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Abstract
We propose a mathematical model for the transport of DNA plasmids from the extracellular matrix
up to the cell nucleus. The model couples two phenomena: the electroporation process, describing the
cell membrane permeabilization to plasmids and the intracellular transport enhanced by the presence
of microtubules. Numerical simulations of cells with arbitrary geometry, in 2D and 3D, and a network
of microtubules show numerically the importance of the microtubules and the electroporation on the
effectiveness of the DNA transfection, as observed by previous biological data. The paper proposes
efficient numerical tools for forthcoming optimized procedures of cell transfection.
Keywords: Mathematical Biology, Intracellular Transport, Microtubules, Plasmids Transport, Finite
Difference Method in Irregular Domains

1. Introduction
Plasmid DNA vaccination combined with electroporation (EP) provides a promising approach for
the prevention of infectious diseases and for cancer immunotherapy. This technology generates an
immune response due to an enhancement in expression of specific encoded antigens [27]. The use of
pulsed electric field to vectorize the plasmid presents an efficient biophysical tool for DNA transfection
without healthy risk as for viral gene transfection [27]. The aim of the paper is to propose a model
that describes in vitro plasmid transfection by mean of pulsed electric field, from the outer medium
–the solution where cells are in suspension– up to the nucleus.
1.1. Biological principles of gene electrotransfection
DNA plasmids are extrachromosomal genetic materials engineered so that cells directly produce
specific antigens to stimulate the immunological response. To be effective, it is necessary that plasmids
reach the cell nucleus. However, due to their large size (5-20 kb), plasmids cannot cross the cell
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membrane, and thus even for in vitro experiments, cells embedded in a bath saturated with a large
amount of DNA plasmids do not acquire the new genetic material. In vivo, the situation is even worse
since the extracellular matrix1 provides another barrier before reaching the cell. As a consequence,
most of DNA plasmids are degraded before entering the nucleus.
To overcome this drawbacks one non-viral possibility is to apply pulsed electric field on the site of
injection to electropermeabilize transiently cell membranes and make them porous to DNA plasmids.
More precisely, the effect of the electric pulse is twofold. On one hand, it increases the permeability of
cytoplasmic membrane and facilitates the passage of the plasmids through it. Biological experiments
demonstrate that macromolecules with molecular weight above 4 kDa, such as DNA plamids, cannot
pass across the cytoplasmic membrane in normal conditions. A direct transfer to the cytoplasm is only
observed if macromolecules are close to the membrane during the electric pulse delivery [12]. On the
other hand, the electric field has an electrophoretic effect, which transports charged molecules such as
DNA plasmid in the direction of the electric field [25] in the extracellular medium.
Inside the cell cytoplasm, plasmids transport is a combination of very slow free diffusion and an
active transport along microtubules, which can be seen as cytoplasmic highways towards the nucleus.
Recent studies demonstrate that while the cytoskeleton acts as a barrier to DNA plasmids movement in
the cytoplasm, the microtubule network is required for plasmid trafficking directed towards the nucleus
[2, 25]. In the absence of microtubules DNA plasmids do not arrive near the nucleus. However to be
bound to microtubules and transported along it, plasmids need cytoplasmic adapter proteins such as
molecular motors (dynein), transcriptional factors (TF), and importins. Once plasmids arrive at the
end of the microtubules (close to the nucleus), they are released and aggregate around nucleus. Their
large size does not permit the free passage across the nuclear pore complexes, which are present on
the nuclear envelope. It is thus necessary that the DNA plasmids interact with importins which widen
diameters of nuclear pore complexes.
1.2. Need of numerical models
From the biological point of view, the phenomenon is thus quite well understood, however, the
literature suffers from a lack of numerical models describing the plasmid transport, from the extracellular medium up to the nucleus by mean of electroporation. The aim of this paper is to propose
a model that addresses such a transport, which is a coupling between passive (diffusion) and active
(electrophoretic and chemical along the microtubules) transports. On one hand we model the passage
of DNA plasmids from extracellular matrix into the cell cytoplasm thanks to the effect of the pulsed
electric field. On the other hand, we describe the intracellular traffic of plasmids enhanced by a network
of microtubules, from the cytoplasm towards the nucleus. Since the electric field is almost null inside
the cell due to the membrane shielding [7, 24, 33], we focus on two types of plasmid transport inside
the cell (a slow free diffusion and the active transport along the microtubules). It is worth noting that
the complete modeling of DNA uptake by mean of electroporation has never been addressed before. It
is however crucial to obtain a reliable model with as less as parameter as possible in order to optimize
1
Let us mention that cells growing in vitro also produce ECM in the Petri dish, however for the transfection, cells are
usually washed out, trypsinised, and then resuspended, therefore one can consider that no ECM is present around the
cell during the DNA transfection.
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cell transfection. The goal of the paper is to provide a first step towards such a numerical optimization
of DNA uptake by mean of electroporating pulses.
Many mathematical models of intracellular trafficking developed in the last ten years concern
micromolecules and are in terms of ordinary differential equations (ODEs). In (see [28, 13]) models
without spatial localization of reactions were considered. Spatial dependence of intracellular transport
was introduced in [20, 19, 26, 29, 11, 10, 31, 32, 8]. Recent developments have been obtained by
Cangiani et al. [3] and Dimitrio et al. [9]. Cangiani et al. combined a model of nuclear import
pathway mediated by the RAN gradient with microtubules activity described by a vector field, while
the work of Dimitrio et al. analyzed the effect of microtubules on the small protein p53. However no
DNA uptake was considered. In particular, the role of microtubule, which is less important for small
molecules which can diffuse freely in the cytoplasm, is crucial for large molecules as DNA plasmids.
The role of cytoskeleton in intracellular DNA transport has been addressed in [22] (one can refer
also to the PhD thesis [23]), but without electroporation, and the numerical framework was simplistic
(a 2D–rectangular cell shape with one microtubule). Large plasmids are considered and equations
for the transport along microtubules with RAN cycle are derived to account for the traffic of DNA
in the cytoplasm, through the nuclear envelope, and its accumulation in the nucleus. Differently to
Cangiani’s approach, the microtubules are one-dimensional fibers to which plasmids can attach and
are transported along towards nucleus. The attention was focused on the description of transport
mechanisms in the whole cell and on interactions of plasmids with other molecules such as dynein,
importin, and RAN cycle. However no realistic numerical simulations have been presented before. The
goal of the paper is to combine the model of cell electroporation with the DNA transport inside the cell,
and to provide a numerical method that makes it possible to simulate the complete model in realistic
2D– and 3D– configurations. Let us note also that optimization of cell transfection is the long-term
goal of the project, it is thus important to propose reliable models with as less parameter as possible,
and accurate numerical methods for the calibration of the model with the experiments.
1.3. Outline of the paper
In this paper we consider a simplified spatio-temporal model for intracellular transport proposed
in [23] but in a more complex domain and we couple it with an electroporation model inspired from
Leguèbe et al. [18]. More than just a combination of two existing models, we provide simplified models
with less parameters, for forthcoming calibration of the model with experimental data. Even though
the calibration is far from the scope of this paper, it is the long-term goal of this research. Therefore it is
important to propose reliable and simple models, with accurate numerical schemes for the simulations:
these are the two goals of the paper. Our purpose in this article is to present a simple model based
on partial differential equations (PDE), which can account for the main phenomena involved in the
plasmid transport, from the extracellular bath up to the nucleus, in order to highlight the influences
of cell electropulsation on one side and the microtubule network on the other side.
The paper is organized as follows. In Section 2 is devoted to a precise description of our model,
which is organised in 2 parts: the electrical part that describes how the membrane conductance and
permeability are affected, and then the transport of plasmid in the cell. The main feature of the
intracellular plasmid transport lies in the links between the spatial movement (free diffusion in 3D)
and the 1D–transport along the microtubules. Then, in Section 3 we present the numerical scheme used
to solve our PDE model and in particular to preserve the mass conservation. We validate our method
3

