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Abstract. This paper aims at modeling breast cancer transition from the in situ stage –when

the tumor is confined to the duct– to the invasive phase. Such a transition occurs thanks to the

degradation of the duct membrane under the action of specific enzymes so-called matrix metallo-

proteinases (MMPs). The model consists of advection–reaction equations that hold in the duct and

in the surrounding tissue, in order to describe the proliferation and the necrosis of the cancer cells in

each subdomain. The divergence of the velocity is given by the increase of the cell densities. Darcy

law is imposed in order to close the system. The key-point of the modeling lies in the description of

the transmission conditions across the duct. Nonlinear Kedem-Katchalsky transmission conditions

across the membrane describe the discontinuity of the pressure as a linear function of the flux.

These transmission conditions make it possible to describe the transition from the in situ stage to

the invasive phase at the macroscopic level. More precisely, the membrane permeability increases

with respect to the local concentration of MMPs. The cancer cells are no more confined to the

duct and the tumor invades the surrounding tissue. The model is enriched by the description of

nutrients concentration, tumor necrosis factors, and MMPs production. The mathematical model

is implemented in a 3D C++-code, which is based on well-adapted finite difference schemes on

Cartesian grid. The membrane interface is described by a level-set, and the transmission conditions

are precisely approached at the second order thanks to well-suited sharp stencils. Our continuous

approach provides new significant insights in the macroscopic modeling of the breast cancer phase

transition, due to the membrane degradation by MMP enzymes.

1. Introduction

This paper deals with the tumor growth modeling of two types of ductal carcinomas, which are

among the most common breast cancers: the ductal carcinoma in situ (DCIS) and the invasive

ductal carcinoma (IDC). At the early stage, DCIS remains confined to the duct, thanks to the

surrounding membrane, which yields a nonpermeant barrier. Mutated cancer cells can however

produce specific enzymes so-called matrix metalloproteinases (MMPs), which degrade the duct

membrane. DCIS then turns into an IDC, which is much more agressive. It invades the surrounding

healthy tissue and swarms throughout the body, leading to a metastasized breast cancer. The aim

of the study is to derive the bases of the macroscopic deterministic modeling of this transition.

More precisely partial differential equations, which account for the main biological features of the

cancer evolution are proposed. In particular the focus is drawn on the cancer transition from the

DCIS phase to IDC under the action of degrading MMP enzymes.
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The model describes the early stage in situ tumor growth, the production of MMPs due to cell

hypoxia and then the membrane degradation by MMPs which leads to the tumor invasion of the

surrounding stroma. Such a degradation is accounted for thanks to the use of Kedem-Katchalsky

transmission conditions, which link the jump of the pressure across the membrane –due to the cell

proliferation in the duct– to its normal flux. The influence of the immune1 cell located in the stroma

on the production of tumor necrosis factors (TNF) and MMPs is also described.

The main insight of the paper is to describe the transition from DCIS into IDC at the continuous

macroscopic scale. In particular, we provide a macroscopic tumor growth model that links the

production of MMPs to the porosity of the duct membrane.We compare our numerical results

with existing biopsy images. Interestingly, our model provides somehow a continuous macroscopic

approach of the agent-based model of Kim et al. [20]. The numerical simulations are performed in

3D. The code is based on the finite difference method on Cartesian grid. Level-set method is used

to describe the duct membrane. Specific well-adapted stencils are used to describe the Kedem-

Katchalsky transmission conditions along the duct membrane. The overall method is first order

accurate in time and space.

1.1. Biological background. Breast consists essentially of milk ducts, lobes and fatty tissue [31].

The ducts are surrounded by a connective tissue, the stroma. They are conmpsed of the basement

membrane and of the epithelium surrounding the central opening (called lumen), which is filled with

fluid. Ductal carcinoma derives from a dysfunction of the epithelial cells that proliferate uncon-

trollably. Its origin and the subsequent developments combine genetic and environmental factors,

including many underlying mechanisms, which still remain poorly understood. The development

of a precancerous lesion in the epithelium, as hyperplasia, increases the risk of abnormalities. The

disruptions of the interactions with the membrane can cause an accumulation of abnormal events

in the epithelial tissue leading to genetic instabilities [39, 2]. Among the consequences of genetic

mutations, the increase in mitosis rate, the loss of cell polarity, the breaks of adhesion junctions

and the ability to evade apoptosis lead to uncontrolled cell proliferation and to the tumor growth

inside the duct.

As long as the tumor remains confined to the duct, carcinoma is called in situ. The key point

is then to determine whether or not (and when) the tumor is able to destroy the membrane and

to invade the surrounding tissue, passing from a low-grade cancer, rather non-aggressive, to a

high-grade invasive cancer, leading to metastases spreading in the whole organism. The membrane

degradation results from the production of MMP enzymes. These enzymes have the property to

degrade the collagen fibers, which make up the extracellular matrix (ECM) of biological tissues and

membranes. In the case of ductal carcinomas, MMPs degrade locally the membrane, which then

becomes porous, leading to the cancer cell invasion. Thus the production of MMPs is the biological

feature of the transition from IDCS to IDC [7, 30].

1.2. Discrete and continuous cancer models.

1 TNF are cytokines that are mainly produced by macrophages, but many other cells can produce them, such as

CD4+, neutrophils, natural killer cells [17, 38]. So we generically consider here that TNF are produced by immune

cells.
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Many continuous or discrete models of breast tumor growth have been derived since a decade,

however most of them are devoted to DCIS [10, 27, 26], without focusing on the transition from

DCIS to IDC. Recently, a modeling based on the evolutionary game theory has been developed by

Sartakhti et al. [35] to describe the specific aspects of the complex MMP dynamics. Kim et al pro-

posed a hybrid discrete modeling to study the tumor/stroma interactions [21, 20] at the mesoscale.

Accounting for complex chemical and mechanical interactions at both molecular and cell scales,

their discrete model reproduces the DCIS-IDC transition. Such modeling works can mimic in vitro

experiments and provide interesting features on molecular and cell interactions. However the com-

putational limitations –only a few hundreds of cells can be accounted for in the simulations– and

the high variability of cell behavior prevent their calibrations on in vivo and clinical data.

