars” on heat-flux predictions. Usually, engineers resort to safety

factors to determine the heat shield thickness. This approach is often too con-

servative, at the expense of a reduced mass of the embarked payload, whereas it

can also lead in some conditions to “lucky” heat shield design with barely enough

safety margins. Some famous examples are the design of Apollo, Galileo, and

Huygens TPS [1].

As opposed to safety factors, Uncertainty Quantification (UQ) is a more sys-

tematic approach to establish the variability of a given quantity of interest (QOI)

due to the system uncertainties. At the interface of physics, mathematics, and
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statistics, UQ tools aim at developing rigorous methods to characterize the im-

pact of “limited knowledge” on a QOI such as the heat flux. This limited knowl-

edge arises from uncertainties related to the inputs of any computation attempting

to represent a physical system. The uncertainties are naturally associated to the

choice of the physical models and to the specification of the input parameters re-

quired for performing the analysis. As an example, numerical simulations require

the precise specification of boundary conditions and typically only limited infor-

mation is available from corresponding experiments. Note that numerical errors

associated to the translation of a mathematical formulation into a numerical algo-

rithm (and a computational code) are not considered here as uncertainties (see [2]

for more details).

Several examples of UQ techniques (Monte Carlo sampling, Polynomial Chaos,

Bayesian methods, etc.) applied to the analysis of complex multiphysics experi-

ments/simulations can be found in the literature [3–5]. Upadhyay [3] et al. used

a Bayesian method to quantify the uncertainty of a laboratory reactor experiment,

investigating the nitridation of graphite. Using UQ, the authors obtained a larger

reaction efficiency than that deterministically obtained from the modeling of the

experimental setup. Reference [4] documents an uncertainty quantification analy-

sis of ignition times in H2/O2 mixtures, determined from computations and shock-

tube experiments. The authors used Monte Carlo sampling to show an increase in

the contribution of H-impurities at higher dilution and lower pressures, as well as

a negligible effect of kinetic uncertainties compared to the H-impurities, except

for air at high temperature for which the role of kinetic uncertainties is dominant.

A Bayesian method was used by Cheung et al. to quantify the uncertainties in the

modeling of the HCN/O2/Ar mixture kinetics.
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In this work, we develop an uncertainty quantification methodology to rebuild

values of the gas enthalpy and the catalytic property of a reusable TPS material

from Plasmatron experiments conducted at the von Karman Institute for Fluid Dy-

namics (VKI). The knowledge of the catalytic property, often referred to as effec-

tive catalytic recombination coefficient or catalycity, is essential for the develop-

ment of a reusable heat shield. It can be defined as the probability of a flow-surface

system to promote recombination reactions of dissociated species that come from

the gas phase and diffuse to the wall. Due to the exothermic nature of these reac-

tions, the catalytic property significantly contributes to the heat transferred to the

wall. The methodology for characterizing catalytic gas-surface interactions in the

VKI Plasmatron facility is based on experimental measurements and their numeri-

cal rebuilding using Computational Fluid Dynamics (CFD) simulations. The goal

of this paper is to identify the main uncertainties from experiments on ceramic

matrix composites [6] and to quantify, based on a non-intrusive spectral projec-

tion method, how these uncertainties propagate into the numerical rebuilding of

the plasma flow enthalpy and the catalytic property of the TPS material sample.

The work is structured in three sections. The first part recalls the main concepts of

the methodology used to determine the catalytic properties from Plasmatron ex-

periments. The second section describes the rigourous uncertainty quantification

methodology implemented in this study and its novel features compared to a more

conservative engineering approach used to compute error bars. The last section

presents the results obtained applying the UQ framework to the Plasmatron test

campaign.
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Figure 1: TPS material testing in the VKI Plasmatron facility: stagnation-point probe holding a

material sample in plasma jet and calorimetric probe outside of plasma.

2. Enthalpy rebuilding and catalytic property determination

The Plasmatron facility provides an ideal test environment for investigating

catalysis effects on TPS materials. The inductively-coupled technology for plasma

generation produces an impurity-free flow, ideal to study gas-surface interaction

phenomena. Figure 1 shows a typical picture of Plasmatron experiment, where a

stagnation-point probe holding a TPS material sample is immersed in the core of

a plasma jet and heated to high temperatures. A water-cooled calorimetric probe

that is used for calibrating the flow conditions stands in the foreground of the

picture.

