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A homogeneity property of a class of discrete-time systems
Tonametl Sanchez, Denis Efimov, Andrey Polyakov, Jaime A. Moreno and Wilfrid Perruquetti

Abstract— In this paper we study a dynamic property of
a class of discrete-time systems. Such a property, that we call
discrete-homogeneity, is verifiable algebraically in the transition
map of the system. Discrete-homogeneity allows to establish
stability features of the system by considering only the discretehomogeneity degree. Such stability properties are studied by
means of Lyapunov and Lyapunov-like functions.

I. I NTRODUCTION
Homogeneity has received significant attention in
(continuous-time) Control Systems Theory [15], [6], [8],
[12], [13], [5], [11], [10], [2], [4], [3], which is originated by
advantages imported by homogeneity in the analysis and design of control systems. The main feature in a homogeneous
system is that its trajectories exhibit a dilating property, i.e.
a scaling of the initial condition is equivalent to a scaling of
the original trajectory. An important consequence of such a
feature is that local properties of homogeneous systems can
be translated into global ones. Some additional advantages of
homogeneity in continuous-time systems are the following:
homogeneity can be easily checked as an algebraic property
of the vector field of the system; when the system’s origin is
asymptotically stable, the convergence rate is specified by the
homogeneity degree; there exist converse Lyapunov theorems
that assert the existence of smooth homogeneous Lyapunov
functions for homogeneous systems; the homogeneity degree
allows to determine several robustness properties of the
system.
On the other hand, discrete-time dynamic systems play
an important role in Control Systems Theory. They appear
as mathematical models of real life situations [1] or as
discretizations of continuous-time systems. The usefulness of
homogeneity for continuous-time systems is naturally desired
to be extensible to discrete-time systems. Some variants of
this extension have been proposed in [7] and [14]. In those
papers a concept of homogeneity for discrete-time systems
is defined, that concept coincides with the conventional
setting in the case of homogeneity of degree zero. It seems
that it is the only case when the standard definition of
homogeneity (introduced for continuous-time systems) can
be applied in the discrete-time framework, with translation
of useful properties form continuous-time to discrete-time
cases. Therefore, for the discrete-time systems some new
concepts have to be introduced.
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In this paper we introduce a definition of homogeneity
for discrete-time systems, we call it discrete-homogeneity
(D-homogeneity). This definition consists in a small variation of the usual one for vector fields, however, it guarantees some stability properties of the solutions of Dhomogeneous discrete-time systems, granting them many
interesting features. In particular, we analyse the stability
properties of discrete-time systems whose transition map
is D-homogeneous. We show that D-homogeneity directly
implies (local) asymptotic stability of the system’s origin or
global boundedness of the trajectories depending on the Dhomogeneity degree. We also show that when the origin is
locally asymptotically stable the growth of the trajectories,
starting far enough from the origin, is unbounded. In the case
of global boundedness the origin is unstable. Every case can
be proven using homogeneous Lyapunov or Lyapunov-like
functions. Although the proofs of the main theorems are not
provided in this paper, we give some examples showing the
usefulness of D-homogeneity, e.g. possible applications of
D-homogeneity in the design of controllers for discrete-time
systems.
Paper organization: In Section II, Lyapunov theorems
for discrete-time systems are recalled. In Section III the
definition of D-homogeneity proposed in this paper is stated.
The stability properties of D-homogeneous systems are described in Section IV. Some applications of D-homogeneity
to the stabilization problem is given in Section V. Finally,
some conclusions and possible future research are stated in
Section VI.
Notation: Real and Integer numbers are denoted as R and
Z, respectively. R>0 denotes the set {x ∈ R : x > 0},
analogously for the set Z and the sign ≥. For x ∈ Rn , |x|
denotes the Euclidean norm. f ◦g denotes the composition of
two functions (with adequate domains and codomains), i.e.,
(f ◦g)(x) = f (g(x)), thus, we denote (f ◦ f ◦ · · · ◦ f )(x) =
{z
}
|
r−times

f [r] (x), for example, f [1] (x) = f (x) and f [2] (x) = f (f (x)).
For a function V : Rn → R and some α, ᾱ ∈ R>0 , I(V, α)
and E(V, ᾱ) denote the sets {x ∈ Rn : V (x) ≤ α} and
{x ∈ Rn : V (x) ≥ ᾱ}, respectively. For x ∈ R, dxcq
denotes sign(x)|x|q .
II. LYAPUNOV STABILITY
In this paper we consider the autonomous discrete-time
dynamic system
x(k + 1) = f (x(k)) ,
n