The purpose of the present paper is to provide a continuous macroscopic modeling of the

transition from in situ ductal carcinoma to the invasive cancer. We derive here a continuous

model, based on partial differential equations, in the same vein as in Colin, Ribba, Saut and col-

leagues [3, 4, 33, 24]. The motion and the proliferation of cell densities are described thanks to

advection-reaction equations. The divergence of the velocity field is given by the total increase of

volume due to cell proliferation. Darcy law ensures the closure of the system. The main feature of

the present model is the use Kedem-Katchalsky type transmission conditions [22, 31] in order to

describe the pressure discontinuity across the duct membrane.

1.3. Ductal carcinoma continuous models in the literature. In its global form, our model

is closely related to the model proposed by Franks, Byrne et al. [10, 11]. Advection-reaction

equations are used to describe the tumor growth, and the divergence of the velocity field equals the

proliferation. The closure of the system is different, since we use a simple Darcy law instead of the

Stokes equation used by these authors. Darcy law in tumor growth model was initially proposed

by Greenspan et al. [14]. Since our preliminary numerical experiments did not exhibit dramatic

different behaviors between Darcy and Stokes equations, we only present here the Darcy law.

The main insight of our paper, compared to the seminal works of Franks, Byrne et al. lies in

the derivation of appropriate transmission conditions that makes it possible to account for the

tumor invasion. More precisely, the articles of Franks, Byrne et al. focused on the comedo ductal

carninoma, a breast cancer confined to the duct [11]. They consider an elastic duct membrane,

which confines the tumor to the duct. Free boundary conditions are imposed in order to account

for the tumor growth and the elastic deformation. Our point of view is different in the sense that

we assume the duct membrane as a rigid domain, but its permeability –that is its capability to

confine the tumor to the duct– depends on the production of MMPs enzymes. Therefore the tumor

can cross the duct membrane and invade the surrounding tissue. For the sake of simplicity, in the

following our membrane is assumed rigid but similarly to Franks, Byrne et al. one can impose free

boundary conditions to account for the elastic deformation. This complexification does not change

the philosophy of our modeling but it raises technical and numerical difficulties. Thus in this article

we focus on the case of a rigid membrane of the duct.

1.4. Outline of the paper. The aim of the paper is to build a continuous model that reproduces

qualitatively the different configurations observed in the biopsy observations. We emphasize that
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we aim at paving the bases of the modeling of breast cancer transition. The quantitative calibration

with data of well-designed experiments is far beyond the scope of this paper. More precisely, we

aim to provide a continuous deterministic model that describes the 3 following phenomena:

• The first-step of the breast cancer growth confined to the duct.

• The influence of tumor necrosis factors and nutrients deprivation on the emergence of a

necrotic core.

• The membrane degradation under the action of MMP enzymes, and the subsequent cancer

invasion in the stroma.

Our modeling is based upon the following well-established hypotheses [7, 30, 21, 20, 39, 2]

• In its early stage, breast cancer is confined to the duct and the tumor is mainly composed of

proliferating and necrotic cells. The proportion of invasive metastatic cells is still negligible.

• MT1-MMP enzymes are produced by the cancer cells. However they have to be activated

by pro-MMPs produced by the immune cells of the stroma. When activated, such enzymes

degrade the duct membrane.

• TNF are mainly produced by macrophages. According to the literature, they paradoxically

promote and prevent the tumor necrosis and the cell proliferation, depending on their

concentration and on the tumor particularities.

In Section 2, we present our deterministic macroscale model of ductal carcinoma. The core

model provides advection equations for cell species, with a velocity whose divergence results from

cell proliferation, and Darcy’s law to close the system. The duct membrane is described by an

interface with zero thickness, across which jump conditions are imposed to link the outer and inner

pressures. The use of nonlinear Kedem-Katchalsky conditions makes it possible to describe contin-

uously the transition from DCIS to IDC. Defects on the membrane are modeled by an evolution

law of its permeability, which depends on MMP concentration. Note that for the sake of simplicity,

we omit the elastic tension of the membrane. The cell proliferation rate depends on the pressure

and on the nutrient supply, accordingly the biological observations [9, 40]. We eventually add the

influence of the chemical factors produced by the immune cells. Among them, the tumor necrosis

factors (TNF) consist of a group of cytokines that may simultaneously promote the cell death but

also the cancer proliferation [38, 15].

We then describe the production and the activation of MMPs enzymes. The precise pathways

of MMPs production is complex and still unclear. Generally speaking, MMPs, which are produced

by cancer cells, may be activated by the pro-MMPs produced by immune cells, which are located

in the tumor microenvironment (TME). The effect of the TME is thus complex, and a simplified

model for MMPs is presented in paragraph 2.2.

Section 3 is devoted to the numerical results. We present the growth of the tumor, the membrane

degradation under the action of MMPs, and the progression of an invasive carcinoma through the

membrane. Our model provides numerical results that are qualitatively in agreement with the

biopsies arising from the literature. Depending on the production of MMPs, our model reproduces

the different cancer phenotypes reported in biopsies (tumor confined to the duct with and without

necrotic core, cancer invasion due to the duct membrane degradation). We provide in Fig. 1 the
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different phenotypes that can be described by our modeling. Interestingly, the three main patterns

(DCIS, DCIS with a necrotic core and IDC after membrane degradation) are accounted for by the

same theoretical framework.

(a) DCIS without necrotic core (b) DCIS with a necrotic core

(c) Membrane degradation and cancer invasion

Figure 1. Main phenotypes accounted for by the model in the same theoretical framework,

and comparison with biopsies. Source of biopsies: www.breastpathology.info (2013).

Remark 1 (Possible biological outcomes). Our numerical model provides a theoretical framework

of the growth of ductal carcinomas, and in particular of the transition from DCIS to IDC. It

makes the link between the tumor production of MMPs and the duct membrane porosity at the

tumor scale. Such a modeling might be of crucial interest to test the influence of new drugs such as

matrix metalloproteinase inhibitors on the cancer evolution. In particular, our numerical simulation

suggests that once the membrane is degraded, MMP inhibitors seem useless since the duct membrane

is already porous. On the contrary, the combination of MMP inhibitor with standard drugs might

prevent the transition towards the invasive ductal carcinoma.