The Plasmatron facility generates a subsonic, high-enthalpy flow. The test-

ing methodology is based on the simulation of the chemically reacting boundary

layer in the stagnation region of a hypersonic body. Aerothermochemical condi-
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tions similar to those encountered at hypersonic regimes are reproduced around a

representative model of the TPS material. The subsonic-hypersonic similarity can

be described by means of the Local Heat Transfer Simulation theory [7–9], which

is based on the Fay and Riddell [10] and Goulard [11] formulae for the heat flux at

the stagnation point of a body immersed in a chemically reacting flow. Built upon

this theory, a methodology has been consolidated at VKI in order to evaluate the

catalytic property of a TPS material by combining experimental measurements

from the Plasmatron facility and CFD simulations [6, 9, 12], as shown in the

schematic in Figure 2. Two steps are involved: the first one aims at calibrating

certain flight conditions to be simulated in the experimental facility, the second

one aims at determining the catalytic property of the tested material, under these

conditions. In Figure 2 the QoIs for the two steps are highlighted in blue. Flight

conditions are defined by the boundary-layer edge enthalpy he, corresponding to

the flight speed, and pressure Ps, corresponding to the flight altitude. The quantity

Ps is directly measured, therefore it is not considered to be a QoI, but rather an

input uncertainty. The catalytic property of the material surface are described by a

global, phenomenological catalytic recombination coefficient γ, which quantifies

the amount of catalytic heating transferred to the TPS material surface under the

prescribed flights conditions.

The determination of flight conditions, that is the rebuilding of enthalpy he at

the bounday layer edge, can be summarized in the following steps:

• Plasmatron testing conditions are determined by controlling the gas (air in

the cases analyzed herein) mass flow ṁ, the electrical power PW and the

chamber static pressure Ps. The gas mass flow is controlled using a cali-

brated rotameter. The electrical power dissipated into the plasma is a frac-
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Figure 2: Schematic of enthalpy rebuilding and catalytic property rebuilding methodology.

tion (typically ≈40%) of the generator power setting. The pressure Ps is

measured by an absolute pressure gauge and adjusted to the required value

by means of vacuum pumps and by-pass flow regulation.

• Testing conditions are calibrated based on cold-wall heat flux qcw measure-

ments, performed with a water-cooled calorimetric probe, and the deter-

mination of the total pressure Ptot at the TPS sample location. The total

pressure is obtained from the dynamic pressure Pd measured by means of a

Pitot probe and the static pressure Ps. Both heat flux and Pitot probes have

the same geometry (radius Rp) as the TPS probe.

• The following assumptions are made: Local Thermodynamic Equilibrium

(LTE) conditions hold at the boundary layer edge [13], the temperature of

the water-cooled calorimeter is Tcw ≈ 350 K, and its copper surface has

a known catalytic recombination coefficient γref of large magnitude (lower
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than one) relative to recombination of O and N atoms.

• Magneto-hydrodynamic (MHD), axisymmetric computations of the Plas-

matron environment are performed to extract Non-Dimensional Parameters

(NDPs) that characterize the plasma flowfield at the edge of the boundary

layer. For these simulations, the Plasmatron settings are provided as input

conditions (mass flow ṁ, electrical power PW , and chamber static pressure

Ps).

• Stagnation-line flow computations are performed using a chemical non-

equilibrium boundary layer code. The code solves non-equilibrium bound-

ary layer equations, yielding the cold-wall, catalytic heat-flux at the calori-

metric probe surface qcw. It is iteratively called by a rebuilding code based

on Newton’s method that iterates over the boundary-layer edge temperature

Te until the computed heat flux is equal to the one measured experimentally.

A more detailed explanation is provided in Figure 2. Once the temperature

Te is determined, the flight conditions (enthalpy he and pressure Ps) are

known, as well as the plasma composition since the LTE assumption holds

at the boundary-layer edge.

The determination of the catalytic property γ of the TPS material follows a

procedure similar to the rebuilding of the flight conditions. In this case, for solv-

ing the stagnation line flowfield, the rebuilt conditions are imposed as boundary

condition at the boundary layer edge and hot-wall measurements are used to de-

fine the wall boundary conditions. A radiative equilibrium boundary relation is

imposed at the wall, equating the incoming heat flux (diffusive + convective con-

tributions) to the one re-radiated by the surface. The heat loss by conduction into
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the material is neglected. Measurements at the Plasmatron are performed using a

thin-wall TPS sample (∼2-5 mm thickness) backed by a thick refractory insula-

tion (∼3 cm). Steady state is achieved during a test and the back insulation allows

to have an equilibrium temperature that limits the heat exchange at the back of the

sample, supporting the adiabatic hypothesis. In summary:

• Boundary layer edge conditions are rebuilt following the steps previously

described.

• Hot-wall temperature Tw and emissivity ε are measured for a TPS sample

model of radius Rp, under the same total pressure Ptot and boundary-layer

edge enthalpy he.

• The rebuilding code identifies the catalytic property γ of the tested TPS sur-

face, by matching the heat flux computed at the wall temperature Tw to the

measured value qw,inferred from the measured temperature and emissivity

according to the Stefan-Boltzmann law qw = σεT 4
w, where quantity σ is the

Stefan-Boltzmann constant.