by numerical considerations. We conclude by numerical simulations that corroborate experimental
results in Section 4. Interestingly, our numerical tool makes it possible to compare simulations and
experimental data, for instance these of Rosazza et al. [25]. To our best knowledge, it is the first
time that such DNA uptake by mean of electroporation is described by PDE model, accounting for
the spatial distribution of plasmids in the cell, from the extracellular bath up to the cell nucleus.
Calibration of the model with experimental data are planned in forthcoming works.
2. Presentation of the model
This section is devoted to the presentation of our mathematical model for the transport of DNA
plasmids from the extracellular medium up to the cell nucleus. The model is split into two parts: a
system describing the electric field, which permits the plasmids to pass from the extracellular medium
to the cell cytoplasm, and the model of the transport of plasmids inside the cell.
The electric pulses permeabilize cell membrane, allowing molecules that usually cannot cross the
membrane barrier to enter in the cytoplasm. Moreover, plasmids are charged molecules and are subjected to electrophoretic forces, so the electric field enhances their transport in the extracellular matrix.
Once plasmids reach the cell cytoplasm, they are trapped in the cytoskeleton and bind with importin
and dynein molecules. The latter, through specific molecular pathways, make possible the attachment
to microtubules and active transport along them. The DNA alone, that is without cytoplasmic adapter
proteins, can only diffuse weakly in the cytoplasm.
Here we couple a simplified version of Leguèbe, Poignard et al. [15, 18] model for the electropermeabilization and a simplified Notarangelo and Natalini system for intracellular transport of plasmids [23].
First the geometrical setting of our problem is presented and the definition of the microtubules
network, along which the cargo DNA+dynein+importin is transported, is detailed. Then, the description of the model of the transport of plasmids across the cell membrane and in the cytoplasm coupled
with the electropermeabilization model is given. Throughout this article the following conventions and
notations are used.
Notation 2.1. For any bounded domain O of R3 , ∂O denotes its boundary. For a close surface without
boundary γ, ν denotes its unitary normal vector directed outwardly from the inside to the outside of
the domain enclosed by γ.
• The restriction to γ of a function f defined in the vicinity of γ is denoted by f |γ . If f is
discontinuous across γ, then f |γ − (resp. f |γ + ) denotes its restriction taken in the domain enclosed
by γ (resp. the outer domain).
• The jump of a function f across the interface γ is defined as:
[f ]γ = f |γ + − f |γ −

.

• The flux across γ of a (smooth enough) function f defined in the vicinity of γ is defined by
∂ν f |γ = ∇f |γ · ν
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Figure 1: Geometrical settings. Figure 1(a): The nucleus is denoted by On , the cell cytoplasm is Oc and the extracellular
medium is Oe . The cell membrane is denoted by Γc while the nucleus membrane is Γn . For the electric potential,
homogeneous Neumann boundary conditions are imposed on ΓN , while Dirichlet source is imposed on ΓD . Figure 1(b):
The area of attraction U(Tq ) around the microtubule Tq in 3D. For the sake of clarity, the radius r0 has been considerably
augmented compared to the microtubule length. According to [25], the ratio `q /r0 takes values between 100 and 1 000.

• Throughout the paper, β stands for a regularised even Heaviside function in the form
2
β(λ, µ) = e− (λ/µ) ,

(1)

but other sigmoidal functions could be used.
2.1. Geometrical setting
2.1.1. The extracellular domain, the cell cytoplasm and the cell nucleus.
We devide a smooth domain Ω ⊂ R3 in three smooth subdomains: the extracellular medium Oe , and
a cell composed of the nucleus On and the cytoplasm Oc , as presented in Figure 1(a). The boundaries
between each subdomains are supposed to be smooth, and
Γn = ∂On ,

Γc = ∂Oc \ Γn .

The outer boundary ∂Ω is split into two disjoint parts ΓD and ΓN on which Dirichlet (resp. Neumann)
boundary conditions are imposed (see Fig. 1(a)):
∂Ω = ΓD ∪ ΓN ,

ΓD ∩ ΓN = ∅.

2.1.2. The microtubule network.
T
We define microtubules as a finite network T of NT segments (Tq )N
q=1 in the cytoplasm between the
vicinity of Γc and Γn . Each microtubule is a 1D-curve parameterized thanks to its curvilinear abscissa
(see Figure 1(b)):
Tq := {Ψq (s), ∀s ∈ [0, `q ]} ,
5

where `q is the length of the microtubule Tq . The orientation of the curvilinear abscissa is chosen so as
the beginning of the microtubule Ψq (s = 0) is located near the cell membrane, while the ending point
Eq is close to the nucleus
Eq = Ψq (`q ).
2.1.3. Area of attraction around the microtubules
To each point Ψq (s) of the microtubule Tq is associated a disk Dq (s), of radius r0 and perpendicular
to the microtubule 2 such that ∀q = 0, 1, · · · , NT , ∀ s ∈ [0, `q ] it is defined as (see Figure 1(b))


q
2
2
Dq (s) := Ψq (s) + θ1 ν1 + θ2 ν2 , θ1 + θ2 6 r0 , ν1 × ν2 = ∂s Ψq , ν1 ⊥ ν2 , kν1 k = kν2 k = 1 .
A tubular neighborhood U(Tq ) of radius r0 is defined around each microtubule Tq (see Fig. 1(b)):
∀ q = 0, 1, · · · , NT ,

U(Tq ) = {Ψq (s) + η(s),

∀s ∈ (0, `q ), ∀η(s) ∈ Dq (s)} .