Moreover our numerical simulations suggest that the tumor shape provides possible information

on the tumor microenvironment. In particular, in DCIS the production of TNFs by the microen-

vironment seems to drive the shape of the necrotic core. As pointed out before, TNFs have the

paradoxical property of promoting the tumor necrosis at low concentration and the cell prolifera-

tion at higher concentration. Therefore in DCIS, the shape of the necrotic core might predict the

forthcoming transition towards IDC.

2. Tumor growth model of ductal carcinoma

The structure of the model is outlined in Fig. 2. For the sake of clarity, we subdivide our

model into two parts. The core model, presented in Subsection 2.1, describes the main mechanical
5
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Core model :

pressure
and 

cellular movement

Additional submodels :

nutrients, TNFs,
MMPs, chemotactic signal

from TME

Figure 2. Schematic diagram of the model structure.

processes of the tumor growth. The model consists of a hyperbolic system of PDEs, whose main

novelty lies in the transmission conditions across the membrane. Actually, most of the existing PDE

models of cancer growth deal with one domain (possibly with free-boundary) however the crossing

of the tumor has not been addressed, as far as we know. Specific continuity condition is imposed on

the hyperbolic system to ensure the mass conservation across the membrane. Kedem-Katchalsky

conditions, which are well-known in porous media modeling, are then used to describe the velocity

near the interface. The second part of the model, given at Subsection 2.2, presents the additional

bricks, which describe the influences of the nutrient supply, the production of MMPs and both

growth and necrosis factors. The additional bricks may be changed without modifying the main

core model of tumor growth, providing a test-toolbox of in silico hypotheses. It is worth noting

that the model is written in a dimensionless form. We expect qualitative and phenomenological

validations with biopsies. The quantitative calibration of the model on well-defined data is far

beyond the scope of the paper.

2.1. Core model: cell movement and pressure equations. The domain denoted by Ω (in

2D or 3D) is composed of the duct membrane (Γ), seen as an interface, that splits Ω into two

subdomains (Fig. 3): the duct (Ω0), and the outer medium (Ω1). The core model consists of

Ω0

Ω1

Γ

∂Ω

Figure 3. Geometrical framework. Ω denotes the domain of computation, Ω0 is the duct,

Ω1, the stroma and Γ denotes the duct membrane.

advection-reaction equations satisfied by the biological species densities (or proportions)2 stated

piecewisely in the duct and in the surrounding tissue. More precisely, the healthy stroma cell

density (S) are located in the domain out of the duct, the densities of the proliferating tumor cell

2Throughout the paper, density refers to a proportion of cell and is between 0 and 1.
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(P ), and of the necrotic cell (N) are originally located in the duct but they can also cross the

membrane if it is degraded. Since the duct is filled up with the luminal fluid (L), it is important to

add its (passive) contribution on the tumor growth. All the densities are advected at the velocity

v. The transmission across the duct membrane is chosen so as to satisfy the mass conservation law.

2.1.1. Notations and hypotheses. We assume that tissues consist of the cell species that behave like

an incompressible and passive fluid, driven by a homogeneous movement due to cell proliferation.

Each subdomain is supposed saturated, therefore the following saturation condition on the densities

holds:

P +N + S + L = 1, in Ω0 and Ω1.(1)

At the initial time, healthy cells S are located out of the duct, in the surrounding stroma. The

proliferative cancer cells P are inside the duct, attached to the duct membrane, which is filled up

with the luminal fluid L. The necrotic tumor cells N may appear later on, due to the lack of

nutrients or due to the secretion of necrosis factors by the microenvironment. The heuristics of the

core model are outlined in Fig. 4.

Advection

Pressure

Proliferating
tumor cells

P

Necrotic
tumor cells

N

Luminal fluid
L

Additional submodels

nutrients, TNFs,
MMPs, signal

(TME influences)

Stroma
S

Membrane

proliferation

necrosis

Darcy

initiation
initial

conditions

Membrane
permeability

Figure 4. Schematic diagram of the core model.

After cancer initiation, tumor cells either proliferate by mitosis or turn into necrotic cells, de-

pending on the nutrient concentration Θ, the necrosis factor concentration τ and the pressure in

the tumor. Proliferation generates an increase of the tumor volume, which induces the movement

of all the species at the velocity v. Darcy law is imposed to close the system. The transmission

of the pressure across the duct membrane is taken into account by Kedem-Katchalsky conditions.

Such conditions ensure the continuity of the normal velocity across the membrane. The jump of the

pressure across the membrane is proportional to the flux, the multiplicative coefficient being the

membrane permeability. The membrane permeability describes the membrane degradation under

the action of MMP enzymes.
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2.1.2. Advection. We assume that the cells and the luminal fluid move at the same velocity field

v, whose divergence is given by the cell proliferation. The functions αP and αN denote the rates

of proliferation and necrosis, respectively. They will be explicitely given in subsection 2.1.4. Mass

balance law implies that the general movement is governed by the following advection equations

written in R+ × (Ω0 ∪ Ω1):

∂tP +∇ · (vP ) = (αP − αN )P,(2a)

∂tN +∇ · (vN) = αNP,(2b)

∂tS +∇ · (vS) = 0,(2c)

∂tL+∇ · (vL) = 0.(2d)

Denoting by X the vector (P,N, S, L), and by A the matrix

A =


αP − αN 0 0 0

αN 0 0 0

0 0 0 0

0 0 0 0

 ,

the above system reads

∂tX +∇ · (v ⊗X) = AX, in Ω0 ∪ Ω1.(3)

If the basement membrane is intact, the species do not cross the interface Γ. The normal component

of the cell velocity is thus zero on the interface, and species densities are discontinuous across Γ.

On the contrary, if the membrane is degraded its permeability increases. The normal velocity is

thus non-zero and the species can cross the porous interface. In order to satisfy the conservation

law across Γ the following transmission conditions across the membrane is imposed on X:

J(v · n) XK = 0,(4)

where n is the outgoing normal vector to Γ (from Ω0 to Ω1). The above brackets J·K denote the

jump across Γ defined as (see Fig. 5)

JXK = X|Γ+ −X|Γ− .

