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Abstract

We study a kinetic equation of the Vlasov-Wave type, which arises in the description
of the behaviour of a large number of particles interacting weakly with an environment,
composed of an infinite collection of local vibrational degrees of freedom, modeled
by wave equations. We use variational techniques to establish the existence of large
families of stationary states for this system, and analyze their stability.
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1 Introduction
This paper is concerned with the following PDE system

Oif +v-Vaf = Va(V4+®)-V,f =0, t>0, zeRY veRY (1)

(O30 — ALV (t,2,2) = —0a(2) /R Loz —y)p(t,y)dy, t20, 2 €RY, z€R", (2)
p(tax) = /Rd f(t7x7v) dv? (3)

(p(ta Q?) = //]R‘iXR" \Il(tayvz>o'1(x - y)UZ(Z) dz dy7 > 0, T e Rd' (4)

This system was introduced in [8, 25], where also the existence of solutions was estab-
lished and some asymptotic issues treated. In particular, a certain asymptotic regime
brings out a quite unexpected connection between this system and the gravitational
Vlasov—Poisson system. In this work, we wish to address a first aspect of the long-time
behaviour of the system by investigating the existence of stationary solutions and their
stability.

We recall the system (1)—(4) describes the interaction between a large set of particles
and their environment. The particles are described by their distribution function in
phase space: f(t,z,v), where t > 0, x € R?, v € R? are the time, space and velocity
variables, respectively. More precisely, we interpret this quantity so that, given &'x ¥ C
R? x R, [[,.., f(t,z,v) dvdx gives the mass of particles having at time ¢ > 0 their
position in & and their velocity in #". The environment is seen as a vibrating medium,
the state of which is described by the function W. Note that the vibrations take
place in the direction z € R", which is transverse to the particles’ motion; they are
characterized by the wave speed ¢ > 0. The coupling between the particles and the
environment is embodied in the form functions o1, 09, which are both non negative,
smooth and radially symmetric functions. Finally, the particles are also subjected to
a confining potential V. We shall give details later on the technical assumptions and
start by discussing the modelling issues.

The system (1)—(4) is a kinetic version of a model introduced by L. Bruneau and
S. De Bievre [5] for a single classical particle interacting with its environment. It
is useful to keep in mind the picture proposed in [5] of a particle moving trough an
infinite set of n-dimensional membranes, one for each 2 € R? Denoting by t — ¢(t)
the position of the particle, the dynamic of such a particle is described by the following
set of differential equations

i) = ~VVa®) - [[ | aiat) ~y) oa(e) V¥t y.2) dyd

OZV(t,x,2) — AV (t, 2, 2) = —09(2)01(z — q(t)), r € R z€R"

()

For the system (5), due to the energy exchanges between the particles and the en-
vironment, and the evacuation of energy in the membranes, the coupling eventually



behaves like a friction force on the particle so that the particle asymptotically stops
at the minimum of the confining potential V. Further situations are dealt with in [5],
and we also refer the reader to [1, 9, 10, 11, 21, 24] for thorough numerical experiments
and analytical studies on (5) and related models. The system (5) can be generalized
by considering a set of N particles, and the mean field regime N — oo leads to (1)—(4),
see [17, 25].

In [2], hypocoercivity techniques are adapted from [13] to investigate the large time
time behavior of the solutions, when the kinetic equation (1) additionaly contains the
Fokker—Planck operator V,, - (vf+V, f). This operator induces some dissipative effects
in the model which simplifies the asymptotic analysis. However, the stationary solution

2
v
Meal,0) = Zegexp (= 5 = V(@) — oq(0)) (6)
exhibited in [2, 25] defines also a stationary solution of (1)—(4). It is then natural to
investigate the stability of this solution, a task we turn to in this paper. In (6), ®q is
implicitely defined by the non-linear equation

oo [2
K (4
Deq(2) = —201* 01 */]Rd Meq(z,v) du, K = - | 2;?' d¢ > 0.

Note that the definition of k requires n > 3. It can be equivalently expressed as

ﬁ=/|vnaﬁw>o,
]Rn

with I" the solution of
AT (2) = o9(2), z € R™.

Equation (6) defines a family of stationary solutions of (1)-(4), parametrized here by
Zeq > 0. Since (1) conserves the total mass, we address the question of the stability of
the stationary solution which has the same mass as the initial data, namely Z., is the
normalizing constant such that

Ity ode= [[ 0w vdnde= [[ i) dvde.
Rd x R4 Rd xRd R xR

In [2, 25] this solution is shown to be linearly stable for the collisionless system (1)—(4).
We wish to investigate further the issue of the existence of these and other stationary
solutions and their non-linear stability. We point out that the large time behavior for
the kinetic model (1)-(4), or even for the N-particles version of (5), differs consid-
erably from the situation investigated in [5] for a single particle, precisely because of
the intricate interactions between all the particles when they are close to each other.
When dealing with a single particle, with V' a confining potential as considered here,
the asymptotic behavior is quite simple. Assuming for simplicity the potential has a
unique critical point, which is its absolute minimum, it was shown the particle comes
(exponentially fast) to rest at this minimum, see [5, Theorem 4]. This is — intuitively
at least — a consequence of the fact that, as long as the particle moves, it will loose
energy to the membranes, so that it has to come to a full stop. Which it can only do



where no external force is applied by the external potential. With several particles,
the analysis is not that simple since when two particles are close enough to each other,
they activate the membranes in a common neighborhood, which could lead to more
complicated energy balances between the particle and the membranes. So, while a
stationary solution with all particles at the minimum of the potential still exists, it
is thus not clear if other stationary solutions may or may not exist. For the kinetic
model, which corresponds to the statistical description of many particles in a mean
field regime when the coupling between the particles is weak, we shall see that the
model admits infinitely many stationary solutions with different shape.