While the described methodology, and analogous reference methods [14, 15],

have been extensively applied in the literature [6, 7, 12], the sensitivity of enthalpy

rebuilding to a reference catalytic value γref is a known and accepted limitation.

Other efforts have been devoted to develop alternative methods using subtraction

of the convective contribution, obtained from a correlation, from the total mea-

sured heat flux [16] or near-surface diagnostic techniques [17].

In the present study, we apply non-intrusive UQ techniques to the rebuilding

code coupled with the boundary-layer code. The uncertain inputs to the problem
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considered are highlighted in red in Figure 2. We focus on the following uncertain

inputs:

• Controlled parameters: static pressure Ps and cold-wall heat flux qcw.

• Measured quantities: dynamic pressure Pd and hot-wall temperature Tw and

emissivity ε.

• Assumptions: cold-wall temperature Tcw and reference (copper) catalytic

property γref .

The model geometry is standard and repeated in every test, hence it is not consid-

ered as an uncertainty.

3. Determination of error bars

In this section, a methodology is developed to quantify the uncertainties on the

QoIs: gas enthalpy he and material catalytic property γ. The goal is to understand

which are the main uncertain contributions to the values of he and γ rebuilt from

Plasmatron experiments, rank them, and then compare the error bars calculated by

using a UQ method to those obtained based on a more conservative engineering

approach. In the following section, the sources of uncertainties are described, then

in Section 3.2, the main features of the engineering approach are reviewed, while

a more advanced UQ method is presented in Section 3.3.

3.1. Sources of uncertainties

First, let us classify the sources of uncertainty identified in Section 2 [18] into

two different categories.
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• Experimental data from the Plasmatron are considered aleatory uncertain-

ties (variables describing the inherent random nature of the physical sys-

tem). It is conventional to model these as realizations of a zero mean Gaus-

sian random variable, as the errors come from the accumulation of small er-

rors in the physical system. The variance of that random variable is given by

the available error bar from the experimental measurement. The six aleatory

variables considered in this study are summarized in Table 1 with their re-

spective relative uncertainty.

Table 1: Distribution of the aleatory variables

Variable Distribution Relative uncertainty

Pd [Pa] Gaussian 6%

Ps [Pa] Gaussian 4%

qcw [W/m2] Gaussian 10%

Tcw [K] Gaussian 10%

Tw [K] Gaussian 2%

ε [-] Gaussian 5%

• The wall catalytic property for the reference calorimeteric probe γref is

treated as epistemic uncertainty. The lack of knowledge is ascribed to

the complex composition and to the poorly known chemistry of the water-

cooled copper surface exposed to an oxygen-rich plasma. A legacy practice

[7] consists in assuming that the reference calorimetric probe as fully cat-

alytic (γref=1). This provides a conservative catalytic property for the tested

TPS material. Nonetheless, studies from both arcjet and induction plas-

matron facilities found values on the order of 10−2 [13, 19, 20], consistent
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with the formation of copper oxides upon exposure to air plasmas. Using

X-ray Photoelectron Spectroscopy (XPS), Nawaz et al. [20] documented

the formation of cuprous oxide Cu2O on copper slugs exposed to room air,

soon after (∼15 seconds) Wenol R© or sandpaper cleaning of the surface. The

same authors reported the formation of a thick cupric oxide CuO scale on

the slug calorimeters exposed to arcjet airflow for durations as short as 0.3

seconds. The large discrepancies found among values reported in the litera-

ture [11, 13, 19–23] justify the classification of γref as epistemic uncertainty.

In Section 4, we perform an uncertainty analysis at discrete values of γref

ranging from 0.05 to 1, in order to understand its influence on the QoIs.

Further contributions to uncertainties in the described problem are related to

the choice of the models for the plasma reactive flow and for the gas-surface inter-

actions at the TPS wall. There are five categories of modeling uncertainties that

can be identified:

• Non-dimensional parameters. As explained in section 2 a set of NDPs is

used to characterize the hydrodynamics of the plasma flow at the boundary

layer edge. These parameters are calculated from thermo-chemical equi-

librium solutions of the Plasmatron (torch + test chamber with probe) flow

field. For a given inlet swirl angle, the solution depends on the inlet mass

flow, the pressure level and the coupled plasma power (which in turn de-

pends on the Plasmatron generator efficiency η) that are used during a cer-

tain experiment. In order to properly quantify NDPs uncertainties, UQ tech-

niques shall be applied to the dedicated CFD code that allows to solve the

Plasmatron flow field. This is a complex undertaking that would require

coping with the complexity of the physical models involved, the computa-
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tional cost of MHD simulations and the difficulty in identifying sources of

uncertainty to the specific problem. A sensitivity analysis to the NDPs was

performed in [24], using a database of multiple CFD simulations at different

combinations of static pressure, mass flow and power, within the Plasmatron

operating envelope. It was shown that, for a given mass flow and pressure,

variations of NPDs computed at generators efficiencies between η = 40 and

60% yield variations in he and γ of less than 0.6%. Based on this analysis,

it can be concluded with confidence that NPDs are negligible in the present

problem.

