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The strong-interaction limit of the Hohenberg-Kohn functional defines a multimarginal optimal
transport problem with Coulomb cost. From physical arguments, the solution of this limit is ex-
pected to yield strictly-correlated particle positions, related to each other by co-motion functions (or
optimal maps), but the existence of such a deterministic solution in the general three-dimensional
case is still an open question. A conjecture for the co-motion functions for radially symmetric
densities was presented in Phys. Rev. A 75, 042511 (2007), and later used to build approximate
exchange-correlation functionals for electrons confined in low-density quantum dots. Colombo and
Stra [Math. Models Methods Appl. Sci., 26 1025 (2016)] have recently shown that these conjectured
maps are not always optimal. Here we revisit the whole issue both from the formal and numerical
point of view, finding that even if the conjectured maps are not always optimal, they still yield an
interaction energy (cost) that is numerically very close to the true minimum. We also prove that the
functional built from the conjectured maps has the expected functional derivative also when they
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are not optimal.

I. INTRODUCTION AND DEFINITIONS

The strong-interaction limit (SIL) of density functional
theory, first studied by Seidl and coworkers [1-4], is de-
fined as the minimum electron-electron repulsion energy
in an N-electron quantum state ¥ with given single-
electron density p(r):

Vel = jnf <\I’|Vee|\1’>

= mf /dr1 /dI‘N |‘IJ| Ccoul- (1)

Here, ¥ — p means that the infimum is searched over
all the N-electron wavefunctions ¥ = U(ry,...,ry) in
d-dimensional space, r; € R? (spins may be ignored in
this limit) that are associated with the same given par-
ticle density p(r) [5]. While in chemistry only the case
d = 3 is interesting, low-dimensional effective problems
with d = 1,2 are often considered in physics. V.. is the
multiplicative operator of the Coulomb repulsion,

ZZ

i=1 j=i+1
ECCoul(I'l,...,I‘N). (2)

z_ra|

As a candidate for the minimizer |¥|* in Eq. (1), the
concept of strictly correlated electrons (SCE) was intro-
duced in Ref. 1 and generahzed in Ref. 3. The idea is
that the minimizer \\II| in Eq. (1) is not a regular func-
tion — therefore, Eq. (1) is written as an infimum and
not as a minimum [6] — but a distribution |¥gcg|” that
is zero everywhere except on a d-dimensional subset €,
Eq. (11) below, of the full Nd-dimensional configuration

space,

|Vsc(ri,...,ry)|

2 1 (r)
— i [t

X (5([’1 - fp(1)<1')) s (5(1‘]\] - fP(N)(I‘)) (3)

Here, p denotes a permutation of 1,..., N, guaranteeing
that |\I!SCE| is symmetric with respect to exchanging
the coordinates of quantum-mechanically identical par-
ticles. The J-functions describe “strict correlation”: In
any configuration (ry,...,ry) resulting from simultane-
ous measurement of the N electronic positions in such a
state, N — 1 vectors r,, are always fixed by the remain-
ing one, e.g., r,, = f,,(r1) for n = 2,..., N. The so-called
co-motion functions f,, (r) satisfy the differential equation

p(x)dr = p(£,(r))df, (r) (4)

which, together with the cyclic group properties,

fi(r) =r,
fo(r) = f(r),
f3(r) = £(£(r)),

£y (r) = £(F(.. . £(r)...)),
FE(... £(r)...
—_— ——

N times



ensure that [¥scp|? of Eq. (3) has the density p(r). The
resulting SCE model for the functional of Eq. (1) reads

N—1 N
- s 1
= ol 3 S e
1=1 g=1+
1 ol 1
=3[ D 7 Y

Now, the whole problem is reduced to finding for a given
density p the optimal functions £, (r) that satisfy Egs. (4)
and (5), in short-hand notation “{f,} : p”, and yield the
lowest possible value when inserted in Eq. (6),

VIRl = inf V(o {8, M
Since in principle the true minimizer in Eq. (1) might
not be of the SCE type of Eq. (3), we generally have
VSIL[p] < VSCE[p]. In Ref. 7, the opposite inequality has
been also proven, VS [p] > VSCE[p] so that

V(o] = VEE (o). (8)

However, observe that in the general d > 1 and N > 2
case it is not known whether the infimum in Eq. (7) is
always a minimum.

As shown by Egs. (4)—(7), the functional V5“E[p] has a
highly non-local dependence on p. Nevertheless, at least
for densities for which the inf in Eq. (7) is a min, its
functional derivative vscr[p](r) = SVSCE[p] /dp(r) is (up
to the usual arbitrary constant) simply given by [8, 9]

N

r — f;[p|(r
—Vuscelp)(r) = Z M[Z]((r)}i

Since Eq. (9) is readily evaluated, once the co-motion
functions f,, [p](r) are known, it provides a powerful short-
cut to solve the Kohn-Sham equations for systems close
to the strong-interaction limit [8-10].

Eq. (9) has a simple interpretation: The repulsive
many-body force exerted in an SCE state on one electron
at position r by the other N —1 electrons is exactly due to
a local one-body potential vscg[p](r) or, equivalently, is
compensated by the effect of the potential vy = —vscr
[1, 8, 9]. Therefore, the quantum state corresponding to
the distribution |Wgcg|? should be the ground state of
the purely multiplicative (potential energy only) Hamil-
tonian [3]

9)

Epotlp)(r1,...,rn) =

N
Cooul(r,...,TN) + Z v§Elp)(ri), (10)
i=1

representing the potential energy of N electrons in the
external potential v§{g[p](r). This is possible only when
the RV4 — R function E,ot[p](r1,...,Tn) is minimum

on the d-dimensional support 2, C RN of |Wgcp|?,

= {(Bl@).. v [l®)) [or) 0} (1)

Such a degenerate minimum will be investigated in sec-
tion IV A 2.

The SCE ansatz of Ref. 1 has been shown to be the
exact minimizer for the problem of Eq. (1) for an arbi-
trary number N of electrons in d = 1 dimension [11] and
for N = 2 electrons in any dimension d [6, 12].

For densities that are spherically symmetric, denoted
here as p € Prap, with N > 3 particles, Seidl, Gori-
Giorgi and Savin [3] (hereafter SGS) have suggested a
generalization of the d = 1 solution, constructing co-
motion functions f5%5[p](r), Eq. (34) below, which define
a density functional

VES ol = VEE [p AP0} (p€ Prap). (12)
The SGS solution and the corresponding potential com-
puted via Eq. (9), have been used in Ref. 10 to obtain
self-consistent ground-state densities and energies for N
electrons confined in two-dimensional quantum traps, by
solving the KS equations with the SCE functional as an
approximation for the Hartree-exchange-correlation en-
ergy and potential. The SGS solution has also been used
to compute energy densities in the strong-interaction
limit for several atoms [13, 14], and it has been extended
to the dipolar interaction [15].

Colombo and Stra [16] have recently found a coun-
terexample that shows that the SGS co-motion functions
do not always yield the minimum for the problem of
Eq. (7) when p € Prap, so that

Vel = VESP Il < VSl (p € Prap).  (13)
However, the SGS solution is physically appealing, and
it was found to provide KS self-consistent energies and
densities that are generally accurate when the system is
driven to the dilute regime (see, e.g., Fig. 1 of Ref. 10).
The purpose of this paper is to further study the whole
issue, investigating whether the SGS solution provides an
accurate approximation for the SCE functional for spher-
ically symmetric densities even for the cases in which it
is not the true minimizer. After giving the needed ba-
sic definitions from optimal transport (Sec. II), we re-
view and extend the findings of Colombo and Stra [16] in
Secs. III-IV, and we then investigate numerically cases
in which SGS is not optimal (Sec. V). Finally, under
mild assumptions, we prove in Sec. VI that Eq. (9) still
provides the functional derivative of V3S5[p], implying
that SGS can be used as a meaningful Hartree-exchange-
correlation potential in the KS equations, even when not
optimal.

II. FORMULATION AS AN OT PROBLEM

In recent years, it has been realized that the problem
posed by Eq. (1) is equivalent to an optimal transport
(OT) problem with Coulomb cost Ccou [6, 12]. To grasp
this reformulation, instead of the function |¥(ry, ry)|? for



N = 2 electrons, consider a probability distribution (or
measure) y(ry,ra) > 0,

/drl/drz A(r1,r2) = 1, (14)

with two (possibly different) given marginals n; and 7s,

/dI‘Q")/(I‘, ro) = (r), /drlfy(rl,r) =1n9(r). (15)

Let 11 (r) be the original spatial (mass) density distribu-
tion of soil, to be transported to some final destination
with given distribution 73(r). Moreover, let C(ry,r3) be
the (economical) cost for a mass element to be trans-
ported from position ry € supp(n;) to ra € supp(nz).
Then, the expectation

(C)y :/drl/drg ~y(r1,r2)C(ry,ra) (16)

represents the total cost when the entire amount of soil
is transported from 77 to 1y according to the particular
“transport plan” . OT theory attempts to determine
an optimal v to minimize (C), for the cost C(ri,rs) =
|[r1 — ro? with p > 1, searching for a solution to the
Monge-Kantorovich (MK) problem

(MK) min (C)5. (17)

YEI(R24;m1,7m2)

Here, II(R2%; 1, 72) denotes the set [17] of all probability
measures v on R?? having the given marginals n; and 75.
Any v € II(R2?%;n,,1n,) is specified by the probabilities
po = fQ dridroy(ry,ro) it assignes to the subsets 2 C
R2?. Since not every v can be represented by a regular
function (ry,rs), see Eq. (22) below as an example, we
write Eq. (14) as [ dy =1 and, more generally, write

drldrgfy(rl, I‘Q) = d’}/ (18)
Q Q

pPa =

Correspondingly, Eq. (16) is generally written as

(C)y = /C(rl,rg) dry. (19)

Moreover, we write Egs. (15) using the pushforward no-
tation 7r14j (meaning integration over all variables but the
‘th

iy,

ne(r) = Ty (r). (20)

When the cost is separable, C(ry,r2) = A(ry) + B(rz),
with two functions 4, B : R? — R, Eq. (19) becomes

<C>VE/[A(I‘1)+B(I‘2)} dy
- / dr A(r) m (r) + / dr B(x)ma(r),  (21)

an expresion which depends on the two marginals 7; and
12 of v only, but not on ~ itself.