Ω0

Ω1

Ω1

Г Ω0Ω0Ω0

Г
+

Г
-

Г
-

Г
+

Figure 5. Γ is considered as an interface.
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Finally, summing equations (2a)–(2d) and using the saturation condition (1) lead to the diver-

gence condition:

∇ · v = αPP.(5)

Note that unlike [24], since no treatment is accounted for, the divergence of velocity field v is non

negative, meaning that the tumor volume increases.

Remark 2. It is worth noting that the healthy cells are not located in the duct membrane and the

luminal fluid is supported only in the duct. This is imposed at the initial time. Since the divergence

of the velocity is always non negative, the motion of the quantities are outwardly directed from the

tumor towards its exterior. Thus healthy cells density never enters the duct and the luminal fluid

hardly goes out of the duct. In order to write the system in the same framework, we extended these

quantities to the whole domain by 0.

2.1.3. Membrane permeability and Darcy law. In the simplest version of the model, the system is

closed thanks to Darcy’s law, as originally proposed by Greenspan [14] and later on by Ambrosi

and Preziosi [1], and T. Colin, O. Saut and colleagues [3, 4, 33, 24]. For the sake of simplicity we

consider that the permeability of Ω0 and Ω1 is constant and equal to k and then

v = −k∇Π.

The key point lies in the transmission conditions across Γ . Since the membrane is a thin layer with

very low permeability (Fig. 5), we link the outer and inner media thanks to Kedem-Katchalsky

conditions3 [22, 29, 18, 25], which are an asymptotic version of transmission conditions across

a weakly porous thin layer. More precisely, denote by κm the surface permeability of the duct

membrane. It is assumed to depend on the concentration of MMPs denoted by M . The following

simple ordinary differential equation is used to describe the dynamics of κm:

∂tκm(t,M) = γM M(κ0 − κm),

κm|t=0 = 0.

where κ0 is the permeability of the deteriorated duct membrane. In other words, the membrane

permeability is given by the following expression of the MMP concentration:

κm(t,M) = κ0

(
1− e−γM

∫ t
0 M(s,x)ds

)
.(6)

The time derivative expresses the fact that the degradation of the membrane is not an instantaneous

process. The pressure then satisfies the following elliptic problem:

−∇ · (k∇Π) = αPP in R+ × (Ω0 ∪ Ω1),(7a)

Jk∂nΠK = 0,(7b)

κm(t,M)JΠK = k∂nΠ|Γ+ ,(7c)

Π|∂Ω = 0.(7d)

3Kedem-Katchalsky conditions refer to porous media, it corresponds to the so-called Kirchoff law in electromagnetic

as used by C. Poignard and colleagues [29, 18, 25].
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The homogeneous condition on the boundary reflects the assumption that tumor growth has negli-

gible impact on the tissue far from the tumor. The tumor pushes the healthy tissue and the luminal

fluid out of the computational domain without any feedback on the internal pressure. In the above

model, as soon as MMPs are produced, κm increases. The normal component of the velocity is

then strictly positive, and thanks to condition (4), the tumor cells begin to invade the surrounding

tissue.

2.1.4. Proliferation and necrosis rates. The proliferation and necrosis rates are driven by chemical

and mechanical environmental factors. Among them, the proliferation rate essentially depends on

the nutrient concentration Θ and the pressure Π. Both have a significant impact on reducing their

rate of proliferation in the case of lack of nutrients, or in the case of excessive pressure exerted on

cancer cells [9, 40]. The necrosis rate also depends on the nutrient concentration Θ. Moreover,

both proliferation and necrosis rates may depend on environmental factors τ , which can promote

the cell proliferation and the cell death. For the sake of simplicity, the lack of nutrient supply is

generically referred to as hypoxia.

We denote by

• Πmax, the maximal pressure that cancer cells can withstand before stopping their mitoses.

ΘP and ΘN are the hypoxia and necrosis thresholds for nutrient concentration Θ. We

impose

0 < ΘN < ΘP ,

such that for Θ smaller than ΘN cancer cells P turn into necrotic cells N , between ΘN and

ΘP the cells P do not proliferate, but are not necrotic: they are in a quiescent phase. For

Θ above ΘP , the cancer cells P proliferate and the tumor grows,

• τP and τN , the growth and necrosis thresholds for environmental factor concentration τ .

Beyond τP the growth factor concentration is sufficient to promote the cell proliferation,

and beyond τN the necrosis factor concentration is sufficient to generate necrosis,

• H, a regularization of the Heaviside function. For instance, for any density Y , we use

H (Y ) =
1 + tanh (Λ (Y − 1))

2
.

The numerical parameter Λ is a strictly positive non dimensional constant which drives the

stiffness of the function.

The proliferation and necrosis rates are thus given by

αP (Θ, τ,Π) = ᾱP H (Θ/ΘP ) H (τ/τP )
Πmax −Π
Πmax

,(8a)

αN (Θ, τ) = ᾱN H (ΘN/Θ) H (τ/τN ) ,(8b)

where ᾱP (resp. ᾱN ) is the maximal proliferation (resp. necrosis ) rate.

Remark 3 (Influence of necrosis factors on both proliferation and necrosis rates). In the above

definition the tumor necrosis factors concentration (τ) impacts on both αP and αN . This is to

account for the biological evidences provided by Waterson et al., and Hamai et al. [38, 15] that

necrosis factors seem to promote both necrosis and proliferation of cancer cells.
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Remark 4 (Positivity of αP ). A priori, according to equation (8a) the proliferating coefficient may

be negative. However, this cannot hold thanks to the elliptic equation on Π. More precisely, the

problem satisfied by Π reads then:

−∇ · (k∇Π) = βP H (Θ/ΘP ) H (τ/τP )P
Πmax −Π
Πmax

in R+ × (Ω0 ∪ Ω1),

Jk∂nΠK = 0,

κm(t,M)JΠK = k∂nΠ|Γ+ ,

Π|∂Ω = 0.