In this paper we thus go back to the stationary solutions of the Vlasov-Wave system
(1)-(4). Using the Hamiltonian structure at the basis of the discussion in [5], and
the conservation of the Casimir—functionals of the Vlasov equation (1), we develop
a variational approach, strongly inspired by the analysis of the gravitational Vlasov—
Poisson system [14, 18, 19, 23, 26]; see also [3, 6] for the electrostatic Vlasov—Poisson
system. In Section 2 we discuss the existence of stationary solutions in connection to
the minimization of suitable energy functionals. Section 3 investigates the dynamical
stability of these stationary solutions. Whether analogous stationary states also exist
in the original N-particle model is a difficult open question that we do not address
here and that is related to the question of the time-scale on which the Vlasov-Wave
equation correctly describes the N-particle model.

2 Stationary solutions

A first crucial observation is that (1)—(4) conserves an energy functional that encodes
the energy exchanges between the particles and their environment:

E(f,U, 1) = //Rd y (U;+V(ac)>fdvdx+//Rd o) dvda
X X (7)
+;//MRH (|7|> 4+ 2|V, ¥ %) dy da.

Here we have used the following notation: for a function ¥ : R? x R” — R,

o)) = [ orle = v) ([ oae) V(w20 a2) dy.
Rd Rn
Then, we have energy conservation in the sense that the solutions of (1)—(4) satisfy
E(f, ¥, 00)(t) = &(f, ¥, 0:9)(0). (8)

Of course, the particles’ total mass is also conserved

//Rded [t z,v)dvde = //Rde'i f(0,z,v)dvdz. (9)

Finally, since the field (z,v) — (v, =V,V(z) — Vo ®(¢,z)) is divergence-free, equation
(1) also conserves any non-linear functional (the “Casimir—functionals”)

//Rded h(f(t,z,v))dvde = //Rded h(f(0,2,v)) dvde, (10)

4



for a given function & : [0,00) — R.

This suggests to search for stationary solutions of (1)—(4) as minimizers of a Lya-
pounov functional using (8), (9) and (10). The natural energy (7) does not have
enough structure to serve as a Lyapounov functional for the evolution problem. The
idea is thus to combine (7) and (10) and to study the critical points of this Casimir-
energy functional, under a mass constraint. It turns out that the critical points are
also stationary solutions of (1)—(4). Moreover, the minimization property defines the
framework that allows us to investigate the stability issue. We refer for instance the
reader to [3, 6, 12, 18, 26] for similar reasonings, see also the overview [23]. We proceed
as follows. Let h : [0,00) — R be a strictly convex function. We set

suvm = [ )dvde+ &1 v,

Let us denote by m the mass of the initial particle distribution function

m:// f(0,z,v)dvdz.
RIxR4

We wish to define (Meq, Veq, Teq) as the minimizer of # under the constraint

//]Rded f(z,v)dvdz = m.

We thus introduce, for A € R, #Zx = #Z +A( [[gayga f dvdz—m). The Euler-Lagrange
relations yield the following conclusions

o with 0;_#\ we simply get meq = 0,
e with Oy _#) we obtain

o3 (2) (01 . /R M) dv> (2) = Ao (. 2).

Denoting by I' the solution of A,I" = o9, we are led to

Uey(z, 2) = Fc(j) o1 * (/Rd Meq(-,v) dv) (z).

The associated equilibrium potential thus reads

bal@) = [ o=y ([ oaeVeqlu2)dz) dy

R </Rd M (-1 0) dv> (2) x <_012/]R |vzr(z)\2dz)

Soveons ([ ol o)) @)



e with 0y _#, we infer

1)2

W (Mefw,0) = 5 V(@) =015 [ 0a(2)leql2)dz ~ Mg

2

— _% — V(x) + C%O'l * 01 % </Rd '//eq('yv) dU) (1:) - )‘GQ’

with Aeq the Lagrange multiplier associated to the mass constraint.
Therefore, the equilibrium distribution function is defined by the implicit formula
2

v K
Mog(x,v) = T(?—l—V(x)—?E*peq(ac)—l—)\eq), Y =o0y1%071, Peq = /Rd Meq dv,

where
T(s) = (')~ (=s),

and the Lagrange multiplier A¢q is determined by

Meq dvdz = m.
Rd x R4 4

We readily check that
('U -V — Vm(v + \Ileq) : vv)«ﬂeq =0

so that .#.q is a stationary solution of (1), as anticipated. This comes from the fact
that, denoting &oq(z,v) = % +V(2) = X% peq(x) = % + V() + Peq(x), AMoq can be
interpreted as a function of this energy and (U Vg =V (V 4Ty - VU)///eq is the Lie
bracket of &4 and .#.,. Moreover, W, is a stationary solution of the associated wave
equation (2)—(3) while finally ®., satisfies (4).