In 1781, Monge [18] originally conjectured that the op-
timal transport plan  with cost Cps(r1,r2) = |r1 —ra| be
deterministic, implying a “transport map” f : R? — R?
that strictly determines the final position rs of each mass
element by its initial one, ro = f(ry). This was proven to
be true by Brenier [19] for the cost Cp(r1,12) = |r1 — 12>
and, later, by Caffarelli, Feldman & McCann [20] and
Trudinger & Wang [21] for the Monge cost Cps. For
these costs, the optimal 7 is not a regular function of
(r1,r2). However, using physicist’s Dirac’s J-“function”
notation, such a v of the Monge (or SCE) type can be
written as

Y(r1,r2) = 8(r2 — £(r1)) m(r1) (22)
[cf. Eq. (3)], and Eq. (16) becomes in this case

<C>'Y = /dl‘l C(I‘l, f(I'l)) ’171(1‘1). (23)
Correspondingly, Eq. (17) is the generalized version by
Kantorovich (K) [22] of Monge’s original problem,

(M) min )/drC’(r,f(r)) n(r). (24)

feF(RYn1,m2
Here, F(R%; 7y, 72) denotes the set of all transport maps
f : R? — R that yield the given marginals 7; and 75,

/dI‘l(S(I‘Q — f(I‘l)) m (1‘1) = 772(1‘2). (25)

In the special case 7y = 7 = § with identical marginals,
and with the Coulomb cost of Eq. (2), C(r1,r2) = 1/|r1—

ra|, we see that Eq. (23) becomes Eq. (6) with N = 2,

<CCou1>'yf = %/drl |I'1p—(1;‘1()1‘1)| (26)

In particular, the optimization problem addressed in the
lines following Eq. (6) is, in the case N = 2, identical
with Monge’s problem (M), Eq. (24).

It is known, however, that minimizers v of the Monge
(or SCE) type of Eq. (22) do not always occur.

Generalizing to probability measures v on RV¢, with N
given marginals 71, ...,ny, v € H(RY% 7, ..., ny), and
considering the special case when all marginals are iden-
tical, n;(r) = % for i = 1,..., N, we see that Eq. (1)
defines a multi-marginal OT problem with Coulomb cost,

C= CCoulv

VEIL ) = i Coul)r- 27
ce Pl Wenrﬁézrvld,pﬁ Coul)y (27)
Here, II(RY?, p) = Mgy (RN £,..., %), including only

measures 7y that are symmetric with respect to exchang-
ing different coordinates r; and r; of identical particles.

Eq. (21) for a separable cost C = Zf\le A;(r;) now reads

N
(C)y =) / drAi(r)%. (28)
=1

For brevity, we shall often write II(RN?, p) = TI(p).



III. THE RADIAL PROBLEM AND THE SGS
ANSATZ

In Ref. 3, SGS have suggested a possible solution
{£3G5} to the problem of Eq. (7), see Eq. (34) below,
applicable to any density p € Prap- Prap denotes the
set of all radially symmetric densities p in d dimensions
with an arbitrary number N of electrons,

Ammhmmmzémmmmzw. (29)

Here, Jy(r) is the d-dimensional Jacobian, Js(r) = 4772,
Jo(r) = 2mr, Ji(r) = 2. To keep the notation simple, we
shall mostly stick with the case d = 3 in the following.

By Psas, we denote the set of all densities p € Prap
for which the SGS solution is correct. It is known that
Psas = Prap for N =2 [6], and that Psgs # 0 for N =
3 [16]. In section IV, we shall see [16] that Psgs # PraD
for N = 3.

A. The reduced cost and the radial problem

Using spherical polar coordinates r,, = (ry,0,, dn),
n=1,...,N, SGS in a first step define the reduced in-
teraction (or reduced radial cost) as

V(Tl,...,’I’N):Qmi% Ccoul(l‘l,...,r]v), (30)

1seeesdN
minimizing Cooy at fixed radial coordinates (rq,...,ry)
with respect to all angular coordinates ,, = (0, ¢y)-
This step is completely independent of the density p(r).
Just as V(r1,...,7n), the resulting minimizing angles 6,,
and ¢, are universal functions of (rq,...,7ry),
’ TN)) )

Qn(rlv'“a/’ﬂN) = (gn(’rlv" 'er), ¢n(rla"'
(31)

when we fix, e.g., 01 = ¢1 = ¢ = 0. These 2N — 3
optimal angles are the solution of the electrostatic equi-
librium problem for N neutral sticks of lengths r1,...,rn
having the same point charge q glued at one end, and the
other end fixed in the origin, in such a way that they are
free to rotate in d = 3 dimensions [3]. Some properties
[16] of the universal function V(rq,...,ry) are summa-
rized in Appendix A.

In a second step, now considering the density p, SGS
introduce radial co-motion functions f5%5[p](r), see Eqs.
(45) and (46) below: When one electron has the radial
coordinate r; = r, then the radial coordinates of the
remaining N — 1 electrons (n = 2,..., N) are given by

= S [o)(r). (32)

For completeness, we introduce f7%5[p](r) = r. Writing
I3GS1p](r) = fu(r), the angular coordinates of all elec-
trons are then fixed by the universal functions (31),

On = 0n(r) = 0, (f1(7), ..., fn (1)),
bn = Gu(r) = G (FL(7), ..., I (7). (33)

Formally, the full SGS vectorial co-motion functions can
therefore be written as

fn(r)sin 0, (r) cos b (r)

fn(r)sin 0,, (r) sin (Z)n(r) . (34)
fn(r)cos én(r)

Due to Eq. (4), the f,(r) must satisfy the differential

equation

£5°5[0(r) =

p(r)dr = p(fu(r)) | fo(r)] dr, (35)

where p(r) = Ja(r)p(r).

B. Functional V5%5[p] and potential vsas|[p](r)

Writing £595[p](r) = £,,(r), we obviously have

Zzlz —f ()l

i=1 j=i+1
and, due to Eq. (6), the functional of Eq. (12

VeSeGS[p] = /0Oo dr Jg(r) %V(fl(r),...

For a simplification, see Eq. (57) below.

By construction, the electrostatic force acting on the
electron at position r, exerted by the other N — 1 ones
which occupy the positions f5%5[p](r) (n = 2,..., N),
points in the direction of r. Consequently, there is a
central-force potential vsgs[p](r) with the property

fSGS (7”)
Z — £5GSp](r)]? -
Therefore, when p € Psgs and the f555[p](r) are mini-

mizing in Eq. (7), vsas[p](r) is the potential in Eq. (9),
vsoplp](r) = vsas(pl(r).  (39)

Up to a constant, it can be evaluated via

wsasialr) = [ ds< fsgs“) (40)

|s — £5GS B
For any p € Prap, even when p ¢ Psas, the potential
energy of Eq. (10) can be evaluated at the SGS positions
r; = £595(r), when the potential vsgs[p](r) is used as a
model for vscg[p](r),

E(r) = Epot o] (79°(r), -

_V(flsGS(’l“),... SGS

=V(fi(r),.... fn(r)) (36)

) reads

(). (37)

—Vusas[p](r). (38)

p € Psas :

fSGS( ))

Z vsas|p](r:). (41)

Since d%E(r) = 0, see Eq. (A7) of Appendix A, this

quantity is in fact constant on the d-dimensional set

505 = {(6550](1),. (1)) |p(r) £ 0}, (42)

However, it is not always minimum there, see section
IV A2, indicating that the SGS solution is not always
optimal.

fSGS
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FIG. 1. The radial co-motion functions f5°5(r) from Eq. (49)
(left panel, cf. Fig. 6 in Ref. [3]) and the equivalent ones,
g395(r), Eq. (50) (right panel), for the density of Eq. (47),
with V = 5 electrons in d = 3 dimensions. Colors: Black,
red, yellow, green, blue, respectively, for n = 1,2, 3,4, 5.

C. Construction of the radial co-motion functions

We recall and review the construction of the functions
SGS[p](r), Eqgs. (44-46) in Ref. 3, clarifying some issues,
such as the fulfillement of the group properties. As a
first step, in terms of the radial cumulative distribution
function

No(r) = / " ds Ju(s) p(s) (43)

and its inverse Re(v) = Ny !(v), we define the radii

ar, = Ro(k) (k=0,1,...,N). (44)
For densities supported on the whole R¢ , we have ag = 0
and ay = oo, but we will consider later also densities
with compact support.

Satisfying Eq. (35), we define for even n € {2,..., N}

i) = { b )

Since 7 < ay, this implies f35[p](r)
when N is even. For odd n € {1,...,

r < ap,
> Q. (45)
= Re(N — Ne(r))
N}, we define

T < aAN-—n+1,

i ={ e Y

R.(2N +1-=n—N(r)) 7>an—n+1,
(46)
generally implying that f$S[p](r) = r.
As an example in d = 3, consider the density
Ne™
47
p(’/’) 4’]T T2 ) ( )

for N electrons. In this case, ag = 0, ay = 0o, and

Ne(r)=N(1—e"),  Re(v)=—log (1 - %) (48)

For N =5, Egs. (45) and (46) yield the functions

Pl = 1, (49a)
§G5[p1<r>={j§§£;j:§ E;i; (49D)
QNCLRY i A
o - {80 ) TS
GRS

plotted in the left panel of Fig. 1.

Fixed solely by the radial density profile p(r), the
I3G51p](r) can be obtained without knowing the angles
(31). Notice that each spherical shell a1 < r < ay,
k=1,...,N always contains exactly one electron.