(1)

where the state x(k) ∈ R , for any k ∈ Z≥0 . We assume that
the transition map f : Rn → Rn is a continuous function of

its argument.
Let F (k; x0 ) denote the solution of (1) with initial condition x0 = x(0), thus, F (0; x0 ) = x0 . Note that
F (1; x0 ) = f (x0 ) ,

F (2; x0 ) = f (F (1; x0 )) ,

...

[k]

therefore, F (k; x0 ) = f (x0 ). In this notation, F (0; x0 ) =
f [0] (x0 ) = x0 .
The stability definitions in the sense of Lyapunov for
discrete-time systems coincide, in general, with those for
continuous-time systems, see e.g. [1, Chapter 5]. We evoke
below the characterization of stability through Lyapunov
functions. Recall that a equilibrium point of (1) is any point
in the space of the states such that it is a solution of the
equation f (x) − x = 0.
Theorem 1 ([6]): Let x = 0 be an equilibrium point of
(1) and let S ⊂ Rn be a neighbourhood of x = 0. If there
exist a continuous positive definite function V : S → R such
that
• V (f (x)) − V (x) ≤ 0 for all x ∈ S, then x = 0 is a
stable equilibrium point of (1),
• V (f (x)) − V (x) ≤ −η (|x|), where η is a class K
function, for all x ∈ S, then x = 0 is an asymptotically
stable equilibrium point of (1).
For this and related theorems see also [1] and the references therein.
III. D ISCRETE H OMOGENEITY

c) A system as (1) is Dr -homogeneous of degree ν ∈ R
if its transition map f is Dr -homogeneous of degree
ν ∈ R.
Observe that we are not modifying the definition for scalar
functions. Also note that, for vector fields, both definitions
are equivalent when κ = 0 and ν = 1. Thus, definition
of D-homogeneity of degree one for (1) coincides with the
homogeneity of degree zero given in [7] and [14]. Let us
recall the following result on the solutions of homogeneous
(continuous-time) systems.
Lemma 1 (see e.g. [15]): Consider the system ẋ = f (x),
x ∈ Rn , and suppose that f is r-homogeneous of degree κ.
Let φ(t; x0 ) denote a system’s solution with initial condition
x0 = x(0), then
φ(t; Λr x0 ) = Λr φ(κ t; x0 ) .
From this lemma, the scaling property of the solutions
of a homogeneous systems is evident. The extension of
this result for homogeneous differential inclusions can be
consulted in [10], [3]. Now we give an analogous result for
D-homogeneous discrete-time systems.
Lemma 2: If (1) is Dr -homogeneous of degree ν, then its
solutions F (k; x0 ) are such that

Λr x0 ,
k = 0,
r
F (k; Λ x0 ) =
r kν
(Λ ) F (k; x0 ) , k ∈ Z>0 .

As we have said, in this paper we describe a homogeneity
property of a class of discrete-time systems, but before we
give the definition of D-homogeneity, let us recall the usual
definition of weighted homogeneity.

Remark 1: As in the continuous-time case, Dhomogeneous discrete-time systems admit scaling of
their trajectories.

Definition 1 ([8]): Let Λr be the square diagonal matrix
given by Λr = diag(r1 , . . . , rn ), where r = [r1 , . . . , rn ]> ,
ri ∈ R>0 , and  ∈ R>0 . The components of r are called the
weights of the coordinates. Thus:
a) A function f : Rn → R is r-homogeneous of degree
m ∈ R if f (Λr x) = m f (x), ∀x ∈ Rn , ∀ ∈ R>0 .
b) A vector field f : Rn → Rn , f = [f1 (x), . . . , fn (x)]> ,
is r-homogeneous of degree κ ∈ R if fi (Λr x) =
κ+ri fi (x), i = 1, 2, . . . , n, ∀x ∈ Rn , ∀ ∈ R>0 .

