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Abstract: We present fully abstract encodings of the call-by-name A-calculus into HOcore, a minimal
higher-order process calculus with no name restriction. We consider several equivalences on the A-calculus
side—normal-form bisimilarity, applicative bisimilarity, and contextual equivalence—that we internalize
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Encodages completement abstraits du A en HOcore a I’aide de machines abstraites

Résumé : Nous présentons des encodages complétement abstraits du A-calcul en appel par nom en HOcore, un calcul d’ordre
supérieur minimal, sans restriction de noms. Nous considérons plusieurs équivalences du c6té du A-calcul—Iles bisimilarités de
forme normale et applicative, et I’équivalence contextuelle—que nous internalisons dans des machines abstraites pour prouver
I’abstraction complete.

Mots-clés : A-calcul, calculs de processus, ordre supérieur, machines abstraites
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I. INTRODUCTION

HOcore is a minimal process calculus with higher-order
communication, meaning that messages are executable pro-
cesses. It is a subcalculus of HOx [18] with no construct
to generate names or to restrict the scope of communication
channels. Even with such a limited syntax, HOcore is Turing
complete [15]]. However, as a higher-order calculus, it is less
expressive than the name passing m-calculus: polyadic mes-
sage sending cannot be compositionally encoded in monadic
message sending in HO7 [14]], while it can be done in 7 [20].

Although HOcore is Turing complete, we initially thought
a fully abstract encoding of the A-calculus into HOcore was
impossible. Indeed, a A-term potentially has an unbounded
number of redexes. A straightforward encoding would use
communication to emulate 5-reduction, but since HOcore does
not provide means to restrict the scope of communication, one
would need as many distinct names as there are redexes to
avoid interference. Moreover, as new redexes may be created
by B-reduction, we also need a way to generate new names
on which to communicate. To circumvent these problems and
illustrate the expressiveness of HOcore, we consider encodings
where the reduction strategy is fixed, thus for which at most
one redex is enabled at any time. In this setting, S-reduction
can be emulated using communication on a single, shared,
name. A first contribution of this paper is a novel encoding
of the call-by-name A-calculus, or more precisely the Krivine
Abstract Machine (KAM) [13]], into HOcore.

A faithful encoding not only reflects the operational se-
mantics of a calculus, it should also reflect its equivalences.
Ideally, an encoding is fully abstract: two source terms are
behaviorally equivalent iff their translations are equivalent.
On the HOcore side, we use barbed equivalence with hidden
names [15]], where a fixed number of names used for the
translation cannot be observed. On the A-calculus side, we
consider three equivalences. First, we look at normal-form
bisimilarity [16], where normal forms are decomposed into
subterms that must be bisimilar. Next, we turn to applicative
bisimilarity [1], where normal forms must behave similarly
when applied to identical arguments. And finally, we consider
contextual equivalence, where terms must behave identically
when put into arbitrary contexts. Our second contribution is
an internalization of these equivalences into extended abstract
machines: these machines expand the KAM, which performs
the evaluation of a term, with additional transitions with flags
interpreting the equivalences. By doing so, we can express
these different equivalences on terms by a simpler bisimilarity
on these flags-generating machines, which can be seen as
labeled transition systems (LTS). Finally, we translate these
extended machines into HOcore and prove full abstraction
for all three equivalences. Altogether, this work shows that
a minimal process calculus with no name restriction can
faithfully encode the call-by-name A-calculus.

The chosen equivalences: We study normal-form and
applicative bisimilarities, even though faithfully encoding con-
textual equivalence is enough to get full abstraction. Our
motivation is twofold. First, we start with normal-form bisim-
ilarity because it is the simplest to translate, as we do not
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need to inject terms from the environment to establish the
equivalence. We next show how we can inject terms for
applicative bisimilarity, and we then extend this approach
to contexts for contextual equivalence. Second, the study of
quite different equivalences illustrate the robustness of the
internalization technique.

Related work: Since Milner’s seminal work [17]], other
encodings of X into 7 have been proposed either as a result
itself [8]], or to study other properties such as connections
with logic [12} 5, 21], termination [9} 4} 23], sequentiality [6],
control [9, 12} [22], or Continuation-Passing Style (CPS) trans-
forms [[19, 20l [10]]. These works use the more expressive first-
order m-calculus, except for [[19} 20], discussed below; full ab-
straction is proved w.r.t. contextual equivalence in [6, 23| [12]],
normal-form bisimilarity in [22], applicative bisimilarity in [8]],
and both bisimilarities in [20]. The encodings of [6, 23| [12]]
are driven by types, and therefore cannot be compared to
our untyped setting. In [22], van Bakel et al. establish a full
abstraction result between the Ap-calculus with normal-form
bisimilarity and the m-calculus. Their encoding relies on an
unbounded number of restricted names to evaluate several
translations of A-terms in parallel, while we rely on flags and
on barbed equivalence. We explain the differences between
the two approaches in Section The encoding of [8] also
uses an unbounded number of restricted names, to represent a
A-term as a tree and to process it.

Sangiorgi translates the A-calculus into a higher-order calcu-
lus as an intermediary step in [19} [20], but it is an abstraction-
passing calculus, which is strictly more expressive than a
process-passing calculus [14]. Like in our work, Sangiorgi
fixes the evaluation strategy in the A-calculus, except that
he uses CPS translations rather than abstract machines. In
the light of Danvy et al.’s functional correspondence (3], the
two approaches appear closely related, however it is difficult
to compare our encoding with Sangiorgi’s, since we target
different calculi, and we internalize the bisimilarities in the
abstract machines. Still, name restriction plays an important
role in Sangiorgi’s encodings, since a local channel is used for
each application in a A-term. The encoding is fully abstract
w.r.t. normal-form bisimilarity [20, Chapter 18] but not w.r.t.
applicative bisimilarity [20, Chapter 17]. Indeed, a translated
A-abstraction waits for the outside to provide an access to a
encoded argument to be applied to. However, the environment
may give access to any process, not only translated A-terms.
The encoding of [20] does not protect itself against this
unwanted behavior from the environment. In contrast, the
encoding of Section [V| and the one in [8]] are fully abstract
w.r.t. applicative bisimilarity, because they take this issue into
account, as we explain in Section [V-B]

Outline: Section [[I] presents the syntax and semantics
of HOcore. Section [l shows how to encode the KAM; the
machine and its encoding are then modified to get full abstrac-
tion with relation to normal-form bisimilarity (Section and
applicative bisimilarity (Section [V). Section [V]] concludes this
paper, and the appendix contains the main proofs.
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Fig. 1: HOcore LTS

II. THE CALCULUS HOCORE

Syntax and semantics: HOcore [15] is a simpler version
of HOx [18] where name restriction is removed. We let a,
b, etc. range over channel names, and z, y, efc. range over
process variables. The syntax of HOcore processes is:

P.Q=a@).P | aP) | P|Q |z | o0.

The process a(x).P is waiting for a message on a which,
when received, is substituted for the variable x in P. If x does
not occur in P, then we write a(_).P. The process a{P) is
sending a message on a. Note that communication is higher
order—processes are sent—and asynchronous—there is no
continuation after a message output. The parallel composition
of processes is written P || @, and the process O cannot
perform any action. Input has a higher precedence than parallel
composition, e.g., we write a(z).P || Q for (a(x).P) || Q.
We implicitly consider that parallel composition is associative,
commutative, and has 0 as a neutral element. In an input
a(zx).P, the variable x is bound in P. We write fn(P) for
the channel names of P.

Informally, when an output a(P) is in parallel with an
input a(x).Q), a communication on a takes place, producing
[P/ 2]Q, the capture avoiding substitution of z by P in Q.
We define in Figure [I] the semantics of HOcore as a LTS,
omitting the rules symmetric to PAR and TAU. The labels
(ranged over by [) are either 7 for internal communication,
a(P) for message output, or a(P) for process input. We use
label a for an input where the received process does not matter
(e.g., a(_).P).

Weak transitions allow for internal actions before and after
a visible one. We Writel —— for the reflexive and transitive
closure —— , and .+ for — " when [ # 7.

Barbed equivalence: We let v range over names a and
conames a; we define observable actions as follows.

>————>

Definition 1. The process P has a strong observable action

on a (reslz. a), written P |, (resp. P lg), if P ﬂ R

(resp. P ﬂ» R) for some Q, R. A process P has a weak
observable action on vy, written P U’y: if P —/ P/ L for
some P'. We write WkObs(P) for the set of weak observable
actions of P.

Our definition of barbed equivalence depends on a set H
of hidden names, which allows some observable actions to
be ignored. Instead of adding top-level name restrictions on
these names, as in [[15], we prefer to preserve the semantics of
the calculus and simply hide some names in the equivalence.
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Hidden names are not a computational construct and are not
required for the encoding of the KAM, but they are necessary
to protect the encoding from an arbitrary environment when
proving full abstraction. We emphasize that we do not need
the full power of name restriction: the set of hidden names is
finite and static—there is no way to create new hidden names.