This neighborhood represents the attraction zone where the cargo DNA+dynein+importin bind to
microtubules. Out of this region, the cargo cannot attach to it and the active transport does not
occur.
2.2. Model of electropermeabilization
When submitted to high electric pulses, the cell membrane permeability increases and large molecules,
which usually cannot diffuse through membrane, enter the cytoplasm. This phenomenon is called the
electropermeabilization. In this section we present a simplified system of this process, derived by
Leguèbe, Poignard et al. [15, 18]. It consists of the Laplace equation for the potential in a cell and
the particular transmission conditions on the cellular and nuclear membranes. The advantage of the
following model is that it accounts for the main phenomena explained in [18], with less parameters,
which is important for the fitting with experimental data.
2.2.1. Cell Membrane conductance.
Electroporation phenomena consists of an increase of cell membrane conductance due to a high
transmembrane voltage, that is the difference of the electrical potential across the membrane. The
electrical cell membrane conductance Sc depends non-linearly on the transmembrane voltage. Denoting
by V|Γc this transmembrane voltage, we set the following non-linear law of membrane conductance3 :
Sc (t, V|Γc ) = S0 + S1 β(Vep , V|Γc ) + S2 X2 (t, V|Γc ),

(2)

where S0 is the cell membrane conductance at rest, S1 is the conductance of the permeabilized membrane during the pulse, S2 is the long-term increased conductance after the pulse, with S1  S2 ≥ S0 ,
2

Note that in two dimensions, the disk D(s) is nothing but segment of length 2r0 perpendicular to the microtubule
at the point Ψq (s).
3
Note that by definition of the function β given by (1), the increase of the cell membrane conductance is related to
the membrane electrostatic energy equal to 21 Cc V|2Γ .
c
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and Vep is the threshold value of the transmembrane voltage above which electroporation occurs. S2 is
the long-term increase of the membrane conductance, and X2 is the degree of permeabilization, which
describes the alteration of membrane lipids, leading to an increase of membrane permeability to the
plasmids. It satisfies the following ordinary differential equation:


X2 (t = 0) = 0,


β(Vperm , V|Γc ) − X2 β(Vperm , V|Γc ) − X2
(3)

,
, ∀t > 0,
∂t X2 = max
−
+
τ
τ
where τ + and τ − are the characteristic times of respectively the increase and the decrease of the degree
of electropermeabilization, and Vperm is the threshold of membrane voltage above which permeabilisation occurs. We refer to [18] and references therein for a precise description.
The membrane conductance Sc given by (2) is dynamical model of nonlinear membrane conductivity,
which involves two phenomena: the pore formation during the pulse, and the alteration of membrane
lipids after the pulse. This second phenomenon was not accounted for in [21, 16] or [15]. Note that the
pore formation is accounted for by a static law (the term S1 β in equation (2)), which is in accordance
with Ivorra et al. [14]. X2 holds for the long-term effect of electroporation on membrane conductance,
which has been experimentally observed by Wegner et al. [34]. At the same time, Leguèbe et al. proposed a complex model to account for lipid alteration, that was reported by L.M. Mir’s group, however
the model involves many non-measurable parameters. We propose here a simplified version, with less
parameters, of the model of Leguèbe et al. [18]. Since the electric field is very low inside the cell, no
induced electroporation occurs, and thus the conductance of the nuclear membrane Sn is constant.
2.2.2. Model of the electric potential
The electrical conductivity chart of the domain Ω is defined as


σe in Oe ,
σ = σc in Oc ,


σn in On ,
where σe , σc and σn are the conductivities of the extracellular medium, the cytoplasm and the nucleus
respectively. The electrical properties of the membranes Γc and Γn are characterized by the couple
surface capacitance and surface conductance denoted by (Cc , Sc ) and (Cn , Sn ) respectively for Γc and
Γn .
Following [15, 18] the electrical potential U satisfies the following quasistatic problem:
in Oe ∪ Oc ∪ On , t > 0

(4a)

on ΓD , t > 0

(4b)

∂ν U = 0

on ΓN , t > 0

(4c)

U (0, ·) = 0,

in Oe ∪ Oc ∪ On ,

(4d)

∆U = 0
U = g(t)

where the Dirichlet data g = g(t) is the time-dependent boundary condition on ΓD determined by the
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pulse delivered to the cell, and the transmission conditions across Γc , Γn are
σ e ∂ν U

Γ+
c

= σ c ∂ν U

,
Γ−
c

Cc ∂t [U ]Γc + Sc ([U ]Γc ) [U ]Γc = σc ∂ν U

σ c ∂ν U

Γ+
n

= σ n ∂ν U

,
Γ−
n

Cn ∂t [U ]Γn + Sn [U ]Γn = σn ∂ν U

,
Γ−
c

.
Γ−
n

(4e)
(4f)

The following well-posedness result is proven in the Appendix section.
Theorem 2.2 (Well-posedness of the electrical model). Let g belong to W 1,1 ((0, T ); H 1 (∂ΩD )), then
there exists a unique solution U to problem (4) which belongs to
U ∈ C((0, T ); P H 3/2 (Ω)) ∩ C 1 ((0, T ); P H 1/2 (Ω)),
where

P H s (Ω) = u ∈ L2 (Ω) : u|ω ∈ H s (ω), for

ω ∈ {Oe , Oc , On } .

2.3. Model of transport of DNA plasmids
The aim of this section is to describe the model of the transport of DNA plasmids in the extracellular
matrix and inside the cell. We consider two types of plasmids: the DNA alone, denoted by M , which
is present in both extracellular Oe and cytoplasmic Oc domains, and the cargo M ∗ composed of
DNA+importin+dynein, which lives only in the cytoplasm Oc . It is assumed that as soon as the
plasmids M enter the cell, they bind simultaneously to importin and dynein at a constant rate k ∗ .
Both molecules, M and M ∗ , diffuse with the piecewise constant diffusion coefficients d and d∗
respectively given as

(

de in Oe ,
d∗c in Oc ,
d = dc in Oc ,
d∗ =

d∗n in On .

dn in On ,
We emphasize that in the bath, the diffusion coefficient of de is much higher than the inner diffusion
coefficents, due to the cytoplasmic materials, which prevent the free diffusion. Since DNA are charged
molecules, they are subject to the electric forces. In the model the electrical pulses have double effect.
They transport the plasmids M in the extracellular matrix and they permit them to cross the cell’s
membrane by increasing its permeabilization. A model without the influence of the electric field was
studied in [23]. We note that the electrophoretic forces act only in the extracellular matrix. It is a
plausible assumption because the electric field in the cytoplasm is very low due to the shielding effect
of the membrane. Moreover, the cytoplasm is composed of cytoskeleton and organelles, which prevents
large molecules from free motion. Additionally, thanks to the importin and dynein, the plasmids M ∗
bind to microtubules at rate kT and are actively transport along them with velocity vT towards nucleus.
2.3.1. Membrane permeability
We assume that the membrane permeability increases due to the effect of the electric field, see [18].
Two phenomena are considered. In parallel to the high increase of the membrane permeability during
the pulse, which is a result of the creation of pores, there is a long lasting effect of electropermeabilization characterized by the degree of permeabilization X2 . The total membrane permeability Pc is
modeled as a sum of these two effects
Pc (t, V|Γc ) = P1 β(Vep , V|Γc ) + P2 X2 (t, V|Γc ),
8

with P1  P2 > 0.