SYSTEMS

This definition is used in [7] for discrete-time systems. The
definition given in [14] coincides with Definition 1 when
dilations Λr are considered. D-homogeneity consists in a
modification of the usual definition for vector fields, we state
it as follows.

IV. S TABILITY PROPERTIES OF D- HOMOGENEOUS
In this section, (1) is assumed to be D-homogeneous of
some degree ν with a unique equilibrium point at the origin.
We show that the value of ν implies directly stability features
of (1) for the cases ν > 1 and ν ∈ (0, 1).
A. D-homogeneous systems of degree ν > 1
Theorem 2: Suppose that (1) is Dr -homogeneous of degree ν > 1, with a unique equilibrium point at x = 0. Let V :
Rn → R be any continuous positive definite r-homogeneous
function of any degree m ∈ R>0 . The following hold.
•

•

Definition 2 (Discrete-homogeneity): Let Λr , r and  be
as in Definition 1.
b) A vector field f : Rn → Rn , with f (x) =
[f1 (x), . . . , fn (x)]> , is Dr -homogeneous of degree ν ∈
R if fi (Λr x) = ri ν fi (x), i = 1, 2, . . . , n, ∀x ∈ Rn ,
∀ ∈ R>0 or equivalently f (Λr x) = (Λr )ν f (x) =
r
Λνr
 f (x) = Λν f (x).

x = 0 is an (locally) asymptotically stable equilibrium
point of (1), and there exists α ∈ R>0 such that V is a
Lyapunov function for (1) on I(V, α).
If f (x) = 0 ⇔ x = 0, there exists ᾱ ∈ R>0 such that
the trajectories F (k; x0 ) of (1) are unbounded for any
x0 ∈ E(V, ᾱ).

From Theorem 2 we can make the following observations:
•

To ensure (local) asymptotic stability of the origin of
(1), it is sufficient to verify D-homogeneity of degree
ν > 1.

•

•

Theorem 2 guarantees that any r-homogeneous positive
definite function V of degree m ∈ R>0 (with weights
r) is a Lyapunov function for (1).
D-homogeneity degree ν > 1 guarantees asymptotic
stability of x = 0 but prevents it to be a globally
stable equilibrium point of (1) under the condition
f (x) = 0 ⇔ x = 0, moreover, in this case, the
trajectories starting far enough from the origin cannot
remain bounded.
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States of (4) for ν = 5/4.
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For the definition of practical stability used in the following theorem see e.g. [1, Chapter 5]
Theorem 3: If (1) is Dr -homogeneous of degree ν ∈
(0, 1) with a unique equilibrium point at x = 0, then the
following hold.
•

•

The origin of (1) is practically stable and for any
bounded initial condition, the trajectories of (1) enter
the practical-stability region S in a finite number of
steps.
If in addition f (x) = 0 ⇔ x = 0, the origin of (1) is
locally unstable.

From Theorem 3 we can observe the following:
•

•

•

Condition ν ∈ (0, 1) guarantees that for any bounded
initial condition the trajectories of the system enter a
vicinity of the origin in finite-time.
Such stability property can be verified through any
continuous positive definite r-homogeneous function V
of any degree m ∈ R>0 (with weights r).
D-homogeneity of degree ν ∈ (0, 1) itself prevents
global asymptotic stability of the origin when the restriction f (x) = 0 ⇔ x = 0 holds. Note that in this
case there are no solutions converging to the origin.