Definition 2. A symmetric relation R is a barbed bisimulation
wrt. Hif PR Q implies
o P, and v ¢ H implies Q ||,
o for all R such that fn(R) n H =
PIR R QIIF; )
o if P——— P’ then there exists Q" such that Q — Q'
and P' R Q'.
Barbed equivalence w.r.t. H, noted ~{o, is the largest barbed
bisimulation w.r.t. HL.

@, we have

A strong barbed equivalence can be defined by replacing
Il, with |, in the first item, and == with —— in the
third. From [15]], we know that strong barbed equivalence is
decidable when H = &, but undecidable when H is of cardinal
at least 4. We lower this bound to 2 in Theorem [4]

III. ENCODING THE KRIVINE ABSTRACT MACHINE

We show in this section that HOcore may faithfully encode
a call-by-name A-calculus through an operationally equivalent
encoding of the KAM.

A. Definition of the KAM

The KAM [13] is a machine for call-by-name evaluation
of closed A-calculus terms. We present a substitution-based
variant of the KAM for simplicity, and to reuse the substitution
of HOcore in the translation. A configuration C' of the machine
is composed of the term ¢ being evaluated, and a stack 7 of
A-terms. Their syntax and the transitions are as follows.

Cu=txm (configurations)

t,su=a | tt | vt (terms)
ru=tum | (] (stacks)
tsxmetxsum (PushH)
Art*sume [s]x]t+m (GRAB)

A )\-abstraction Az.t binds z in t; a term is closed if it does
not contain any free variables. We use [] to denote the empty
stack. In PUSH, the argument s of an application is stored on
the stack while the term ¢ in function position is evaluated.
If we get a A-abstraction \z.t, then an argument s is fetched
from the stack (transition GRAB), and the evaluation continues
with [s/z]t. If a configuration of the form Ax.t +[] is reached,
then the evaluation is finished, and the result is Ax.t. Because
we evaluate closed terms only, it is not possible to obtain a
configuration of the form z * 7.
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B. Translation into HOcore

The translation of the KAM depends essentially on how
we push and grab terms on the stack. We represent the stack
by two messages, one on name hd. for its head, and one on
name ¢ (for continuation) for its tail (henceforth, a stack n
is always encoded as a message on hd, for its head and one
on n for its tail). The empty stack can be represented by an
arbitrary, non-diverging, deterministic process, e.g., 0; here we
use a third name to signal that the computation is finished with

b(0). As an example, the stack 1::2:: 3 ::4 =[] is represented
by L) 1 {2 | () 1 (o) 1 (501}

With this representation, pushing an element e on a stack p
is done by creating the process hd.(e) || ¢(p), while grabbing
the head of the stack corresponds to receiving on hd.. With
this idea in mind, we define the translations for the stacks,
terms, and configurations as follows, where we assume the
variable p does not occur in the translated entities.

[t = =] =[] I e([=])

[(1] = b(0)
[t = m] = hde([2]) || &([7])

[t s] = c(p)-([t] || &(hdc([s]) Il €(p)))
[Ae.t] = e(p).(hde(x). [t] || p)

[o] =«

In the translation of a configuration ¢ x 7, we reuse the name c
to store the stack, meaning that before pushing on 7 or
grabbing the head of 7, we have to get [r] by receiving on c.
For instance, in the application case [t s], we start by receiving
the current stack p on ¢, and we then run [¢] in parallel with the
translation of the new stack hd.([s]) || ¢(p). Similarly, in the
A-abstraction case [Az.t], we get the current stack p on ¢, that
we run in parallel with hd.(z). [t]. If p is not empty, then it is
a process of the form hd([s]) || ¢([r]), and a communication
on hd. is possible, realizing the substitution of = by s in ¢; the
execution then continues with [[s / z]t] || ¢([x]). Otherwise, p
is b(0), and the computation terminates.

Formally, the operational correspondence between the KAM
and its translation is as follows.

Theorem 3. In the forward direction, if C ~* C’, then
[C] == [C']. In the backward direction, if [C] — P,
then there exists a C' such that C —* C' and either

.« P=[C"],

o or there exists P' such that P —— P’ = [C"],

o or C' = \x.t x[] and P = hd.(x).[t] | b{0).

Sketch. The proof is straightforward in the forward direction.
In the backward direction, we show that the translation is
deterministic (if [C] =— P —— @Q; and [C] =—
P —5 Q,, then Q; = Q) and we rely on the fact that
the translation of a PUSH step uses one communication, while
we use two communications for a GRAB step. O

We can then improve over the result of [[15]] about undecid-
ability of strong barbed equivalence by hiding hd. and c.
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Theorem 4. Strong barbed equivalence is undecidable in
HOcore with 2 hidden names.

Proof. Assume we can decide strong barbed congruence
with two hidden names, and let ¢ be a closed A-term. We
can thus decide if [t~ []] is strong barbed-congruent to
c(x).(z | e{x)) | E(c(x)(x I E(x))) when hd. and ¢ are
hidden. As the second term loops with no barbs, deciding
congruence is equivalent to deciding whether the reduction
of ¢t converges, hence a contradiction. O

IV. NORMAL-FORM BISIMILARITY

Our first full abstraction result is for normal-form bisim-
ilarity [16]. We show how to internalize this equivalence in
an extension of the KAM such that it may be captured by
a simple barbed bisimilarity. We then translate this extended
KAM into HOcore, and we finally prove full abstraction.

A. Normal-Form Bisimilarity

Normal-form bisimilarity compares terms by reducing them
to weak head normal forms, if they converge, and then decom-
poses these normal forms into subterms that must be bisimilar.
Unlike the KAM, normal-form bisimilarity is defined on open
terms, thus we distinguish free variables, ranged over by a,
from bound variables, ranged over by x. The grammars of
terms (¢, s) and values (v) become as follows.

tz=a | x| Aot | tt vi=a | Azt

Henceforth, we assume that A-terms are well formed, i.e.,
all variables ranged over by x are bound: x is not a valid term
but « is. We write fv(t) for the set of free variables of ¢. A
variable « is said fresh if it does not occur in any entities
under consideration.

When evaluating an open term, we can obtain either a A-
abstraction, or a free variable in a stack. We inductively extend
a relation R on A-terms to stacks by writing # R «' if 7 =
7w =[],orif my =t =7y, my=sumh, t Rs, and 7} R 7).

Definition 5. A symmetric relation R is a normal-form
bisimulation if t R s implies:
o iftx[] =" Ax.t'x[], then there exists s’ such that sx[] —
Ax.s' x [] and [ [ 2]’ R [a | x]s’ for a fresh o
o ift*[] " axm, then there exists ™' such that s *[] —
ax7’ and T R 7.

*

*

Normal-form bisimilarity ~¢ is the largest normal-form bisim-
ulation.

B. Abstract Machine

We now extend the KAM so that it provides additional steps,
identified by labeled transitions, that capture the testing done
by normal-form bisimilarity. This extended machine features
flagged transitions, terminating transitions, and a restricted
form of non-determinism. Flagged transitions are usual tran-
sitions of the machine with some additional information to
convey to the environment that a particular event is taking
place. Machine bisimilarity, defined below, ensures that bisim-
ilar machines have matching flags. Transitions without flags
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use a 7 label. Terminating transitions are flagged transitions
that indicate the computation has stopped. They are needed for
bisimilarity: as machine bisimilarity ignores 7 labels, we use
terminating transitions to distinguish between terminated and
divergent machine runs. Finally, we allow non-determinism
in machines, i.e., a given configuration may take two different
transitions, only if the transitions are flagged and have different
flags. In other words, the non-deterministic choice is made
explicit to the environment.

We define the NFB machine in Figure 2] When computation
stops with a A-abstraction and an empty stack, we have to
restart the machine to evaluate the body of the abstraction
with a freshly generated free variable (rule LAMBDA). To do
so, we consider free variables as natural numbers, and we
keep a counter n in the machine which is incremented each
time a fresh variable is needed. For a configuration « * ,
normal-form bisimilarity evaluates each of the ¢; in the stack
(rule VAR). To internalize this step, we could launch several
machines in parallel, as in [22], where the translated ¢; are
run in parallel. This approach has two drawbacks: first, it
is a further extension of abstract machines (a machine no
longer steps to a single machine state but to a multiset of
states). Second, when translating such extended machines into
HOcore, we want to prevent them from interacting with each
other, but we cannot rely on name restriction, as in [22], to en-
capsulate an unbounded number of translations. Alternatively,
one could evaluate the elements of the stack sequentially, but
this approach fails if one of the elements of the stack diverges,
as the later elements will never be evaluated. We thus consider
a third approach, built upon flagged non-determinism: the
machine chooses arbitrarily an element of the stack to evaluate,
and signals this choice using flags (rules ENTER, SKIP, and
DONE). The burden of evaluating every element of the stack
is thus relegated to the definition of machine bisimilarity: as
every flagged execution must be matched by an execution with
the same flags, every possible choice is explored.

As before, we use C' to range over configurations, which are
now of two kinds. In evaluation mode, (t,7,n)e, is reducing ¢
within stack 7 and with counter n. The transitions PUSH and
GRAB are as in the KAM, except for the extra parameter.
If we reach a A-abstraction in the empty context (transition
LAMBDA), then the machine flags ® and then restarts to
evaluate the body, replacing the bound variable by a fresh
free variable, i.e., the current value n of the counter. If we
reach a free variable «, i.e., a number, then we flag the value
of « before entering the next mode (transition VAR).