Multiplying the negative part4 [Πmax −Π]− of Πmax −Π, and integrating by parts lead to

−
∫

Ω
∇ · (k∇Π)[Πmax −Π]−dx =

∫
k
∣∣∇ [Πmax −Π]−

∣∣2 dx+

∫
Γ
Jk∂nΠ [Πmax −Π]−Kds,

=−
∫

Ω
βP H (Θ/ΘP ) H (τ/τP )P

(
[Πmax −Π]−

)2
Πmax

≤ 0,

since the term βP H (Θ/ΘP ) H (τ/τP )P is positive. Then using the continuity of the Neumann

trace, and the Kedem-Katchalsky transmission condition, one can easily observe that

Jk∂nΠ [Πmax −Π]−K = −κmJΠmax −ΠKJ[Πmax −Π]−K ≥ 0,

from which we infer that [Πmax −Π]− = 0 and thus Π ≤ Πmax.

2.2. Submodels for the concentrations of nutrients, MMPs and tumor necrosis factor.

The core model involves parameters that depend on the concentrations of nutrients Θ, of MMPs M ,

and of the tumor necrosis factors τ . These concentrations are described below, thanks to ad hoc

models designed as simple as possible in accordance with the biological knowledge. These following

models can be changed without impacting on the overall structure of the above core model.

2.2.1. Nutrient supply. In the case of DCIS, nutrients are mainly provided by the vascularized duct

membrane (see Fig. 6(b)). According to Kellner et al. [19] the diffusion length of the nutrients is a

few hundred microns. Moreover proliferating cells consume nutrients, therefore our simple model

of nutrient concentration reads

Θ(t,x) = Θmax e−c δ(x) (1+P ), with δ(x) = dist(x,Γ),(9)

where c is a positive constant. The distance to the vasculature can be easily estimated thanks to

a level-set function and redistanciation usual techniques [36].

4We use the convention that given a real number x, its negative and positive part x− and x+ are positive numbers

such that

x = x+ − x−, |x| = x+ + x−.
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vasculatureDCIS

(a) Confined stage

vasculatureIDC

(b) Invasive stage

Figure 6. Simplistic assumptions on vasculature.

2.2.2. Tumor Necrosis Factors. TNFs are chemical substances secreted by macrophages that infil-

trate the tumor. We assume macrophages are randomly distributed in the tumor [38, 15]. Let the

tumor and its volume be denoted by

χT (t) = {x ∈ Ω : (P +N)(t, x) > 0} , |χT (t)| =
∫
χT (t)

ds.

Denote by dτ the average number of macrophages per unit volume in the tumor. The number of

macrophages in the tumor is then given by the time-dependent integer function

nτ (t) = ddτ |XT (t)|e.

Note that since the tumor keeps growing, the function nτ is an increasing function of t. The

macrophage location is given by the increasing family of random vectors (yi)i=1,...,nτ (t) of χT (t)

with the same uniform probability distribution. The probability density function is thus given by

∀(t,x), fτ (t,x) =
1

|χT (t)|
1χT (t)(x).

Denoting by γτ the production rate of macrophages, the spatial distribution of TNF concentration

is given by

−∆τ = 0 in Ω \ ωτ ,

τ |∂Ω = 0, τ |ωτ = γτ .

2.2.3. MMPs enzymes: the keypoint of membrane degradation. The duct membrane confines the

tumor and prevents the cancer invasion in the surrounding tissue. However some mutated cancer

cells can produce specific enzymes that degrade the membrane. Once the membrane is degraded,

tumor is no more confined to the duct and cell divisions restart. The tumor cells cross the membrane

and then invade the surrounding tissue (Fig. 7). The action of MMPs enzymes is a complex question,

which has been extensively studied by the biological community but it still remains unclear [7, 28,

23]. According to the literature, different kinds of MMPs seem to be involved: diffusive MMPs and

MT1-MMPs, which are embedded in the cytoplasmic membrane and do not diffuse. MT1-MMPs

are crucial in cell migration. They provide to cell the ability to degrade collagen fibers of the

extracellular matrix. However, these MT1-MMPs have to be activated. It is established that in

response to a chemical signal of the tumor, fibroblasts of the immune system migrate through the

stroma towards the duct, and produce inactive proenzymes. These pro-enzymes called pro-MMPs
12
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Figure 7. Schematic diagram of MMP model.

are insidious. Indeed, when combined to MT1-MMPs, they form chemical complexes, which activate

the MT1-MMP and lead to membrane proteolysis [5, 6, 17, 32].

To describe this complex phenomenon, we denote respectively by M? and MT the pro-MMPs

produced by the fibroblast and the MT1-MMPs acquired by mutated cancer cells. By analogy with

macrophages, we introduce the number of fibroblasts per unit volume, d
M? , and the time dependent

number n
M? (t) of pro-MMPs in the stroma, so that

n
M? (t) = dd

M? |χS(t)|e, χS(t) = 1− χT (t).

Then, the fibroblasts are the random vectors (yi)i=1,...,n
M?

whose probability density function is

given by

∀(t,x), f?(t,x) =
1

|χS(t)|
1χS(t)(x).

Pro-MMPs are then supposed to diffuse from the fibroblasts. The concentration M? thus satisfies

−∆M? = 0 in Ω \ ω?,

M?|∂Ω = 0, M?|ω? = γ?.

The presence of MT1-MMPs, of concentration MT , depends on whether or not the cancer cells

have acquired the genetic ability to express them. The increase of pressure blocks the cell prolifera-

tion in the tumor, but it also promotes genetic mutations that lead to EMT for cancer cells that still

proliferate [40, 37]. In particular, the probability of the emergence of MT1-MMPs increases when

the tumor turns into quiescent phase (that is when αP decreases). We thus assume the following

ordinary differential equation satisfied by MT :

∂tM
T (t, x) = H(Π/Πth)P (t, x)M̄T

0 ,

where M̄T
0 is the maximal rate of production of MT1-MMP by mutated cancer cells.

13



We then define the concentration M in complexes proMMP/MT1-MMP by

M(t, x) = H(M?/Mth)MT (t, x).

2.3. The complete model. Let us summarize the complete model. Let X = (P,N, S, L). Denote

by a = (αP , 0, 0, 0) and let A be a matrix in M4(R+) such that

A1,1 = αP − αN , A2,1 = αN , Ai,j = 0, ∀(i, j) /∈ {(1, 1), (2, 1)}.