The specific case h(s) = sln(s) — s leads to (6), with T(s) = €75, Zoq = e 2.
With the change of variable v = v/2s w, s > 0, w € S*"!, we can rewrite

K
Peq(®) = p(V () 4+ Peq(x) + Aeq), Peq = _6722 * Peqs
pl0) =225t [T (s 4 1) s,
0

Through this approach we have therefore defined a broad class of stationary states for
(1)—(4), in contrast to the case of a single particle where, as mentioned before, a unique
equilibrium exists. We now investigate their stability.

Let us now detail the technical requirements on which the analysis is based. Through-
out the paper we assume

a) n >3,

b) 01,09 are C*°, compactly supported, radially symmetric and non negative.



Assumption a) already appears in [5] as well as in [8]. In particular, we should bear
in mind that the definition of k uses this assumption. We refer the reader to [5] for
further comments on the physical motivation for assuming n > 3. Assumption b) is
certainly far from optimal, as it will appear within the discussion, but it sticks with the
framework introduced and motivated in [5]. To give a precise definition of the coupling
term in the energy (7), we proceed as follows. First, we define, for ¥ : R? x R" — R,
and p: RY = R:

BV, p) = /Rd(al * p)(z) (/nag(z)\ll(x,z) dz) dz.

Then one has

// OV fdvdx = B(V, p).

Rd xRd

Lemma 2.1 There exists a constant C, which does not depend on 1, p, such that
|2(¥,p)| < C HU2HL2n/(n+2)(Rn)HfflHL2(Rd)Hvz‘I’HL2(Rand)HPHLl(Rd)-

Proof. We shall use the Gagliardo-Nirenberg-Sobolev inequality, see e.g. [22, p. 125],
[4, Theorem IX.9],
Hu”LQ"/("—Q)(Rn) < CHVUHLQ(R")

Then, we get
2 1/2 1/2
|B(V,p)| < (/ / o9(2)¥(z, 2) dz‘ dx) (/ ]al*p(aj)|2dx)

R4 n Rd
1/2

n/ (n— (n—2)/n
< (/Rd H‘72||i2n/<n+2>(ngn)</w “I’($72)|2 /(n=2) dz) dx) H<71||L2(Rd)HP”L1(Rd)

1/2
< loallpowosmiany [, ([ 19020 d2) o) o laqu lollss ey

We assume that the following requirements are fulfilled

(HO) For any x € R, we have V(z) > 0, and | llim V(z) = 4o0.
Tr|—00
(H1) Either h(s) = sIn(s) — s or h : [0,00) — [0,00) is a strictly convex C? function
such that "
h(0) =0 and lim h(s) = +o00,

s§—00 8§

with b’ defined from [0, 00) to [no, +00) with g > 0. (That 7y is non negative
follows from the assumptions: h(s) is non negative and vanishes for s = 0.)

(H2) Let us define

0 if s Z —To,

T:seR— T(s) = { (h’)_l(—s) if —oo <5< —ng.

\]



For any a € R, we have

T(U—Q +V(z)+ a) e LY(R? x RY)
5 :

For h(s) = sln(s) — s, we further assume z — e~ *V® ¢ L1(R?) for some 0 <
a<1/4.

(H3) For any compact set K C R, we can find a function 2% € L'(R? x R?) such that
2
for any a € K, we have |T’(% +V(z)+ a)‘ < Zk(x,v).

Assumptions (HO) is a confining assumption on the external potential, strength-
ened by the integrability condition in (H2). It is likely that these assumptions on h,
that govern the shape of the equilibrium state, can be generalized, as will become ap-
parent in the proof. With h(s) = sIn(s)—s, we obtain the equilibrium function devised
in [2], which is proportional to exp (— % — V(z) — Peq()), see (6), the self-consistent
potential ®.q being determined by an integral equation. Another relevant example is
given by h(s) = sP, for p > 1. Then, the equilibrium function casts as

Mea(@,0) = [_ ]19(1)22 + V(@) + Peglz) + Aeq)]i/(p_l),

where the equilibirum potential ®¢q is still determined by an integral equation and
Aeq € R ensures the mass constraint. We shall see that « — ®¢q(z) is bounded; hence,
due to (HO), we note that this equilibrium function is compactly supported.

Lemma 2.2 Suppose (HO)—(H2). Let m > 0. For any function ® continuous and
bounded on R?, we can find \[®] € R such that

2
v
//Rded T (L + V(@) + B(a) + A[@]) dvdz = m.
Furthermore, for ¢ > 0, let us introduce the set
Km
€ = {CID e CO(RY), —?”EHLOO(Rd) <P(x) <0 forallze Rd}.
There exists #1(c) > 0, such that |A\[®]| < J#1(c) holds for any ® € €.

