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Abstract. To analyze left atrial remodeling may reveal shape features
related to post-ablation outcome in atrial fibrillation, which helps in
identifying suitable candidates before ablation. In this article, we propose
an application of diffeomorphometry and partial least squares regression
to address this problem. We computed a template of left atrial shape
in control group and then encoded the shapes in atrial fibrillation with
a large set of parameters representing their diffeomorphic deformation.
We applied a two-step partial least squares regression. The first step
eliminates the influence of atrial volume in shape parameters. The second
step links deformations directly to post-ablation recurrence and derives
a few principle modes of deformation, which are unrelated to volume
change but are involved in post-ablation recurrence. These modes contain
information on ablation success due to shape differences, resulting from
remodeling or influencing ablation procedure. Some details are consistent
with the most complex area of ablation in clinical practice. Finally, we
compared our method against the left atrial volume index by quantifying
the risk of post-ablation recurrence within six months. Our results show
that we get better prediction capabilities (area under receiver operating
characteristic curves 𝐴𝑈𝐶 = 0.73) than left atrial dilation (𝐴𝑈𝐶 =
0.47), which outperforms the current state of the art.

Keywords: atrial fibrillation, catheter ablation, post-ablation outcome,
left atrial remodeling, statistical shape analysis, partial least squares
regression.

1 Introduction

Atrial fibrillation (AF) is the most common type of cardiac arrhythmia [1], char-
acterized by uncoordinated electrical activation and disorganized contraction of
the atria. This condition is associated with life-threatening consequences, such
as stroke and heart failure. Catheter ablation is an effective treatment for AF
and may be recommended for drug refractory patients. Yet, for 30% of patients,
AF redevelops, resulting in repeated interventions and higher risk.
⋆ Email: shuman.jia@inria.fr
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In order to optimize the planning of AF treatment, a number of studies have
been looking into predictors of recurrent arrhythmia. Previous studies reported
that hypertension, Holter duration, left atrial (LA) volume and LA sphericity
[2,3,4,5] were potentially related to post-ablation recurrence, but their underlying
mechanism is still unclear, as is LA remodeling in AF.

In this exploratory work, we focus on shape variations as predictors. By
studying principal deformation modes associated with a higher post-ablation
recurrence rate, we expect to find cartographic/regional criteria that will help
us stratify the risk of post-ablation recurrence. So far, LA volume index (LAVI)
has been the only clinically accessible and reproductive index for identifying
suitable candidates for ablation. However, its relation to post-ablation outcome
has been constantly reported to be weak [6]. We therefore decided to explore
shape features that are more comprehensive than LAVI. For example, using
maps of the deformation modes, we can visualize both regional and global shape
variations, both of which may indicate potential for recurrence.

Unlike in [7], we decided to quantify anatomical variability using a registra-
tion approach based on diffeomorphism. This allows for finer shape variations
to be captured without the need for pre-defined markers. In statistical analysis,
we used partial least squares (PLS) regression rather than principal component
analysis (PCA) since PLS regression recognizes the components that are directly
linked to recurrence. We included a two-step regression to compare shape fea-
tures and volume index. Finally, we used computed tomography (CT) to ensure
detailed and accurate anatomical descriptions.

2 Methods and Experiments

2.1 Data Preparation

Population 40 paroxysmal AF (PAF) patients were studied. They had no pre-
vious ablation at the time of imaging. Average age was 59 ± 11 years old and
31/40 of the patients are male. Post-ablation recurrence within six months was
observed in 13/40 patients. Meanwhile, we chose 24 control subjects without
significant difference in age or gender from the PAF group.

Image Acquisition All subjects were imaged before catheter ablation using a
64-slice Siemens SOMATOM CT scanner [8]. Multi-detector CT was performed,
during the intravenous injection of iodinated contrast agent. The scans were
ECG-gated for acquisition window to occur at end-systole, when LA motion is
minimal. Temporal resolution was 66 𝑚𝑠. The trans-axial images were acquired
with a slice thickness of 0.5 𝑚𝑚 and reconstructed with a voxel size of 0.5 ×
0.4 × 0.4 𝑚𝑚3. The protocol of this study was approved by the local research
ethics committee.

Endocardium Segmentation We segmented the LA endocardium from CT images
using a region growing algorithm, as described in [9]. Semi-automatically drawn
polygons isolated the left atrium and served as the boundary for succedent region
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growing process. A patient-specific intensity threshold, computed from tissue
sampling, controlled the growing of blood pool during the iteration process until
it touched the frontier of the endocardium. Pulmonary veins were cut several
centimetres from the ostia. Based directly on image intensity, our segmentation
can achieve high accuracy with such contrast CT, as well as identify PVs with
several kinds of anatomies3.

