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On numerical construction of homogeneous
Lyapunov functions

D. Efimov, R. Ushirobira, J.A. Moreno, W. Perruquetti

Abstract—The problem of synthesis of a homogeneous Ly-
apunov function for an asymptotically stable homogeneous
system is studied. For systems with a nonnegative degree of
homogeneity, a numeric procedure is proposed, which provides
a digital representation of a homogeneous Lyapunov function.
The results are illustrated by two planar examples of linear and
nonlinear systems.

I. INTRODUCTION

Stability analysis is one of the central problems of the
theories of control and dynamical systems [1], [2], [3],
[4], [5], [6], [7], [8], [9]. The main approach to check the
stability of a nonlinear dynamical system consists in applying
the Lyapunov function method, that gives necessary and
sufficient conditions for stability. The main issue with the
application of this method is that there exists no procedure
to design such a Lyapunov function for a generic dynamical
system.

Homogeneous systems form a subclass of nonlinear sy-
stems [1], [10], that include linear systems as a special
case. These systems inherit many useful properties in a
generic setting from the linear case: scalability of solutions,
estimation of the rate of convergence and robustness [11],
[10]. A remarkable fact about homogeneous systems is that
they possess homogeneous Lyapunov functions [12], [13].
However, no numeric routine has been proposed so far
to construct such a Lyapunov function using homogeneity
properties.

In this work, numerical tools are developed for computing
an explicit homogeneous Lyapunov function. The proposed
results are motivated by the important advantages of homo-
geneous Lyapunov functions: their construction and analysis
can be performed on a sphere only, making calculations
simpler. The numerical algorithms proposed here can be
used for constructing homogeneous Lyapunov functions and
checking stability.

The outline of this paper is as follows. Notation and
preliminary results are introduced in sections II and IIL

D. Efimov, R. Ushirobira and W. Perruquetti are with Inria, Non-A team,
Parc Scientifique de la Haute Borne, 40 avenue Halley, 59650 Villeneuve
d’Ascq, France and CRIStAL (UMR-CNRS 9189), Ecole Centrale de Lille,
Cité Scientifique, 59651 Villeneuve-d’Ascq, France.

J.A. Moreno is with Instituto de Ingenieria, UNAM, Coyoacan, 04510
México DF, Mexico.

This work was partially supported by ANR 15 CE23 0007 (Project Fi-
nite4SoS), the Government of Russian Federation (Grant 074-UO1) and
the Ministry of Education and Science of Russian Federation (Project
14.7250.31.0031), and by HOTSMoCE Inria Associate Team.

Analysis of robustness of homogeneous Lyapunov functions
is carried out in Section IV. An explicit analytic expression
for homogeneous Lyapunov function is proposed in Section
V. Numerical routines using those expressions to design a
homogeneous Lyapunov function are presented in Section
VI. The proposed approach for constructing homogeneous
Lyapunov functions is illustrated by numerical examples in
Section VII. Concluding remarks and discussion appear in
Section VIIIL.

II. NOTATION

e Ry = {z € R:z > 0}, where R is the set of real
numbers, N is the set of natural numbers.

o |-| denotes the absolute value in R, ||.|| denotes the Euc-
lidean norm on R™ (for n € N), ||z|| 4 = infeca || —£]|
is the distance from a point z € R™ to a set A C R™.

e A continuous function o : Ry — R, belongs to
the class IC if «(0) = 0 and the function is strictly
increasing. The function o : Ry — R, belongs to
the class Ko, if @ € K and it increases to infinity. A
continuous function 8 : Ry x Ry — R belongs to the
class KL if B(-,t) € K for each fixed t € R and
lim; 4 B(s,t) = 0 for each fixed s € R;..

« A sequence of integers 1,2, ...,n is denoted by 1,n.

III. PRELIMINARIES

Consider the following nonlinear system:
&(t) = f(x(t)), t =0, M

where z(t) € R™ is the state and f : R™ — R™ ensures
forward existence and uniqueness of the system solutions at
least locally, f(0) = 0. For an initial condition 2y € R"
denote the corresponding solution by X (¢, z) for any ¢ > 0
for which the solution exists (the solutions are understood in
the Carathéodory sense). A set A C R"™ is called forward
invariant for (1) if 2o € A implies that X (¢, z¢) € A for all
t>0.