D. Group relations

While the f5635(r) are continuous, see Fig. 1, we may
also consider modified radial co-motion functlons 355 (r)
that explicitly satisfy the group relations of Eq. (5),

g%GS(T) =,
g595(r) = g(r),
g595(r) = glg(r)), et (50)

The elementary co-motion function g(r) here is defined
piecewise on each radial interval I = (ag—1,ax), with
k=1,...,N: For k < N, we generally define

9(r) = Re(2k — Ne(r)),

For k = N, we distinguish even from odd values of N,

rely (k<N). (51)

| Re(N — Ne(r) (N even)
g(r){RcENc(T)N)+ ]_) (N Odd) }7 T€IN.
(52)

We see that g maps I, to Ip41 (k< N) and Iy to Iy.
The ¢3%5(r) are equivalent to the f55(r), see Fig. 1,
in the sense that for all r € [ag, an] we have

} {fsc;s ,...,J%GS()}.
(53)

SGS SGS
{g 7 - 9N

E. A simple consequence

Due to Eqgs. (45) and (46), the function f3%5[p](r) =
fn(r) maps the interval Iy = [ag, a1] onto I,, = [an—1, ay],
either monotonically or anti-monotonically,

()] = (=1)" L) (54)

r € [ag,a1] :



Consequently, for any function U(r), Eq. (35) implies

a; fn(ar)
/ U (fulr)) pa(r)dr = (—1)™+ /f L UGlds

= [ vatsas 69

n—

For U(r) =V (fi(r),..., fn(r)), Eq. (55) yields

/an V(fi(s),..., fn(s))pa(s)ds =

n—

a1
[ Vo) v, 60)
ag

where we have used the symmetry (A4) of the function
V(ry,...,rn) and the fact that {fi(fn(r))} k=1, n is a
permutation of {fi(r)}x=1,.. ~. Consequently, Eq. (37)
can be written as [3]

YSOS[) = / dr Ja(r) p(r) V(f1(r), .., fn (). (57)

ao

IV. COUNTEREXAMPLE TO THE SGS
SOLUTION

Let Prap again be the set of all radially symmetric
densities in d dimensions. There is no criterion yet for
the subsets Psas C Psce C Prap, where Pscg only
comprises spherically symmetric densities for which in
Eq. (7) the infimum is a minimum (i.e., there is an SCE-
type minimizer). If such a minimizer has the SGS co-
motion functions, the density belongs to Psas.

As a counterexample p ¢ Pgas, we consider for N = 3
electrons in d = 3 the spherical density

3 1
— 4mae 2 (Cl <r=< b)’ 58
Pas(r) {O (elsewhere), (58)
with two independent parameters a,e > 0 and
b=(l1+¢)a=a-+ea. (59)

For sufficiently small € > 0, we shall see that p, ¢ Psas.-
More precisely, we shall find

V3 &2
Vi pae] = Vi [pae] + 1030 @ +O(e°). (60)

A. The SGS solution

The density of Eq. (58) describes N = 3 electrons,
distributed within a radial shell with inner radius ag = a
and outer radius az = b. In this case, Eq. (43) yields the
radial distribution function

0 (r <a),
No(r) = %(T —a) (a<r<b), (61)
(r=0),

W o

4 4
3 3
2 2
1 1
0 0
0 1 2 3 4 0 1 2 3 4

FIG. 2. The SGS co-motion functions f3°%(r) (left panel),
Eq. (62), and the equivalent ones g5%S(r) (right panel) for
the density of Eq. (58), with a = 1 and ¢ = 3. Colors: Black,

red, and blue for n = 1,2, 3, respectively. (Cf. Fig. 1.)

implying the intermediate radii a; = (1 + %e)a and ag =
(14 2¢)a, and the SGS radial co-motion functions

B = 1 (62a)

sas, . Jaz—(r—a) (a<r<ag),

f3(r) = {aﬂr_@) (an<r<b) (62b)
_Jat+(r—a) (a<r<am),

595 (r) = {b (r—a) (@ <r<b (62c)

These functions, along with the corresponding equivalent
functions g5%3(r) of Eq. (50), are plotted in Fig. 2.

n

1. The expectation <V€e>

With these functions in Eq. (57), we obtain

ai 3
VeSeGS[Pa,e} = /dT*V<T, as—r-+a,as+1r— a)
. E€a

1/3
=§/d.’L‘V(1—‘rE$,
aJo
1+e(Z—a),1+e(3+2)). (63)

Here we have substituted » = a(1 4 €z) and used the
scaling property V(ary,ars,ars) = %V(rl,rg,rg). This
integral can be evaluated for different values € when the
minimization of Eq. (30) is performed numerically, cf.
Eq. (A9). The result is reported in Fig. 3 (blue dots) as
a function of e.

For small £ — 0, we may use the expansion (A16) of
the function V' in Appendix A (setting a = 1 there) and
integrate analytically in Eq. (63),

7
vies, = Bi- Sy TeroE). 6
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FIG. 3. The values VE%[p, c] of Eq. (63), plotted for a = 1
versus ¢ (blue dots). Solid curves: The expansions (64) for
small € (green) and (65) for large € (red).

As e — 00, Eq. (63) asymptotically becomes

1/3
VEGS [yl = = /d:cV ex, e

—a),e(3+7))

=— [ dzV m,%—&—x)

ace 0
_ 3.559
 ae

31/3(

(65)

The expansions (64) and (65) are plotted in Fig. 3 as

solid curves.

2. Hessian matriz of classical potential energy

A necessary (but not sufficient) condition for p € Psgs,
is that the potential energy of Eq. (10) must have a min-
imum [4] on the d-dimensional set QiGS of Eq. (42). We
shall now show that this condition is violated for the den-

SItY pa,e-

In the case N = 3, the simplest choice in Eq. (31) is
fixing 01 = 6, = 5 and ¢; = 0. Then, Eq. (33) implies
two numerical functions ¢ (r) and ¢s(r), plus 05 (r) = 7
confining the positions £555[p, () of Eq. (34) to the
xy-plane. Eq. (40) for U(r) = vsas|[p](r) now yields

U'(r) =
3 7 — ful(r) cos g (r
-3 (r) (r)

o {(r — fu(r) cos G (r)) ’ + <fn (r) sin an(r)) 2} "
(66)

This function and its derivative U”(r) are readily evalu-
ated numerically.

For simplicity, we treat the problem in 2D, confining
the position vectors rq,ra, rs in Eq. (10) to the zy-plane.
For the full 3D treatment, see Appendix D.

In terms of the polar coordinates {ry, ®n}n=1,. ~ of
the N = 3 electrons in the xy-plane, the potential energy
function of Eq. (10) for a radial density p(r) reads

3
ESSS[pl(r1,12,13) = C({rn, én}) — > _U(ry)
i=1
= E({rus bu}). (67)
Here, C represents the Coulomb interaction Ccoyl,
1 1 1
CHrn, on}) = =
o) = e el T el e
2 3
2 2|
Z Z {ri — 211y cos(¢; — ;) + TJ} (68)
i=1 j=i+1
ertlng (Tla T2,T3, ¢la ¢27 ¢3) = (q17 e 7q6) =4q, the
function £(q) should be minimum for ¢ = ¢(r), where
a(r) = (v, fo(r), fo(1),0, (1), (1))
= (@), a6(r)) (69)
Consequently, in the Taylor expansion
E(g) = E(a(r))+
6
1
3 Y Hap(r)(da = 4a(r) (a5 — as(r)) +---, (70)
a,f=1
the Hessian matrix H = H(r), with the elements
9*£(q)
Hop(r) = ‘ , 71
5(7) 99a0qp la=q(r) (7)

should have non-negative eigenvalues only, namely it
should have zero eigenvalues in the directions tangential
to the manyfold Q%GS of Eq. (42), and positive eigenval-
ues in directions orthogonal to it [4].

In Ref. 4 the effect of the electronic kinetic energy in
the SIL has been added perturbatively, considering zero-
point quantum oscillations around the SCE minimum.
Introducing the diagonal matrix

15 17T7 fQ(T)’ f3(7’))7

we switch from the coordinates dg = g — ¢(r) to true
lengths u = Mdq. Here, u,, and u,43, respectively, are
the distances on the zy-plane travelled by particle n in
radial (r,-) and in azimuthal (¢,-) direction, when ¢
changes from ¢(r) to ¢(r) + d¢. In matrix notation, the
quadratic form in Eq. (70) now reads

M (r) = diag(1, (72)

1 1
L) HIG) = K, (73)
with the new matrix K(r) = M~HM~!. Consequently,

the classical equations of motion for the lengths u read

meit = —Ku (74)
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FIG. 4. The eigenvalues me wa(r)? of the matrix K = K(r)
in Eq. (76), plotted versus r € [ao, a1], setting a = ag = 1, for
e =1 (top), € = 3 (center), and ¢ = 10 (bottom).

(where m, is the electron mass), with the eigenmodes

u(t) = eq sin(wqyt) (a=1,...,6). (75)

Here, e, are the eigenvectors of K = K(r),

Keo =mew? e, (a=1,...,6). (76)
The six eigenvalues m, wq (1)? of K(r) are plotted in
Fig. 4 as functions of r for three selected values of €. We
see that for each value of r, there are always three positive
(red, orange, yellow) and two zero eigenvalues (green and,
hidden, blue). In addition, there is always a negative
sixth eigenvalue m, wg(r)? < 0 (violet), indicating that
&(q) does not have a minimum on the manyfold ¢ =
q(r), revealing that the SGS solution is not optimal for
this density. We also notice that the negative eignevalue
becomes relatively smaller in magnitude as € increases.
Eigenmodes e, with positive eigenvalues m.w? de-
scribe zero-point oscillations (with angular frequency wy,)
of strongly correlated electrons about the strictly cor-
related limit [1, 4]. In 2D, two eigenmodes e, with
zero eigenvalues (describing classical motion at constant

potential energy) must be expected: either a collective
(rigid) 2D rotation of the electrons about the origin
(e = 4) or a collective motion in accordance with the
co-motion functions (a = 5), see Egs. (41) and (AT).

The corresponding 3D analysis (see Appendix D)
yields the same six eigenvalues as in 2D (including the
negative one), plus two additional zero eigenvalues (since
there are two more rotational degrees of freedom in 3D),
plus one additional positive eigenvalue.