• Thermodynamic and transport properties of the plasma flow. Since the

highest-fidelity models, with the best data currently available in the liter-

ature are used [25, 26], thermodynamic and transport models can be con-

sidered as certain.

• Gas chemistry model. Uncertainties in the gas chemistry model are due to

both the number of species used to approximate the test gas, and the selected

reaction rates. In [24], a comparison of 5, 7 and 11-species models for air

mixture conducted on series of test cases at different pressures, showed that

for Plasmatron experiments at relatively low enthalpies (. 25 MJ/kg), both

and are nearly insensitive to the number of species. A small sensitivity (on

the order of≈5%) was observed for γref values below 10−3, which however

are highly unlikely. A similar behavior was observed when changing from

the baseline Dunn and Kang [27], rates to those of Park [28] and Chung [29]

• Surface chemistry model. The boundary layer code used in the present study

adopts a very simplified engineering model that accounts for only O and N-
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atom recombination into O2 and N2, respectively, at equal rates. Nitric oxide

production, which was demonstrated to occur on quartz surfaces [30, 31]

from room temperature to 1200 K, is not included. Oxidation reactions,

which are fundamental to the analysis of silica forming surfaces as those in

[6], are also not modeled. Moreover, the model assumes full energy accom-

modation to the surface. These approximations are indisputably sources of

uncertainty to the analysis of Plasmatron experiments. Several, more ad-

vanced surface reaction models have been developed for CFD simulations

and the work by Marschall et al. [32] is a comprehensive reference on

the topic. The challenge in applying advanced finite-rate catalysis formu-

lations lies into the availability of high-fidelity recombination coefficients

and, when those are available from controlled laboratory experiments, their

applicability to more complex environments like the Plasmatron or even a

real flight environment. This is still an open field of investigation, and ded-

icated, future study shall be devoted to quantify the uncertainties of surface

chemistry models.

• Boundary-layer edge thermo-chemical state. Local thermo-chemical equi-

librium (LTE) conditions are assumed at the boundary-layer edge. This

assumption has been validated using spectroscopy measurements [13] for

the test conditions analyzed in the present work. Recent numerical inves-

tigations [33] suggest nonetheless that LTE may not hold under different

conditions (e.g. lower mass flows). In such a circumstance this shall be

considered as an additional source of uncertainty.

As we intend to focus on experimental uncertainties and on how they prop-

agate through the rebuilding procedure, the listed modeling uncertainties are ne-
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glected. Their influence shall be further studied in a dedicated UQ analysis beyond

the scope of the present study.

3.2. Engineering approach

In [12], Marschall et al. showed independent effects of temperature Tw, hot

wall heat flux qw (emissivity) and enthalpy he on the final value of the catalytic

property γ. A ±10% assumption on the relative uncertainty of he was adopted,

emissivity ε uncertainties were taken as +0.1/-0.2 and the measurement error on

the temperature was set to the quoted instrument uncertainty. Uncertainties on

the calorimetric probe catalytic property γref and wall temperature Tcw were ne-

glected, and each input uncertain variable was considered separately.

Following this approach, variability ranges for enthalpy and catalytic property

values from Plasmatron experiments can be computed. Below, the technique is

applied to a reference case (sample S12 in [6], qcw = 735 W/m2, Ps = 2010 Pa,

Tw = 1600 K) used in the following sections to determine error bands for both

QoIs he and γ:

• Nominal (measured) values of heat flux, static pressure, dynamic pressure

and, wall temperature and emissivity are denoted as q∗cw, P ∗
s , P ∗

d , T ∗
w and

ε∗, respectively.

• The ∆ uncertainty on each variable is based on the values reported in Ta-

ble 1 and defines upper and lower limits for the variable, which are denoted

with the superscripts ∗, + and −, respectively. For example, for a wall tem-

perature Tw of 1600 K and ∆Tw = 2% relative uncertainty, the upper and

the lower values are T−
w = 1568 K and T+

w = 1632 K, respectively.
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• The numerical rebuilding detailed in Section 2 is performed for the nomi-

nal, lower and upper value of each variable, the others being fixed to their

nominal value for each simulation.

A summary of the results obtained for the sample S12 from [6] is provided in Ta-

ble 2. Upper and lower margins are highlighted in red and blue respectively. As

expected, one can notice that higher values of enthalpy he result from a positive

relative uncertainty on the heat flux q+
cw, and negative relative uncertainty on the

static and dynamic pressures, P−
s and P−

d . The dissociation of a plasma is en-

hanced at lower pressures Ps, its enthalpy being higher. Assuming a constant total

enthalpy, a lower dynamic pressure results in a higher static enthalpy. Similarly,

lower values of enthalpy he are given by the bounds q−cw, P+
s and P+

d . Obviously,

the enthalpy does not depend on the hot wall temperature Tw and emissivity ε,

which are properties of the sample.