A. Stability definitions

Following [1], [14], [15], [16], let €2 be an open neighbor-
hood of a forward invariant set A C R"™ of (1).

Definition 1. At the set A the system (1) is said to be:
(a)  Lyapunov stable if for any xzo €  the solution
X(t,x0) is defined for all ¢ > 0, and for any € > 0 there



is & > 0 such that for any zg € Q, if ||zg]|la < J then
| X (¢, 20)|| 4 < € for all t > 0;

(b)  asymptotically stable if it is Lyapunov stable and for
any k > 0 and € > 0 there exists T'(k,€) > 0 such that for
any zo € Q, if [|zolla < & then || X(t,20)]|a < € for all
t>T(k,e€);

(¢) finite-time stable if it is Lyapunov stable and finite-
time converging from Q, i.e. for any xy € ) there exists
0 < T < 400 such that X (¢,z0) € A for all ¢ > T. The
function T4(zo) = inf{T > 0 : X(t,20) € AVt > T} is
called the settling time of the system (1);

(d)  fixed-time stable if it is finite-time stable and
P, co Ta() < +oc.

The set  is called the domain of stability/attraction.

If & = R", then the corresponding properties are cal-
led global Lyapunov/asymptotic/finite-time/fixed-time stabi-
lity of (1) at A.

For a V : R — R denote the upper Dini derivative:

t+h)—V(t)

V*(t) = limsup 14

NVteR,.
h—07+ h "

If V is locally Lipschitz continuous then V+ is finite, and if
V is differentiable then V' is the usual derivative of V. For
V : R™ — R the generalized directional derivative at x € R"
in the direction d € R"™ is defined by:

DV (2)d = limsup L YD = V()

y—x h
h—ot

B. Weighted homogeneity

Following [1], [12], for strictly positive real numbers r;
(1 = 1,n) called weights and A > 0, one can define:

o the vector of weights v = (rq,..
maxi<;j<nTj and T'min = minlgjgn T

o the dilation matrix function A,(\) = diag (A7)},
(note that Vo € R™ and YA > 0 we have A,(A\)z =
(A", N, A a,) T

o the r-homogeneous norm of z € R"™ is |z, =

L1

(ZZL:l |zi| 7 )7 for p > rmax;

e for s > 0 the sphere and the ball in the homogeneous
norm Sy(s) = {x € R" : |z||, = s} and B,(s) = {z €
R™: ||z||» < s}, respectively.

T —
'arn) > Tmax =

Definition 2. A function g : R® — R is r—homogeneous of
degree 1 € R if Vo € R™ and VA > 0 we have:

AT g(Ar (M) = g(x).

A vector field f : R® — R"” is r—homogeneous of degree
v € R, with v > —ryi, if Vo € R™ and VA > 0 we have:

ATVATT N F(Ar(N)2) = f(2),

which is equivalent to the i-th component of f being a
r—homogeneous function of degree r; + v.

The system (1) is r-homogeneous of degree v if the vector
field f is r-homogeneous of degree v.

For r-homogeneous system (1) of degree v, the solutions
also admit a kind of homogeneity as functions of time, i.e.
Vo € R"™ and Vt € R:

X, Ar(Nxo) = A (M) X (Nt z9) YA >0.
Note that || - || is r~homogeneous function of degree 1,
and there exist g, € Ko, such that
a(llzll») < llzll <@ (llzll-) Ve eR™
Consequently, due to this equivalence of the norms || - || and

I, the homogeneous norm can be used in Definition 1. A
variant of selection of o, for a particular case considered
in this work is given below:

Proposition 1. Let . < 1 and p > 1, then

nT e glmax g <1

o(8) =19 _rmm , :
n p  g'min s > 1
gmin g < ]

a(s) =n” -3 - .
srmax s> 1

The proofs are excluded due to space limitations.

If system (1) is r—homogeneous with degree v, then a
direct computation shows that it is also r—-homogeneous for
F=rL (r1,...,7,)7 with degree 7 = —~—. Therefore, the
conditions of Proposition 1 can be alwaytgaxsatisﬁed for any
homogeneous system with 7, = p = 1.

Corollary 1. Let ryax < 1 and p > 1, then || - ||, is locally
Lipschitz continuous.