Proof. The function s — Y(s) is strictly decreasing from (—oo, —19) to (0, +00) (but
it is defined from R to [0,00)). For ® bounded and continuous, by (HO0)—(H2), the

mapping )
M:)\»—>// T(U—+V(x)+<1>(m)+)\>dvdx
RAxRE N 2

is well defined, decreasing, continuous (by applying Lebesgue’s theorem), and it satisfies

lim M(\) =0, lim M(\) = +oo.
A——00

A—~+00

The conclusion follows directly by the intermediate value theorem.



The bound on ® — A[®] follows from the following argument. According to (H1)—
(H2), s — Y(s) is non increasing and we get, for any ® € ¢,
2

//Rded T(% +V(z) + )\[CI)D dvdzx
= //RdXRd T(U; + V() + @(x) + A[cb]) dvdz = m

= //Rded T(? +V(z) - 2 |2 oo (ray + )\[@]) dvdz.

If \[®] — +o0 (resp. A[®] — —o0), the bound from above tends to 0 (resp. the bound
from below tends to +00), which leads to a contradiction. |

Having disposed of these preliminaries, we turn to the analysis of the equation satisfied
by the critical points of the functional # on the mass shell.

Proposition 2.3 Let m > 0. Suppose (HO)—(H3). There exists co > 0 such that for
any ¢ > ¢y, the equations

U2
Meq(@,0) = X (5 + V(@) + Peq(@) + A ).

K
Deq(x) = _gE*Peqa Peq (T / Meq(z,v)

/ Meq(z,v)dvde = / Peq(x)dz =m
Rd xR Rd

for the critical points of # with mass constraint admit a unique solution.

Proof. We consider the map

T EeT — T[B] = — 55 pla)], p[@](w):/RdT(%—l—V(x)—F‘l)(w)—i—)\[‘I)de

/p x)de =m

Lemma 2.2 ensures that this definition makes sense. In fact, a direct application of
the implicit function theorem (that uses (H3)) tells us that the mapping ® — A[®] is
C! and we are going to compute its derivative. Moreover, .7 maps € into itself. We
see ®qq as a fixed point of .7 and we shall prove that .7 is a contraction provided c is
large enough. Let ® and @' in 4. We start with the simple observation

K
| 7(®] = T[] < Z 5l @y 1o12] = APl 11 (Re)-

where \[®] € R is such that

Writing ®p = ® + 0(d’ ) and \g = A[@g] for 0 < 6 <1, we obtain
_ /
|p[®] — p[®]| T [ —+V(z )+<I>9(x)+)\9) dvd@‘
. V() + @y(x) + 2 ) { (@ = B)(x) + N [](®' — @) } dO v




We find the (signed) measure X' [®] by taking the derivative with respect to ® of the
mass constraint: for any continuous and bounded function ¢, we get

0= //M T(U; + V(@) + () + A[®]) (o(x) + N[®](p)) dv dz,

the formula makes sense owing to (H3). Therefore, we obtain

02
= - //Rded Tl(? V(@) + o)+ )\[q)])@(x) dvdz

2
)
//RdXRd T (5 + V(@) + D(2) + A[®]) dvda
We deduce from this relation that
IN[@](0)| < [l poo (ray- (11)

Let us temporarily assume that for some c¢g > 0, we can find a constant % (cg) such
that for any ¢ > ¢ and ® € € we have

/ v
//RR T (5 +V(z)+ e(z) + A[(b}) dv dz

Owing to (12), it follows that
[p[®] = p[@]|(x) < 2 ()| — || oo (e

holds for any ®,®’ € ¢ and ¢ > ¢y. We conclude that

2K
2

N[®](p)

< A (co). (12)

| 71®] = T < =52 (co) [l oo (et |2 = | oo (-

We now prove (12). As ¢ — oo the functions in ¢ converge uniformly to 0; moreover,
by virtue of (11), we see that A[®] tends to A9 € R, which is determined by

02
//Rded T<5 +V(x)+ )\0) dvdx = m,

see Lemma 2.2. For ¢ > 0 and ® € €, it follows from (H3) that the integral
' v?
//Rwd /(4 V(@) + B(x) + A[®]) doda
is well defined. In addition, as ¢ — oo it tends to

/ v
//RdXRd T (4 V(@) + o) dvds

by continuity and the dominated convergence theorem. It allows us to check that (12)
holds for ¢ > ¢ large enough. Moreover we have

J (c
lim 720) -0,
c—00 C
and ¢g can be chosen large enough so that 7 is a contraction on % for ¢ > cg. [ |

We turn to the minimization problem. We extend h by 400 when its argument is

10



negative, so that _¢# is defined over

fe LY (R xR, (v2+V(x))f e LY(R? x RY),

V.0 e L2 (R x R"), e L*(R?x R™). (13)

We wish to minimize _# under a mass constraint; the connection with the critical
points discussed in Proposition 2.3 is established through the following claim.