(5)

2.3.2. Transport of free DNA
Plasmids M without importin and dynein diffuse in the extracellular matrix and in the cell cytoplasm and are transported by the electrophoretic forces. Inside a cell they are degraded by enzymes
at the rate kdeg and bind with dynein and importin at the rate k ∗ forming a complex denoted by M ∗ .
They cannot be uptaken in the nucleus for which importin is required. Therefore, the homogeneous
Neumann boundary conditions for M on Γn are imposed. On the contrary, the cell membrane Γc is
an interface with permeability Pc to DNA and we assume that the transmission across it satisfies the
Kedem-Katachalsky conditions (6f).
The concentration of plasmids M is modeled by the following reaction-diffusion system:
∂t M − de ∆M + µe ∇.(M ∇U ) = 0,
∗

∂t M − dc ∆M = −k M − kdeg M,
0

M (0, ·) = M ,
M = M 0,

in Oe ,

(6a)

in Oc ,

(6b)

in Oe ,

(6c)

on ∂Ω,

(6d)

with the following transmission conditions at the interfaces Γc and Γn :
de ∂ν M

Γ+
c

− µe M ∂ ν U

Γ+
c

= dc ∂ν M

Pc (t, [U ]Γc ) [M ]Γc = dc ∂ν M
∂ν M

Γ+
n

,
Γ−
c

(6e)

,
Γ−
c

(6f)

= 0.

(6g)

2.3.3. Transport of DNA-dynein-importin complex
Plasmids M after entering a cell bind to dynein and importin with rate k ∗ and form a complex
∗
M . The molecules M ∗ cannot leave the cell but, contrary to free plasmids M , can enter the nucleus.
They diffuse, and when they are in the area of attraction of microtubules U(T ), they bind to them
at the rate kT and are transported with speed vT towards the nucleus. Plasmids attached to the Tq
microtubule are denoted by Wq . The detachment from microtubules occurs at the ending point Eq
located near the nucleus. The concentration of M ∗ in the cell satisfies
N

∗

∂t M −

d∗c ∆M ∗

∗

=k M−

∗
M∗
kdeg

T
vT X
− kT M 1U (T ) +
Wq (Eq )δD(Eq ) (x)
|D|

∗

in Oc ,

(7a)

in On ,

(7b)

q=1

∂t M ∗ − d∗n ∆M ∗ = 0
∂ν M

∗

Γ−
c

= 0,

(7c)

M ∗ (0, ·) = 0,

in Oc ∪ On

(7d)

with the following transmission conditions on Γn :
dc ∂ν M ∗
∗

Γ+
n

= dn ∂ν M ∗

Pn [M ]Γn = dn ∂ν M

∗

(7e)

Γ−
n

,
Γ−
n

(7f)
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where PN is the nuclear membrane permeability, which is assumed not to be affected by the electric
field.
Note that the factor |D| in the last term in (7a), which models the total amount of cargo Wq
released to the cell cytoplasm at the end of the microtubules, accounts for the flux of the section4 of
the attraction area at the ending point of the microtubule Eq .
The cargo Wq is transported along the microtubule Tq with velocity vT according to
Z
M ∗ (t, τ ) dτ, ∀t > 0, ∀s ∈ (0, `q ),
(8a)
∂t Wq (t, s) − vT ∂s Wq (t, s) = kT
D(s)

Wq (t, s = 0) = 0,

Wq (0, ·) = 0.

(8b)

The last term describes the quantity of cargo M ∗ that bounds to a microtubule. Note that M ∗ is
integrated on the cross section of the U(Tq ), i.e. on the disk D. Therefore the unit of each Wq is
homogeneous to the unit of M ∗ times m2 . In order to prevent plasmids from attaching continuously
at the end of microtubules, the coefficient kT is smoothly set to 0 in the vicinity of the nucleus on the
last micrometer of the microtubules.
2.3.4. Well-posedness and the total mass conservation
There is no feedback from the transport model towards the electric model, and the transport
equations are linear. As a consequence, the well-posedness of the transport equations follows from
classical arguments. Additionally, in the absence of the degradation in the cytoplasm, the boundary
conditions imply the mass conservation of the DNA that entered the cell cytoplasm.
Proposition 2.3. Let (M, M ∗ , (Wq )q=1,··· ,NT ) be the solution to problem (6)–(7)–(8), with kdeg =
∗ = 0. Then the following mass conservation in a cell holds:
kdeg

∀t > 0,

d 
dt

Z

∗

M (·, x) + M (·, x) dx +
Oc ∪On

NT Z
X
q=1

Tq


Z
Wq (·, s) ds =

dc ∂ν M (t, x) dx.
Γc

Proof. The equality is a consequence of an integration of (6)–(7)–(8) and the application of Green
formula.
3. Numerical approximation
This section focuses on the numerical methods used to solve the model presented in section 2. The
scheme for the electrical part (4) of the model has been presented in [15] and extensively studied in [17].
Roughly speaking, it is a finite difference method on a Cartesian mesh adapted from the second order
scheme of Cisternino and Weynans [4] and introduced in [17]. The transport part, that is the reactiondiffusion systems (6), (7) and the linear advection equation (8), are approximated by a classical finite
difference method in space and explicit-implicit first order time integration.
4

Note that |D| = πr02 since we have considered a cylindrical tubular neighborhood of radius r0 (see Fig. 1(b))
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Numerical difficulties lie in the approximation of the attachment-detachment of plasmids to microtubules. At the discrete level the transition from the volumetric (cell cytoplasm) to the linear
(microtubules) transport and vice-versa is not trivial. If a one dimensional grid of microtubules coincides exactly with the mesh nodes of the two-dimensional cytoplasmic domain, then the computation
of the mass plasmids in the area of attraction uses directly the values of the mesh, see [23]. However,
in our model the microtubules have arbitrary shape and localization. They don’t necessarily coincide
with the mesh grid; therefore interpolation methods are required. In this section we aim at describing
the numerical approximations of the attachment-detachment processes that preserve the total mass of
plasmids.
Note that the model in section 2 can be defined on a two- or tri-dimensional domain with onedimensional microtubules. For computational reasons, the simulations in section 4 are performed in a
two-dimensional setting, and thus the following description of the numerical methods is done also in
two space dimensions to simplify the notations.
We work on a Cartesian computational grid Ωh of the domain Ω = (0, L)2 . Each direction is
discretized uniformly by J points and characterized by the positive parameter h. The nodes are given
by xi,j = (xi , yj ) = (ih, jh), for (i, j) ∈ J 2 . The q-th microtubule after parametrization is discretized
q
into kmax
nodes uniformly distributed with spacing ∆s. In what follows, when only one microtubule
is considered we omitt the index q in order to simplify the notation.
3.1. Approximation of attachment-detachment of plasmids to microtubules
3.1.1. Attachment of plasmids to microtubules
The location of microtubules does not coincide with the two dimensional mesh points and therefore
the attachmentZof cargo M ∗ to the microtubules in the area of attraction, described by −kT M ∗ 1U (T )

M ∗ dx in (8a), requires the interpolation over the grid nodes. The total mass of

in (7a) and kT
D(s)

plasmids M ∗ in a section D(s) of the area of attraction U(T ) of a microtubule is given by
Z
I(t, s) =
M ∗ (t, x) dx.