In continuation mode (mw,n)q, the transition DONE simply
finishes the execution if 7 = [], using the flag . Otherwise,
m =t = «', and the machine either evaluates ¢ with flag w
(and forgets about 7'), or skips ¢ with a flag » to possibly
evaluate a term in 7’. The machine may skip the evaluation of
all the terms in 7, but it would still provide some information,
as it would generate m W messages (followed by %), telling
us that m has m elements. Note that the counter n is stored
in continuation mode just to be passed to the evaluation mode
when one of the ¢; is chosen with transition ENTER.

Example 6. 7o illustrate how the machine works, we show the
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(t 5,7, nYey — (t,5 T, N)ey (PUSH)
(Az.t, s m,n)ey = ([ ] 2]t, T, )y (GRAB)
(Azt,[],n)ew = ([n/z]t,[l,n+1)ey  (LAMBDA)
(0, 7, n)ey > (T, n)et (VAR)
([ln)ee = (DONE)
(t=mn)e > (¢ [, n)ev (ENTER)

(t 57, m)et > (7,0t (SKIP)

Fig. 2: NFB Machine

transitions starting from the term (Az.x) (Ay.y 0 Q), where
Q= (\v.x ) (\z.x z). The term is executed in the empty
context, and with a counter initialized to a value greater than
its free variables.

(Az.z) (Ay.y 092),[], Dev

{
S Az, Ay 0[] ey (PUSH)
= (Ay.y 09,1, 1)y (GRAB)
2 (10 9,[],2)er (LAMBDA)
5 (10,925 [],2)er — (1,0:Q:[],2)ey (PUSH - PUSH)
S (00 [],2)a (VAR)

We then have three possibilities. First, we reduce the top of
0

[] )Ct AS <07 []72)ev =
([1,2)ct 2. Second, we evaluate Q) with the sequence (0 : ) =

[1,2)et it (Q = [1,2)et = (Q,]],2)ev, and then the machine
loops without generating any flag. Third, we skip both terms
with (0= Q2 [],2)ee = (25 [], 2)et > ([, 2)ee > . Note that

the three options generate different traces of flags.

the stack with the sequence (0 :: Q =

Because the rules GRAB and PUSH are the same between
the KAM and the NFB machine, there is a direct correspon-
dence between the two.

Lemma 7. Forallt, t', m, 7', n, txm > t' > iff (t, 7, n)ey —
(t', 7", n)ey

We finally show that a notion of bisimilarity between config-
urations of an NFB machine captures normal-form bisimilarity.

To this end, we first define machine bisimilarity, where we
denote the flags of the machine by f.

Definition 8. A symmetric relation R is a machine bisimula-
tion if C1 R Cs implies:

o ifCh RN C!, then there exists C such that Cy >
CY and C’l R CY;
*f

. lfClr—> »L then Co > .

*f
N

Machine bisimilarity ~y, is the largest machine bisimulation.

Intuitively, machine bisimilarity ensures that every flag
emitted by a machine is matched by an identical flag from the
other machine, up to internal reductions. Note that a machine
that diverges with 7 labels can be related to any other diverging
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[t s] = c(p).([t] 1| &(hdc([s]) || E(p)))
[\z.t] = e¢(p).(p || b{Restart) || hdc(x).b(_). [t])
[z] ==
[o] =[]
hdc(z) || k(suc(_).x) ||)
(L0D) 11 b(0)
Rec = init(_).rec(z).(x || 7ec(z) || Cont)
Cont = ¢(p).(p || b{(_).0) || hdc(z).b(_).Chee(x))
Chee(P;) = w(_).c(L)-(P: [ [1)) + »(_)-init(0)

[00] = b(z).x
[t = 7] = hde([t1) Il &([=])
[0] e = 2(2)-init(0)
[n+ 1] = suc(_). [

[t m,n)eu] = [6] 1 ([7]) Il B([nye) || Rec || 7ec(Rec)
[, n)ee]l = (D) I K{[]ye) || Cont || Rec | 7e(Rec)

Restart = ©(_).k(z). ( :

Fig. 3: Translation of the NFB machine into HOcore

machine or any machine stuck without a flag. We make sure
the latter case cannot occur in our machines by having only
terminating transitions, which are flagged, as stuck transitions.
We can now state that normal-form bisimilarity coincides with
machine bisimilarity of NFB machines.

Theorem 9. We have t = s iff there exists n >
max (fv(t) ufv(s)) such that (t,[],n)ev ®m (S, [],7)ev-

Sketch. Machine bisimilarity implies ~,¢ because

{(t5) | (&, [, n)ev ¥m (5, (], n)ev, n > max (fo(t) Ufu(s))}

is a normal-form bisimulation, and the other direction is by
showing that

{((t, 0. n)evs {5, [ m)ew) | € 0f 5,7 > max (Fu(t), fu(s))}

{ ({7, n)et, (7', 1)) | 7 ng 'y m > max (Fu(r), fu(n'))}

is a machine bisimulation. O

C. Translation into HOcore

In Figure 3] we present the translation of the NFB machine
into HOcore, where we consider flags as channel names.
Configurations now contain a counter n, which is represented
by a message on k containing the value of n encoded as
a process. We use [.[,,, to translate a natural number n
into a process suc(_)....suc(_).z(_).init(0); the role of

—

n times
the final output on init is explained later. Free variables «

are also numbers, since we cannot generate new names in
HOcore, and we use the same translation for them. We also

TVTY O NN~

use non-deterministic internal choice, encoded as follows:
P+Q = ch{P) || ch{Q) || ch(x).ch(_).z: both messages are
consumed, and only one process is executed. This encoding
supposes that at most one choice is active at a given time, as
we use only one name ch to encode all the choices. We also
use n-ary choices for n > 2 in Section [V-C| which can be
encoded in the same way.

A stack is represented as in the KAM, by messages on hd.
and ¢, and the translation of an application [t s] is exactly the
same as for the KAM. The encoding of the empty context [ ]
is different, however, because contexts are used to distinguish
between execution paths at two points in the machine: when
evaluating a function Az.t in evaluation mode, and when
deciding whether the execution is finished in continuation
mode. The empty context is thus encoded as b(x).x, waiting
to receive the process to execute in the empty case. For the
non-empty case, this input on b is absent and there are instead
messages on hd. and c. Thus the generic way to choose a
branch is as follows:

b(do this if empty) || hd.(x).c(y).b(_).do this if non-empty.

In the non-empty case, the input on b discards the message
for the empty behavior that was not used.

For A-abstractions, the behavior for the empty case is
described in the process Restart. More precisely, [Az.t]
receives the current stack [7] on ¢ to run it in parallel
with b(Restart) || hd.(z).b(_).[t]. If [x] is of the form
hd([t']) || &[[#']), then we have the same behavior as with
the KAM, with an extra communication on b to garbage collect
the Restart process. Otherwise, [r] = b(z).2 and we obtain
the following sequence of transitions.

b(x). || B{Restart) | hde(2).b(_). [£] | F{[n]jne)
s 0()k(a).(de(a) | Fsuc().2) | [[1]) 1| 5(0))
I hde().bC)- [1] 1| B[]
R [n]ye) | F(suc()- [nline) || 100 1 540)
Il hde() (). 1] i
T K(sue(). [nlhoe) I IO 15(0) 1| 6)- [[n / 2]t]
— B[+ 1) | 0D 1 [0/ 1]

In the end, we have effectively restarted the machine to
evaluate [n [ x]t, as wished.

In continuation mode, the branching is done by the process
Cont, which is executed after applying the transition VAR.
More precisely, a free variable « is translated using [.[,,,.
which signals first the value of o (with the names suc and z),
and then sends a message on init to enter the continuation
mode. The way the NFB machine chooses which ¢; to evaluate
in a stack ¢ = ... t,, =[] is a recursive mechanism, and
recursion can be encoded in a higher-order calculus: Rec ||
7ec(Rec) reduces to Cont || Rec || 7e¢(Rec) when it receives
a message on init. The process Cont is doing a case analysis
on [r] when it is executed in parallel with ¢([x]): if 7= =[],
then [7] = b(z).x receives the message on b which flags ¥
and the machine stops. Otherwise, [7] = hd.([t]) || &([=']),
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and we have the following reductions:

Cont [ &([x]) ——  hdc([t]) || &{[=]) || b(x().0)
Il hde(x).b() Chee(a)
——" &([']) || Chee([¢])

At this point, Chce([[t]) either evaluates ¢ with flag w, or
flags » and continues exploring 7’. In the former case, the
current stack 7’ is replaced by an empty stack, and in the
latter, a message on init is issued to produce Cont || ¢(['])
after some reduction steps.

D. Operational Correspondence and Full Abstraction

Establishing full abstraction requires first to state the cor-
respondence between the NFB machine and its translation. In
what follows, we let f range over the flags ®, v, P, %, and a,
where « is used as a shorthand for the succession of « suc
flags followed by a z flag. We let f range over flags and 7.