Further in this work we will always assume without loosing
generality that the conditions rp,.x < 1 and p > 1 are
satisfied in order to use the established above continuity
property of homogeneous norm || - ||;-.

C. Time of convergence in homogeneous systems

An important advantage of homogeneous systems is that
their rate of convergence can be evaluated qualitatively based
on their degree.

Theorem 1. If (1) is r—homogeneous of degree v and
asymptotically stable at the origin, then it is

() globally finite-time stable at the origin if v < 0;

(it) globally exponentially stable at the origin if v = 0;

(ii2) globally fixed-time stable with respect to the unit ball
B.(1) ifv>0.

Following that, we can further quantify the system conver-
gence using the definition below.

Definition 3. For ¢ > 1 define Tj, : R™ — R such that

1X (Ty (o), o)l = 4|l

i.e. it is the function of contraction in q times.



From the properties stated above, it is easy to show
that T; is r—-homogeneous with degree —v (the degree of
homogeneity for (1)):

T,(Ar(N)zo) = A" Ty(z0), Vao € R™,¥A > 0.

For a r-homogeneous system (1) of degree v, if it is
asymptotically stable, then there exists a continuously dif-
ferentiable and r-homogeneous function V' : R™ — R of
degree ;1 > —v such that for all z € R™:

all|lf < V(x) <blalt, 2)
DYV (x)f(x) < —cV'Hi (a),

for some 0 < a < b and ¢ > 0 [12], [13]. Then for any
Xo € R™,

HX(t,.ro)H,. < ﬂ(”xOHNt) vt > 07 3)
where
bl
(E)Hg T v>0
{l+aﬁ ﬁcs”t] v
v _1 b - —v
_ by hev vl TV ) V“S
R
0 t> ) ;CS
1 —ct
(E)Ze nos vr=20

is a function from class KL, and it represents a generic
parameterization of upper bound B(||zgl|,t) for all ¢ > 0
of || X (¢, o), in homogeneous systems.

Definition 4. For ¢ > 1, define T, : R™ — R such that

TQ(xO) = arg%r;% {”X(t?xo)Hr < q_leOHWVt 2 T} )

i.e. it is the upper bound function of contraction in q times.

Taking into account the expression of [ given in (3),
we can conclude that a possible selection is T'¢(zo) =
Ty (|zoll») (uniform on the spheres) with

—
AN
|
—_

N

b
—¢——s" v>0
m

sV ov< (0>
1
Q(S)“] v=0

NS IR
|
)

(2}

o
—_—
=
&

and Ty(zo) can also be considered r—homogeneous with
degree —v:

Ty (Ar(N)zo) = A" Ty(20),¥ o € R™, ¥ X > 0.

IV. ROBUSTNESS OF HOMOGENEOUS LYAPUNOV
FUNCTIONS

Let us assume that for a r—homogeneous system (1) of
degree v, there exists a locally Lipschitz continuous and
r—homogeneous function V' : R™ — R, of degree p > —v,
then the analysis and the verification of all properties of V'

can be performed on the sphere S,.(1) only. Indeed, for any
x € R™ there is y € S,.(1) such that z = A,.(||z|»)y, then

allz|lf < V(z) = [lz[7V (y) < bl

where a = infycs, (1) V(y) and b = sup,cg (1) V(y) (same
as in (2)), and

DV @) = Ile|XDTV(y)f(y) < —dla]s )

[

where d = —inf,cg, 1) DYV () f(y) (c=b"""%d in (2)).

Now, for such a function V let us show that there is a
family of locally Lipschitz continuous and r—-homogeneous
Lyapunov functions V' : R® — R, of degree u sufficiently
close to V. To this end, denote ¢(z) = V'(z) — V(z)
as the difference between these functions. Clearly € is a
r-homogeneous function of degree 1. We wish to formulate
the restrictions on € so that V'(z) = V(z) + ¢(z) would be
another Lyapunov function for (1) inheriting the properties
of V.

Proposition 2. For a locally Lipschitz continuous and
r—homogeneous function V : R" — R of degree i > —v,
assume that the estimates (2), (4) are satisfied for constants
O0<a<bandd> 0. Let € : R™ — R be a locally Lipschitz
continuous and r—homogeneous function of degree p such
that for all x € R":
—a<g, d>E,

where ¢ = inf cg (1)e(y) and € = SUPyes, (1) Dre(y) f(y).
Then V'(z) = V(x) +&(x) is a locally Lipschitz continuous
and r—homogeneous Lyapunov function for (1).