(9)

D(s)

Depending on the size of the section D(s) with respect to the mesh grid, see Figure 2, the integral (9)
for each node sk , k = 1, ..., kmax of the microtubule can be approximated by a single value
I(t, sk ) ∼ |D|M ∗ (t, pk ),

(10)

where pk := Ψ(sk ) is a point in Ω, or by the trapezoidal rule (or any other quadrature)
I(t, sk ) ≈

mmax
|D| X
M ∗ (t, pm
k ),
2mmax

(11)

m=1

m
where pm
k := Ψ(sk ) and mmax is the fixed number of discretization points on D(sk ). Note that the
∗
concentration M is computed on the Cartesian grid, while points pm
k don’t necessarily belong to it.
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In order to evaluate M ∗ (pm
k ) a standard interpolation from the values of the mesh is performed, that
m
is for any point pk
X
M ∗ (t, pm
bαm
Mα∗m ,
(12)
k )≈
k
k

αm
k

∗
where αkm is a 2-uple of indices denoting the Cartesian grid points neighboring the point pm
k and Mαm
k
are values of M ∗ at these points, as presented in Figure 2.
The following proposition describes the conditions on the interpolation coefficients bαm
that assure
k
the mass conservation during the attachment of plasmids to the microtubule. For simplicity, we consider
that only one point is used to approximate the integral (9).

Proposition 3.1. Let the total mass on a disc D(sk ), k = 1, . . . , kmax by given by (10), and the total
mass in the area of attraction writes as
Z
X
ci,j M ∗ (xi,j )h2 ,
(13)
M ∗ (t, x)1U (T ) dx =
Oc

xi,j ∈Ωh

where M ∗ (xi,j ) is the density of cargo at the node xi,j and ci,j are the coefficients of the matrix
approximating the characteristic function 1U (T ) on the mesh Ωh .
The total mass during the attachment of plasmids to microtubules is conserved if
X

ci,j M ∗ (xi,j )h2 = |D|

kX
max X

bαk Mα∗k ∆s.

(14)

k=0 αk

xi,j ∈Ωh

Proof. Considering the one dimensional domain of the microtubule the total mass of M ∗ inside its area
of attraction is given by
Z
kX
kX
kX
max X
max
max
∗
∗
bαk Mα∗k ∆s.
M (t, pk )∆s = |D|
(15)
I(t, sk )∆s = |D|
M (t, x)1U (T ) dx =
Oc

k=1

k=1

k=1 αk

Comparing this with (13) gives the condition (14) from which the values of bα can be found.
3.1.2. Detachment of plasmids at the end of microtubules
It is assumed that all microtubules end at the same Cartesian grid point denoted by E and located
near the nucleus:
∀q = 1 . . . NT ,
Eq = E.
The total mass at time t at the ending point of a single microtubule T is vT W (t, E). It is not
possible to describe precisely the ending disc D(E) on the Cartesian grid, unlike in the continuous case,
so the whole quantity is added at the ending point E. In order to preserve the total mass during the
passage from a point on a microtubule to a two-dimensional cytoplasmatic domain, the last term in
equation (7a) is discretized as follows
vT
vT
W (E)δD(E) (x) ∼
wk ,
|D|
VC max
where wkmax is the approximated value of W (E).
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sk2

sk−1
sk = sk1

sk−1
sk

sk0

sk+1
sk+2

sk+1
sk+2
(a) The dimension of the area of attraction is
small with respect to the mesh. Only the value
at sk is used to compute the integral on D(sk ).

(b) The dimension of the area of attraction is
large with respect to the mesh. Three points
sk0 , sk1 , sk2 are used to compute the integral
on D(sk ).

Figure 2: Discretization of the area of attraction U(Tq ) of a microtubule on the Cartesian mesh. Computation of the
total mass of M ∗ on on a disc D(sk ) involves integration on mmax points sm
k , m = 1, ..., mmax . Dark disc (•) represents
m
mesh points used in the interpolation to compute M ∗ at sm
k , while empty square () at sk+1 .

4. Numerical results
Now we present preliminary simulation results of the transport of DNA plasmids using model
(4),(6),(7). It is the qualitative analysis to verify whether the model provides results in agreement
with the experimentally observed behavior. The quantity of plasmids that arrive in the vicinity or
inside the nucleus is usually one of the main criterion to determine the good model. We study the
effect of the active transport along microtubules and the dependence of the accumulation of plasmids
in the nucleus on the number of microtubules. Additionally, the influence of different types of electric
pulses is considered. However, before these analysis, the validity of the numerical scheme presented in
the previous section has to be assessed. In particular, we will control that the total mass of cargo is
preserved throughout the simulation, independently from membrane permeabilization and attachment
to dynein-importin.
4.1. Mass conservation
First we analyze if the numerical scheme, presented in the previous section, preserves the total
mass. More precisely, we study the time evolution of the concentration of the plasmid-dynein-importin
complex M ∗ , given by (7), in a cell without a nucleus and with a single microtubule. M ∗ and W are
the only observables considered in this test, and the effect of the electric field is ignored. The domain
Ωh = [0, L]2 , with L = 30µm is discretized by J = 200 points in each direction. It contains the cell
of radius R = 8 µm and the microtubule is discretized by kmax = 50 nodes. The initial distribution
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M ∗ (t = 0, x) of M ∗ is given by

M ∗ (t = 0, x) = exp −(4dΓ (x)/R)2 ,
where dΓ (x) is the distance of x to the membrane and R is the cell radius.
The solutions at time t = 20 s with and without diffusion are presented in Figure 3(a). One can
observe that plasmids attach to the microtubule and are transported towards the center of the cell.
As expected, in the absence of diffusion only a small amount of plasmids, which were initially located
in the area of attraction of the microtubule, arrive at the center. On the other hand, diffusion brings
continously more plasmids within the area of attraction and increase their concentration at the cell
center. Figure 3(b) presents the time evolution of the relative error EM :
EM (t) :=

|M(t) − M(t = 0)|
,
M(t = 0)

(16)

between the total mass of plasmids in the cell at time t, given by
Z

Z

∗

M(t) =

W (s, t) ds ≈

M (x, t) dx +
Oc

T

X

M ∗ (xi,j )h2 +

xi,j ∈Ωh

kX
max

wk ∆s,

k=1

and its initial value. The total mass is conserved with an accuracy of order 2 (the error is of order
10−4 ∼ ∆x2 ) for a diffusion coefficient equal to d∗c = 10−14 m2 /s, which is accurate enough. Error may
result from the fact that microtubule and cell boundary do not coincide on the mesh grid. Another
reason may be the discretization of the Neumann boundary conditions in the diffusion solver due to
the approximation of the interface Γc on the Cartesian mesh. Similar tests were performed in 3D for
(×10−3 ) 0.3
EM with dc = 10−14 m2 /s

EM (t)

0.2

(a)

(b)

0

0.25

0.5

0

(c)
W (×10−8 )

M∗
0.75

1

0

0.4

0.8

0.1

1.2

0

5

10

15

20

Time t (s)

1.6

(a) Plasmid concentration in the cell at different time.