Definition 10. A process P is a machine process if there exists
a configuration C of the machine such that [C = P,

To establish the correspondence between the machine and
its translation, we first define a predicate next( f , P) such that,
if @ € next( f , P), then there is a weak reduction with a step f
from P to @, @ is the translation of a machine, and there is
no machine translation in between. Intuitively, it is the first
translation reached after a step f .

Definition 11. We write Q € next(f, P) if P AN SN
Q, Q = [C"] for some C', and for any P’ such that P' # P,

P'=Q, andP:f>P’:T>Q0rP:T>P’:f>Q, we

have P’ = [C] for any C.

A machine process is either a translation of a configuration,
or an intermediary state between two translations; next( f ,P)
gives the set of next processes which are translations. We
now prove that, with a single exception, the translation is
deterministic. The exception to determinism corresponds to
the choice made in continuation mode, which is also not
deterministic (but flagged) in the machine. We call choice
process a process about to make that choice; such processes are
of the form Chce(P,, Py, P,) = Chece(P;) || &(Px) || k(Py) ||
Rec || 7e¢(Rec).

Lemma 12. LetﬁP be a machine process which is not a choice
process. If P L pranap L P" then f = f" and P’ =

P". Let P be a choice process. If P —— P', P —— P",
and WkObs(P') = WkObs(P""), then P' = P".

The choice process Chce(P;, Py, P,,) may only reduce to
the translation of a configuration after a flag » or w. Thus
next(r, Chce(P;, Py, P,,)) is empty, and Lemma implies
that next(f,P) is a singleton if it is not empty. In the
following, we write next( f , P) to assert that it is not empty
and to directly denote the corresponding unique machine
translation.

We can now state the correspondence between the NFB
machine and its translation.

VTS O NN~

Lemma 13. The following assertions hold:

. oL ool == [07] and next(F,[C]) = [C'].

.05 iﬁ‘[[C’]]:T>i>PandeHOO.

With this result, we can relate the bisimilarities of each
calculus. Henceforth, we write ~yo for w]}Hﬂo where H contains
the names of the translation that are not flags. We define the
process complementing a flag as follows: for f # a, we write f

for the process f(0), and we write @ for the process defined
as n + 1 = 5uc(0) || @ and 0 = Z(0).

Theorem 14. C »~,,, C' iff [C] ~no [C'].

Sketch. To prove that barbed equivalence implies machine
equivalence, we show that R = {(C,C") | [C] =uo [C']}
is a machine bisimulation. Let C; R Cy, so that C} s

f — T — T

Cy = Cs; then [C1] || f == [Co] || f == [C5] by
Lemma [13] which in turn implies that there exists P such

that [C]] | f == P and [Cs] ~Ho P. In particular, we
have WkObs([C3]) = WkObs(P), meaning that ~(P |7).

Consequently, there exists P’ such that [C]] —= P’ and
P’ | . We can prove that P ~yo next(f, P’), but by definition
of next, there exists C% so that next(f,P’) = [C}]. As a
result, we have [Cs] ~»po P ~po [C5], ie., C3 R CY, and

[C1] AN [C4], which implies C J, C%, as wished.
The case C; — Cs ~> is similar.
For the reverse implication, we prove that

(Pc | R, Per | R) | Cam €,
WKObs(Pc) = WkObs( Por)
Po == [C],Per == [C'] or
[C] = Pc,[C"] == Pcr,
U{(P| R, P"||R) | P#uo0wno P'}

a

R

is a barbed bisimulation. The difficult part is to check that
Pc | R —— P’ with a communication on a flag f is
matched by Pcr || R. We have Pc |y, which implies that Po
cannot reduce: a machine process is either reducing or has an
observable action. We are therefore in the case [C] — Pe,
and R |7 Suppose f # ¥¢; then Po S, Pe, == [C4]
for some Pc, and with [C3] = next(f,Pc). Because a
machine process is deterministic (Lemma [I2), then in fact
P’ = Po, | R’ for some R'. We _have [C] L, [Ca],
so C ER C5 holds by Lemma Because C ~,, C’,
there exists C’ such that C" KR C} and Cy ~, C4. By
Lemma this implies [C'] AN [C5]; in particular, there
exists Pgy such that [C'] ——=—— Py —— [C4]. By
Lemma , we have Pcr :T>L> Pcé, therefore we have
Por || R == Pcy || R, with Pc, | R R Pey || R, as
wished. In the case f = ¥, we show that we obtain processes
in the second set of k. O

As a result, we can deduce full abstraction between HOcore
and the A-calculus with normal-form bisimilarity.
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Corollary 15. We have t w~n¢ s iff there exists n >
max (fv(t) ufv(s)) such that [(t,[],n)e] #Ho [(S,[], 7)ev]-

Proof. By Theorems [ and [T4] O

V. APPLICATIVE BISIMILARITY

Proving full abstraction w.r.t. normal-form bisimilarity
requires minimal interactions—synchronizations on flags—
between a machine process and the outside. Achieving full
abstraction w.r.t. applicative bisimilarity is intuitively more
difficult, since this bisimilarity tests A-abstractions by applying
them to an arbitrary argument. Internalizing such bisimilarity
is simple using higher-order flags: one may think of the
following transition to test the result of a computation:

At x[] [s /2]t « ]

Although HOcore has higher-order communications, we can-
not use them to obtain a fully abstract encoding of such a
machine for two reasons. First, allowing interactions where
the environment provides a term may allow arbitrary processes
to be received, including processes that are not in the image
of the translation, thus potentially breaking invariants of the
translation. Second, the translation of the KAM has to hide the
names it uses for the translation to be fully abstract; it is thus
impossible for the context to use such names and to provide
translated A-terms to be tested.

We thus propose in this section to internalize applicative
bisimilarity using ordinary flags: when the abstract machine
reaches a value, it switches to a different mode where it non-
deterministically builds a test term step by step, using flags to
indicate its choices so as to ensure that a bisimilar machine
builds the same term. The translation of such a machine into
HOcore is then similar to the translation of the NFB machine.

Using simple flags to generate terms step by step implies
we need to deal with binders. In particular, and anticipating
on the HOcore translation, we no longer can rely on the
definition of binding and substitution from HOcore, as we
cannot write a process that inputs a translation of ¢ and outputs
a translation of Ax.t using an HOcore binding for z. We
thus switch to a pure data description of bindings, using de
Bruijn indices. As such terms still need to be executed, we
first recall the definition of the KAM with de Bruijn indices
and the definitions of contextual equivalence and applicative
bisimilarity for A-terms with de Bruijn indices. We then
present the machine internalizing applicative bisimilarity, its
translation into HOcore, and show they are fully abstract.
We finally conclude this section by showing how contextual
equivalence is internalized in an abstract machine, generating
contexts instead of terms.

A. The KAM and Behavioral Equivalences

In the A-calculus with de Bruijn indices, a variable is a
number that indicates how many \’s are between the variable
and its binder. For example, Az.x is written A.0 and A\zy.z y
is written A.A.1 0. The syntax of terms (¢, s), closures (7),
environments (e, d), and values (v) is as follows.

tz=n | ts | A\t nu=(te) ex=nue|e wvi=(\te)

VTN O NN~

A closure 1) is a pair (t, e¢) where e is an environment mapping
the free variables of ¢ to closures; environments are used in
lieu of substitutions. A term ¢ is closed if fv(t) = @, and a
closure (¢, e) is closed if the number of elements of e is bigger
than the highest free variable of .

The semantics is given by the original, environment-based
KAM, where a configuration C' is now composed of the closed
closure (t,e) being evaluated, and a stack 7 of closures. The
transitions rules are as follows.

C = (t,e,m)e, (configurations) mu=num | [] (stacks)

(t s, e,T)ey — (L,e,(5,€) = T)ey (PUSH)

(0, (t,€) = d, ey — (t,€,T)ey (ZERO)
(n+1,(te) = d ey — (n,d, T)ey (ENV)
(At e,n = They — (£,1 5 €, T ey (GRAB)

In PUSH, the argument s of an application is stored on the
stack with its environment e while the term ¢ in function
position is evaluated. If we get a A-abstraction \.t (transition
GRAB), then an argument 7 is moved from the stack to the top
of the environment to remember that 77 corresponds to the de
Bruijn index 0, and the evaluation continues with ¢. Looking
up the closure corresponding to a de Bruijn index in the
environment is done with the rules ENV and ZERO. Because
we evaluate closed closures only, it is not possible to obtain
a configuration of the form (n + 1,€,7)e,. If a configuration
of the form (M\.t,e,[])ey is reached, then the evaluation is
finished, and the result is (\.t,e).

Behavioral equivalences: Contextual equivalence com-
pares closed terms by testing them within all contexts. A
context C is a term with a hole O at a variable position;
plugging a term ¢ in C is written C[¢]. A context is closed if
fv(C) = @. Contextual equivalence is then defined as follows.