Then, for any t ∈ R+, the complete model is given by

Core model

• advection equations in Ω0 ∪ Ω1

∂tX +∇ · (v ⊗X) = AX,(11a)

• continuity condition across Γ

Jv · n XK = 0,(11b)

• Darcy law in Ω0 ∪ Ω1

v = −k∇Π,(11c)

• pressure equation with Kedem-Katchalsky condition in Ω0 ∪ Ω1

−∇ · (k∇Π) +
a ·X
Πmax

Π = a ·X,(11d)

Jk∂nΠK = 0, κmJΠK = k∂nΠ|Γ+ , Π|∂Ω = 0,(11e)

• membrane permeability on Γ

∂tκm(t,M) = γM M(κ0 − κm).(11f)

Nutrients, TNF and MMPs submodels

• nutrients in Ω0 ∪ Ω1

Θ(t,x) = Θmax e−c δ(x) (1+P ), with δ(x) = dist(x,Γ),(12a)

• TNF equation in Ω

−∆τ = 0 in Ω \ ωτ , τ |∂Ω = 0, τ |ωτ = γτ .(12b)

• MMP equations in Ω

−∆M? = 0 in Ω \ ω?, M?|∂Ω = 0, M?|ω? = γ?,(12c)

∂tM
T (t, x) = H(Π/Πth)P (t, x)M̄T

0(12d)

M = H(M?/Mth)MT .(12e)
14



3. Numerical results

This section is devoted to investigate numerically the different behaviors reproduced by the

model. We first present briefly the numerical methods and the geometrical framework of the simu-

lations. Then DCIS tumor growth are presented and we conclude by showing how the production

of MMPs makes it possible to account for the transition from the in situ to the invasive phases.

3.1. Numerical methods. The membrane Γ is given as the zero of a level-set function ψ, and the

domain Ω is mesh in by a Cartesian grid. Γh denotes the intersection of the grid and the level-set,

and Ωh denotes the set of the grid points.

We first present the geometrical framework used for the computations. The numerical method

is then presented. The difficulty lies in the method used to tackle the ellipic problem satisfied

by the pressure (11d)–(11e). The numerical method is inspired from recent works of O. Gallinato

and C. Poignard [12, 13], in which the elliptic operator and the Neumann boundary condition

are discretized thanks to a stabilized version of the usual Ghost fluid method [8], based on the

continuity of the stencils. Standard upwind schemes are considered to compute the advection-

reaction equations, and forward Euler time-schemes are used for the time discretization. It is

worth noting that our numerical method is sharp in the sense that no artificial widening of the

membrane is needed. The fluxes are discretized precisely at the interface, providing sharp and

accurate description of the nonlinearities that hold at the interface.

3.1.1. Geometrical framework. The simulations are computed in the domain Ω = [0, 1]3, on a

80 × 80 × 40 mesh. For the sake of simplicity, the duct is a cylinder (Fig. 8) of diameter rd.

Moreover, the cylinder axis is in the direction (Oz), which considerably reduces the computation

time since the jump conditions (11b) and (11e) on the interface Γ can be treated only in the

bidimensional plan Oxy. The value of the parameters, if not specified, are given in Table 1 in

Figure 8. Domain Ω for simulations.

Appendix. For each simulation, we assume that a small tumor, supported by the membrane inside

the duct, has been already initiated at the initial time. It is composed of tumor cells and defined

by a smooth exponential function:

P 0 = 0.1
e−500 |x−x0|

max
x∈Ω0

e−500 |x−x0|
XΩ0 ,
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where x0 = (0,−rd, 0) and XΩ0 is the characteristic function of Ω0. Then, the vector X of species

is initialized with

X0 = (P,N, S, L)|t=0 =

(P 0, 0, 0, 1− P 0) in Ω0,

(0, 0, 1, 0) in Ω1.

3.1.2. Laplace operator discretization. The Laplace operator is discretized direction by direction.

For the sake of clarity only the x-direction is presented here. The quantity uh generically denotes

the numerical approximation of Π. At the regular points are the grid points located far from the

interface –all the 6 closest neighbours belong to the same subdomain Ω0 or Ω1– the usual centered

stencil is used, that is

∂hxxu
h
i =

uhi+1 − 2 uhi + uhi−1

h2
, at the regular points.(13)

Near the interface the centered discretization is not possible since one (at least) of the neighbors

is on the other side of the interface. At this point, the value is called ghost value and is linearly

extrapolated. For instance, the scheme for the second x-derivative in Fig.9 is given by

xG
i−1 xixΓh

θx h

xi+1

Figure 9. Ghost-Fluid method for the points near the interface.

∂hxxu
h
i =

2

θx (1 + θx)h2
uΓh −

2

θxh2
uhi +

2

(1 + θx)h2
uhi+1, near Γh,(14)

where θxh denotes the distance of the point xi to the numerical interface Γh in the x-axis direction.

If the case θx = 1 occurs, we have uΓh = uhi−1. The scheme (14) is then equivalent to the standard

3-point stencil scheme (13). Conversely, if θx = 0, the point xi is an interface point and does not

belong to the considered domain. It is worth noting that linear extrapolations give a nonconsistent

operator near the interface while it is second order accurate at the regular points.

3.1.3. Flux discretization. The normal components nΓh
x and nΓh

y are interpolated at the order 2 as

the gradient of the level-set ψ. The flux condition at the interface is discretized by evaluating the

derivatives of uh on Γh. We therefore introduce new operators ∂Γh
x and ∂Γh

y , that are directly or

indirectly computed from other grid points, depending on whether the interface point belongs to

the x-axis or to the y-axis. In Fig. 10, the point A is on the y-axis and the indirect x-derivative

∂Γh
x uA

Γh
is computed at the order 1 from the values uA

Γh
and uA1 , still using the ghost fluid method

and the linear extrapolation:

∂Γh

x uAΓh =
uA1 − us

2h
=
uA1 − uAΓh

h
,
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Figure 10. Stencil of the interface x-derivative, as presented in Gallinato and Poignard [12, 13].

where us is a ghost value, which is extrapolated at the order 2 from uA
Γh

and uA1 . The intermediate

value uA1 is then interpolated at the order 2 from the known values uhi+1,j and uhi+1,j+1. The direct

x-derivative ∂Γh
x uB

Γh
is computed in the same way:

∂Γh

x uBΓh =
uB1 − uBΓh

h
,

where the intermediate value uB1 is interpolated from the known values uhi,j and uhi+1,j , which gives

∂Γh

x uBΓh =
−uB

Γh
+ θx u

h
i,j + (1− θx)uhi+1,j

h
.