V. DESIGN OF HOMOGENEOUS LYAPUNOV FUNCTION

In this section an explicit formula for locally Lipschitz
continuous and homogeneous Lyapunov function is propo-
sed completing the results of [12], [13], where only the
existence of smooth homogeneous Lyapunov functions has
been substantiated without an expression that can be used for
numerical synthesis. To this end, the following hypothesis is
imposed:

Assumption 1. Let (1) be asymptotically stable at the origin
with a locally Lipschitz continuous and r—homogeneous
vector field f of degree v > 0.

The possible expressions for the function § € KL are
given just below (3) and the parameters of the function 3,
i.e. a, b, c and u, are assumed to be fixed (as usual for the
converse results). It is worth to stress that for the analysis in
the sequel, these parameters are not related with a Lyapunov
function of (1), they come from a possible parameterization
of 3 given after (3).

Remark 1. Recall that if the system (1) is locally Lipschitz
continuous, then for any compact set of initial conditions
€ C R™ and any time 0 < 1" < 400, there exists K¢ 7 € R



such that [14] (assuming that the solutions originated in &
are defined on [0, 7))

1 X(t, 1) — X (t, z2)|| < Kerlzr — 22]|.

Using the Lipschitz continuity of || - ||, established in Corol-
lary 1 and the fact that for an asymptotically stable system
X(t,zg) € € for all t > 0 and zy € £ for some compact
ECR" (£ = BT((g)%) for & = B, (1) according to (3)),
then there exists Lg 7 € R4 such that

X &zl = 1 X z2)|lr| < Lerl|21 — 22

for all 0 <t <7 and any z;,z2 € £. These constants K¢ 1
and Lg 7 will be used below in the proofs.

Following [17], [18], an integral converse construction of
a strict Lyapunov function will be used. For the case of con-
ventional homogeneity, such a design of Lyapunov function,
with the integral on an infinite interval, was presented in [12]
(Theorem 36). In this work, a more practical construction on
a fixed interval of time is introduced:

Theorem 2. Let Assumption 1 be satisfied. Then there exists
q > 1 such that

Tq(llzollr)
U@r:/ 1X (t,2) | dt,
0

where T, (||xol|,-) is the upper bound function of contraction
in q times, for u > max{1,v + v?} is a locally Lipschitz
continuous and r—homogeneous of degree p—v function such
that

min ,— —v ezl b —v n
Ty el < Ula) < T,(1) s v o € B,
DYU(z)f(z) <0 for aa x€R"™\ {0},

where T = inf, s (1) Ty(wo).

VI. NUMERIC DESIGN

Let us consider how the Lyapunov function proposed in
Theorem 2 can be constructed numerically.

For a given fixed discretization step h > 0, let X}, (¢;, o)
denote an approximation at instants ¢; = ¢h, ¢+ > 0 of the
solution X (¢, xz¢) of (1) using Euler method [19] (any other
discretization method can also be used).

A. Pointwise calculation

For N >0, let §; € S.(1) with j = 1, N form a uniform
grid on the unit sphere S,(1), and let us introduce into
consideration the following variables:

J
UP=h> | Xn(t, &)L,

i=0
J=r1argsup sup | Xn(t:, &) <q 7t
i>J 1<j<N

where 7 > 1 is a tuning parameter.

Corollary 2. Let Assumption 1 be satisfied. Then there exist
qg>1 N > 0 and h > 0 such that for any 7 > 0 and
p > max{l,v+ v?}:

Ulr=u(¢) Vvj=1,N,

where U : R" — Ry is a locally Lipschitz continuous and
r—homogeneous of degree | — v Lyapunov function for the
system (1).