Lower values of the TPS catalytic property are given by the bounds q+
cw, P+

s ,

P+
d , T−

w , and ε−. For a positive error in qcw, a higher wall heat flux is obtained at

a given surface catalytic property and at given temperature (in the qw versus Tw

plot in Figure 2 the iso-γ curves shift upwards). Therefore, for the same sample

temperature and emissivity, a lower γ is obtained from the rebuilding. Similarly,

for a negative error on the wall temperature Tw or on the emissivity ε, the re-

radiated heat flux is lower, hence a lower γ is determined.

In order to estimate the final error bar a further rebuilding is performed com-

bining the marginal inputs giving a similar effect, therefore yielding the highest

and lowest possible values for each QoI. The computed error bars ∆he = [h−e , h
+
e ]

for the enthalpy and ∆γ = [γ−, γ+] are shown in Table 3.
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Table 2: Rebuilt values of the QoI based on engineering approach for reference case (sample S12

in [6], qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K). Enthalpy values are rebuilt with a Tcw

= 350 K surface temperature value. Variation of he due to Tcw are negligible, hence they are not

included.

Input variable Enthalpy he [MJ/kg] Catalytic property γ

P ∗
s 16.70 0.00862

P−
s 16.92 0.009603

P+
s 16.49 0.00823

P ∗
d 16.70 0.00862

P−
d 16.94 0.00868

P+
d 16.47 0.00855

q∗cw 16.70 0.00862

q−cw 15.04 0.00862

q+
cw 18.38 0.00712

T ∗
w – 0.00862

T−
w – 0.00737

T+
w – 0.00997

ε∗ – 0.00862

ε− – 0.00719

ε+ – 0.01013
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Table 3: Maximum and minimum values of he and γ based on engineering approach for reference

case (sample S12 in [6], qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K)

QoI and input combination Value

h−e = h−e (q−cw, P
+
s , P

+
d ) 14.66 MJ/kg

h+
e = h+

e (q+
cw, P

−
s , P

−
d ) 18.92 MJ/kg

γ− = γ−(q+
cw, P

+
s , P

+
d , T

−
w , ε

−) 0.00457

γ+ = γ+(q−cw, P
−
s , P

−
d , T

+
w , ε

+) 0.01522

3.3. Uncertainty quantification method

In this section, the generalized Polynomial Chaos (gPC) method is presented

as a rigorous UQ method for computing error bars on the QoIs for the described

problem. It was originally developed by [34]. The gPC stochastic expansion

provides with a method to build a polynomial approximation of a function of

stochastic variables. Let us define f as the square integrable function of interest

that takes the random vector (ξ1, ξ2, ξ3, ..ξn) of n known distributions as input,

n being the dimension of the input space. The generalized polynomial chaos

(gPC) theory asserts that f can be approximated by an orthogonal polynomial

with respect to the input space (Ξ, pξ1,ξ2,ξ3,..ξn), with a converging error in the

mean-square sense [35]. The classical gPC construction provides us with with a

polynomial of order N denoted as PN(ξ1, ξ2, ξ3, ..ξn), i.e.

f(ξ1, ξ2, ξ3, ..ξn) ' PN(ξ1, ξ2, ξ3, ..ξn) =
∑
i

αiΨi(ξ1, ξ2, ξ3, ..ξn). (1)

Here, Ψi is the polynomial basis, which is orthogonal with respect to the proba-

bility measure associated to the uncertain inputs. For Gaussian distributed uncer-

tainties, the polynomial basis is built using the tensorisation of n one-dimensional

Hermitian polynomials (six in the present case). Besides L2(Ξ, pξ1,ξ2,ξ3,..ξn), the
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space of square integrable functions is a Hilbert space with the following scalar

product:

〈u, v〉 =

∫
Ξ

u(ξ1, ξ2, ξ3, ..ξn)v(ξ1, ξ2, ξ3, ..ξn)p(ξ1, ξ2, ξ3, ..ξn)dξ1dξ2dξ3..dξn,

(2)

where p(ξ1, ξ2, ξ3, ..ξn) is the product of n one dimensional Gaussian distributions.

Then, it follows that

〈Ψi,Ψj〉 = 〈Ψi,Ψi〉δi,j, (3)

for any i and j. In order to compute αi, the orthogonality property from Eq. 3 can

be used by projecting f on each component of the basis. From Eq. 1 it follows

that

αi =
〈f(ξ1, ξ2, ξ3, ..ξn),Ψi(ξ1, ξ2, ξ3, ..ξn)〉

〈Ψi,Ψi〉
. (4)

Therefore the computation of PN(ξ1, ξ2, ξ3, ..ξn) consists in computing the αi and

therefore evaluating an integral according to Eq. 4. In our case, we used the Her-

mite Gauss quadrature rule described in [35]. As no modifications to the determin-

istic code computing f are needed, the method is non intrusive. Only evaluations

of the function at several collocation points are required for the quadrature rule.