An example of complete stencil is shown in Fig. 11.

Γ

uΓh

θyh

Ω0

Ω1

Figure 11. Complete stencil for the discretization of the Neumann boundary condition.

3.1.4. Discretization of the advection-reaction equations. Once the pressure is computed, the ve-

locity field is obtained by discretizing the gradient of Π. First order upwind scheme is used for the

space derivative. The time-scheme is the forward Euler scheme.

3.2. Early phase of DCIS growth: the influence of nutrients and TNF. We first consider a

carcinoma in situ, without any production of MMPs, by setting M̄T
0 = 0. The tumor remains thus

confined to the duct. We aim at investigating the influence of nutrients and TNF on the emergence

of a necrotic core in the tumor.

3.2.1. Simulation of a simple DCIS growth (simulation 1). First, TNFs are not taken into account

(γτ = 0), and we assume that there is no lack of nutrient inside the tumor (c = 0). The tumor fills

up the duct (solid carcinoma). This is shown by the longitudinal and axial cross sections in Fig. 13

and in the corresponding 3D simulation 12.
17



Figure 12. 3D ductal carcinoma in situ corresponding to the longitudinal and axial sections

of Fig 13, t = 0.5.

(a) t = 0.1 (b) t = 0.3 (c) t = 0.5 (d) t = 0.7

(e) t = 0.1 (f) t = 0.3 (g) t = 0.5 (h) t = 0.7

Figure 13. Evolution of ductal carcinoma in situ (DCIS) in cross and longitudinal section.

The tumor grows and fills up the duct (simulation 1). Time points are on an arbitrary

timescale.

Simulations confirm that the model describes correctly the growth in situ, thanks to the jump

conditions on the pressure. Since no MMPs are produced, homogeneous Neumann condition is

imposed to the pressure and thus the normal velocity is null. The tumor remains confined to the

duct. It is worth noting that the tumor grows faster in the direction of the duct axis, as observed

in longitudinal section, due to the homogeneous Dirichlet condition imposed to the pressure on the

boundary. This artifact can be fixed by imposing a non-homogeneous condition, possibly time-

dependent and proportional to the tumor volume.

3.2.2. Influence of nutrients and necrotic factors (simulations 2 and 3). Figure 14 is obtained

by adding the radial decay of the nutrient (c = 2 in equation (9)) (simulation 2a). The radial

distribution of the nutrients is given by (Fig. 14(a)). If the duct radius is sufficiently large, the

proliferating area of the tumor is ring-shaped (Fig. 14(b)). Towards the center, the tumor cells are

quiescent and some of them may become necrotic (Fig. 14(c)).

Figure 15, obtained by modulating the source Θmax (simulation 2b), shows a larger quiescent
18



(a) nutrients Θ (b) proliferation area (c) tumor

Figure 14. Effect of nutrient concentration on proliferation: Θmax = 1, t = 0.8 (simulation 2a).

area. The tumor is no longer proliferating, when the nutrient concentration is below the hypoxia

threshold. For Θ below the threshold of necrosis, cell death occurs, and a necrotic core appears

(Fig. 15(b)-Fig. 15(c)). This kind of confined tumor is the very early stage of breast cancer often

referred to as comedocarcinoma.

(a) proliferation area (b) tumor with a

necrotic core

(c) biopsy of DCIS referred to

as a comedocarcinoma breast

cancer [34].

Figure 15. Effect of nutrient concentration on proliferation: Θmax = 0.8, t = 1 (simulation 2b).

For the same given concentration of nutrients, the rate of necrosis increases if TNFs are intro-

duced (γτ = 1), with a concentration that exceeds the threshold τN . Simulation 3 in Figure 16

reveals a more extensive and irregular necrosis than if only hypoxia is involved (Fig. 15). The wider

necrosis is due to the increase in necrosis rate, and its irregularity to the random distribution of

infiltrating macrophages. These numerical experiments tend to confirm that in addition to hypoxia

due to a lack of nutrient supply, the necrotic core observed in DCIS may be explained by the

action of TNF. In particular, these simulations suggest that the shape of the necrotic core may be

correlated to the proportion of TNF.

3.3. Impact of MMPs on the transition from the in situ to the invasive phenotypes. In

this section, we investigate the impact of the production of MMPs on the tumor invasion of the

surrounding tissue. We keep the same parameters as in simulation 2a (c = 2, Θmax = 1 and γτ = 0)

for nutrients and TNFs. Setting γT = γ? = 1 and d
MT = 0.002, d

M? = 0.01, MMPs are produced

and activated from randomly located sources. The result of simulation 5 is given in Fig. 17, showing

two invasion spots.
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(a) necrotic area (b) biopsy of DCIS referred to as

a comedocarcinoma breast cancer.

Source: www.breastpathology.info

(2013)

Figure 16. Effect of TNF concentration on necrosis at t = 0.8 (simulation 3).

As the MMP diffusion is short-range (Fig. 17(a)), the gaps in the membrane are very localized

and their number is determined by the very low number d
MT = 0.002 of MMP sources by unit

volume of tumor cells.

Assuming that the fibroblasts are randomly located just in a given area of the stroma, and

imposing a higher number per unit volume of MT1-MMP sources (d
MT = 0.01), we obtain Fig. 18

(simulation 5). The location of fibroblasts implies a privileged area of invasion at the early stage.

Note that since the nutrient supply is assumed to come from the duct membrane, the tumor grows

also along the duct in a second step, as provided by Fig.18(b).