Lemma 2.4 Letm > 0. If # admits a minimizer (f,V, ) over the functions in (13)
satisfying the mass constraint [[ga,ga fdvdez = m, then it coincides with the critical
point f = Meq, ¥ = Veq and m = 0.

It follows from this, together with the uniqueness of the critical point, that there is
at most one minimizer. That such a minimizer exists and that, therefore, the unique
critical point is indeed a minimizer, will be proven below, in Lemma 3.3.

Proof. By virtue of Lemma 2.1 _¢# is bounded from below, when working on non
negative functions f with fixed total mass m > 0 (see the manipulation in Appendix A).
Let (f,¥,7) be a minimizer of _# with the constraint [[ga,ga fdvdz = m. Since
J(f, ¥, 7) is finite, we deduce that f(z,v) > 0 a. e. and h(f) € L'(R? x RY). We
readily check that 7 = 0 and —A,¥(z,2) = —o2(2) (01 * Jga f(+,0) dv) (z), just by
expanding 7 (f, ¥ + 0y, 7)) — _Z(f,¥,m) >0and Z(f, ¥, 7+ ém)— Z(f,¥,7m) >0
with ¢, 7 € C®(R? x R™), and letting 6 go to 0. It remains to find the expression of
the distribution function f. We follow the arguments detailed in [19, 23]. We start by
discussing the case where h is a O function over [0, c0). For € > 0, we set
Se = {(z,v) € RTx R, ¢ < f(x,v) < 1/e}.

We consider w € L>®(R¢ x R?%), with supp(w) C B(0, R), for some 0 < R < oo and
such that w > 0 on 0S.. As a consequence of the mass constraint, and the Bienaymé-
Tchebychev inequality, we have, for small enough €’s,

0 < meas(Se) < ™ < .
€
Then, we can find 7(€) > 0 such that, for any 0 < 7 < 7(€) the function

[, oo dyds
R xRE

meas(.Se)

fr(z,v) = f(z,v) + 7 | w(z,v) — 1g, (x,v)

is non-negative and satisfies [[ga, ga fr dvdz = m. Accordingly we have
/(fTv‘IJ77T) - /(fa\:[/aﬂ-) 2 0.
Since h is C! and f, — f is supported on a set of finite measure, it follows that
I, (e + 5+ v+ alvm)
g T,v 5 T T
[ wlmnedyd
R4 xR4

>
meas(S.) dvdz >0

x | w(z,v) — 1g.(x,v)

11



which recasts as

// w(zx,v) (h’(f(x,v)) + f + V(z) + ®[¥](z) + /\6) dvdz >0
R x R4 2

where we have set

1 , &
&——m%wm/‘@015»++V<> BT)(y)) dyds € B

Since this relation holds for any trial function w verifying the conditions prescribed
above, we deduce the following properties:

e On the one hand, for a. e. (z,v) € S, we have

1)2
B (f(x,v)) + 5 +Vi(x)+ ®[¥](x) = — A

which, additionally, tells us that A = A does not depend on e.

2
e On the other hand, on CS,, we get h'(f(z,v)) + % + V(z) + ®[¥](z) + A > 0.

Letting € go to 0, we conclude that either f(z,v) > 0, and h'(f(z,v)) = —% —V(x)—
O[¥](z) — A > o, or f(x,v) =0 and % + V(z) + [¥](z) + A > —np. We recover the

formula for the critical points of #.

The argument needs to be slightly adapted to handle the case h(s) = sln(s) —s, for
which A/(0) is not defined. We therefore need to exclude the possibility that f(z,v) = 0.
The proof therefore begins with the justification that f takes strictly positive values
only. We argue by contradiction: suppose that the set & = {(z,v) € RIxRe, f(z,v) =
0} has a positive measure (possibly +oc0). The regularity of the Lebesgue measure
allows us to find a compact set K C & such that meas(K) > 0. We now set for 7 > 0

meaS(K))
meas(S,)/’
where S, is defined as above. Clearly K NS, = () and, again, we can find 7(¢) > 0

such that f. remains non negative for any 0 < 7 < 7(€), while [[payga frdvde =m
Therefore, we have

0 < j(fﬂ\yaﬂ-)_j(fv‘lj’ﬂ-)
(h(fr) = h(f)) dvdz

R xR4

tr //Rded (”; V() + W)(@)) (15 - 1&%@)) o

meas(Se)

fr(@v) = fla,v) +7(1x — 1,

IN |

By definition f.(z,v) = f(x,v) on C(K U S,), f-(x,v) = f(z,v) +7 = 7 on K and

fr(z,v) = f(z,v) — 7'22’::’((5)) on Se. This ylelds

0 < meas(K)(rln(r) —7 +T// (z) + O[¥](x ))dvdx
+ [ i) = n(p)doda - ggj; (G v + o) dod.
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Let us use a shorthand notation for the real number

2 K )
A= [ (% + V@) + o)) dvds - meas()// (% 4 V(@) + o)) doda
K 2 e) Se 2

meas (.S

Dividing the previous relation by 7 > 0, we arrive at
0 < meas(K)(In(r) — 1) + A+ // Mdv dz.
: T

As 7 tends to 0 the last term tends to [[g In(f)dvdz, which is also finite for any fixed
e > 0. We are led to a contradiction since lim,_ln(7) = —oo. We conclude that
meas(0) = 0. From here, we can repeat the previous argument to identify f by means
of the Lagrange multiplier and to recover this way the formula that defines the critical
point. ]

3 Dynamical stability

To start with, it is convenient to make the relative entropy with respect to the equi-
librium state appear. For h a given strictly convex function, we set

H(flo) = [, (h(5) = h(9) = K(o)(f - 9)) dvda.
Rd xRd
This quantity measures how far f is from ¢ since we have
H(flg) 2 0 and H(f|g) =0 iff f =g.