B. Fractal (FRC) co-motion functions

We now show that, for small ¢, a lower expectation of
the Coulomb cost (interaction energy) than the SGS one
of Eq. (64) can be obtained by using fractal (FRC) co-
motion functions. Thus, considering the fractal function
S :]0,1] — [0,1] from Appendix B for the case N = 3,
we construct, for the same density p, (r) of Eq. (58), the
radial co-motion functions

FRC(1) =1, (77a)
ZFRC(T):aJrewS(TE_aa), (77b)
ERC(T)ZHEG.S(S(’;G)). (77¢)

Due to Eq. (B3), these fractal functions satisfy the group
relations of section IIID. Since z + S(z) + S(S(z)) = 3,
see Eq. (B4), they add up to a constant,

3

Zf,EjRC(r)zg“;b (a<r<b). (78)

n=1

For the case a = 1, b = 4, they are plotted in Fig. 5. Be-
ing not differentiable at any point, they cannot satisfy the
basic differential equation (35). Nevertheless, they are
consistent with the density p,(r), see Appendix C3a.
Replacing in Eq. (12) the SGS co-motion functions with
the FRC ones, we obtain formally

Veb;RC (av E) = ‘7eSeCE [Pa,e7 {frljRC [pa,s]}}

_ [ 3 FRC FRC
= adrsaV(r, 5 (), f3 (r))

3 13
:g/ode(l+sx,
1+ e8(x), 1+ 55(5(:1:))). (79)

As the function S(z) is highly discontinuous, this integral
requires some care. Below, we shall find the expression

gk—1

3 1
VERC(g,6) = = lim 35 Z V(l + () m,
m=1

a k—oo

1+2(S()),,,1+e(S(5())),,), (80)
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FIG. 5. The fractal co-motion functions fE2C(r), Eq. (77),
for the density pa,(r) of Eq. (58), with a = 1 and ¢ = 3. Col-
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tively. For comparison, the modified SGS co-motion functions

g5%5(r) from the right panel of Fig. 2 are shown as well.
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FIG. 6. The difference VERC(a,e) — VS5 [p, ] plotted ver-
sus ¢ (red dots). The corresponding difference between the
expansions of Egs. (64) and (81), Eq. (82), is plotted as a red
curve. Notice the small scale on the vertical axis.

using Eq. (86) with Q(z,y,2) = 3V (14cx, 1+ey, 1 +ez).
Approximating the limit k& — oo by the finite value k = 5,
we find, for 0 < e < 8.6, that VIR (q, ¢) is slighlty lower
than V565[p, ] ~ 1.0, as shown in Fig. 6, where we
report the difference VERC(a,e) — V3S5[p, ].

In Appendix C3a, we find analytically for small £ > 0

VERC(a,e) = X214 e 1 0()]. (81)
Subtracting Eq. (64) yields
_ﬁ{ L

a

A‘/ee _ VFRC VSGS _
1080

ee

e+ 0(%)], (s2)

proving rigorously that VERC(a,e) < VSGS[p, ] for suf-
ficiently small € > 0 (see the red solid curve in Fig. 6).

In particular, a systematic minimization in Appendix C
reveals that
Vee “pae) = Vet (a,e) + O(€%). (83)
To derive Eq. (80), we choose an integer k, not too
small, and divide the interval [0,1) up into the 3% > 1
intervals I, = [Xy—1, T ), With
Tom =

m e {0,1,2,...,3"}. (84)

m
3k

For any function g(z), let (g(z))., be its average value

for x € I,,. Then, we have
’x - (.T>m‘ <3 '13,6’
e l, = |S() = (8(2)),,| <5 .13,6, (85)
S(5(@) ~ (S(5@)), | < 3

The second one of these three inequalities is derived in
Appendix B. Then, the third one follows immediately
from Eq. (B4), = + S(z) + S(S(z)) = 3.

Consequently, for any continuous function Q(z,y, z),
we may define

1/3

i de(ﬂc, S(x), S(S(x)))
L33
S PNCICEE

3k/3
Jim 223 Q((@hn (S(@),, (S(S@)),, ). (50)

S(5))))

m

where we have applied the mean value theorem in the
second step. The average values are given by

<Z‘>m = 2 . v?)k )
< (x)> S(xm 1)
3
(S(S@N)y = 2= lam— (S@),. (8T
The expression for (S(x)),, is derived in Appendix B.
The one for (S(S(x)))., is an immediate consequence of

Eq. (B4), 2 + S(z) + 5(S(x)) =

V. NUMERICAL STUDY OF THE SIL

We investigate here whether the SGS co-motion func-
tions, even when not optimal, provide an approximation
that is numerically close to the true SIL. To this end, we
first give a short summary of the numerical methods we
have used.



A. Numerical approaches to SIL

For a numerical approach to the problem of Eq. (27),
we assume that v € II(RY?, p) can be represented by a
regular symmetric function 7y(ry,...,ry). The cost be-
comes therefore an explicit integration over RN¢

C)y :/dr1 ~~~/drN'y(r1,...,rN)C(rl,...,rN)
= [a¥ra (@) €l (59

where r,, € R? for n = 1,..., N. Similarly, for the con-

straint we have

7Tk’}/ ry) /drl /dr;€ 1 /drk+1 /drN Y{rn})

Notice that due to the symmetry of the function -, it
would be sufficient to impose the constraint for only one
k, as this would imply that the constraint also holds for
any k. Nevertheless, we keep all constraints explicitly,
since it simplifies the forthcoming discussion.

The original minimization problem now becomes

Primal problem: VSIL[p) = IEI}_II? )<C>'w (90)
where
p) ={7{rn}) € PR™) : wiy(r) = p(r)/N Vi }.
(91)

The constraint that the probability distribution v should
yield the density p/N as its marginals can be imposed in
the following manner

8l u

kzi Jawun (% - W%(r)>>7 (92

where the minimization is now over all symmetric func-
tions. This construction is readily seen to work, since
if we had W,z’y(r) # p(r)/N, then the supremum over u
would yield +00. So only symmetric functions v with the
correct density p can be candidates for the minimum.

Now if we interchange the minimum and supremum,
we get the dual problem

Vdual = sup{/dr u(r

igf/dNr Y({rn}) ( ({rn}) Zu ) } (93)
k=1

Ve "lp] = minsup ((0 )y +

10

As we now first minimize and only afterwards maximize,
we have VIdual[p] < VSIL[p]. Thus, V3u![p] provides a
lower bound to the primal problem. However, typically
one expects that V.4ual[p] = VSIL[p], which is indeed the
case for the Coulomb cost function [23, 24].

The part between parentheses can now be regarded as
a constraint on the maximization of u in the first part.
As the probability density v can only be a non-negative
function, the infimum only collapses to —oo if C' < 3 .
The dual problem can therefore be rewritten as the fol-
lowing constrained maximization

Dual problem: V3"![] = max /dr p(r)u(r), (94)
] uweU(C)

where

N
U( { Zurl <C’I‘1,...7 N),
i=1

V(rl,...7rN)€RNd}. (95)

In order to solve numerically (90) and (94), we use a
discretization with M equidistant points on the support
of marginal as {r;},;=1 . a and define p; = p(r;). Thus,
we get the following discretized problem

,frel%-ﬂ Zch N Yiregno (96)

<IN

where II, is the discretization of II and cj,. jy
C(rj,,... rJN) the transport plan thus becomes a M
matrix again denoted <y with elements ;. ;. The
marginal constraints C; (such that II, = ﬂ,ivzl Cr) be-
comes

Ckz{nyRAfN:

Z’leu,jN

J1seeesJl—150k415--0N

:pjk,ij:L...,M}.

As a Dirac ¢-“function” cannot be represented exactly on
a grid, a transport plan v of Monge (or SCE) type (see
Sec. IT) cannot be truly reproduced. Still, we expect the
matrix v to be sparse.

As in the continuous framework we can recover the
dual problem given by

M
max E UjpPj
uj

N

stY wj, ey Vi =1,...,M,
k=1

where u;, = u(r;,) is the Kantorovich potential. One
can notice that the primal (96) has MY unknowns and
M x N linear constraints and the dual problem (97) has



M unknowns, but M constraints. This actually makes
the problems computationally unsolvable with standard
linear programming methods even for small cases.

A different approach to the problem (96) consists in
adding the entropy of the transport plan . This reg-
ularization has been recently introduced in many appli-
cations involving optimal transport [25-29]. Thus, we
consider the following discrete regularized problem

i Y Cn Vi + TEQ) (98)
JissJN

where E(7) is defined as follows
Z’lemjzv log(Vjy..jn) iy 20

JieesdN (99)
400 otherwise,

E() =

with the convention Olog0 = 0, C is the intersection of
the set associated to the marginal constraints (we remark
that the entropy is a penalization of the non-negative
constraint on ), and T is a “temperature” (a positive
parameter that is kept small). After elementary compu-
tations, we can re-write the problem as

i 2] 100
min H(+/7) (100)
where we used the relative entropy
5 Yiq...i
HOYF) =D in...in log (N) (101)
21...1N

01500 N

and Vir.in = eXp(fcjl-an /T)

The entropic regularization spreads the support and
this helps to stabilize the computation as it defines a
strongly convex program with a unique solution ~p. In
the limit T — 0, the regularized solutions 1 converge
to v*, the solution of (96) with minimal entropy (see [30]
for a detailed asymptotic analysis and the proof of expo-
nential convergence). It is also interesting, as explained
in appendix E, to notice that, in the measure continu-
ous case, the functional (100) can be regarded as a lower
bound on the Levy-Lieb functional.

The main advantage of the entropic regularization is
that the solution 1 can be obtained through elementary
operations and only requires the storage of a few M-
dimensional vectors. This semi-explicit solution relies on
the following proposition (we consider the two marginal
case for simplicity).

Proposition V.1. Problem (100) admits a unique solu-
tion 1. Moreover, there exists a non-negative vector a,
uniquely determined up to a multiplicative constant, such
that 1 has the form

(V)i = aivijaj, (102)
where 7;; = exp(—c;j/T). The entries a; are determined
by the marginal constraints

Pi

— P 103
>0 ija (103)

a;
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FIG. 7. The differences \N/e(emﬂh()d)(a7 g) — V%5 (a,e), plotted
versus ¢, from the SGS values ‘N/QSEGS(a7 €) of:

(red) the values VERC(a, &) due to Eq. (80),

(green) the primal values V2™ (g, ¢) of (105).

Moreover, the vector can be written as a; = exp(u;/T)
where u s the regularized Kantorovich potential.

It is now clear that one can use Eq. (103) in order to de-
fine a fixed point iterative algorithm known as Sinkhorn
or Iterative Proportional Fitting Procedure (IPFP)

otV = (104)
Zj Vij A

One can prove the convergence of the Sinkhorn/IPFP
algorithm by using the Hilbert metric and the Birkhoff—
Bushell theorem. The main idea of this approach lies on
the fact that the solution of problem (100) can be seen
as the fixed point of a contractive map in the Hilbert
metric, see [31, 32] for a detailed proof. Moreover, one
obtains a geometric rate of convergence, and the rate
factor can be estimated a priori. The extension to the
multi-marginal case is straightforward and we refer the
reader to [27, 29, 33].