Definition 16. Two closed terms t and s are contextually

equivalent, written t =~y S, If for all closed contexts C,
Clt] e, Nev — (Nt €,[1)ey for some t' and €' iff
*

(Cls], €, [1)ev s (A.s",d' [ ])ev for some " and d'.

Contextual equivalence is characterized by applicative
bisimilarity [1], which reduces closed terms to values that are
then applied to an arbitrary argument.

Definition 17. A symmetric relation R on closed closures is an
applicative bisimulation if (t,e) R (s,d) and (t,e,[])ev .
(Nt €' [ev implies that there exist s’ and d' such that
(s,d,[])ev s (N.s',d',[1)evs and for all closed t"', we have
(t, (t",€) =e) R (s, (t"€) = d).

Applicative bisimilarity ~,p, is the largest applicative bisim-
ulation.

We can prove full abstraction between HOcore and the
A-calculus by either internalizing contextual equivalence or
applicative bisimilarity. We choose the latter, as it is closer
to normal-form bisimilarity, and we show in Section the
machine for contextual equivalence.
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(At,e;[Dev — (0,1,0, (t,€))ind (ARG)

(n, Ky Py M)ind 2, n+1,6+1,0,1ind (Suc)
(1 5y Py 0 ind —— (N K, s M)em (VAR)
(t,k+1,p,10)em — (AL, K, 0, 0)tm (LAMBDA)
(LAMBDAO)

(t, 5, p,M)em — (0,1, (£,K) = p,n)ina (APPFUN)
<Sa K1, (t Ii?)
*

(tO@(se)tmn—>

tm

o (ts ,max(k1,k2), 0, Nm (APP)

€ [Dev

tm

n) {
n) (
n) {
(£,0, 9, 7)em = {At,0, 9, 7)em
1) {
s Mem — {
) (s,

(€)=

(RESTART)

Fig. 4: AB machine: argument generation

B. Argument Generation for the Applicative Bisimilarity

After evaluating a term thanks to the KAM, we want to
produce a closed argument to pass it to the resulting value,
and then restart the evaluation process. The approach of [8]
consists in waiting for a name from the outside, giving access
to a translated A-term to be applied to. If the environment does
not provide access to a well-formed translation, the process
simulating -reduction remains stuck. In contrast, our machine
directly generates a well-formed argument: we represent a A-
term as a syntax tree, with de Bruijn indices at the leaves,
and applications and A-abstractions at the nodes. We start
generating from the leftmost de Bruijn index, and we then
go left to right, meaning that in an application, we create the
term in function position before the argument. These choices
are completely arbitrary, as doing the opposite—starting from
the rightmost index and go right to left—is also possible. To be
sure that we produce a valid, closed, A-term, we have to check
that each de Bruijn index n has at least n + 1 A-abstractions
enclosing it, and that each application node has two children.

To do so, we consider machine states with four components:
the term ¢ being constructed, a counter x giving the minimal
number of A-abstractions required to close the term, a stack p
used to build applications, whose syntax is

pi=(t,w)=p | ©

and which is explained in more detail later, and finally the
closure 1 for which the argument is being built. This last
element is never modified by the building process, and is
just used to restart the machine in evaluation mode when the
argument is finished. We distinguish two kinds of states: the
index state (n, k, p,n)ind>» Where only de Bruijn indices can be
built, and the term state (¢, , p,n)tm, Where any term can be
produced. The transitions for these states are given in Figure ]

The transition ARG starts the building process when we
reach a A-abstraction in evaluation mode with the empty
continuation []. We begin with the index 0, which requires
at least 1 A-abstraction above it, and with the empty stack ©.
The value of the index can then be increased with the transition
Suc, which accordingly also increases the value of x. When
we reach the needed value for the index, the transition VAR

TVNTY O NN~

switches to the term mode; we use two modes to prevent a
Suc transition on a term which is not an index.

In term mode, we can add M-abstractions to the term,
decreasing x if k > 0 with transition LAMBDA, or leaving
at 0 with transition LAMBDAQO; the abstractions we introduce
when « = 0 do not bind any variable. Once we are done
building a term ¢ in function position of an application, we
use transition APPFUN to build the argument s. We start again
in index mode, but we store on top of p the term t with its
counter k9. When we finish s with a counter 1, we build the
application with transition APP, which takes the maximum
of k1 and ko as the new minimal number of A-abstractions
needed above ¢t s. Note that the APP transition is allowed
only if p is not empty, meaning that at least one APPFUN has
been done before. Finally, we can conclude the term building
process with transition RESTART only if x = 0, meaning that
all the variables of the term are bound, and if p is empty,
meaning that there is no application waiting to be finished.

Example 18. Figure [3] presents how we generate the term
AA(A0) (1 X.0); we start with the underlined 0.

Any closed term t can be generated with the AB machine,
and it is possible to define the sequence of flags Seq(¢) that
will be raised in the process. We write () for the empty

sequence, and (f1,..., fn, (f1s- s f1), frs1,- -, f1) for the
sequence (f1,..., fusf1seevs fons frats--os J1)-

Definition 19. Given a term t, we define Seq(t) as

Seq(t) = (SeqTm(t), ¥)
SeqTm(t s) = (SeqTm(t),I,SeqTm(s), @)
SeqTm(\.t) = (Seq(t),\)
SeqTm(n) = (Seqind(n), =)
Seqind(0) = ()
Seqlnd(n +1) = (Seqlnd(n), @)

S m
We write C »i(t)C” for O 25 ... 27 7 where Seq(t) =

(fis-- s fm)-

. Seq(t')
Lemma 20. If t' is closed, then (0,1,0,(t,€))ind —
(t, (' €) = e, [J)ev-

This lemma allows us to prove the correspondence between

the AB machine and applicative bisimilarity.
Theorem 21. (¢,€) ~app (8,d) iff (t,€,[])ev #m (S, d, [])ev

Sketch. To prove that machine bisimilarity implies applicative
bisimilarity, we show that

{(te), (s.d)) | {t.e,[Dev mm (5,d, [Dev’

is an applicative bisimulation. Roughly, (¢,e) evaluat-
ing to (A.t',e¢’) means that (s,d) evaluates to (\.s',d’)

thanks to ®. Then for all closed t”, the sequence
Sel
(0,1,0, (t',€") Yind ) (t',(t",e) = € [])ev can only be

Se
matched by (0,1, 0, (s',d") ind L(f)(

we can conclude.

(7€) = d [])evs SO
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Fig. 5: Example of argument generation
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For the reverse implication, we show that

R={({t.e, Devs (5.4 [Dev) | (t,€) ~app (5,0)}
U {((n, 5, p, (t,€)Yina)» (ns 5., (5,d) Yina) |
(At e) mapp (A.s,d)}
U{({t', 5, 0, (£,€))em) (s 5,0, (5,d) em) |
(At e) mapp (A.s,d)}

is a machine bisimulation, which is easy to check. O

C. Translation into HOcore

Figure[6] gives the translation of the AB machine in HOcore.
We detail each component, starting with the evaluation mode,
i.e., the KAM. We follow the same principles as in Section [[TI}
a non-empty stack 7 or environment e is represented by a pair
of messages, respectively on hd. and c, and hd. and env. A
closure is represented by two messages, one containing the
term on 7n; and one containing the environment on 73. The
process representing the empty environment € should never be
executed, because all the closures we manipulate are closed;
as a result, we can choose any process to represent it, e.g., 0.
The empty stack [[]] and the process P, are used to generate
an argument and are explained later.

The encoding of t s simulates the rule PUSH: we receive
the current stack and environment e to create the new
stack with (s,e) on top. Because we receive the current
environment to put it on the stack, we have to recreate it on
env, unchanged. In the encoding of \.t, we capture the stack
and environment, and if the stack is non-empty, we fetch its
head 7 to create a new environment with 7 on top. Finally, a
de Bruijn index n > 0 go through the current environment,
until we reach the correct closure (case n = 0). In that case,
we receive the head n and tail of the environment, discard
the tail as it is no longer useful, and we restore the term and
environment stored in 7.

If A.t is run in the environment e and the empty stack [],
then we obtain [[]] || hdc(2).([t] | env(hde(2) || env([e]))),
so [[]] has to start the argument generating process, and the
result has then to be sent on hd. for the evaluation to restart.
We write Stuck((¢,e)) for the process in parallel with [[]],
which remains stuck during the whole generation process. We
now explain how (n, x, p,n)ind and (¢, k, p, 7)tm are encoded,
starting with x and p.

The machine distinguishes cases based on whether x is 0
or not, to know if we should apply the transition LAMBDA or
LAMBDAO. In the encoding of these rules (see the definition
of Lambda), we send on name zero the expected behavior if
x = 0, and on succ what to do otherwise. The translation of the
counter receives both messages, executes the corresponding
one (e.g., the one on zero for the encoding of 0), and discards
the other. Apart from that, x is translated as a natural number.
Similarly, the translation of p combines the regular encodings
of pairs and stacks, but also indicates whether p is empty or
not, to know if we can apply the transitions APP and RESTART.