Remark 3.1 It is worth pointing out that, for the case of h(s) = sln(s) — s, the
functional H controls the L' norm of f — g, by virtue of the Cszisar-Kullback inequality
[7, 20]. For other entropies h, it is possible to deduce LP estimates, see [6].

In the specific case where g = .#.q, we can use
/ v?
W (Meq(2,0)) = =5 = V(2) = Peq(2) = Aeg

and we arrive at

2

H(f|Mog) = / /]R o () = B Aeq) + (F = ) (% + V(@) + Degla)) ) dvda

// fdvda::// Meq dvdx = m.
Rd xRd Rd xR

provided

We now compute

G0 = (Mg Vo) =T+ 1145 [ (P dzde

xR™

13



with, on the one hand

I = //Rd , h(f)+(”2+V(x))f—h(///eq)—(“22+V(x))//zeq) dvda
= H(f|#eq) // — [)®eq dv da

and, on the other hand

I = // ) f — Boqlleg) dvda + & // (17202 — |90y ?) dz da
Rded 2
_ // Boq(f — Meg) dvda + // F(®[Y] — Boy) dvdz
Rded Rd xRd
2 //lean AU — Vo) P dzda
—c? // V. Weq|?*dzdx + 2 // V.UV, U dzd
R4 xR"™ Rd xR™
= // (I)eq(f—///eq)dvdl‘—l—// f01*</ 02(\11—\I/eq)dz> dv dx
Rded Rd x R4 n
+< // AU — V)P dzda + ¢ // Ueqg — V) - AyWeqdzda
RdXRn RdXRn
= // @eq(f—///eq)dvdx—i—// f01*</ ag(lll—ﬁ/eq)dz> dvdzx
Rded Rd xRd "
// (U — \Ifeq)| dzdx + ¢ // Ueq — U)ogo; * </ Meq dv> dzdx
i) R an R4 ><]R" R4

= // Peq(f — Meq) dvda + ¢ // V(U — Tey)|? dz da
R4 xR4 2 JJrixwre
+ /// 02(V — Weq)o1 * (f — Meq) dvdzde.
R4 xR x R™
We end up with

/(f, \11777) - /(///eq’ \I/eqvﬂeq)

HPutl) g [ 190 WPtz [ efazae
+//~/]Rd Rd xR™ 02(2) (\P_\Peq)($7 Z) Ul*(f_%eq)(»x,v) dvdzdzx.

The first three terms in the right hand side are non negative; only the last integral,
which is nothing but

#(v - q/eq,/Rdf — Mg ),

does not have a definite sign. The main result of this paper can be stated as follows.
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Theorem 3.2 Let m > 0 and suppose (HO)—(H3). Let ¢ > cg, as in Proposition 2.5.
For any € > 0, there exists n > 0 such that, if the initial data

f’t:o - f07 \Il’t:() = ‘1107 8t\:[l’t:0 = \Ijl

for (1)—(4) satisfies

H(folMeq) + //Rdw (W — Weg)Pdzda + - // L lnPdade <y

then, for any t > 0, we have

H(f(t, )| Aeq)

1
// U(t,x,2) — Ueq(z,2))|* dzda + = // 10, (t,x, 2)|? dzdx < e.
2 Rde" 2 JJRdxRrn

As explained in [5], the condition that the propagation speed c of the waves must
be large can be understood to mean that the environment can evacuate energy quickly
to infinity. Whether this condition is necessary for the stability result above is not
clear. Tt is not needed in [5] to prove stability of a single particle coupled to a vibrat-
ing environment in the presence of a confining potential. But, as pointed out before,
the situation here is more complex. Even the existence—uniqueness of the equilibria
we study here is guaranteed only for large enough ¢ (see Proposition 2.3 and [2, The-
orem 2.1] about the issue of the uniqueness of the equilibria with prescribed mass).
The main ingredient for proving Theorem 3.2 is the following characterization of the
minimizers of ¢, which completes Lemma 2.4.

Lemma 3.3 (Minimization of ¢) The following assertions hold:

(i) The functional ¢ has a unique minimizer over (13) with a particle distribution
function with mass m and it is (Meq, Yeq, Teq)-

(ii) Let ((g", \Il”,Tr”))VeN be a minimizing sequence of the functional ¢, among the
distributions with mass m; then, we can extract a subsequence (vk)ken such that
("%, WYk 7)) converges weakly to (Meq, Veq, Teq) and we have

Jim / / / (2) (U — W) (z, 2) 01 % (g% — M), 0) dvdz dz = 0.
k—o00 RdXRdXR"

Proof. We have seen that (#eq, Veq, Teq) is the unique critical point of ¢ among the
distributions with mass m (see Proposition 2.3). By Lemma 2.4, if # has a minimizer
it has to be (Meq, Veq, Teq). In order to prove (i), we just have to prove that _# admits
at least one minimizer.