Now we specialize to the spherically symmetric prob-
lem with Coulombic cost. As already explained in Sec. IIT
and also Appendix C, the problem can be reduced to one
dimensional problem only depending on the radii. The
primal problem becomes

VS [u) = min (V)

Primal problem:
BEeM(p)

(105)

where the reduced radial cost V is given by Eq. (30)
and p(r) = Ja(r)p(r) (Jg is the d-dimensional Jacobian).
Likewise, the dual problem becomes

Dual problem: V74! = max /dr u(r)ov(r). (106)
veU (V)

The discretization of the radial problem proceeds in ex-
actly the same manner as described before.



B. Results and comparison with SGS

Consider now the 3-particle density given by (58),
for which we want to solve the reduced problem (105).
In order to do that, we consider a M = 100 regular
discretization of [a,b], excluding the end-points, thus
o a(l +e(i — 1/2)/M) In Fig. 7 we compare the
difference between Vee[pa,g] obtained by solving the pri-
mal problem (105) directly and the SGS solution. We
see that solving (105) provides an improvement over the
SGS maps, but, again, the numerical differences are only
in the order of 0.1 %. We have also considered the value
of Ve, by using the fractal solution (FRC). For thin shells
(¢ £ 0.6) the primal and FRC perform similarly. For
larger shells the primal solution starts to yield a consis-
tently lower value for V.. than the SGS and the fractal
solutions. Moreover, around ¢ =~ 1.9 the supremacy of
the FRC solution over the SGS solution starts to dete-
riorate and its behavior becomes qualitatively different
from the primal solution, as expected since it has been
shown to be an accurate solution for small £ only.

As a second example, we consider a d = 3 sphere of uni-
form density with N = 3 electrons. Uniform spheres play
an important role in establishing the optimal constant
in the Lieb-Oxford inequality [34, 35] and for the low-
density uniform electron gas [34-36]. We know that for
this density the SGS solution is not optimal, because we
still have a small negative eigenvalue in the Hessian (see
Sec. IV A 2). Notice however that SGS has the right den-
sity and it is thus a variationally valid “wavefunction”,
meaning that the values obtained for the Lieb-Oxford in-
equality are always rigorous lower bounds for the optimal
constant [35]. The SGS solution has the big advantage of
being computationally much cheaper to evaluate than the
other methods, making it possible to treat larger particle
numbers [35]; it is thus important to validate its accuracy

also when not optimal. We find that ‘ZSEGS = 2.32682,
while with the entropic regularization method we obtain
Vee = 2.317215, again a difference of the order of 0.4 %.
In Fig. 8 we also show the support of the optimal pair
density (i.e., the optimal plan integrated over all vari-
ables but two) obtained from the entropic regularization
method, compared with the one from SGS. We clearly see
that the optimal plan is now different from the SGS one,
being much more spread and with a large weight in the
top right corner, which corresponds to the case in which
the 3 electrons are all almost at the same distance from
the center, close to the boundary of the density support.

An open question is whether there is a way to char-
acterize the class of densities Pggg for which the SGS
solution is the actual minimizer. To illustrate how puz-
zling is this question we now solve the problem (105) for
the following family of 3-particle densities

Pa(r) = (1 = @) pexp(r) + a pLi(r), (107)
where pexp = 2 exp (=2 [r]), pri(r) is an accurate density
for the Lithium atom (exactly the same used by SGS)
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FIG. 8. The support of the optimizing pair density from the
entropic regularization method (left) and from the SGS ansatz
(right) in the case of N = 3 electrons in a 3-dimensional
uniform density within a sphere of radius 1.

o LP H SGS

0 (1.2109(1.2122|1.2178
0.14291.2270|1.2284|1.2325
0.2857(1.2471]1.2506 | 1.2499
0.4286(1.2723]1.2741|1.2723
0.5714|1.3045|1.3064|1.3026
0.7143|1.3462|1.3483|1.3434
0.85711.3989|1.4019|1.3902

1 |1.4663| 1.469 |1.4624

TABLE I. Values of the expectation of V.. obtained by the
Linear Programming approach (LP), the entropic method ()
and the SGS maps for densities of the family (107) with dif-
ferent values of «

and a € [0,1]. In Fig. 9, we show the density and the
corresponding support of the minimizing pair density: we
clearly see a transition from a spread optimal plan to a
plan concentrated on the SGS maps, which appear to
be the true minimizer in the case of the Li atom den-
sity (for which the Hessian eigenvalues were found to be
all non-negative in Ref. 4). In this case we have solved
the problem by using both the entropic regularization
and the linear programming approach, reporting in Ta-
ble I the corresponding values of the expectation of V.,
which confirm the optimality of the SGS solution when
« is (close to) 1. Notice, again, that even when not opti-
mal the SGS solution is very close to the LP and entropic
values. Also, quite interestingly, when « is close to zero
and the plan is spread, it is still concentrated in a region
delimited by the SGS solution (see Fig. 1 of Ref. 3 and
Fig. 1 of this paper). We also checked that for the expo-
nential density a negative eigenvalue in the Hessian of the
SGS solution is present for small r. The region where the
eigenvalue is negative shrinks and diappears as a — 1.
It seems that the the shell structure of the Li atom den-
sity makes the SGS solution become optimal, but further
investigation on this intriguing aspect is needed.



7

v o o~ @ ©

o = N w a

FIG. 9. The support of the optimal pair density (left pan-
els) for N = 3 electrons with radial probability densities
471r?po (r)/N (right panels) corresponding to different values
of « in Eq. (107). We clearly see that for the Li atom density
(a = 1) the optimal plan is concentrated on the SGS solution,
which appears to be optimal in this case (see Fig. 1 in Ref. 3).

VI. NON-OPTIMAL SOLUTIONS AND
FUNCTIONAL DERIVATIVE

For radially symmetric densities p(r) with p € Psas
(see the opening of section IV), the SGS co-motion func-
tions £595[p](r) provide an optimal solution in Eq. (27),
VS p] = VSGS[p]. The functional V355[p], despite its
highly non-local p-dependence in Eq. (57), has in this
case the simple derivative

SV lp]
op(r)

where the potential vggs[p](r) is readily evaluated from
Eq. (40), which provides a powerful shortcut in solving
the KS equations with the SCE functional as an approx-
imation for exchange and correlation [10].

We shall now prove that Eqgs. (108) and (40) are valid
for a much more general class of radial densities that in-
clude but it is not limited to p € Psags, provided that
Eq. (113) below is satisfied. For densities p ¢ Pscs
the f555[p](r) do not yield an optimal solution, but, as

= vsaslp)(r), (108)
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we have seen from numerical experiments, V.3%5[p] can
still serve as a good model for the unknown functional
VSIE[p]. Our proof that even in this case the functional
derivative is given by Eqgs. (108) and (40) uses Eq. (57)
for V3GS[p] and the property (A6) of vsas[p](r) = U(r).

Let po(r) be a given radial density, pg € Prap, and
&(r) an arbitrary function with [ dr(r) = 0. Consider-
ing the series of normalised radial densities

pe(r) = po(r) +&(r), (109)

with a small parameter € € R, we have to show that
A = VES[p] = VIS [po]

:g/ooo dr Jg(r) £(r) vsas[po] (1) + O(e?). (110)

Let f5(r), ..., fa(r) be the SGS radial co-motion func-
tions for the density pe(r). Writing Ja(r) pe(r) = pe(r),
Eq. (57) for VS355[p] yields

at

A= [ arp )V (56, f0)

=
ag

_/aa‘fdruo(r)V(f?(r),...,f]%(r)), (111)

0
0

where af, are the radii of Eq. (44) for the density pc(r).
Using the monotonic function N§(r) = [ ds pic(s)
0

and its inverse RE(v), we may substitute NS(r) = v in
the first integral, with dr u.(r) = dv, and N2(r) = v in
the second one, with dr pg(r) = dv,

A:/OldV[V<Ff(V),...,FE(V))—V(F{)(V),...,Fﬁ(y))},
112
where F;(v) = f;, (RZ(V)). When we assume that (112)

FE(v) — F2(v) = O(e) (for all v € [0,1])  (113)

(see the discussion below), we may expand

with the notation V,(ri,...,rn) = %V(rl, e
Now Eq. (A6), with vsas[po](r) = U(r), yields

A=y | v () [Fiw) - £20) + 0)

- XN: /01 dv [U(FS(V)) — U(FS(v))] +0(e%), (115)

where, in the second step, we have used Eq. (113) again.



Now, we re-substitute,

N { /ai
n=1 ag

/;mewﬂﬁv»}+m¥x<n®

0

dr pe(r) U(f5(r))

and apply Eq. (55) to both integrals,

A:/aNdr,us(r)U(r)f/:N dr po(r) U(r) + O(g?).

’ ’ (117)
Since p(r) = 0 for r ¢ [af, a%], we obtain Eq. (110),

A= /00 dr [/.LE(T) - ,uo(r)] U(r) 4+ O(£?). (118)
0
Discussion of Eq. (113): Egs. (46) and (45) for v €
[0, 1] or, equivalently, for ag < r < ay yield

Fy(v) = Re(v), Fy(v) = RE(2 —v),

Fs(v) = Re(v+2), Fi(v)=R(4-v),

) = R(w +4),  FE(v) = RE(6 ),
(0<v<). (119)

Therefore, Eq. (113) is true when the expansion
RE(v) = Re(v)+e- X (v) +0O(?) (v € ]0,N]), (120)

with Re(v) = R2(v), has a finite coefficient X (v).
An expression for X (v) can be found from

v=NE(RE0) = [

aq

RE(v)

dr pe(r). (121)
We consider the case When ay = ag is independent of ¢.
Taking the derivative -4 <= and then setting ¢ = 0 yields

d Re(v)
0= (R ) RO+ [ dr i),
" (122)
where we have used p.(r) = Ja(r)[po(r)+e&(r)]. Writing

I ds Ja(s)€(s) = E(r), we have

R
0 TR B

N!(r) and N¢(R.(v)) = v, we may write

X(v) = —E(Re(v)) Re(v). (124)

Since R.(v) and, for any reasonable perturbation &(r),
also Z(r) are bounded functions, X (v) is finite for all
v € [0,N] when R,(v) is. This is a sufficient condition
for Eq. (113) to be true.