C. D-homogeneous systems of degree ν = 1
We have seen that for D-homogeneity degrees n > 1
and ν ∈ (0, 1) there cannot be global asymptotic stability
of the system’s origin if f (x) = 0 ⇔ x = 0 holds.
However the proven stability properties only depend on the
D-homogeneity degree of the system and do not use some
other features as the system parameters, for example. On
the other hand, for the case ν = 1, global asymptotic
stability is possible, for example, observe that if (1) is
linear, then its D-homogeneity degree is ν = 1 and the
asymptotic stability property relies on the values of the
system parameters. It is important to mention that when (1)
is Dr -homogeneous of degree ν = 1 and the origin is an
asymptotically stable equilibrium point, the existence of a
r-homogeneous Lyapunov function is guaranteed [14].

V. E XAMPLES
Consider the discrete-time autonomous system
x1 (k + 1) =
x2 (k + 1) =
..
.

x2 (k)
x3 (k)

xn−1 (k + 1) =
xn (k + 1) =

xn (k)
u

,

(2)

and the control input
u=−

n
X

ai dxi (k)cρi ,

ρi = ν n−i+1 ,

ai ∈ R>0 , (3)

i=1

the closed loop (2), (3) is a Dr -homogeneous system of
degree ν with r = [r1 , r1 ν, . . . , r1 ν n−1 ]> for any r1 ∈ R>0 .
According to Theorem 2 and Theorem 3, the origin of (2),
(3), is locally asymptotically stable for ν > 1 and practically
stable for ν ∈ (0, 1). Then, the selection of the parameters
ai ∈ R>0 cannot influence the qualitative behaviour of the
system. However, when ν = 1, the system is linear and
the parameters ai must be correctly designed to guarantee
asymptotic stability of the origin. In the particular case of
n = 3, the closed loop (2), (3) is (we are omitting the
dependence of k on the right side of the equation)
x1 (k + 1) = x2
x2 (k + 1) = x3
.
3
2
x3 (k + 1) = −a1 dx1 cν − a2 dx2 cν − a3 dx3 cν

(4)

We consider a1 = a2 = a3 = 3/2 in (4). Observe that in
the linear case (ν = 1) these gains would render the origin
unstable.
Figure 1 shows the local asymptotic stability of the origin
by choosing ν = 5/4 and setting the initial conditions
x1 (0) = 2/5, x2 (0) = −2/5, x3 (0) = 2/5 (these initial
conditions were chosen arbitrarily but close to the origin).
Figures 2 and 3 show the practical stability of (4) for ν =
3/4 with the initial conditions x1 (0) = 80, x2 (0) = −80,
x3 (0) = 80 (these initial conditions were chosen arbitrarily
but far from the origin). In Figure 4, local instability of the
origin (as stated in Theorem 3) is verified for ν = 3/4.
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States of (4) for ν = 3/4.
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Zoom of the states of (4) for ν = 3/4.
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Now we sketch a possible application of D-homogeneity
for global asymptotic stabilization by means of the controller
(3) and the following switching control strategy:

3/4 if |x(k)| ≥ ε
Set ν =
.
5/4 if |x(k)| < ε
For this example we choose ε = 1/2 based on simulations,
however, an analytic selection of ε should be done using
the estimations of the attraction domains and the practical
stability region from Theorems 2 and 3. In order to compare
this strategy with the linear case ν = 1, we select a1 =
a2 = a3 = 1/2 for both control schemes. Figures 5
and 6 show the responses of the linear and the switched
schemes, respectively. Finally, Figure 7 shows the behaviour
of ln(|x(k)|), this is to compare the convergence rate of both
schemes. Note that the switched one is faster than the linear
one.

system, but it simplifies greatly the local stability analysis of
the system, since it becomes a function of D-homogeneity
degree only. In addition, it is shown that there is no problem
with selection of Lyapunov functions for D-homogeneous
discrete-time systems (its adjustment allows the domain of
attraction or repulsion to be better evaluated). The theoretical
findings are illustrated by a nonlinear stabilization control
design with the results of simulations confirming efficiency
of the concept.
The directions of future research include: extension of the
definitions of D-homogeneity to generalized dilation operators; analysis of robustness properties of D-homogeneous
systems; investigation of general schemes for control by
switching the D-homogeneity degrees; introduction of local
approximations and limit homogeneity; and studying the
possibility to design D-homogeneous observers (predictors).
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