To this end, let us consider ((¢”,¥",7")) _\, & minimizing sequence of 7. As
explained in Appendix A, it follows from the boundedness of the functional ¢, together
with the fact that the coupling term is bounded (see Lemma 2.1), that we can suppose,
for a suitable subsequence,

e g”* — g weakly in L'(R? x R%),
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o V., U" — V, ¥ weakly in L?(R? x R?),
o 7% — 1 weakly in L2(R? x R™).

In fact, the weak compactness of (g” )V ey IR L' follows from an application of the
Dunford-Pettis theorem, see [16, Section 7.3.2], by using (HO) and (H1). This is
direct when h is non negative; for h(s) = sln(s) — s, the necessary estimate relies on a
standard trick which is detailed in Appendix A.

We are going to prove that the limit (g, ¥,7) minimizes #. It is convenient to
work with the expression of ¢ in (14). Indeed, owing to convexity properties (see for
instance [4, Corollary II1.8]), we already get

7 3 143 _ 1473 _ -
hgnlnf{H(g | Aeq) + 5 //dX ) |V.(T Vo) dzdx + 5 //dx . |7y, |“ dzdx

8 1
> H(g|-Meq) + < // V(¥ — W) > dzdr + 7/ |7|? dz de.
2 JJraxwrn 2 J Jraxrn

(15)
We also have

Pk (x) = /d g% (z,v)dv — p(z) = /d g(z,v) dv weakly in L*(RY) as k — oo,
R R

// g (z,v)dvdxr =m = // g(z,v)dvdz.
Rd xR4 R4 xRd

Accordingly, we observe that, for any ¢ € L>(R%),

lim o1 xpF pdr = lim/ Pk al*godx:/ pal*godm:/ o1 *p pdz,
d k—oo JRd Rd Rd

k—oo JR

since, with o1 € L' N L®(RY), o1 x ¢ belongs to L>®°(R?). It means that oy % p*
converges weakly to to o1 x p in L'(R?). Furthermore, since for a. e. x € R? the
function y +— o1(z — y) lies in L>®(R%), the convergence o1 * p’*(z) — o1 * p(x)
also holds for a. e. € R%. Combining the two informations we deduce that o %
p”* converges strongly to oy x p in L*(R?) see [16, Theorem 7.60]. Since o1 € L' N
L®(RY), o1 % p* is actually bounded in any LP(R?) spaces, 1 < p < oo, and the
convergence holds strongly in LP(R?) for any finite p. We turn now to the behavior
of [gn 02(2)¥" (z, z) dz. The Gagliardo-Nirenberg-Sobolev inequality, that we already
used for proving Lemma 2.1, tells us that U¥ is bounded in L?(R%; L2/ ("=2)(R™)).
Hence, applying [15, Theorem 8.20.5] and the Banach-Alaoglu-Bourbaki theorem, we
can assume that it tends to 1, weakly in this space. Therefore, for any ¢ € LQ(Rd),
the product oy(2)¢(x) lies in L?(R%; L2/ (»+2)(R™)) and we get

klgglo 5 o(x) (/n o9(2) U (z, 2) dz) dz = /Rd o(x) (/n o9(2)¥(z, 2) dz) dz.

In other words, [ 0a(2) U (x, 2) dz converges to [p. 02(2)¥(z, z) dz weakly in L2(RY).
We conclude that

lim /// oo(UF — Weq)(x,2) 01 % (§F — Meq)(z,,v) dvdz dz

k—o0 R4 x R4 xR™

- ///Rdeden 02(V — Weq) (7w, 2) 01 % (9 — Meq)(x,v) dvdzda. 10
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We combine this relation to (15) and going back to (14) we deduce that
liminf ¢ (¢"*, W, n"%) > 7(g,¥, ).
k—oo

Since ((¢”, ", 7)), oy is a minimizing sequence of _#, we deduce that (g, ¥, ) is a

minimizer of ¢, with g verifying [[pa,ge gdvdz = m. This already proves (i). As
said above, according to Proposition 2.3 and Lemma 2.4, we get

g= %eqa Y= \Ijeqa T = Teq = 0.
Going back to (16), we obtain

lim /// o2(z) (U — Weq)(x, 2) 01 % (¢"F — Meq)(x,v)dvdzdz =0
R xR x R™

k—o0

It ends the proof of (7). ]