An example for a case where R.(v) is not finite is a
density p(r) with p(r) = 0 in a finite shell r, < r <
ro. Notice again that condition (113) is sufficient but
not necessary, and thus its violation does not imply that
Eq. (108) cannot hold also in this case.

X(v) = diERg(z/)

Since po(r) =

14
VII. SUMMARY AND CONCLUSIONS

The strictly-correlated (or Monge) solution for the
strong-interaction limit provides a physically transpar-
ent route to build exchange-correlation functionals with
a very non-local density dependence. Its mathematical
structure is very different from the usual one of cur-
rent approximations (which are based on the local den-
sity, density gradients, Kohn-Sham local kinetic energy,
Hartree-Fock exchange, etc.), and has already inspired
new functionals that use some integrals of the density
[37—40].

In this context, an important question, which we have
addressed here for the special case of spherically sym-
metric densities, is whether approximate co-motion func-
tions (or maps) can provide reasonable solutions with a
meaningful functional derivative that can be used in the
Kohn-Sham equations. In particular, we have shown that

e The co-motion functions conjectured in Ref. 3 are
not always optimal, but even in the case of non
optimality yield an interaction energy that is nu-
merically very close to the minimum one;

e It is very difficult to predict for which spherically
symmetric densities the solution of Ref. 3 is the
actual minimizer (see Fig. 9);

e Even when not optimal, the co-motion functions
conjectured in Ref. 3 provide a well defined approxi-
mation for the Hartree-exchange-correlation energy
whose functional derivative can still be computed
via the powerful shortcut of Eq. (9).

The fact that a conceptually simple approximation such
as SGS [3] yields very accurate results for the strong-
interaction limit and allows us to compute easily the
functional derivative of a highly non-local functional sug-
gests that it might be possible to build new exchange-
correlation functionals by using physically motivated ap-
proximate co-motion functions, a route that has not been
really explored yet. Notice that the results for low den-
sity quantum dots of Fig. 1 of Ref. 10, which showed very
good agreement between the self-consistent KS densities
obtained with the SGS functional and the accurate Quan-
tum Monte Carlo values, were obtained for cases in which
the SGS co-motion functions are actually not optimal (as
shown by a small negative eigenvalue in the Hessian, see
Sec. IVA2). This is very promising, as it shows that a
good approximation for the SIL can be very accurate for
systems driven to low density when combined with the
KS approach. In future works we will use our results and
insight to improve the approximate exchange-correlation
functionals proposed in Refs. 37-40.
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Appendix A: The function V(ri,...,rn)

According to the lines following Eq. (31), the value of
the function V(r1,...,7ry) in Eq. (30) is the minimum
electrostatic energy of IV equal classical point charges
(electrons) that are confined to the surfaces of N con-
centric spheres with radii 1, ..., rn, respectively. For its
partial derivatives, we here use the notation

ov o*V
ors = Vi(h, cee 77"N)7 W

= ‘/ij(rla e ,TN). (Al)

1. General properties

With the origin r = 0 at the center of these spheres,
let {ry,...,rx}, with |r,| =7, forn=1,..., N, be aset
of electronic equilibrium positions. (By rigid rotation, an
infinite number of equivalent sets can be obtained.) At
equilibrium, the force on electron &, exerted by the N —1
other electrons, must point in radial direction,

N
rp —T; 0Ccou r

z |rk_ IE == ac IZ*Vk(Tla-~-,7‘N)*k.(A2)
i(#hy=1 " F T T Tk

Setting here k = 1, r; = r, and using the SGS positions
r; = £595[p](r) for a density p € Prap, Eq. (38) yields

d

arvsaslol(r) = Vi (Sl ). RO 0Rl)). - (A3)

Obviously, the function V has the symmetries
V(rla"'vrl\/):V(T{{J(l)a"'arp(N))v (A4)
Vk(rla"'vTN):Vp(k)(rgo(l)7"'arg3(N))a (A5>

where p is any permutation of 1,..., N. Therefore, writ-
ing vsasl)(r) = U(r) and f55[o](r) = fu(r), we find

U'(fi(r) = Vi(fl(r),...,fN(r)) (i=1,...,N). (A6)
Consequently, Eq. (41) yields in fact a constant,

ZUfz )]

U'(f)] £1(r)

d ~

—B(r) = - [ (1(r)s oo I (r

dr
=Y [Vith i) -

=1

= 0. (A7)

2. The case N =2

In the case N = 2, a minimum-energy configuration
has the two charges on opposite sides of the origin, with
mutual distance 1 + ro. Therefore, we explicitly have

1

7'1+7‘2

V(’f‘l,’l“g) = (AS)
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Egs. (A4), (A5) and (A2) are readily verified in this case.
For Eq. (A7), see Eq. (22) in Ref. [1].

3. The case N =3

In the case N = 3, a minimum-energy configuration
has the three charges on a plane containing the origin.
For k = 1,2, let 6; be the angle between rj and r3. Then,

V(Th’l"g,’l”g):éniGH‘A}(Tl,TQ,Tg,91792), (Ag)
1,V2
where, due to the cosine theorem,
~ —1/2
V= [Tf + 72 — 2179 cos(fy + 92)}
2 J—
+ Z [T,% + 73 — 2713 cos 9;@} (A10)
k=1
In the trivial case r3 = 0, we find 0y + 05 = 7 and
1 1 1
V(Tl,’rz,O): + — 4+ —. (A].l)

ri+ry T T2
Finding the general function V (rq, ra, r3) explicitly seems
to be a difficult task.

Instead, we shall now evaluate V' and its partial deriva-
tives V; and V;; for the case r1,72,73 = a, whenthe N =3
charges occupy one sphere with radius a and at equilib-
rium make an equilateral triangle with side length av/3,

V3

Via,a,a) = - (A12)

The symmetry of this problem implies for : = 1,2,3

ZVkaaa

aaa

1d 1

—— — Al
SdaV(aaa) \/ga . (A13)
and, since Via(a, a,a) = Vag(a, a,a) = Vi3(a, a,a), as well
as Vi1(a,a,a) = Vas(a,a,a) = Vas(a,a,a),
2
—a? = d ‘/i(a/vafaa‘)

V3 “ da
3
= Z Vik(a,a,a)
k=1

= Vs3(a,a,a) +2Viz(a,a,a).  (Al4)
Since V33(a,a,a) = 5\4[ a3, Eq. (A23) below, we have

3
Vis(a,a,a) = ——=a 2.

5V/3

In summary, we obtain the Taylor expansion

\/3[1_

V(ry,re,r3) = e

(A15)

U1 + ug + us
3a
U1U2 + UTUS + U2U3 n Qu% + u% + ug
5a2 15a2
co( ]

a a a

(A16)



where u; = r; — a. ,

To find Vs3(a,a,a) = %V(a, a,7)|r=a, We observe
that any equilibrium configuration with 71 = ro = a has
equal angles 6, = 63 = 6. In this case, Eq. (A10) reads

~ 1 1 2 W (s,0)
V=={so+ f= 2, (A
al2sinf /14 s2—2scosf a (A17)
with the new variable s = “2. For s = 1, the equilibrium
angleis § = 2% For W (s, 3T +a) = W(s, @), the addition
theorems yield

1
W(s,a)= ——m———
( ) V3 cosa — sin a
~1/2
+2{1 + 5% +s(cosa+ \@Sina)}
o0
=W(s,0) + Z Wi (s)a™. (A18)

n=1

The equilibrium angle «(s) is fixed by a%VV(S, a) =0,
0= Wi(s) +2Wa(s)a(s) + 3Wa(s)a(s)® +--- (A19)
Taking the derivative L yields
0 = Wi(s) +2[Wi(s)als) + Wa(s)a'(s)]
+ 3[Wg(s)a(s) + 2W3(5)a'(5)]a(5) + -+ (A20)
Setting s = 1 and using a(1) = 0, we obtain

L W@ VB
O‘(l)__m;z)(l R

)
where we have used Wi(s) = 3 — sv3(1 + s + 52)=3/2

(A21)

and Wy(s) = =22 + §(2s + 1152 4+ 25%) (1 + 5 + 57) /2.
Eventually, we find
d2
Va3 (av a, a) = WV(&, a, 7”) .
1 d® W(s,afs))
" a?ds? a s—1
_ L [82W N 82Wa,(s) N
- adl 0s? Js0a
0*wW ow
902 OL’(S)Q + %Og ’(5):| - (A22)

The partial derivatives of W = W (s, a) are readily eval-

uated from Eq. (A18). As expected, %\3:1 = 0. With

Eq. (A21), the remaining three terms in Eq. (A22) yield
4

Vis(a,a,a) = —=a 3 A23

33( ) 5\/§ ( )

Appendix B: The functions S(z)

For a given N = 2,3,4, ..., each real number z € [0, 1]
always has a unique representation in the form

o
Ty
7= w

(=1

ne€{0,1,2,...,.N—1}.  (B1)
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ng is the ¢-th digit of the N-fraction representing x (dec-
imal fraction when N = 10). We define S(z) as the func-
tion that raises each digit of x by 1. More precisely, in
terms of the particular permutation p with p(ng) = ny+1
for 0 <my < N —2and p(N —1) =0, we define

“n = p(n
S(x) = S(Z N@) =y ](Vj) (B2)
=1 =1
Since o (ng) = ng, we then trivially have
x© N
n
SNy =Y ¥ ]\(f/) =z (B3)

Since {p(ne), 9*(ne), ..., 9~ (ne)} = {0,1,...,N—1}, we
similarly obtain

N N 0o pn(nz)
') 1 N-1 N
:Zé<z%n>=2 (B4)
/=1 n=
In the case N = 2, Eq. (B4) implies
S(x)=1-—=z. (B5)

In the cases N > 3, in contrast, S(x) is a discontinuous
function whose graph is a fractal.