Mesh Generation Next, we generated 3D volume tetrahedral meshes of the LA
relaying on restricted Delaunay triangulation [11]4. Range for size and angle of
mesh elements were controlled via input parameters. To meet the requirements
of implementation, we extracted surface triangular meshes of the LA from the
volume meshes.

2.2 Quantification of Shape Variations

We encoded LA shape by deformation parameters in this step, adopting diffeo-
morphometry. The term was introduced recently and refers to the comparison
of shapes and forms using a metric structure based on diffeomorphism. Meth-
ods under this framework have been proven to be efficient to qualify anatomical
configurations and their differences for computational anatomy studies [12].

Mathematical currents, varifold metric, diffeomorphism First, the shape
𝑆 was represented by flux of 3D vector field/current 𝑤 across the surface, that
belongs to a Gaussian reproducing kernel Hilbert space (RKHS) 𝑊 with kernel
𝐾𝑤. The current 𝑤 was parameterized by a set of ⃗𝛿𝑐𝑘

, attached to distinct points
on surface 𝑆.

Then, the deformation 𝜙 was estimated using the large deformation diffeo-
morphic metric mapping (LDDMM) on surface, characterized by initial velocity
⃗𝑣0. The velocity vector belongs to a Gaussian RKHS 𝑉 with kernel 𝐾𝑉 , and was

weighted by a set of moment vectors ⃗𝛼𝑐𝑘
. Unless otherwise stated, {𝑐𝑘}𝑘=1,...,𝑁𝑐𝑝

refers to the control points of deformation in the following text. At point 𝑥,
velocity

𝑣(𝑥) =
𝑁𝑐𝑝

∑
𝑘=1

𝐾𝑉 (𝑥, 𝑐𝑘) ⃗𝛼𝑐𝑘
. (1)

Thus, for patient #𝑖, the surface 𝑆𝑖 could be represented as the sum of
deformed template 𝑇 and some residuals 𝜖𝑖, as

𝑆𝑖 = 𝜙𝑖𝑇 + 𝜖𝑖. (2)

For registration, we minimized the residuals 𝜖, in other words, the distance
between 𝑆𝑖 and 𝜙𝑖𝑇 . For atlas construction, we minimized the sum of distances
3 We used the MUSIC software for endocardium segmentation [10].
4 We used CGAL 3D mesh generation algorithm http://http://doc.cgal.org/

latest/Mesh_3/index.html.

http://http://doc.cgal.org/latest/Mesh_3/index.html
http://http://doc.cgal.org/latest/Mesh_3/index.html
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from the template to every mesh, resulting in a Fréchet mean of shape complex,

𝑇 = arg min
𝑇 ∈𝑊

∑
𝑖

𝑑2
𝑊 (𝑇 , 𝑆𝑖). (3)

The template and the deformations were estimated simultaneously.
In order to be independent of the surface orientation, the distance between

surface meshes was defined based on varifold metric [13] as

𝑑𝑊 (𝑆, 𝑆′)2 = ||𝑆 − 𝑆′||2𝑊 ∗ = ⟨𝑆, 𝑆⟩𝑊 ∗ + ⟨𝑆′, 𝑆′⟩𝑊 ∗ + ⟨𝑆, 𝑆′⟩𝑊 ∗ (4a)

with ⟨𝑆, 𝑆′⟩𝑊 ∗ = ∑
𝑝

∑
𝑞

𝐾𝑊 (𝑐𝑝, 𝑐′
𝑞) (𝑛𝑇

𝑝 𝑛′
𝑞)2

|𝑛𝑇𝑝 ||𝑛′𝑞| (4b)

where 𝑐 (resp. 𝑐′) refers to control points on surface 𝑆 (resp. 𝑆′) and 𝑛 (resp.
𝑛′) denotes normals related to controls points.

The line search strategy was used in optimization process. More details can
be found in [14].

Remodeling A rigid alignment of all meshes was performed in the first place,
to reduce the impact of different origin in CT images. Iterative closest point
algorithm was applied to calculate an optimized rigid registration in the least
square sense.

Using methods described above, we computed a 3D template of the LA shape
in the control group. The template offered a reference for anatomical invariant.
Then, we warped this template towards each mesh of PAF patients and calcu-
lated its deformation moments. We illustrate the process in Fig. 1(a)5.