Proof of Theorem 3.2. We argue by contradiction. We thus assume that we can
find:

e a sequence of initial data ((f§, Vg, ¥Y)), . such that

// fodvde =m
R4 x R4
and

: v 02 v 2 1 v|2
Tim {H(fo y,///eq)+5//Rden\vz(%—\peq)| dzdx+5//Rdenyqul\ dzda b =0,

e a positive number € > 0 and a sequence of times (t” )V N

such that ¢ (z,v) = f*(t*,z,v), O (x, 2) = O (t¥, x, 2), 7(x, 2) = O WY (¥, x, ), with
(f¥,U") the solution of (1)—(4) determined by

fl/’tzo = f(l)/7 \Ill/|t:0 - \I}Va 8t\111j|t:0 - \Iﬂf)
satisfy

2 - 1
H(g" | Meq) + - // |V, (0" — Vo) P dzda + // |7 [?dzdz > e (18)
2 JJraxrn 2 JJRaxrn

Conservation of the total energy (8) and conservation of the Casimir functionals (10)
imply that

F (9", i’yvﬂ'y) — I (Meq; Veq, Teq) = I (15, V0, V) — I (Meq, Veqs Teq) (19)

and, of course, by mass conservation, we have

// g” dvdx = m. (20)
R xR
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Using (14), relation (19) can be rewritten as

1
H(g"| Meq) + = // —\I'eq)|2dzdx+f// 7" |2 dz dz
Rden 2 JJRaxRn
+/// 0o(V” — We)o1 * (§° — Meq) dvdz da
R xR4xR™

2 1
= H(fY|. A, +—// V. (TY — U, 2dzd:c—|—f// UY|2dz dx
(f&|Aeq) 5 Rden\ (Yo a)l 5 Rden! 1]

] 92(E) (W= Wea)(@:2) o1 x (Jf — M) ,0) do dz dr
Rd xR xR™
(21)
We start by observing that the right hand side tends to 0 as v — oc.
Lemma 3.4 We have
uh—>n§o S (fo: V0, V1) = F (Meq, Veq, Teq) = 0.

Proof. This is a consequence of (17). The last term in (21) is nothing but A (¥ —
Ueq, P§ — Peq), With pf(z) = [pa f§(x,v) dv, and we appeal to the continuity property
stated in Lemma 2.1. [ |

It follows that 3
lim /(an‘lﬂjaﬂy) = /(///eqa‘l'eqvweq) (22)

V—00

We are led to a contradiction owing to Lemma 3.3 which makes ((g”,@”,w”))yeN
appear as a minimizing sequence for ¢ with the mass constrained to be m. By using
Lemma 3.3-(¢7), we can find a suitable subsequence (v)ren such that

lim /// 2) (B — Weo)(z, 2) 01 % (g — Meq)(,v) dvdzdz = 0.
RdedXR"

k—o0

Going back to (19) and (21), we are thus led to
lim {7 (g%, 0", 5%) = 7 (Meq, Veq; Teq) | = 0

k—o0

c? ~ 1
o 1: Vi Vg 2 - Vi |2
= lim {H(g [ Meq) + //]Rde" V. (% — W) dzdx+2//Rden B dzdx}.

Since the three sequences involved in the last expression are all non negative, we con-
clude that

H(g"™ | Meq) k—> 0, Hvz(‘i’yk - ‘I’eq)Hm(Rden) —0, HWV'“HB(Rden) — 0.
—00 k—oo k—o00

This contradicts (18). ]

A Weak compactness in L! for h(s) = sln(s) — s

The difficulty comes from the fact that h(f) might change sign. We shall prove that
g"|In(g”)| and (v2+ V(x))g” are bounded in L*(R? x RY), which will allow us to apply
the Dunford—Pettis theorem [16, Section 7.3.2], taking into account (HO).
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Owing to Young’s inequality, we deduce from Lemma 2.1 that there exists C' > 0

such that for any 8 > 0, we have #(g”,¢") = [[paypa ®[¥]g" dvdz > —B| VY| L2 (raxpra)—
C

Fm? Therefore we get

C
—m? + Yo T Z// dvdx+// +V dvdz
B A" ) Rded Rixpa ¥ (= ))
2
C v v
ﬂ;-@W¢ﬁmmm+ﬂW%wmw

where we can pick 0 < 8 < ¢?/2. Since the left hand side it bounded with respect to
v, it already justifies the weak compactness of g¥, 1" and ¥ when h is non negative
and satisfies (H1).

For h(s) = sln(s) — s, we use the following argument: for {2 > 0, we have

slln(s)| = sln(s) = 2sIn(s)(Le-nocscr + Le-asy)
A <s<
< sln(s) 4 2Qs 4+ —e~ Y2,
e

We use this inequality with = 204(% +V(z)), 0 < a< 1/4. Tt allows us to obtain

// ¢"|In(¢g"”)|dvdx + (1 — 4a) // —I-V( ))dvdx
]Rded Rdx]Rd

&
(5—ﬁﬁwwnprW) |MHHRMW>

g// dvdx+// +V( )) dvdz
Rde‘i ]Rdx]Rd

2
C v v v v
+5 VY 172 et ey +§H7r 172 Raxray + Blg”,¢")

+m + ng + 4// e~V (@) g=av®/2 4y 4y
B e J JraxRrd
C 4
< j(gy? wl’, 7TV) +m+ EmZ + g //]RdXRd €7av(x)€7av2/2 dvdzx

which is bounded uniformly with respect to v.
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