In order to evaluate the results of the gPC analysis, the Sobol indices [36] can

be computed to study the sensitivity of f(ξ1, ξ2, ξ3, ..ξn) to each random variables.

Sobol indices compare the variance of the conditional expectation V arξi [E(y|ξi)]

against the total variance V ar(y), whereE denotes the expected value. The Sobol

index Si for the variable ξi is defined as:

Si =
V arξi [E(y|ξi)]

V ar(y)
. (5)

Sobol indices quantify the contribution of each source of uncertainty to the vari-

ance of the ouputs. Once the coefficient of the polynomial are computed, the
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statistical moments of f(ξ1, ξ2, ξ3, ..ξn) and the Sobol indices are readily available

from the coefficients of the polynomial [35]. The built polynomial provides a

cheap metamodel that can be evaluated multiple times at low computational cost,

enabling to rebuild an estimation of the Probability Distribution Function (PDF)

and Cumulative Distribution (CDF) of the output.

In the next section, the results obtained with the gPC are presented. While not

reported here, the convergence of the stochastic method is systematically checked

for each one of the cases analyzed. In particular, an increasing polynomial order

is considered, showing that orders 2 and 3 are always sufficient to attain conver-

gence. Both expansions yield very accurate results at the quadrature points where

the actual function is evaluated, thus validating the statistics estimation.

4. Results

In this section, we present the results obtained based on the gPC theory. First,

the influence of the reference catalytic property γref on the resulting uncertainty

on the TPS sample catalytic property γ is discussed. Eleven values of γref ranging

from 0.05 to 1 are selected, and the uncertainty analysis is carried out at those

points for one exemplary condition corresponding to case S8 in [6] (qcw = 410

W/m2, Ps = 3020 Pa, Tw = 1400 K). Later the influence of the mean measured

quantities on the rebuilt gas enthalpy hE and material catalytic property γ are

discussed for several test cases from [6].

4.1. Study of the influence of reference catalytic property γref for reference case

(sample S8 in [6], qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K)

Figures 3 and 4 show the influence of the reference probe catalytic property

γref on the QoIs based on both the PDF and CDF of he and γ. It is observed
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that the reference probe catalytic property has a significant influence on the mean

reconstructed values of the QoI. For the specific case illustrated, we computed a

reduction in the boundary layer edge enthalpy of nearly 10%, from he ≈ 10.2 to

≈ 9.3 MJ/kg, while increasing γref from 0.05 to 1. Similarly, the rebuilt catalytic

property doubles from γ = 0.0028 to 0.006 for γref increasing from 0.05 to 1.

The mean values for the rebuilt quantities are presented in Figure 5 with ∓σ

error bars, for increasing γref . The plots show that for γref values higher than

0.2 there is only a slight variation in the rebuilt quantities. This is a well-know

behavior, commonly observed on the “S-shaped” curves that plot the variability of

rebuilt quantities with γref . An example is provided in Figure 6 for he. For a given

heat flux value, a lower reference catalytic property yields a higher enthalpy due to

the lower effectiveness of the surface in recombining atoms [37]. The “S-shaped”

plot highlights that for a nearly non-catalytic reference surface (γref . 10−4), or

a nearly fully-catalytic one (γref & 10−1), there is a very small variation on the

rebuilt he. Conversely for partial reference catalycity values, a small variation in

γref produces a large variation in the rebuilt quantities.

Figure 5 also highlights that the probe catalytic property not only influences

the mean rebuilt QoI, but it also affects their uncertainty. Interestingly, it is ob-

served that, in the region where γref has a larger influence (γref . 2 · 10−1), the

uncertainties in the experimental measurements produce smaller error bars. This

effect is more pronounced for γ, where clearly smaller error bars are observed for

γref < 0.2.

In order to further investigate the influence of each experimental uncertainty

on the QoI error bars, the Sobol indices of the aleatory variables are presented

in Figure 7 for the enthalpy, and in Figure 8 for the sample catalytic property, at
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Figure 3: Evolution of the PDF for the rebuilt gas enthalpy he (top) and material catalytic property

γ (bottom), as a function of the reference material catalytic property γref for reference case (sample

S8 in [6], qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K).
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Figure 4: Evolution of the CDF for the rebuilt gas enthalpy he (top) and material catalytic property

γ (bottom) as a function of the reference material catalytic property γref for reference case (sample

S8 in [6], qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K).
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Figure 5: Evolution of the mean values and 2σ error bars for the rebuilt gas enthalpy he (top) and

material catalytic property γ (bottom) as a function of the reference material catalytic property