To see this, we consider for x € [0,1] and k = 1,2,3,...
the functions Ty (z), that raise only the k-th digit of = by
1 and leave all other digits unchanged. Formally,

k—1

ne  p(ne) —

Telw) =) qet+ Nk + > ~i- (B6)
=1 t=k+1

An explicit expression, valid for < 1, is easily found:

For y € R, let [y] be the largest integer with [y] < y and

consider the function U : R — R, y — U(y), with

y+v (-l <),
vw =9 o (B7)
y— (- = 5.
Then, for 0 <z < 1, we have
U(Nk-1g

Ti(x), To(z) and T5(z) are plotted in Fig. 10 for the
cases N = 2 and N = 3. Obviously,

lim Ty(z) = z. (B9)
k— o0
By composition, we define further functions,
Sk(x) = Ti(Ti-1(... T1(x)...)) (k=1,2,3,...).
(B10)
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FIG. 10. The functions 71 (z), T2(x), and T3(x) (in red, green,
and blue, respectively) for the cases N = 2 (left panel) and
N = 3 (right panel).
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FIG. 11. The functions Si(z) = Ti(x), S2(z), and S3(z) (in
red, green, and blue, respectively) for the cases N = 2 (left
panel) and N = 3 (right panel).

S1(z ) Sa(z) and S3(z) are plotted in Fig. 11 for the cases
N =2 and N = 3. By definition,

lim Sk (x)

k—o0

= S(x). (B11)

Fig. 11 clearly illustrates for N = 2 that Si(z) = 1 — =
as k — oo, while for N = 3 the graph of Si(z) becomes
a fractal in that limit.

Focusing on the case N = 3, we now derive Egs. (85)
and (87). In terms of the equidistant numbers

m
Tm = g m e {0,1,2,...,3"}, (B12)
we consider the intervals I, = [Zym—1,Tm).
Any z € I,,, has a unique representation
" = ng(x)
’ ‘
D DI Sl
=1 f=k+1
——
Tm—1

where, for a fixed value of m, the first k& coefficients
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ni,...,n, do not depend on x. By definition, we have

k e}
Z@(gé + Z @(n?fz(x))

=1 l=k+1
S(@m_1) Z plne(@)) =1 W (B14)
l=k+1

In the second step, we have used (0) = 1, implying that

k [e'S)
(e 1
St =20 S L
=1 t=k+1
The permutation g in the case N = 3 is given by
P(0) =1, (1) =2, p(2)=0. (B16)

Averaging Eq. (B14) over all = € I,,, yields Eq. (87),
<S(m)>m = S(@m-1),

since for each ¢ > k + 1, p(ne(z)) assumes its values
0, 1 or 2 with equal probabilites, (p(n(x)) — 1), = 0.
Moreover, for € I,,,, we find Eq. (85),

(B17)

(B18)

Appendix C: Systematic minimization in Eq. (27)
1. Simplification for spherical densities p(r)

For convenience, we focus here on the case with d = 3
dimensions. When p is a spherical density, p € Prap,
any probability measure v € II(R?*Y | p), formally written
as a regular function (ry,...,ry) here, corresponds to
a simpler one 3 € II(PY, ), given by

Blri,...,rN) :T%~--7‘]2v/dQ1~-~/dQN'y(rl,...,rN).
(C1)
Here, P = R and pu(r) = 47r2p(r). B has the N identical

marginals %T) In particular, we have

V,Y:/d’r‘l'"/d?“Nﬁ(Tl,...,’I“N)V(’I“l,...,TN)
0 0
E<V>,3a

(C2)
and Eq. (27) can be written as [3]

VSIL[p) = min V.. C3
ee [p] BETI(BN 1) < >5 ( )
Example: The Monge (or SCE) type measure v = 563
describing the SGS ansatz of section III corresponds to

BSES(ry, . — f595(r)). (C4)




Despite not looking symmetric at first glance, 355 does
have the correct N identical marginals: (i) Obviously,

Jdry -+ [drn B59S(re,...,rNn) = “(](,1), and (ii) we also
have, e.g.,
/drl /dTB /drN BSGS(Tla"'arN)
(ro)
pi(r1) 8
= [dr 6(ro — fo(ry)) = , Ch
Jin o =) = i (@

where, due to a well known rule for the d-function, rq is
the radius satisfying ro — f2(r9) = 0. Employing Eq. (35),
we therefore correctly find

tiro) u(f2(ro))  p(ra)
G- N -~ (@

2. Application to the density p,.(r) of Eq. (58)

We shall now perform the minimization in Eq. (C3)
for the density p = p,.. of Eq. (58), when N = 3 and
1(r) = pae(r) = 4mr?poe(r) = & for a <r < a(l+e).
Any 8 € TI(P3, y, ) has the identical marginals

b b
a,e(T 1
Poe Th) 3( ) E/ad'ri /adfjﬂ(T17T2,7“3)= P (C7)

where b = a(1 +¢) and {4, 7, k} = {1,2,3}.

Substituting in Eq. (C2) r, = a + €azy, =, € [0,1],
and rearranging quadratic terms in the Taylor expansion
of V(ry,72,73), Eq. (A16), we obtain

1 1

1
(V)g= [ dz1 [ dxo [ dxs (ea)®B(x1, 2, x3) X
0 0 0

CAREES
sep 10a

with vgzll(x) = ¥3(1

(1‘1 + z2 + 1‘3) + V;(ei)

, (C8)

—ex+ %ﬁ) and a residual term
O(e?). (C9)
. (C7) implies

‘4(665)(331’1327%'3) =

For S({xn})
1 I 1 o
/dez‘ /dej B(x1, w2, 23) = Ga? (i #j), (C10)

and the first term in Eq. (C8) can be integrated, yielding

/dmkvbep \/5[1_24_%},

cf. Eq. (28) for separable interactions. Since this result
does not depend on 3, Eq. (C3) now reads
3 2
V3 [1-S+ 5]+
2 30

V3e?
i Cp, + Ve C12
Benr(lﬂglua,s>< 10q " Vres >ﬂ’ (C12)

= B({a +eaz,}), Eq

(C11)

VI [pae] =

+
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where, in terms of the convex function h(z) = x2,
Chn(z1, 2, 13) = (21 + T2 + 13)?

Any series of minimizers §. in Eq. (C12) converges for
¢ — 0 to a minimizer of (C},), since Vi) = O(e%),

2
Vitlp v3 [ S

wel = 1- o4 =
ol a 2+30
| V3

10a ﬁen(ﬂw,ua <)

]+

(Ch), +O(). (C14)

In the next section we study the minimization problem
for <C’h>, showing necessary and sufficient conditions that
a minimizer should satisfy, which are violated by the SGS
ansatz (for details and a complete proof see [41]). In
particular this will imply that SGS solutions are also not
minimizers for VS [p, .] if € is small enough.

Moreover, we also show three different examples of
minimizers for the repulsive harmonic cost in the one-
dimensional case that can be used as trial plans for
VS p, o] for small e.

A similar proof of the fact that SGS minimizers are not
always minimizers in (1)) was also obtained by Colombo
and Stra [16], who also showed that p € Psgs # 0.

3. Cost h(z1 + 22 + z3) with h convex

Now, we consider cost functions Cp(z1,z2,23) =
h(z1+z2+x3), h convex. We will show that for this class
of cost functions, we can construct examples of SC E-type
minimizers and non SC E-type minimizers.

To find a minimizer of (C},)g, we consider a particular
B = Bo € I(P?, uy,c) which is concentrated on the hyper-
plane H = {(x1,x2,23) | 21 + x2 + 23 = NX}, thus fixing
the average value X of the N = 3 coordinates x1, T3, T3.
In this case, we obviously have

— W(NX).
(C15)

/(xl + w3 +x3)dfp = NX, (Ch)s,

For a general 8 € II(P3, p1, . ), Eq. (28) implies

N b
/($1+$2+$3)d522/ d’l"k'ua%(rk)l‘kENfE.
k=172

(C16)
Consequently, the fixed average value X, dictated by Sy,
must satisfy X =z = E_a“ = 5, with the barycenter 7 of

the density pq,(r),

b 2 2
_ ta.e(7) 10" —a a+b
= 22 2= — = ) 1
T /a dr AR 5 (C17)

2’




Moreover, Jensen’s inequality for convex functions yields

(Ch)p = /h(x1 + 29 + 3) dfS

Zh(/(x1+x2+x3)dﬁ>

= h(Nf) = h(NX) = <Ch>ﬁo~ (018)
In other words, 3y is a minimizer,
1\2 9
1 = N7 = .- = - 1
ﬁenl(rlrfgr,ha,s)<ch>ﬂ hNE) (3 2) 4’ (C19)
and Eq. (C14) yields
STL _ @ _ ¢ ﬂ 3
Vil (poe) = “2[1= S+ 52+ 0] (C20)

We shall now construct different examples for measures
Bo € TI(P3, u,.-) that are concentrated on the hyperplane
H and, therefore, are minimizers of (C)s in Eq. (C14).
For all these examples, we conclude

(V)go = Vi pae] + O(€). (C21)

a. An SCE-type minimizer

We now use the fractal co-motion functions f¥RC(r) of
Eq. (77) to construct an SCE-type probability measure

BYRC with the identical marginals 22 5( ) = = L implying

that SFRC € TI(P?, pg.c). In other Words7 despite being
fractal, the co-motion functions fSR€(r) do belong to an
SCE state with the smooth density p, () of Eq. (58).
In a second step, we shall see further below, that SFRC
is a minimizer of (C},)g in Eq. (C14).
The fractal function S(z) in Eq. (77) is the (uniform)
limit & — oo of the piecewise linear functions Si(x) in

Eq. (B10). Replacing in Eq. (77) S(x) with Sk(z), for
some finite k € N, we obtain piecewise linear functions
RS (C22a)
RO =atea-5, (7). (C221)
FRC (. )_a+ea.5k(sk(7;“)), (C22¢)
for r € [a, b], with piecewise constant derivatives
d
—fin () =1, 1€ (em1,cm), (C23)
dr="
where ¢, = a—{—mb;—k“ and m = 1,...,3%. For k = 2,

these three functions are plotted in Fig. 12 (upper panel).
For a given k > 2, consider for any radial interval
I=1ra,rg] Cla,b] the “strictly correlated” subset

() = { (r F5°0), fE5°)) [re 1} <P (C24)

19

0
0 1 2 3 -
9
8 Y S S
777
| |
, V1V
6
0 1 2 3 4

FIG. 12. Upper panel: The functions fFRc( ) =r, ,El;c(r),
and fi53°(r) = fESC(fE5°(r)) for k = 2 (in black, red and
blue, respectively) in the case a = 1, e = 3 when r € [1,4].