4. Conclusion and perspectives

We derived a continuous model, based on PDEs, which makes it possible to simulate the transition

from a DCIS to an IDC and to observe the occlusion of a milk duct by a carcinoma and the early

stage of invasion. From the modeling point of view, the main novelty lies in the coupling of usual

advection-reaction equations with a specific elliptic problem on the pressure. More precisely, the

pressure is piecewise harmonic –in the duct membrane and outside– and Kedem-Katchalsky jump

conditions links the pressure of the two domains. These conditions account for the membrane

permeability.

Phenomenological law (6) links the production of MMPs and the membrane permeability. Thanks

to the Kedem-Katchalsky conditions, we thus describe the transition from the in situ stage to the

invasive cancer due the membrane degradation by MMPs. Such a macroscopic model could be

a crucial tool to test in silico the influence of new drugs such as MMP inhibitors. Moreover, as

an interesting numerical output of the model, one can notice that the shape of the necrotic core

seems to provide specific information on the influence of the microenvironments and the presence of

TNFs. Actually, according to simulation (16(a)) the production of TNFs on the microenvironment

affects the shape of the necrotic core. This has to be confirmed in forthcoming studies but this

could have a dramatic impact on the prediction of the transition time from DCIS to IDC.

As forthcoming works, one can point out specific patterns of breast cancer that are not accounted

for by our modeling. These patterns arise in different types of DCIS: micropapillary, papillary or
20
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(a) MMP concentra-

tion

(b) Invasion in 3D (t = 0.85)

(c) Cross sec-

tion

(d) t = 0.48 (e) t = 0.63 (f) t = 0.80 (g) t = 0.90

(h) Lon-

gitudinal

section

(i) t = 0.48 (j) t = 0.63 (k) t = 0.80 (l) t = 0.90

Figure 17. Evolution of invasive ductal carcinoma with a variable concentration of MMPs,

in cross and longitudinal section (simulation 4). Time points are on an arbitrary timescale.

cribriform carcinomas (Fig. 19). Probably this is due to the use of Darcy law, which describes

the cell movement at the macroscopic scale regardless of the cell polarity and adhesions. These

subcellular phenomena lead to specific directions of growth. Discrete models [27, 21, 20] as proposed

by [27, 21, 20] are well appropriate to tackle these phenomena and forthcoming works could consist

in deriving a new macroscopic closure law that accounts for these subcellular phenomena.

Our macroscopic and continuous approach presents the great advantage to consider cell densities,

which makes it possible to simulate larger tumors, in a three-dimensional framework. Above all,

our model involves much fewer parameters than discrete models. This is a crucial advantage for

calibration purposes and also in order to test many biological hypotheses. Moreover, our numerical

results are stable in the sense that they do not depend on the size of the mesh, unlike discrete

model for which the number of cells depends of the refinement of the mesh.
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(a) Invasion and lo-

calization of the pro-

MMP sources (t =

0.75)

(b) Invasion (t = 0.9)

Figure 18. IDC with restricted localization of immune cells, which produce pro-MMPs

(simulation 5).

(a) micropapillary (b) papillary (c) cribriform

Figure 19. Specific patterns of other types of intraductal carcinoma that cannot be ac-

counted for by the model, from [34].

In this preliminary study, the MMPs production and action have been specifically investigated,

since the link between MMPs, duct membrane permeability and invasion is one of the cornerstones

in the transition from DCIS to IDC. Influences of the microenvironment on the membrane degra-

dation have also been tested. Simulations highlighted the degradation of the membrane and the

spread of malignant cells outside the duct, leading to premetastatic cell migration and tumor in-

vasion. Interestingly our numerical results support the idea that microenvironmental factors play

a crucial role in tumor progression, as we are able to reproduce biopsy observations. This point is

in agreement with many studies in oncology [2, 6, 16].

Hence, the qualitative behavior of our model for invasion leads to the same kind of conclusions

as for the advanced hybrid model recently presented by Kim et al. in [21, 20]. Our continuous

description involves less parameters, and it allows 3D simulations. Moreover, the core model is very

flexible and easy to enrich with many additional submodels, in order to test other hypotheses. For

instance, we could further study the anisotropy of the neighboring stroma, the action of MMPs on

its ECM or the involving of different kinds of MMPs in proteolysis. A more deterministic movement

of fibroblasts and macrophages could also bring more predictability to the model. The calibration

of the parameters requires specific biological and medical data. This will be the next step of this

study.
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[30] R. Poincloux, F. Lizárraga, and P. Chavrier. Matrix invasion by tumour cells: a focus on mt1-mmp trafficking

to invadopodia. Journal of Cell Science, 122(17):3015–3024, 2009.

[31] D. Ramsay, J. Kent, R. Hartmann, and P. Hartmann. Anatomy of the lactating human breast redefined with

ultrasound imaging. J Anat., 206, pages 525–534, 2005.

[32] S. Rha, J. Kim, J. Roh, K. Lee, J. Min, B. Kim, and H. Chung. Sequential production and activation of matrix-

metalloproteinase-9 (MMP-9) with breast cancer progression. Breast Cancer Researsh and Treatment, 43, pages

175–181, 1997.

[33] B. Ribba, O. Saut, T. Colin, D. Bresh, E. Grenier, and J.-P. Boissel. A multiscale mathematical model of

avascular tumor growth to investigate the therapeutic benefit of anti-invasive agents. J Theor Biol., 243(4),

pages 532–541, 2006.

[34] R. Sakr. Carcinomes canalaires in situ du sein : rôle potentiel de la biologie moléculaire. Gynécologie Obstétrique
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Appendix: numerical parameters for the simulations

The following table summarizes the values of the parameters used in the numerical simulations.

Core model

k 1

βP 20

βN 5

Λ 30

Nutrients, TNF and MMPs

Nutrients MMPs

ΘP 0.6 d
MT

0.002 / 0.01

ΘN 0.4 γ
T

1

θmax 0.8 / 1 d
M? 0.01

c 0 / 2 γ? 0 / 1

TNFs Mth 0.5

τP 0.3 Πth 0.2

τN 0.8 γ
M

0 / 1

dτ 0.01

γτ 0 / 1

Table 1. Simulation parameters. Values are empirically determined and not calibrated.
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