Deformations were parameterized as moment vectors ⃗𝛼𝑐𝑘
attached to a same

set of control points on the template for all patients. We use 𝑴𝑖 to represent
the deformation moments for patient #𝑖

𝑴𝑖 = [ ⃗𝛼𝑖
𝑐1

⃗𝛼𝑖
𝑐2

⋯ ⃗𝛼𝑖
𝑐𝑘

⋯ ⃗𝛼𝑖
𝑐𝑁𝑐𝑝 ]𝑇 , (5)

where ⃗𝛼𝑖
𝑐𝑘

= [ 𝛼𝑖
𝑐𝑘1 𝛼𝑖

𝑐𝑘2 𝛼𝑖
𝑐𝑘3]𝑇 is the deformation moment vector associated

with control point #𝑘 for patient #𝑖; 𝑁𝑐𝑝 is the total number of control points.
Kernel width parameters were set as: varifold kernel width 𝜎𝑊 = 10 𝑚𝑚

and deformation kernel width 𝜎𝑉 = 10 𝑚𝑚, ensuring respectively a suitable
scale of shape variations and deformation to capture. 𝑁𝑐𝑝 = 3952 control points
were placed near most variable parts on the template and helped in representing
shape differences between the template and the meshes of PAF patients. With
chosen parameters, atlas estimation and pairwise registration were performed
efficiently with surfaces, as shown in Fig. 1(b).

5 Atlas estimation and registration have been integrated in the Deformetrica software
http://www.deformetrica.org/

http://www.deformetrica.org/
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Control Subjects AF Patients

(a) (b)

Fig. 1. Extraction of remodeling information vs. controls. (a) reference for atrial re-
modeling offered by control subjects; (b) the template in blue, before and after warping
in a registration process toward the target in orange.

Whitening transform Then, we used whitening transform to reduce the cor-
relation between the deformation moments.

According to Eq. 1, the norm of the velocity vector for patient #𝑖

‖𝑣𝑖‖2 = [ ⃗𝛼𝑖
𝑐1

⃗𝛼𝑖
𝑐2

⋯ ⃗𝛼𝑖
𝑐𝑁𝑐𝑝 ] 𝑲 [ ⃗𝛼𝑖

𝑐1
⃗𝛼𝑖
𝑐2

⋯ ⃗𝛼𝑖
𝑐𝑁𝑐𝑝 ]𝑇 = 𝑴𝑇

𝑖 𝑲𝑴𝑖, (6)

where 𝑲 is a positive definite matrix that defined a metric, with its blocks
𝐾𝑖𝑗 = 𝐾𝑉 (𝑐𝑖, 𝑐𝑗) ⨂ 𝟙3. We used the Gaussian kernel 𝐾𝑉 (𝑥, 𝑦) = 𝑒𝑥𝑝( −|𝑥−𝑦|2

𝜎2
𝑉

).
Since the velocity vector 𝑣 belongs to a RKHS space, the whitened moment
𝑲1/2𝑴𝑖 belongs to the Euclidean space with 𝐿2 norm. This allows us to apply
seamlessly standard statistical methods like PLS.

We arranged the whitened deformation moments 𝑲1/2𝑴𝑖 into a matrix as

𝜦 = [�⃗�1 �⃗�2 ⋯ �⃗�𝑖 ⋯ �⃗�𝑁𝑝]𝑇 , (7)

where �⃗�𝑖 is a column vector that contains all the elements in 𝑲1/2𝑴𝑖; 𝑁𝑝 =
40 is the total number of patient. Thus, the dimension of 𝜦 turns out to be
𝑁𝑝 × (3𝑁𝑐𝑝).

To sum up, modeling complex geometries with mathematical currents avoided
using pre-defined markers, and therefore has the potential to summarize any
shape feature related to certain clinical factors. The finite dimensional approxi-
mation of shape as deformation moments was robust to detect subtle anatomical
differences. Finally, whitening transform reduced the correlation due to the ker-
nel metric and constructed a 𝐿2 space for statistical analysis.
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2.3 Statistical Modeling

PLS regression combines PCA with linear regression by projecting inputs 𝑿 and
𝒀 to a new space. 𝑿 is a 𝑛×𝑚 matrix of 𝑚 predictors for 𝑛 observations, and 𝒀
is a 𝑛 × 𝑤 matrix of 𝑤 response variables for 𝑛 observations. It relates predictors
directly to response variables by finding multidimensional directions in 𝑋 that
explain the maximum variance in 𝑌 . Here, we use same notations as the tutorial
[15].