B. Interpolation

Denote a weighted product of all elements of the state
vector by

ple,o) = [[ o)

i

where © = [z ...2,]7, [2;]" = |z;|%sign(z;) and a =

[oq,...,an]" € RY, and let

Pp = {p(xaa)a a < Ri Zp(AT()\)I‘,O{) = /\pp(x,a)
VA > 0,Vz € R"}

be the set of all possible r—-homogeneous products of degree
p. For an integer s € [1, N] consider a polynomial function

u(z, 0;) = Z #p. (), ®)
z=1

where p, € P,_, and 0; = [9{, ...,07]T € R® is the vector
of parameters, then the values of U between U jh and U ;-’H, or
on the interval [¢;, ;1] on the sphere S, (1) (here we assume
that Uk, = U and {nvi1 = &), can be interpolated
for all x € [£;,&;+1] using the r-homogeneous of degree
p — v polynomial u(z, ;). In this case the vector §; can be
calculated as a solution of the system of linear equations:

. S 3 S
Ul =u(r,0;) k=j—+1,...,5+=

2 2

for an even s (if s is odd then k = j — 552 +1,..., j+ £,
If each polynomial u(z, 6;) is continuously differentiable on
[§5,&;+41), i.e. when all powers in ¢ are higher than one, then
the following equations can be substituted in the previous
system in order to ensure that the differentiability is preserved
on S.(1):

ou(x, 6;)
ox

au(x7 0j+1)
Ox

=41 T=Ej+1
More compactly this system of equations can be presented
in the form

Tn =NOp, (6)

where Oy = [07...0%]7 € RY® is the vector of all
parameters, Yy € R* is the vector composed by the
corresponding values of U}, and Iy € RV$*Vs js a matrix
of values of polynomials p, () (and their partial derivatives).

Assumption 2. There exists o > 0 such that for any N > 0

IRz < -



Figure 1.

Results of calculations for linear system

where || - ||2 is the induced matrix norm.

This assumption can be ensured for any N by a careful
selection of polynomials p, € P,_, in (5). Then for a
sufficiently big value of N (for a sufficiently dense grid
on S,(1)) the derivative of this polynomial can be made
sufficiently small, which implies that the result of Proposition
2 can be applied and the conditions on ¢ and £ are satisfied:

Theorem 3. Let assumptions I and 2 be satisfied. Then there
exist ¢ > 1, N > 0 and h > 0 such that for any T > 0, s > 0
and pi > max{1,v+v?,v+1}, a locally Lipschitz continuous
and r—homogeneous of degree . — v Lyapunov function for
the system (1) can be found on S,.(1) in the form (5), where
the parameters 0; are solutions of (6).

VII. EXAMPLES

For simplicity of presentation, the case n = 2 is investiga-
ted in this section, and the following expressions and values
of parameters are used for computation of a homogeneous
Lyapunov function:

n
[ = max V+1,max{1,1/+1/2},v+z7“i +1,

i=1
N =30, g=4, 7 =125, h =0.01,
n—v 0 1 H—v—r2
a= [ ’8 [P — 7’11 :| .
T2 T2

A. Linear system

Consider (1) with

T2
o=
for z € R?, then v = 0 for r = [1 1]. The results of
simulation are shown in Fig. 1. The state trajectories, as well
as the homogeneous norm levels 1 and ¢~!, are presented
in Fig. 1,a. The obtained values of U are plotted in Fig. 1,b
(the red points represent U jh), the numeric derivative of U is
given in Fig. 1,c (the blue and magenta points represent the
values of derivative at §; for the neighboring approximations
with 6; and 6;_1). As we can conclude from these results
the obtained values correspond to a Lyapunov function, and
it is homogeneous by construction.

Figure 2. Results of calculations for nonlinear system

B. Nonlinear system
Consider (1) with

B Sx_2 15
[21]7 — [22]

for z € R?, then v = 0.5 for r = [0.5 1]. The results
of simulation are shown in Fig. 2 (trajectories in Fig. 2,a,
the values of U in Fig. 2,b and the derivative in Fig. 2,c).
The results of these calculations also confirm our theoretical
findings.

flz) =

VIII. CONCLUSION

The problem of constructing a homogeneous Lyapunov
function for an asymptotically stable homogeneous system
is revisited. First, for systems with nonnegative degree of
homogeneity, an expression of a homogeneous Lyapunov
function is proposed, which depends explicitly on the system
solutions (on finite intervals of time). Second, a procedure is
presented, which under some technical assumptions ensures
that a homogeneous Lyapunov function can be numerically
constructed. The results are illustrated by simulations for
linear and nonlinear cases. The proposed numeric design of
Lyapunov functions can be used for verification of stability of
homogeneous systems. Future directions of research include
extensions of the approach for the cases of negative degree
and discontinuous dynamics.
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