γref for reference case (sample S8 in [6], qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K).
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Figure 6: Rebuilt gas enthalpy he as a function of the reference material catalytic property γref for

reference case (sample S8 in [6], qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K).

different values of γref . As explained in section 3.3, the Sobol indices are good

metrics to quantify the system sensitivity to the input uncertainty. It is interest-

ing to observe that the rebuilt gas enthalpy he uncertainty is almost exclusively

determined by the error in the measured heat flux qcw, which accounts for 97%

of the total error at any γref . Dynamic pressure Pd and cold-wall temperature Tcw

measurements have only a minor influence on he. Due to the nearly exclusive

contribution of wall heat flux to the total uncertainty in he, we note that the rebuilt

enthalpy distribution is close to a Gaussian distribution.

Similarly, the sample catalytic property γ uncertainty is significantly affected

by the cold-wall heat flux qcw (80% of the error). The emissivity ε and temperature

Tw of the test sample, that define the re-radiated heat flux from the surface, account

for the remaining 20% of the error. Unlike in the case of the gas enthalpy, a

reduction of the qcw Sobol index for γ is noticed in Figure 8 for low γref values.
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Therefore, the decrease in uncertainty previously observed in Figure 5, can be

explained by the reduced contribution of cold-wall heat flux qcw to the sample

catalytic property variance.

Taken as an aggregate, the above observations suggest that improvements in

cold-wall heat flux measurements, which are well-known to be challenging in a

high enthalpy flow like that of the Plasmatron, would help reducing the overall

uncertainty of future experiments in characterizing effective test conditions and

materials’ catalytic properties.
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Figure 7: Contribution (Sobol indices) of cold wall heat flux qcw, dynamic pressure Pd, and cold-

wall temperature Tcw measurements to the uncertainty on the rebuilt gas enthalpy he as a function

of the reference material catalytic property γref for reference case (sample S8 in [6], qcw = 410

W/m2, Ps = 3020 Pa, Tw = 1400 K)

.
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Figure 8: Contribution (Sobol indices) of cold-wall heat flux qcw, hot-wall temperature Tw, and

emissivity ε measurements to the uncertainty on the rebuilt material catalytic property γ as a

function of the reference material catalytic property γref for reference case (sample S8 in [6],

qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K).
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4.2. Comparison of UQ and engineering approaches for reference case (sample

S12 in [6], qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K)

We now compare the error bars obtained based on the UQ methodology to

those computed using the engineering approach. As described in section 3, the

errors estimated with the engineering approach are defined as the range between

the two extreme cases. Using the UQ approach, error bars can be accurately

computed, and provided together with the correspondent Confidence Interval (CI).

The results are summarized in Table 4, for the same experimental case (S12 from

[], qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K) analyzed in Table 2. The

mean values for the QoIs obtained with both methods are closely similar. For

the gas enthalpy he, the engineering methodology results in a ±25% accuracy,

while the UQ analysis predicts 13% and 17% uncertainty with a confidence level

of 95 and 99% respectively. For the catalytic property γ, larger error bars are

computed using both methods. This is due the strong non-linearity of the problem,

as opposed to the enthalpy that instead varies linearly with the measured heat flux.

Table 4: Comparison of QoI mean values and error bars computed with the engineering and UQ

approaches for reference case (sample S12 in [6], qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K)

QoI UQ (mean) Eng. (mean) UQ UQ Eng.
(95% CI) (99% CI) (error bar)

he [MJ/kg] 16.75 16.70 13% 17% 25%

γ [-] 0.00867 0.00861 39% 51% 122%

As shown in Figure 9, in the case of γ rebuilding the engineering approach per-

forms poorly by overestimating the uncertainty of more than one order of magni-

tude. The UQ analysis predicts 39% and 51% uncertainty with a confidence level

of 95 and 99%, respectively. The example underlines the need of a rigorous UQ

28



method for accurately propagating experimental uncertainties through the rebuild-

ing code.

Figure 9: Comparison between the engineering approach and the gPC based UQ approach for the

catalytic property γ rebuilding problem.

4.3. Study of cases matrix for fixed reference catalytic property γref

In this section, a more detailed sensitivity analysis is carried out in order to

provide insight into how the variance decomposition evolves as the experimental

conditions change. The six aleatory uncertainties listed in Section 3.3 are consid-

ered. As in [6], we make the assumption of a constant reference material catalytic

property γref= 0.1. Four characteristic cases with experimental conditions given

in Table 5 are considered and denoted as a1, a2, a3, and a4. These correspond to

case S6 (qcw = 360 W/m2, Ps = 1320 Pa, Tw = 1400 K), S7 (qcw = 385 W/m2,

Ps = 1980 Pa, Tw = 1400 K), S8 (qcw = 410 W/m2, Ps = 3020 Pa, Tw = 1400 K)

and S12 (qcw = 735 W/m2, Ps = 2010 Pa, Tw = 1600 K) from [6], respectively.
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The first three cases aim at understanding the influence of the static pressure on

the contribution to the total variance. For those cases, the static pressure Ps varies

from 1320 to 3020 Pa, and the same surface temperature (Tw = 1400 K) is obtained

by increasing the cold-wall heat flux qcw for increasing static pressure.
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Figure 10: Comparison of the Sobol indices of the cold-wall heat flux qcw, hot-wall temperature

Tw, and emissivity ε measurements to the uncertainty on the rebuilt material catalytic property γ

for cases a1 to a4.