We chose PLS regression so as to find the principle dimensions in deformation
parameters that correlate with post-ablation recurrence.

Dependency analysis with left atrial volume In the first PLS regression,
the whitened deformation parameters were considered as predictors, while the
LAVI was considered as response variable, as

𝑿 = 𝜦 and 𝑌 = [ 𝐿𝐴𝑉 𝐼1 𝐿𝐴𝑉 𝐼2 ⋯ 𝐿𝐴𝑉 𝐼𝑖 ⋯ 𝐿𝐴𝑉 𝐼𝑁𝑝]𝑇 ,

where 𝜦 is defined in Eq. 7; 𝐿𝐴𝑉 𝐼 was calculated for each subject as 𝐿𝐴𝑉 𝐼 =
𝑉𝐿𝐴/𝐵𝑆𝐴, based on the size of the atrium 𝑉𝐿𝐴 in units of 𝑚𝐿 and the body
surface area 𝐵𝑆𝐴 in units of 𝑚2.

According to the percentage of variance explained shown in Table 1, the first
mode spanned an optimal subspace that explained 84.61% of LAVI variance for
the population under study. It was expected that this principle mode of variation
would be linked to volume change. To analyze shape features which are comple-
mentary to the atrial size, we subtracted, for every patient, the components in
deformation projected on this mode, as

𝜦′ = 𝑿 − 𝑻 (∶ , 1)𝑷 (∶, 1)𝑇 , (8)

where 𝜦′ is the matrix of volume-reduced deformation parameters; 𝑻 (∶ , 1) is
the first column of X score matrix 𝑻 ; 𝑷 (∶ , 1) is the first column of X loading
matrix 𝑷 , referring to the first PLS component of deformation related to LAVI.

Table 1. Percentage of variance explained in the first partial least squares regression,
for shape and left atrial volume index respectively.

PLS components 1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ

Percentage of shape variance % 53.45 7.09 7.50 4.47 5.70
Percentage of LAVI variance % 83.61 5.45 2.03 2.07 0.96

We therefore created a new matrix of deformation parameters that were not
linearly related to LA volume change.
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Correlation with post-ablation recurrence In the second PLS regression,
we studied the correlation between atrial shape and post-ablation recurrence, ap-
plying discriminant analysis and leave-one-out prediction. The volume-reduced
deformation parameters were considered as predictors, while the post-ablation
outcome within six months was considered as response variable.

For patient #𝑖, PLS regression was performed among all the other patients
as

𝑿 = 𝜦′([1 ∶ 𝑖 − 1, 𝑖 + 1 ∶ 𝑒𝑛𝑑], ∶)
𝑌 = [ 𝑅1 𝑅2 ⋯ 𝑅𝑖−1 𝑅𝑖+1 ⋯ 𝑅𝑁𝑝

]𝑇 ,

where 𝜦′ was computed based on Eq. 8; 𝑅𝑖 represents the post-ablation outcome
within six months for patient #𝑖, with 𝑅𝑖 = 1 standing for with recurrence,
𝑅𝑖 = 0 without recurrence.

Then, we projected the deformation parameters of patient #𝑖 on the subspace
constructed by the first 𝑛 PLS components, to calculate a predicted response for
this new observation

𝑆𝐼𝑖 = 𝜦′(𝑖, ∶)𝑷 (∶, 1 ∶ 𝑛)𝑩(1 ∶ 𝑛, 1 ∶ 𝑛)𝑸(∶, 1 ∶ 𝑛)𝑇 , (9)

where 𝜦′(𝑖, ∶) is the volume-reduced deformation parameters for patient #𝑖; 𝑷
refers to the X loading matrix; 𝑩 is the diagonal matrix of coefficients 𝑏ℎ; 𝑸 is
the Y loading matrix.

We repeated the leave-one-out regression and prediction, and thus obtained
shape indices for every patient {𝑆𝐼𝑖}𝑖=1,2,...𝑁𝑝

which qualified their potential for
recurrence.

3 Results

We present here the first three modes of deformation, with a higher signal-to-
noise ratio, and their prediction capabilities. Beyond the third mode, components
may be dominated by noise, since the percentage of variance explained by them
was smaller than half of the gap between the percentage of variance explained by
previous two successive modes. The percentage of variance explained is shown
in Table 2.