Lower panel: The functions f"C(r) = 37 _, RC(r), for
k =1 (dark-blue), k = 2 (green) and k = 3 (yellow), indicat-
ing that the limiting function is a constant, wFRc(r) =1

5 -

of the radial configuration space P3 = {(7’1,7“2,7"3)}. A
particular probability measure SFRC on P? is specified
when we assign to the subsets Q(I) the probabilities

rB—TA
Po(n) = /Q(I) dBFRC Bi,

— (C25)

since then po(a,p) = 1, and any subset Q C P? with
QN Q([a,b]) = 0 has zero probability. This means that
the probability measure 852 is of the SCE-type.

Now, it is easy to see that BERC € II(P?, pg.0): In the
conﬁguratlons (ri,m2,7r3) € Q(I), each one of the two
coordinates ro and r3 covers a finite set of no more than
3F disjoint subintervals of [a,b]. Due to Eq. (C23), the
lengths of these disjoint intervals in both cases add up
to the length rg — r4 of I. Therefore, r1, o, and r3 all
have the same uniform radial probability density
_ b L Heeln) (C26)

rTB—TA b—a ea N

Furthermore, any SCE-type 3 € II(P3, u, ) is concen-
trated on the hyperplane H with r1+ro+r3 = 31 = 3“7“’,
and therefore is a minimizer in Eq. (C19), when its radial
co-motion functions f,(r) add up to a constant.

an(r):Z%fESa;b

This condition is violated by the SGS co-motion functions
f53G8(r) for the density pq ., see Eq. (62), but also by the

Pa(rn)

(a <r<b). (C27)



present ones fFRC( ), see the lower panel of Fig. 12. In
the limit & — oo, however, when the fractal functions
FERC (1) of Eq. (77) are recovered, the condition is satis-
fied, see Eq. (78).

b. Non-SCE type minimizers

We now consider (Example 4.13 in [33]) a probabil-
ity measure By with the (almost continuous) co-motion
functions f'1°(r) = r and

Z)) } . (C28)

vio, _ Jr+T—a (a
2 (T){rJraF (7

r

r
VIO(T)_ 2a+b—2r ( S
3 “la+2b—-2r (7<

INIA
INA
=3

]

=3
IN A

Since they satisfy Eq. (C27), this Sy is concentrated on
H and therefore a minimizer. However, the functions
VIO (r) violate the group relations of section IIID. They
do not describe a true SCE state, since fy°(r) is not an
injective function, relating each radlus r3 = fy10(r;) to
two different values of ;. Consistently, these functions
do not satisfy the SCE basic differential equation (35).

Another minimizer 3y € II(PV, u) (concentrated on H)
which is not of the SCE type at all, is given by

4
Bo(ry,r2,73) = W(s(ﬁ +ro+1r3—3F) X

X max (\7‘1 =7, |re — 7, |rs — f|> (C29)

The §-function guarantees that Sy is concentrated on H
and therefore is certainly a minimizer in Eq. (C14). How-
ever, it is not of the SCE type, since each one of the radii
ro and r3 can, at fixed radius rq, assume arbitrary values.
Only their sum ro + r3 is fixed by 7.

To show that By has the correct uniform marginals
% = L it is convenient to switch from 7, € [a,b] to
shifted coordinates s, = r, — € [—¢, c], where ¢ = 1ea,

~ 4
Bo(s1,52,83) = (5a)35(51 + 82 + s3) max (|81|’ |s2l, \53|)~
(C30)
Obviously, it is sufficient to consider
/ d82/ dss Bo(s1, 52, 53)
:@/ d829( |81+82|)
X max (\51|, 152, |51 +52|). (C31)

Here, 6 is the Heavyside step function, with 6(s) =1 for
s > 0 and 6(s) = 0 otherwise. We first consider the case
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s1 >0, when 0(c — |s1 + s2|) = 0 for 85 > ¢ — s1,

r 4 e
u(Nl) _ (ga)g/ sy masx (|sal, |sal, |51 + )

4 S
“Gap [,

4 0
* (ea)? / dsafsn]

S1

4 c—S81
+ (6(1)3 A d52|81 + 82| (81 > O) (032)
In the latter three integrals, we may write, respectively,
|sa| = —s2, |s1| = s1, |s1 + s2| = 1 + s2, to find
p(ry) 1
—t = C33
N ca ( )

A similar analysis yields the same result for s; < 0.

Appendix D: Hessian matrix in 3D

For the 3D treatment of the problem in section IV A 2,
we use spherical polar coordinates {7y, 0y, ¢ tn=123 for

the vectors r,, in Eq. (10). Then, Eq. (67) becomes
3
EI;S)(();{;S[ }(rla r27 r3) = C({T’Fm e’na ¢n}) - Z U(Tl)
i=1
=E{rn, On, Pn}), (D1)
where, instead of Eq. (68), we now have
2 3 _1/2
C({rn,0n, dn}) Z Z [7’12 — 2115 COS Y +7“J} ;
=1 j=141
(D2)
with the angle ;; between the vectors r; and r;,
cos~y;; = sinb; sin6; cos(¢; — ¢;) + cosb; cosb;. (D3)

ertlng (Th T2,T3, ¢17 d)Qa ¢37 917 92a 93) = (q17 ey QQ) =
g, the function £(¢) should be minimum for g = ¢(r),

a(r) = (7 2200, £5(1),0,62(r), 35(1), 5, 3. 5 )
= (ql(r),...,qg(r)).

The corresponding Hessian matrix H*%(r), given by

Wl

(D4)

>E(q)
8(1048(][3

H%(r) = (a,8=1,...,9), (D5)

q=q(r)

has block form: When ¢, € {ri,rs,73,d1, 2,03} and
qp € {61,02,05}, we easily verify from Eq. (D2) that

9°C(q)

HOXO(p) = ’
B ) 040043 lq=a(r)

~0. (D6)



On the other hand, we obviously have

Hzgg(r) = HO(,B(T) (O‘75 S 6)7 (D7)
with the corresponding (6 x 6)-matrix H(r) from the 2D
treatment of section IV A 2. Consequently, six eigenval-
ues of H?*?(r) are identical with the ones of H(r), and
the remaining three eigenvalues are identical with the

ones of the (3 x 3)-matrix H® (r), given by

b (i,7=1,2,3).  (D8)

The frequencies w, of the new eigenmodes e7 g g are
obtained from the eigenvalues m w? of the (3 x 3)-matrix
KO (r)y=M-T"H® M-, with the diagonal matrix M =
diag(r, f2(r), f3(r))-

Appendix E: An entropic inequality

Consider the N-—marginals Monge-Kantorovich
(namely VSI) problem with the Coulomb cost and all
marginals equal to p(r) (where we have assumed that
p is a measure absolutely continuous with respect the
d—dimensional Lebesgue measure)

VATl = in  (Ccout)ys El
ce 1Pl 7enr&gjrvld)p)< Coul)y (E1)
and the entropic regularization
5% = i H , E2
N1 () O (lnr) (E2)

where nr = 1 exp (— Doicy ﬁ) @K | dr; (L is the
normalization constant) and the relative entropy is de-
fined as

H(plv) =/dwlog(%)-

We show now that problem (E2) with a fixed parameter
T is a lower bound of the Levy-Lieb functional.

Take a plan y(ry, -+ ,ry) = |[¢(r1,- - ,ra)|? (it is obvi-
ous that /7 € H!(RN?)), then the Levy-Lieb functional
FLL]p] reads as

h2
Fllpl=  inf  — [dry---[d *+(Ccout)r-
(0] Y A N | VA +(Coour)y
(E3)
We can establish the following result
Theorem E.1 (Entropy Lower bound,[29, 42]). Let be

p € P(RY) and ¢ € H'(RN%R), then the following in-
equality holds

FYE[p] > S o, (E4)

wh?
ith T = —.
wi 5
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In order to prove theorem E.1 we need some useful
results on the logarithmic Sobolev inequality (LSI) for
the Lebesgue measure.

Corollary E.2 (Corollary 7.3, [43]). Let us consider v €
P(RY) such that v(r) = e~V with D>V > kId. Then,
for every f >0 such that fv € P(RY) we have that

H(ful) < 2 / NG (E5)

Notice that, thanks to the 1-homogeneity of both sides
of the inequality with respect to f, one can forget the
constraint fv € P(RY). Now we are ready to state our
result for the Lebesgue measure:

Theorem E.3 (LSI,[29, 42]). Let f > 0 be a function
such that /f € H'(R?) and f£L* € P(R?). Then the
following holds:

H(fLAY L) < %/drl IVVF2 (E6)

Proof. The proof is rather simple: it relies on the obser-
vation that if [ fdv <1 then H(fv|v) > [ flog fdv. In

particular we can consider the measure v, = e~ 7IF17r2 ”
Since (E6) is again 1-homogeneous in both sides, we can
suppose that [dry f = 1. Tt is clear that, since vy, < £
we have that [ fduvy, <1 for every ro. In particular, we
have that

/dur2 flng S H(er2|Vrz)-

Now we can integrate this with respect to ro and use that
2
[dry e~™Iri=r2l" = 1 o obtain

[ frogf < [ on e,

Now considering V(r1) = 7|r; — r3|?, we have D*V =
27Id and in particular we have that (E5) holds with k =
2m and so we conclude

ML) = [dry flog ] <
%//dyrz drs|VA/F? = (E7)
%/drl \av7i

O]

Proof Theorem E.1. Notice that by definition v > 0 and
v € H' (RN%) so we can apply theorem E.3 and we have

ﬁ2
E/drl --~/drN VevAl2 > TH(ILD),  (BS)
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2
where T = % It follows that

Jariee [an VeGP
1
/dfl"'/dI'N E ﬁ’Y(rl"'I’N)Z
i<j Ti— 1T

K2

1
TH (7| L) +/dr1 "'/drN ) mﬂrl TN) =
i<g Tt

H(vnr), )
E9

where nr = exp (= >, T\%—rgl) @ | dr; (notice that
w.l.o.g. we can normalize nt in order to have a prob-
ability measure). Then, the inequality (E4) easily fol-
lows. O
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