After flagging @, the process [[]] starts the argument
generation process in index mode: the index being built is
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1) Evaluation mode

[{t, e, m)e] = [t] | Emv(Le]) || &([mT) Il Prec [(t,e)] =7 ([¢D) Il 72 [e])
1007 = o()-(ind([0) || K([1]) I| 7([@]) || initInd{0)) [] =0
[ 7] = hde{[]) || &([]) [ €] = hde{[n]) || &mv([e])

[t 51 % Appeai([], [s])  APPewai(Pr, o) 2 e(@)-env(y).(Pr || e hde(mn(P) [l 7(y) | =) || w(y)
[A-t] = Lameval ([t]) Lameva|(Pt) =c(x).(z || hd(y).env(2).(P; | em}(hde(y) I W(z))))
[n+1] = Indevar([n]) Indeval(Py) = env(z).(z || hde(_).P,)

[0] = env(z).(x || hde(y)-env(L).(y Il m (y1)12(y2)-(u1 || emv(y2))))
Prec = RecInd || recind(Reclnd) || RecTm || rectm(RecTm) || RecMax || 7ecmaz (RecMax)

2) Counter &, stack p, and stuck process Stuck(n)

[0], = zero(x).suce(_).x [o] = mt(x).cons(_).x
[+ 1] = Suk([«].) [(t, %) = p] = ConsR([(t, #)] . [p])
Suk(P,) = suk(Py) | zero(_).succ(x).x ConsR(Pha, P,) = hd(Pra) || 7(P,) || mt(_).cons(x).x
Stuck((t,e)) = hde(2).([1] || emv(hde (=) || env([e]))) [(t,%)] = wi([]) || w2{[x].)

3) Creation of indices
[{, 5, p,1hing] 2 D) 1| R[6T) | 7{Lo]) || P | T7ET(0) | Stuck(n)
Reclnd = initInd(_).recind(zx).(z || recind(z) || Succ + Var)
Succ = @(_).ind(x).k(y).(ind(Indevai (z)) || k(Suk(y)) || initInd(0))
Var = &(_).ind(z).(tm(z) || initTm(0))

4) Creation of terms
[{t. &, p,m)em] = T [e]) | BA[wDC) 11 7(To]) | Prec Il initTm{0) || Stuck(n)
tm{Lameyal(z)) || P || zero( o) || mi )
I succ(suk(y) )l mthm(O)))
AppFun( P, By) = (_).tm(x).(F(ConsR(hd:(wi(z) || wa(Px)), P)) | md<[[0ﬂ> | B{([1].) || initTnd(0))
Done = % (_).tm(x).(hdc{mi{z) || 72([])) Il &([[1))

. max1(y) | maz2(Py) || initl(y) || init2(Py) |
Aon(F B ) 0yt (Bt . (120 e o)
RecMax = initl(zy).init2(zs).recmaz(y).(y || Feemaz(y) || Max(z1,z2))

P W(maml(w).%(x)) )>
| swee(suk(x2).(init1{z1) || init2(z2)))

Lambda(P,) = A\(_).tm(z). (

Max(Py, P,) = Py || %(mamZ(m).%(x)) I succ(suk‘(ajl)(

x || rectm{x) || r(y).y || cons

(k(z).hd,(yl).r(yg). >
(Lambda(z) || y) + AppFun(z,y) + App(2,y1,y2)

RecTm = initT'm(_).rectm(zx). z || zero(

(Lambda(z) || [@]) >
I mt(k(z).

+ AppFun(z,[®]) + Done

(Lambda(z) || ﬂ®ﬂ)> )
+ AppFun(z,[@])

I succ<suk(_).

Fig. 6: Translation of the AB machine
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sent on ind (here, initialized with [0]), the counter on k, and
the stack on r. The message on initInd triggers the recursive
process Reclnd, which non-deterministically chooses between
Succ and Var. Executing Succ flags @, increases the values of
the index (thanks to Indeya) and the counter (with Suk), and
relaunches the Reclnd process with a message on initint.
Executing Var flags @, moves the index from ind to tm, and
initiates the term mode by sending a message on initT'm,
which triggers the process RecTm.

The goal of RecTm is to non-deterministically choose

between the four transitions available in term mode, namely

A -l Q@ ¥
—, —>, ——_ and ——. However, some of these transitions

have requirements: 2, needs p # © and s needs p =0 and
k = 0. The process RecTm is therefore doing a case analysis to
check these conditions. First, it captures [p] on r: if p #+ @, it
executes the message on cons, which makes a choice between
A, I, and @, which are represented by respectively Lambda,
AppFun, and App. If p = ®, then we do a case analysis on k.
If k =0, then we can do either A\, I, or % (represented by
Done), otherwise, only A or -l are possible.

The process Lambda adds a A-abstraction to the term in tm,
updating « (represented by P,;) accordingly: if x = 0, then it
is restored unchanged on k, otherwise, it is decreased by 1
by releasing the message in suk. The process AppFun pushes
on the stack P, the current term ¢; on ¢m and its counter x
(represented by P,), which is the term in function position
of an application. It then relaunches the index mode to build
the argument ¢, with its counter xo. The process App can
then build the application itself, by computing the maximum
between «; and ko with the processes RecMax and Max.

We compute the maximum between «; and ko by removing
the layers of successors common to x1 and ko, until we reach 0
for one of them. If we reach O for k1 first, then ko is the max,
otherwise it is x1. We store the initial values of «; and ko in
respectively mazl and max2, and the decomposition occurs
in Max, where initl is initialized with x; and init2 with ko.
If P, = [k1], = [0]_, then we send ko (stored in maz2) on
resu. Otherwise, Py = suk(P]), and we do a case analysis
on the process P, = [ka].. If P, = [0]_, then we send x;
on resu, otherwise P, = suk(P,), and we restart RecMax by
sending P and Pj on initl and init2, respectively. Once the
max is known on resu, then App builds the application ¢; to
and relaunches RecTm.

Finally, the process Done ends the argument generation
phase, and restarts the computation by restoring the empty
continuation and by passing the term in ¢m to Stuck(n). The
process Prec contains all the processes necessary to encode the
different recursive mechanisms.

Full abstraction: We use the notions of Section
to prove the correspondence between the AB machine and
its translation. The definition of next carries over to the
translation of the AB machine, and Lemmas [12] and [13] still
hold (but without terminating transitions). Recall that ~po
stands for “Ho» where H contains the names of the translation
that are not flags. The proof of the following theorem is then
the same as for Theorem [I4}

VTS O NN~

(n, K&, plind —> (n+ 1,6+ 1, plind (Suc)

(n, &,y Plind — (N, K, Pem (VAR)

(t, Kk + 1,p)tm (AN, Ky Phtm (LAMBDA)

(£,0, pYem ——> (\.£,0, phem (LAMBDADO)
(t, K, p)em —> (0,1, (t,K) = p)ina  (APPPUSH)

(t, k1, (8,K2) = Pltm 2, (t s,max(k1,K2), P)tm (ApP)
(t, K1, (s,K2) = Plem = (st,max(k1,K2), p)um  (APP)
(£,0,0)tm ——> (t, €, [])ev (START)

(Atye, [)ew = (DONE)

Fig. 7: Contextual equivalence machine

Theorem 22. C ~,, C’ iff [C] ~no [C'].

We then deduce a full abstraction result between A-calculus
with applicative bisimilarity and HOcore.

Corollary 23. If (t,e) and (s,d) are closed closures, then
(t,€) ~app (8,d) iff [{t, e, [Dev] #no [(s,d; [])ev].

D. Internalizing Contextual Equivalence

Corollary 23] is enough to deduce full abstraction w.r.t.
contextual equivalence, since t e § <= (t,€) mapp (8, €).
However, it is possible to prove this result directly, by inter-
nalizing contextual equivalence in an abstract machine.

Figure [/] gives the transitions of this machine, except for
the —— transitions, which are the same as in Section
In contrast with the AB machine, the contextual equivalence
machine produces a context first, and then reduces the resulting
term; consequently, the starting point is a state (¢,0,®)m,
where ¢ is the closed term we want to plug in the context.
When the context is finished, the transition = switches to
the evaluation mode. Also, the evaluation part of the machine
is not executed several times, since =~ iS not coinductive.
We flag ¢ when the evaluation terminates, to distinguish a
terminating term from a diverging one.

Creating a context C is almost the same as generating an
argument in the AB machine, except that we want to plug a
closed term ¢ inside. We build C[¢] by starting the generation
process from ¢; ¢ can be anywhere in C[¢], not necessarily at
the leftmost position, so we cannot do the generation process
going left to right in an application, as with the AB machine
(Section [V-B). Instead, after producing a term ¢ and with a
term s on the stack, we can do either the transition APPLEFT
to build ¢ s, or APPRIGHT to build s ¢.

Example 24. We show how to generate the context
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A.(00) (00) around t.
(t707 ®>tm 'l)'i) (05 17 (ta 0) = ®>tm

E (t0,1,0)tm
=l O]

—>—> (0,1, (£ 0,1) : O)em
s (0,1, (0,1) = (£0,1) = ©)em
e (00,1,(£0,1) = )

L ((00) (£0).1,0)m

2 (A.(00) (£0),0,0)em

The translation of the contextual equivalence machine into
HOcore and the full abstraction proofs are similar to the AB
machine ones.