(b) Relative error EM given by (16) in 2D.

Figure 3: Figure 3(a) (2D): Spatial distribution of the concentration of plasmids in the cytoplasm M ∗ and on the
microtubule W : (a) Initial state (b) Result without diffusion at t = 20 s (c) Result with diffusion d∗c = 10−14 m2 /s
at t = 20 s. Figure 3(b) : Relative error of the total mass (16) of the plasmids M ∗ in the cytoplasm with d∗c = 10−14
m2 /s. Error may result from the fact that microtubule and cell boundary do not coincide on the mesh grid. However the
magnitude order of the relative error is about 0.02%, which is accurate. All the numerical constants are given in Table 1.

a spherical cell with one microtubule. The computational cost of 3D simulations prevents from using
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a fine grid (803 points are used for the discretization) however one can see that the mass conservation
is still well conserved, with a relative error of 0.05%, as presented in Figure 4.

(×10−3 )

0.4
EM with dc = 10−14 m2 /s
No diffusion

EM (t)

0.3

0.2

0.1

0
0

2.5

5

7.5

10

Time t (s)

(a) Spatial distribution of the plas- (b) Evolution of the relative error EM given by (16) in
mid concentration in 3D simulation. 3D.
Figure 4: Relative error of the total mass (16) of the plasmids M ∗ in the cytoplasm with d∗c = 10−14 m2 /s in 3D
simulation. The magnitude order of the relative error is about 0.06%, which is very accurate for 3D simulation. The
parameters are given in Table 1, except the number of grid nodes which is 803 .

4.2. Effectiveness of the active transport along the microtubules
For all simulations presented from now on, the computation domain is a circular bi-dimensional
cell, with a nucleus and a network of microtubules embedded in the cytoplasm. The position as well
as the number of microtubules are arbitrary and does not reproduce any real configuration apart from
the fact that they end at the same point near the nucleus. The model and simulation parameters are
given in Table 1 unless precised differently.
In this section we present qualitative analysis on the effect of the microtubules on the DNA uptake
in the nucleus. We consider a more complex bi-dimensional geometry with respect to works in [23],
where qualitative and quantitative results were obtained.
It is worth noting that very recent experimental work of Rosazza et al. [25] and Dean et al. [2] investigated the issue of intra-cellular plasmids transport. These works provides numerous statistics on the
trajectories of plasmids aggregates followed by fluorescence and the comparison between transportation
of plasmids by free diffusion and by the microtubules. The diffusion coefficients of the plasmids were
measured around 10−14 m2 /s, which is the value we take for the numerical experiments.
In this test a cell with 17 microtubules is considered. The initial concentration of plasmids M in
the extracellular matrix is given by
M (t = 0, x) = 1Oe (x),

(17)

and electric pulses of amplitude V = 15 kV/m and duration 100 ms are applied. The initial concentration of both plasmids M and cargo M ∗ are set to zero at t = 0, so that plasmids enter only thanks
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to electropermeabilization.
Spatial distribution of plasmids M ∗ in a cell at time t = 10 s is presented in Figure 5. We also
monitor the average concentrations of plasmids in the nucleus (Mn∗ ) and in the whole intracellular
∗ ) at each iteration time, as shown in figure 6. They are computed using the following
medium (Mcn
definitions:
1 X ∗
Mn∗ =
M (xi, j),
AO n
i,j
(18)
X
1
∗
Mcn =
M ∗ (xi, j),
AOc + AOn
i,j

where AOc and AOn designate the numerical area of Oc and On respectively.
As observed already in numerical experiments in [23], plasmids concentration near the nucleus increases significantly only in the presence of microtubules. Diffusion alone is incapable of transporting
DNA from the cell boundary to its center. The average concentration in the cytoplasm increases in
time in both cases due to the inflow from the extracellular matrix. The increase is faster in a cell with
microtubules, because the concentration of plasmids on the inner side of the cell boundary decreases
faster, and thus the flow through the membrane is higher. The accumulation of plasmids in the nucleus
is negligible in a cell without microtubules with respect to the cell with 17 microtubules.

M ∗ (×10−5 )
0

0.25

0.5

0.75

W (×10−12 )
1

0

0.5

1.0

1.5

2.0

Figure 5: Spatial distribution of the concentration of plasmids M ∗ in a cell without microtubules (on the left) and with
17 microtubules (on the right) at time t = 10 s for model (6), (7), (8) with the initial data (17) and electric pulses of
amplitude V = 15 kV/m and duration 100 ms.

4.3. Comparison between high-voltage and low-voltage pulses
Studies on electroporation shows the influence of the amplitude of the applied voltage and the
duration of pulses on the transport of molecules through the cells membrane. In the following simulation
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(a) Average plasmid concentration in the cyto- (b) Average plasmid concentration in the nucleus.
plasm.
Figure 6: Effectiveness of the microtubule network for plasmid uptake in the nucleus. Time evolution of the average
concentration of plasmids M ∗ in the cytoplasm (Figure 6(a)) and in the nucleus (Figure 6(b)) for model (6), (7), (8) with
the initial data (17) and electric pulses of amplitude V = 15 kV/m and duration 100 ms in case without microtubules
(dashed line) and with 17 microtubules (continuous line). The DNA degradation by DNA-ases enzymes prevent the
passive diffusion of the DNA up to nucleus: microtubules are necessary to the transfection.