In Figure 10, the main Sobol indices involved in the determination of the sam-

ple catalytic property are plotted. One observes that for a static pressure of 2000

Pa, the contribution of the measured heat flux to the sample catalytic property

variance is much lower than for the other conditions. Similarly, the high pressure

case is the case where the contribution of the cold-wall heat flux is the highest.

This is well explained by the increase in the measurement uncertainty of the heat

flux between cases a2 and a3. Case a4 is chosen at a static pressure of Ps = 2000

Pa similar to case a2 but at a higher surface temperature. In this case the contribu-
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tion of the three main variables responsible for the catalytic property uncertainty

contribute to a similar extent to the total variance. An increase in the sample tem-

perature leads to an increase in the contribution to the sample catalytic property

variance from variables measured during the second reconstruction step. Now

more than half the variance is explained by the catalytic property rebuilding step.

This observation is also correlated with a relatively high sample catalytic property

at 8.7e-03. This behavior was not observed for previous cases in this study. This

analysis can be extended to more samples and eventually serve as a reference for

further experiments. When setting the experimental setup, one could get an esti-

mation about which variable would yield an important contribution being in the

vicinity of cases a1, a2, a3 or a4.

5. Conclusion

The uncertainty quantification method is a powerful tool to analyze exper-

imental results. We demonstrated here that the method helps mitigating over-

conservative error bars computed in TPS characterization when using an engineer-

ing approach , that considers in a separate manner the different input variables to

the problem. We quantified with 95% confidence a 13% error in the duplication of

actual flight condition (boundary layer edge enthalpy) during Plasmatron exper-

iments and an error of ∼40% in the computed catalytic property of the reusable

TPS material.

The analysis embedded in the gPC method provided understanding of the in-

fluence of the measurement error on the QoI. The constructed polynomial approx-

imation can be readily used as a cheap metamodel for rebuilding the QoI PDF.

The documented analysis suggests that, in Plasmatron experiments, the mea-
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Table 5: Test conditions and error bars of case a1 to a4. The values are take from case S6, S7, S8

and S12 in [6], respectively

Case a1 (sample S6 in [6]) a2 (sample S7 in [6])

Mean value Std. Dev. Mean value Std. Dev.

Ps [Pa] 1320 17.6 1980 26.4

qcw [W/m2] 360 000 12 000 385 000 12833.3

Pd [Pa] 83 1.333 60 1.667

Tw [K] 1400 4.667 1400 4.667

ε [-] 0.79 0.01316 0.8 0.01333

Tcw [K] 350 11.667 350 11.667

Case a3 (sample S8 in [6]) a4 (sample S12 in [6])

Mean value Std. Dev. Mean value Std. Dev.

Ps [Pa] 3020 40.2 2010 26.8

qcw [W/m2] 410 000 13 666 735 000 24 500

Pd [Pa] 60 2 115 2.33

Tw [K] 1400 4.667 1600 5.33

ε [-] 0.88 0.01466 0.85 0.01466

Tcw [K] 350 11.667 350 11.667

sured cold-wall heat flux is the chief contributor to the rebuilt enthalpy. The re-

construction of the PDF showed that the enthalpy is nearly Gaussian distributed.

This behavior comes from the almost linear relationship between the heat flux

and the flow enthalpy. We conclude that, reducing experimental errors in heat flux

measurements below 10% would enable matching a desired hypersonic condition

with less than 10% uncertainty.
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Concerning the catalytic property γ of the TPS material, non-linear trends

were observed. The cold wall heat flux and the material’s emissivity and tempera-

ture were identified as main contributors to the rebuilt values of γ. We found that

the cold-wall heat flux has a relative contribution of more that 70% to the com-

puted value of γ at temperatures below 1400 K. For higher temperatures (>1600

K) we found an increase in the relative importance of the materials’ temperature

and emissivity to γ. This suggest that improvements on optical measurements for

the detection of surface radiative properties would provide a more accurate esti-

mation of catalytic heating from Plasmatron experiments, particularly at very high

temperatures.

Finally, we showed that the catalytic property of the reference material fea-

tures a significant impact on the QoI determined at the Plasmatron. Experimental

and numerical efforts shall be directed at improving techniques that can provide

a suitable alternative to copper-base reference probes for the characterization of

experimental conditions.
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