Theorem 25. If t and s are closed terms, then t ~cx S iff
[[(t707 Q)tmﬂ ~HO [[<S7Oa G)tmﬂ-

VI. CONCLUSION AND FUTURE WORK

We propose encodings of the call-by-name A-calculus into
HOcore, fully abstract w.r.t. normal-form and applicative
bisimilarities, and contextual equivalence. This shows that a
minimal higher-order calculus with a fixed number of hidden
names, which is much less expressive than the name-passing
m-calculus, still has enough expressive power to faithfully
encode the call-by-name A-calculus.

Because we rely on abstract machines, our encodings are
not compositional. We use abstract machines not only to fix
the reduction strategy, but also as an intermediary step between
the A-calculus and HOcore. We turn the equivalences of the
A-calculus, and their potentially complex testing conditions,
into a first-order bisimilarity over a LTS (a flags-generating
machine), which is closer to the HOcore equivalence. We
believe this internalization technique can be applied to other
languages for which an abstract machine has been defined,
like, e.g., the call-by-value calculus and its CK machine [11]]
(see Appendix [C), or a calculus with control operators [7].
Even though the bisimilarities for these calculi can be quite
intricate, it should be always possible to generate a context as
in Section to internalize contextual equivalence.

The encodings of the extended abstract machines into HO-
core rely on the same principles, e.g., to represent stacks, non-
deterministic choice, case analyses on terms, etc. We believe
it is possible to automatically derive the encoding from an
abstract machine, so that the generated translation is deter-
ministic (up to flags for choice processes, as in Lemma [T2)
and with an operational correspondence result similar to
Lemma [I3] As these two ingredients are almost sufficient to
get full abstraction between machines and HOcore, it would
give us Theorem [I4] or Theorem [22] for free.

Finally, we aim at translating the full A-calculus, without
fixing a reduction strategy. Such an encoding in the 7-calculus
is proposed in [8], where a A-term is represented as a tree,
and (-reduction is a transformation on trees, which uses a
semaphore to avoid interference between two reductions. It
relies on an unbounded number of restricted names as each

TVTY O NN~

tree node is represented by such a name; we wonder if we can
rely on the same ideas, using only a fixed number of names.
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APPENDIX
A. Proofs for Normal-Form Bisimilarity

Theorem 9. We have t w~n¢ s iff there exists n >
max (fv(t) ufv(s)) such that (t,[],n)ev #m (S, [], M )ev-

Proof. To prove that machine bisimilarity implies normal-form
bisimilarity, we show that R = {(¢,5) | (t,[],7)ev ®m
(5,[],)ev,n > max (fv(t) ufv(s))} is a normal-form bisimu-
lation. If £ [] —* Az.t'x[], then (¢, [],n)ey = (Az.t’, [], 7)ev
by Lemma and then (Az.t',[],n)ev S ([n/x]t',[],n+1)ey-
Since (t,[],n)ev ~m (S,[],M)ev, there exists C’ such that
(s,[]sn)ev 5% ¢ and ([n/2]t',[],n+1)ey ¥m C". The
transitions cannot change the value of n, and the > transition

*

>
7->(-

—

<a’ ﬂ-? n)ev ’i

,M)ev, Where 7’ :'311 :

»l
—

tells us that (s,[],1)ey Ky (Az.s',[],n)ev N ([n/xz]s',[],n+
1)ey for some s’. Consequently, we have sx[] —* Ax.s'x[] (by
Lemma[7) with ([n/z]t',[],n+1)ey R ([n/z]s, [],n+1)ev,

as wished.

Suppose ¢ * [] axm with m = = 2ty [
Then (t,[],n)ev (a,m,n)ey by Lemma and then
2 B Since (£, [],n)ev #m (s, []n)ers we
have (s,[],7)ey — — 2. % as well, which is possible only

if (s,[],n)ey — (a,7’ m 8y [
Let 1 < i < m; then (o, 7,n)ey — O (t, (] )ev.
which can only be matched with (v, 7, n)e, — LANA
(84, [],n)ev, therefore we have (¢, [],n)ev ®m (Sis [];1)ev- We
have s x [] »* a7’ (by Lemma [7)) and 7 R 7', as required.

For the reverse implication, we show that

R ={({t,[],2)ev, (5, [],n)ev) | t ~nf 5,m > max (Fu(t) Ufv(s))}
u{({m,n)et, (7', 1)) | 7 g 7 ,n > max (fv(m) ufv(rn’))}

is a machine bisimulation. If (¢, [], 7 )ey AN ([n/z]t',[],n+
1)ev, then ¢ x [] »* Az.t’  [] by Lemma [/} so there exists s’
such that s« [] =* Az.s" «[] and [n/z]t' ~n¢ [n/x]s’. Hence
we have (s, [],n)ey = > {[n/2]s",[],7+1)ey by Lemma 1]
with ([n /z]t/, L], n+1)e R{[n/2]s',[],n+1)ev, as wished.
If (£, [], n)ev > o (1, )er, then £+ [] >* ax7 by Lemmali]
so there exists 7’ such that 8 * []»* a*7n' and 7 ~ps 7',
Hence we have (s,[],n)ey — — (7', n)e by Lemma , with
(m,n)et R (7', n)et, as wished.

If (7, n)e >, then 7 = [], which implies 7' = [], which
gives (7', n)q A I (m,n)et i (m2,n)e OF (M, )t ro
(t,[],n)ev, then ™ = ¢ so ™ = s mh  with

t ~p s and o~ wh. Hence (m/,m)q i (mh,n)et

2,

with (72, n)ee R (7h,n)e or (m,n)e ~> (t,[],n)ey with
(t,[],n)ev R (s,[],n)ev, as wished. O

Lemma 12. Let P be a machine process which is not a choice

process. If P L Panapr L P" then f = f" and P’ =
P". Let P be a choice process. If P —— P', P —— P",
and WkObs(P') = WkObs(P"), then P' = P".

Proof. A machine process which is not a choice process has at
most one possible communication. For choice processes, the
flags tell us which branch has been selected. O
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Lemma 13. The following assertions hold:

. oL o i [e] =5 [0 and next(F,[C) = [C7].
« C5 i [0] ==—2 P and P ~yo O.

Proof. By case analyses on C + C”, on C KA C’, and [CT].
[

The following lemma allows us to reason up to 7-transitions
on the HOcore side.

Lemma 26. Let P, P’ be machine processes. If P —=> P’
and WkObs(P) = WkObs(P"), then P myo P'.

Proof. One can show that {(P || R,P’ || R) | P =
P’ WkObs(P) = WkObs(P")} u{(R, R)} is a barbed bisim-
ulation, using Lemma [12] O

Lemma 27. The relation R = {(C,C") | [C] ~no [C']} is
a machine bisimulation.

Proof. Let Cy R C1. Suppose first that Cy 0 C »L Cj3; then
[C1] || F == [C.] || F == [C5] by Lemma which in
turn implies that there exists P such that [C]] || f = P
and [C3] ~no P. In particular, we have WkObs([C3]) =
WkObs (), meaning that —(P |7). Consequently, there exists
P’ such that [C]] == P’ and P’ | #. Then we have
P’ | f == next(f,P’) and P’ | f == P. By Lemma
we have either P ——=> next(f, P') or next(f,P') = P.
Suppose WkObs(P) # WkObs(next(f, P")). It is possible
only if there is a choice process between the two. If we have
next(f, P") —/ P, —/ P, with P, a choice process, then
WkObs(P) = {»} or WkObs(P) = {w}, which contradicts
WkObs(P) = WkObs([C5]) (the translation of a configu-
ration cannot have only » or only w as weak observable
actions). If P —= P, —= next(f, P'), with P. a choice
process, then a communication on a flag » or w happens
between P. and next(f, P’), as it is the only way to reach a
configuration from a choice process. It means that P |+, which
is again in contradiction with WkObs(P) = WkObs([C3]).
Consequently, we have WkObs(P) = WkObs(next(f, P’)) so
by Lemma we have next(f, P') »po P ~po [C3], and by
Lemma , we have C LG C’ where [C4] = next(f, P'),
so we have C5 R Cf, as wished.

Suppose C4 I Cy 5, then [C1] || % == [C.] |
% —= P with P ~yo O by Lemma , which in turn
implies that there exists P’ such that [C]] || % —— P’
and P ~po P’ ~po 0, so by Lemma , we have C] »;*»i,
as wished.

O

Lemma 28. If C ~,, C', then [C] »po [C'].
Proof. We prove that

is a barbed bisimulation. The congruence condition is an
immediate consequence of the definition. The transitions from
R are easy to match, and the observable actions are the same
because of the condition WkObs(P¢) = WkObs(Pcr). What
is left to check are the reductions.

If Po —— P, then we show that there exists P, | R
such that Pov || R == PL, || Rand P, | RR P, || R. If
Po == [C] and Poy == [C"], then taking Pg, = [C"]
works. If [C] == P¢ and [C'] == Pcv, then we
distinguish two cases. If Po is not a choice process, then
WkObs(Pz) = WkObs(Pf), and we can simply choose
PlL, = Pg. Otherwise, the transition Po —— P. is
making a choice, and we have WkObs(Pz) = {», w}, and
either WkObs(P5) = {»} or WkObs(P5) = {w}. But
WkObs(Pc) = WkObs(Pcr), which is possible only if Pcr
also reduces to a choice process. Then it is possible to choose
the corresponding branch, and define P/, accordingly.