we analyze the effect of different pulses parameters on the accumulation of plasmids in the nucleus
after application of the pulses. The three types of pulses, close to electropermeabilization standards,
are chosen:
• Pulse A: 40 kV/m pulse of duration 100 µs,
• Pulse B: 10 kV/m pulse of duration 20 ms,
• Pulse C: 1 kV/m pulse of duration 20 ms.
The same set of parameters as for the previous sections and a cell with 15 microtubules are used.
Figure 7) shows even though the membrane conductance during the pulse is quite similar for pulse A
and B, milli-pulse B is more efficient than micro-pulse A in terms of concentration of plasmids in the
nucleus. The average conductance of the membrane during the pulse is larger in the case of pulse A
then in the case of pulse B (5.4 S/cm2 vs 0.38 S/cm2 ), but the latter lasts much longer, leading to more
defects in the membrane. As a result the averaged values of Pc just after the end of pulses A and B are
respectively 0.74×10−10 and 2.6 × 10−10 s−1 . It explains the difference in the final concentrations of
plasmids in the nucleus. The amplitude of the pulse C is too low to permeabilize the membrane and no
plasmids are observed in the nucleus. These results are in agreement with experimental observations
showing that low-voltage long pulses (several milliseconds) are necessary to increase the effectiveness
of DNA uptakes by cells [1].
4.4. Influence of the density of microtubules
In the numerical simulations the geometry of the microtubule network was set arbitrarily, in terms
of density and location. In this test we analyze how the number of microtubules in the same region
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Figure 7: Averaged concentration of plasmids M ∗ in the nucleus for different types of electric pulses. The average
membrane conductance and permeability after the pulse A (micropulse) are Sc = 5.4 S/cm2 , Pc = 7.92 · 10−11 m/s, for
pulse B (10kV/m during 20ms) Sc = 0.38 S/cm2 , Pc = 2.59 · 10−10 m/s, and for the pulse C (1kV/m during 20 ms),
Sc = S0 = 1.9 · 10−4 S/cm2 , Pc = 3.36 · 10−13 m/s.

influence the quantity of plasmids in the nucleus. Figure 8(a) shows some examples of simulation
setups. Average concentration of cargo in the nucleus is presented in Figure 8(b). Saturation occurs
when a density of around 2 microtubules per micrometer of membrane is reached. Note that the
density corresponding to overlapping regions of attraction U(Tq ) right below the membrane is around
50 microtubules per micrometer.
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(b) Maximal averaged concentration of cargo M ∗ inside
the nucleus as a function of the number of microtubules.

(a) Examples of microtubule network setups in
2D for 9, 25, 45 and 105 microtubules
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Table 1: Values of the model parameters.
Variable

Symbol

Value

Unit

Cell parameters :
Cell radius
Nucleus radius
Cytoplasmic conductivity
Extracellular conductivity
Membrane capacitance
Rest surface conductivity
Nuclear membrane permeability to plasmids

R
Rn
σc = σn
σe
Cc = Cn
S0
Pn

8
2
0,455
1,5
0,0095
1,9
10−5

µm
µm
S/m
S/m
F/m2
S/m2
m/s

Diffusion parameters :
Extracellular diffusion coefficient of M
Cytoplasmic diffusion coefficient of M
Cytoplasmic diffusion coefficient of M ∗
Extracellular motility of M

de
d c = dn
d∗
µe

10−11
5.10−13
5.10−13
1.10−7

m2 /s
m2 /s
m2 /s
mV−1 s−1

Electroporation model :
Permeabilization threshold
Membrane conductance at rest
Porous membrane conductance
Altered membrane conductance
Porous membrane permeability
Altered membrane permeability
Characteristic time for lipid alteration
Characteristic time for lipid recovery

Vep
S0
S1
S2
P1
P2
τ+
τ−

0,2
1
106
5
10−7
10−8
10−3
300

V
S/m2
S/m2
S/m2
m/s
m/s
s
s

Microtubules parameters :
Length
Transport velocity
Radius of the area of attraction
Plasmid-microtubule binding rate
Plasmid-dynein-importin binding rate

`M
vT
r0
kT
k∗

from 5 to 8
1
20
106
0,5

µm
µm/s
nm
s−1
s−1

Numerical parameters :
Simulation box size
Number of grid nodes
Number of nodes on microtubules
Initial concentration of M in Oe
Time step during the pulse
Time step after the pulse

L
J2
kmax
M0
∆t
∆t

30
150 × 150
50
1
10
10

µm

mol/m3
µs
ms

5. Conclusions
In this paper we developed a mathematical model describing the transport of DNA plasmids from
the extracellular medium up to the nucleus. It couples an electropermeabilization model with a few
parameters with the intracellular dynamics system for diffusion of plasmids and their active transport
by microtubules network. Numerical schemes, efficient in 2D and 3D, are described, making possible
computations in realistic configurations. Note that the complexity of the problem is extremely high and
the biological phenomena of the plasmids trafficking are still not completely understood. Nevertheless
the proposed model is qualitatively in agreement with experimental data. In particular, using a simple
model of a circular cell with a microtubules network of arbitrary shape and location, we showed that
the active transport along microtubules is necessary to observe a significant accumulation of plasmids
in the nucleus. Additionally, our choice to couple the intracellular transport with the electroporation
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phenomena gave us the possibility to study the influence of the electrical pulses parameters on the
transport of plasmids through the cell membrane and subsequently on their quantity in the nucleus.
DNA reptation model for the crossing of the cell membrane has been addressed by De Gennes in
the late 90’s [6], but the article focused on the membrane crossing of one DNA molecule, and it did not
account for the space distribution of DNA in the bulk, neither on the directionality of the electric field,
as in the experiments. Extended model has recently been proposed by Dai et al. [5], but here again the
focus is performed of the local membrane crossing: neither the anisotropic distribution of DNA nor the
DNA transport inside the cell has been addressed. About the electroporation models, as developed by
Weaver’s group [30] and reference therein, the inner transport of DNA was not accounted for, and they
mostly focus on small diffusive molecules, while DNA are mainly driven by electrophoretic forces in the
bulk, and active microtubular transport inside the cell. Thus, as far as we know, the overview of the
complete DNA transport proposed in this paper has not been addressed before. For calibration purpose, we derive a phenomenological, with as less parameter as possible, but which can account for the
main phenomena involved in DNA transfection. Therefore, once the calibration has been performed in
specific experiments, one can expect a predictability of the model, for specific configurations. However
new experiments dedicated to this calibration has to be performed. This is the second forthcoming
step of our current research.
The long-term goal is to propose optimization strategies for DNA transfection. Assuming the predictability of the model, which has to be confirmed by dedicated experiments, the optimization could
be performed on the pulse delivery, for a given specific DNA plasmids, or on the DNA plasmids properties, for given electric pulses. In particular, the current hot topic in bioengineering is to provide
plasmids with high potentiality of gene expression. We are confident that our model can provide the
best compromise to be obtained between the plasmid diffusion property, the affinity with importin for
the transport along the microtubule and the degradation properties. It can thus give hints to bioengineers for the plasmid creation.
On the other hand, pulse generators are currently beeing developed to deliver very short (a few nanoseconds long) and high voltage pulse (several kV/cm). According to our model, such pulses alone cannot
make the DNA cross the membrane, since electrophoretic forces are needed: optimizing the combination of high and low voltage pulses for the gene transfection, accounting for the DNA degradation is
achievable with our model. The very long-term aim is to construct a high potential mathematical tool
for therapeutic purposes and possible strategies investigations.
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Appendix: Proof of Theorem 2.2
This appendix section is devoted to the sketch of the proof of Theorem 2.2. The well-posedness
of problem (4) can be tackled very similarly to Theorem 10, pp251 [15]. The difference here lies in
the third domain On . The main idea of the proof consists in rewriting problem (4) as an equivalent
problem, whose unknowns are defined on the surfaces Γc and Γn thanks to standard Steklov-Poincaré
operators (also called Dirichlet-to-Neumann maps).
More precisely, we define 7 maps Ao , Ac , Bc , Bn , Cc , Cn and Λn as follows:
•