Table 2. Percentage of variance explained in the second partial least squares regression,
for shape and post-ablation recurrence respectively.

PLS components 1𝑠𝑡 2𝑛𝑑 3𝑟𝑑 4𝑡ℎ 5𝑡ℎ

Percentage of shape variance % 21.44 9.02 14.30 9.71 5.69
Percentage of recurrence variance % 27.47 18.09 5.67 3.98 3.95

The principle modes of deformation related to post-ablation recurrence can
be visualized and interpreted, shown in Fig. 2. Area strain [16] and the magnitude
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of displacement were mapped onto meshes to illustrate detailed variations in
deformations. For area strain, red indicates enlargement of triangular elements,
while blue indicates shrinking. For displacement, regions in red deform with a
larger scale of displacement than regions in blue.

Less Recurrence More Recurrence

-σ -0.5σ 0 +0.5σ +σ

(a) The first mode of deformation

(b) The second mode of deformation

(c) The third mode of deformation
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Fig. 2. The first three modes of deformation involved in post-ablation recurrence. 𝜎
represents the standard derivation on each mode in the population.

Results show that the most dominant mode has an emphasis on regions
underneath pulmonary veins, both with area strain and displacement of mesh
elements. Clinical experts confirmed that this is one of the most complicated area
to ablate in pulmonary vein isolation. Also, the remodelling around pulmonary
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veins seems to be an important aspect of AF. The second mode contains a twist
of the upper-left part of the LA (from the posterior view, including roof, lateral
and anterior segments) and also changes in orientation of pulmonary veins. The
third mode, from less recurrence to more recurrence, reflects a slight change
of roundness. These 3D deformation sequences can also be shown as videos in
order to be more explicit. However, the subtle regional variations need further
interpretation.

We compared prediction capabilities of shape indices with that of LAVI, using
student’s t-test and receiver operating characteristic (ROC) curves. The indices
are shown in Table 3.

Table 3. Student’s t-test to compare shape indices and left atrial volume index in two
sub-groups and area under receiver operating characteristic curves.

PAF patients Non-recurrence Recurrence P-value AUC
𝑆𝐼 - 1 PLS component 0.28 ± 0.20 0.41 ± 0.23 0.04 0.65
𝑆𝐼 - 2 PLS components 0.29 ± 0.22 0.48 ± 0.26 0.01 0.73
𝑆𝐼 - 3 PLS components 0.30 ± 0.21 0.51 ± 0.34 0.01 0.70
Volume index/𝑚𝐿/𝑚2 64.25 ± 19.34 64.97 ± 22.23 0.46 0.47

Fig. 3. Receiver operating characteris-
tic curves of 6-month post-ablation re-
currence prediction.

• Shape indices derived from PLS re-
gression differed significantly between re-
currence and non-recurrence groups, with
p-value reaching 𝑝 = 0.01 < 0.05 with the
first two components, while LAVI did not,
with 𝑝 = 0.46.

• Shape indices show a better classifi-
cation performance as the discrimination
threshold varies. We draw ROC curves of
the shape indices and the volume index
in Fig. 3. The area under the ROC curve
(AUC) using the first two components is
0.73, compared with 0.47 for LAVI.

• With discrimination threshold 𝑡 =
0.36 for shape index with the first two
components, we predicted recurrence with
0.77 sensitivity and 0.67 specificity.

From the differences, we can conclude
that the shape analysis discovered extra
anatomical features compared with the volume index for the understanding
of post-ablation recurrence. Meanwhile, the principle modes of deformation re-
vealed in this study turned out to be clinically meaningful.
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4 Conclusion

We adapted a shape-based statistical model, extended from mathematical cur-
rents and diffeomorphism, to address the problem of post-ablation recurrence.
We eliminated the impact of atrial size in shape analysis. Then, from regressions,
we obtained shape indices better predicting post-ablation recurrence, when com-
pared with dilatation. Our shape analysis approach summarizes all shape varia-
tions at a scale that is greater than the kernel width. It is also more robust, with
respect to training samples, than using only one shape parameter, as is done
with the volume index.

From a clinical viewpoint, we revealed the principal LA deformation modes
that were related to a higher post-ablation recurrence rate. We visualized them
and some anatomical details were consistent with the complexity of ablation in
clinical practice. These features also bring new insights on how a shape evolves
during LA remodeling, apart from volume change.

Future work includes using a larger database to reduce random effects even
further, as well as combining shape variations with other factors, such as age,
sex and electrocardiography, to stratify the risk of recurrence.
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