Suppose Pg | R —— P’ with a communication on a flag
f —a communication on another name is not possible; then
Pc |y, which is possible only in the case [C'] — Pc, and

T

R |+ Suppose f # %. Then we also have Po RN Po, =—
[[C’gj‘} for some Pc, and with [Co] = next(f, Pc), so by
Lemma there exist R’ such that P’ = P, | R'. We have
] N [Cs]. so C 5 ER (3 holds by Lemma|13| Because
C ~py C', there exists CY such that C’ AR C4 and Cy =,
C}. By Lemma this implies [C"] AN [C5]; in particular,
there exists Pc; such that [C'] SN AN Py = [C}].
By Lemma , we also have Pgr é# Pcé, therefore
we have Py | R = Pey || R, with Pe, | R R Pey || R,
as wished.

If f = ¥, then P %, P for some P" such that
P" »po 0, and by Lemma we have P’ = P" | R'. We
have [C] — 2, P’ s0 C5 5 holds by Lemma |13
Because C =, C’, we have C' = 5 By Lemma ,
this implies [C'] = *, P" for some P" such that
P" ~pyo 0. By Lemma we also have Pg» AN N P,

therefore we have Pov | R == P" || R’, so we obtain
processes in the second set of R. O

Theorem 14. C ~,,, C' iff [C] ~no [C'].
Proof. By Lemmas 27] and O

B. Proofs for Applicative Bisimilarity

Seq(t’
Lemma 20. If t' is closed, then (0,1,0,(t,€)}ind ea®)

{t,(t",€) = e, [])ev-

Proof. Let n we have

(t,e).

First, for all n,

RE { (Pc | R, Pcr || R) ’ C o O, Po —= [C], Pcr — ﬂ'(@"ﬂ,@;?indn =, (n,n + 1, p,n)tm. Then we show by

[CT = Pc, [C,]] = Pcr,WkObs(Pc) = WkObs(iRdudtion on ¢’ that

U{(P || R,P"| R) | PwnoOwno P'}

VTS O NN~

<0717p777>ind —
k =max (fv(t')) + 1 if ¢’ is not closed, and x = 0 otherwise.
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The case t = n is concluded with the previous observation. If
t' =t} t, then

SeqTm(t;) . .
(0,1,p,m )md — (t], k1, p,M)tm (by induction)

07 1a (tlv ’il) LP,M >|nd

{
—
SeqTm
“ (t( Ko, (t], K1) = p,M)tm (by induction)
— (1

th, max (K1,K2), Py 1)tm

And by case analysis on (k1,k2), one can check that

max (K1, k2) is the desired value. If ¢ = A", then by

. . SeqTm(t” )"

induction, we have (0,1, p,7)inad — (t"', K, p,M)tm, and then

(t”a’ivpvllﬁtm —

pending on k.
This implies

(t', k', p,n)tm Where &’ is as wished de-

that for a closed term t, we have

Se
(0,1,0,n)ind e’ Zt’ 0,®,1)tm, and the last transition L
gives what we want. O
Theorem 21. (¢,¢) ~app (5,d) iff (¢, €, [1)ev #m (S, d, [])ev-
Proof. To prove that machine bisimilarity implies
applicative  bisimilarity, ~we show that R =

{((t,e),(5,d)) | {t,es[)ev ~m (5,d,[])ev} is an applicative
bisimulation. If (t,e,[])ey —> (A.t’,€’,[])ev, then because
we have also (A.t', e’ [])ev N (0,1,0,(t',€))ind, there

exist s’ and d’ such that
<S7 d7 [])EV ';)* <)\.S,,d,7 [])ev I (Oa 1) ®a (S,>d,))ind

and (0,1,0, (t',€")Yind #m (0,1,®, (s',d"))ind. For all closed

S
t”, we have then (0,1,0,(t,€e'))ind ) (t', (t",¢)
e',[)ev by Lemma which can only be matched by

(0,1,0,(s",d") Yind :ﬂi) (s',(t",€) = d',[])ev meaning that

(t',(t",€) = €, [1)ev #m (s, (t",€) = d',[])ev- We can then
easily conclude.
For the reverse implication, we show that

R = {(<t €, [])ew(s d eV) ’ t, e Napp (5 d)}

(t s,E,nYey — (t,E 5,n)e (FUN)

(v, B,nYey — (E,v,n)ct (SWITCH)

(B t,0,n)et = (t,0 E,n)ey (ARG)
((A\z.t) E,v,n)e — ([v ] z]t, E,n)ey (BETA)
(0, 0, n)er 5 (DONE)

(O, A\z.t,m) e AN ([n/x]t,O,n+1)e (LAMBDA)

(a E,v,n)e 4 (O0,v,n) (VAL)

(@ E,v,n)et e (E,n,n+ 1) (CONTEXT)

Fig. 8: NFB machine for call by value

C. Call-by-Value

We informally present the machines for the call-by-value
A-calculus, without the proofs, to see how our techniques can
be adapted in that case. The syntax of values and call-by-value
contexts are as follows.

vi= @ | Az.t

E:=0 | Et | vE
Contexts are represented inside-out: plugging is defined as
oft] = ¢, (E t2)[t1] = E[t1 t2], and (v E)[t] = E[v t].
Normal forms are either values or terms of the form E[a v].

We present a variant of the CK machine [[11] with evaluation
contexts below.

tsxEvstxEs (FUN)

vxk Ers Exqv (SWITCH)
Et*ctv;t*vE (ARG)
(\z.t) Exgvos [v]z]t« E (BETA)

When we get a value in an evaluation context, we switch into
the continuation mode (rule SWITCH) to evaluate the argument
of that value (rule ARG), or do the S-reduction if the argument

U{((n, 5, p, (£, €))ind), (1,5, 9, (5,d))ina) | (At,€) mapp (N slfz‘?}f is a value (rule BETA).

U {(<t y Ky Py (tve»tm)v (t y Ky Py (S7d) tm | ()\.t7€) “app ()‘Sdfiﬁlk)ws

.. . *
bisimulation. If — —

then we have (¢ e, [])ev s
(At',e',[1)evs, so there exists (s’,d’) such that

(5,d,[N)ev  —> (N5 d',[])ev sO that (Nt e') mapp
(A.s',d"). But then also (A\.t', €', [])ev — (0,1, @, (5", €’) Yind
and we obtain configurations in R. If (¢', &, p, (¢, €))arg —> C

with f # ¥ and arg € {ind,tm}, then (', K, p, (t,€))arg —
C" where C' is the same as C except for the stored

is a machine

(e [1)e
(O,l,@,(t',e'))ind, t

closures, which are not changed and therefore still
applicative Dbisimilar; we have therefore C R (.
I (5, (1)) — (t(the) = e[ then

(t', K, p, (5,d))tm LN (s, (t',€) = d,[])ev, and the resulting
terms are in R because (A.t,e) wapp (A.s,d) implies
(¢, (t',€) = e) mapp (8, (t',€) == d) for all closed ¢'.

O

VTN O NN~

Normal-form bisimilarity for call-by-value is defined as

Definition 29. A symmetric relation R is a normal-form

bisimulation if t R s implies:
* T *
.zft*D>—> Orao then s * O — O *q Q;

e iftx0O n—> O % \x.t/, then there exists s’ such that
s+0D Oxc Ax.s’ and [/ x]t' R [a [ x]s’ for a fresh
a;

e Ift*x0O »—> a E % v, then there exist E' and v’ such that

sx0> ok *xt V', VRV, and E[o'] R E'[] for a
fresh o
Normal-form bisimilarity w~nf, is the largest normal-form
bisimulation.

We extend the CK machine into a NFB machine in Figure|[§]
We have a counter n to generate fresh variables, as in call-by-
name. The four last rules tell us what to do to compare normal
forms. If we get a variable «, then we signal its value and
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we are done (transition DONE). If we have a \-abstraction,
we restart the machine (transition LAMBDA). If we have a
context of the form o F, it means that we have a normal form
E[« v]: we have to choose if we either test v (transition VAL)
or E (transition CONTEXT). To test v, we forget about E, and
enter the context mode with (O,v,n). after flagging o and
v. Depending on v, we will then apply the transition DONE
or LAMBDA. To test F/, we generate a fresh variable to plug
into E, meaning that we continue with (E,n,n + 1) (after
flagging o and »).

We can translate this machine in HOcore using the same
techniques and prove full abstraction as in call-by-name. In-
ternalizing applicative bisimilarity in call-by-value is straight-
forward: its definition differs from call-by-name only in the
fact that the testing argument must be a A-abstraction. Con-
sequently, we just use the argument-generating rules from
Figure [4 on top of the CK machine, and change the rule
RESTART so that it can trigger only if the constructed term is
a A-abstraction.

VTN O NN~
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