∀(f, g) ∈ H 1/2 (ΓD ) × H 1/2 (Γc ),

Ao (f ) := −σe ∂ν u|Γc ,

Ac (g) := −σe ∂ν v|Γc

(19a)

where (u, v) are given by
(
∆u = 0,
u|Γc = 0,

•

in Oe ,
u|ΓD = f,

∂ν u|ΓN = 0,

∀(f, g) ∈ H 1/2 (Γc ) × H 1/2 (Γn ),

(
∆v = 0,
v|Γc = g,

Bc (f ) := σc ∂ν u|Γc ,

in Oe ,
u|ΓD = 0,

∂ν v|ΓN = 0,

Bn (g) := σc ∂ν v|Γc

(19b)

(20a)

where (u, v) are given by
(
∆u = 0,
u|Γc = f,

•

∀(f, g) ∈ H 1/2 (Γc ) × H 1/2 (Γn ),

in Oc ,
u|Γn = 0,

(
∆v = 0,
v|Γc = 0,

Cc (f ) := −σc ∂ν u|Γn ,
23

in Oc ,
v|Γn = g,

(20b)

Cn (g) := −σc ∂ν v|Γn

(21a)

where (u, v) are given by
(
∆u = 0,
u|Γc = f,

•

∀f ∈ H 1/2 (Γn ),

(
∆v = 0,
V|Γc = 0,

in Oc ,
u|Γn = 0,

in Oc ,
v|Γn = g,

Λn (f ) := σn ∂ν u|Γn ,

(21b)

(22a)

where u is given by
(
∆u = 0,
u|Γn = f.

in On ,

(22b)

Note that all these operators, except Λn are positive and inversible from H 1/2 (S) into H −1/2 (S), where
S stands either for Γc or Γn . The operator Λn is positive and invertible modulo the constant functions.
Thanks to these Dirichlet-to-Neumann maps, finding the solution U to problem (4) is equivalent to
− + −
finding (u+
c , uc , un , un ) solution to
(
−
+
Ao (g) + Ac (u+
c ) + Bc (uc ) + Bn (un ) = 0,
on Γc :
(23a)
+
Cc ∂t V|Γc + Sc (V|Γc )V|Γc = Bc (u−
c ) + Bn (un ),
(
+
−
Cc (u−
c ) + Cn (un ) + Λn (un ) = 0,
on Γn :
(23b)
Cn ∂t V|Γn + Sn V|Γn = Λn (u−
n ),
where

−
V|Γc = u+
c − uc

and

−
V|Γn = u+
n − un .

(23c)

One can pass from problem (4) to problem (23) as follows: The solution U to problem (4) leads to
− + −
(u+
c , uc , un , un ) solution to (23) thanks to
− + −
(u+
, U |Γ−
, U |Γ+
, U |Γ−
),
c , uc , un , un ) = (U |Γ+
c
c
n
n

V|Γc = [U ]Γc ,

V|Γn = [U ]Γn .

− + −
On the other hand, from (u+
c , uc , un , un ) solution to (23), the electric potential U solution to (4) is
given as


∆U = 0, in Oe ∪ Oc ∪ On ,



U = g(t), on Γ , t > 0,
D

∂
U
=
0,
on
Γ
ν
N , t > 0,



(U | + , U | − , U | + , U | − ) = (u+ , u− , u+ , u− ).
c
c
n
n
Γc
Γc
Γn
Γn

The key-point of the proof lies in writing problem (23) as a quasilinear evolution system, in order to
use the standard semi-group contraction theory. Define the matrix operator M defined on H 1/2 (Γc ) ×
H 1/2 (Γn ) into H −1/2 (Γc ) × H −1/2 (Γn ) as


Ac + Bc
Bn
M=
.
Cc
Cn + Λ n
24

Thanks to the definition of the Dirichlet-to-Neumann maps, one can easily verify that M is definite
positive and thus it is invertible, and its inverse is also positive. Using (23), we infer that




 −

V|Γc
uc
−1 Ac Bn
−1 Ao (g)
.
=
−M
−
M
0 Cn
0
u−
V |Γ n
n
Defining the matrix operator L and the source vector G := (Gc , Gn )T as




S0 0
−1 Ac Bn
,
L=
+M
0 Cn
0 Sn


 
Gc
−1 Ao (g)
,
= −M
0
Gn
problem (23) reads as the following quasilinear evolution problem on (V|Γc , V|Γn )T :

 


   

V|Γc
V|Γc
(Sc (V|Γc ) − S0 )V|Γc
Cc 0
Gc
∂t
+L
=
−
,
0 Cn
V|Γn
V|Γn
Gn
0
−
(Ac + Bc )(u−
c ) + Bn (un ) = −Ao (g) − Ac (V|Γc ) − Bn (V|Γn ),
−
Cc (u−
c ) + (Cn + Λn )(un ) = −Cn (V|Γn ).

By definition of the Dirichlet-to-Neumann maps, the operator L is positive since for any couple of
functions (ϕ, ψ) ∈ H 1/2 (Γc ) × H 1/2 (Γn )
   
Z
Z
ϕ
ϕ
2
i ≥ S0
|ϕ| dx + Sn
|ψ|2 dx ≥ 0.
(24)
;
hL
ψ
ψ
Γc
Γn
Moreover, thanks to standard Lax-Milgram lemma, for any λ > 0 and any (fc , fn ) ∈ L2 (Γc ) × L2 (Γn ),
there exists a unique solution5 U ∈ P H 3/2 (Ω) to the following problem
in Oe ∪ Oc ∪ On ,

∆U = 0

(25)

σe ∂ν U

Γ+
c

= σ c ∂ν U

,
Γ−
c

S0 [U ]Γc − λσc ∂ν U

σc ∂ν U

Γ+
n

= σn ∂ν U

,
Γ−
n

Sn [U ]Γn − λσn ∂ν U

Γ−
c

= fc ,

(26)

= fn ,

(27)

and across Γn :
Γ−
n

and the boundary conditions:
U =0

on ∂ΩD ,

∂ν U = 0

on ∂ΩN ,

(28)

and thus the operator (L, H 1 (Γc ) × H 1 (Γn ) is m-accretive, and generates a semi-group of contraction.
Since the function v 7→ vSc (v) is clearly smooth, bounded and Lipschitz, the non-linearity of the
semi-linear problem is not a difficult issue. The procedure follows the proof of Theorem 10 in Kavian et
al. [15].
5

For any s ≥ 0, the functional space P H s (Ω) is defined as

P H s (Ω) := u ∈ L2 (Ω : u|O ∈ H s (O), for

25

O ∈ {Oe , Oc , On } .

