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Noise sensitivity of functionals of fractional
Brownian motion driven stochastic differential
equations: Results and perspectives

Alexandre Richard and Denis Talay

Abstract We present an innovating sensitivity analysis for stochastic differential
equations: We study the sensitivity, when the Hurst parameter H of the driving
fractional Brownian motion tends to the pure Brownian value, of probability dis-
tributions of smooth functionals of the trajectories of the solutions {X,H}reJR+ and
of the Laplace transform of the first passage time of X at a given threshold. We
also present an improvement of already known Gaussian estimates on the density
of X/! to estimates with constants which are uniform w.r.t. # in the whole half-line
Ry — {0} and w.r.t. H when H tends to .

Key words: Fractional Brownian motion; First hitting time; Malliavin calculus.

1 Introduction

Recent statistical studies show memory effects in biological, financial, physical data:
see e.g. [18] for a statistical evidence in climatology and [6] and citations therein
for an evidence and important applications in finance. For such data the Markov
structure of Lévy driven stochastic differential equations makes such models ques-
tionable. It seems worth proposing new models driven by noises with long-range
memory such as fractional Brownian motions.

In practice the accurate estimation of the Hurst parameter H of the noise is dif-
ficult (see e.g. [4]) and therefore one needs to develop sensitivity analysis w.r.t. H
of probability distributions of smooth and non smooth functionals of the solutions
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(XH) to stochastic differential equations. Similar ideas were developed in [11] for
symmetric integrals of the fractional Brownian motion.

Here we review and illustrate by numerical experiments our theoretical results
obtained in [17] for two extreme situations in terms of Malliavin regularity: on the
one hand, expectations of smooth functions of the solution at a fixed time; on the
other hand, Laplace transforms of first passage times at prescribed thresholds. Our
motivation to consider first passage times comes from their many use in various
applications: default risk in mathematical finance or spike trains in neuroscience
(spike trains are sequences of times at which the membrane potential of neurons
reach limit thresholds and then are reset to a resting value, are essential to describe
the neuronal activity), stochastic numerics (see e.g. [3, Sec.3]) and physics (see
e.g. [13]). Long-range dependence leads to analytical and numerical difficulties: see
e.g. [10].

In a Markovian setting the simplest partial differential equations characterizing
the probability distributions of first hitting times are those satisfied by their Laplace
transforms. In some circumstances they even have explicit solutions. It is thus nat-
ural to concentrate our study on Laplace transforms. We have a second motivation.
Laplace transforms of first hitting times are expectations of singular functionals on
the Wiener space. It seemed worth to us showing that a sensitivity analysis can be
developed in such singular situations.

Our theoretical estimates and numerical results tend to show that the Markov
Brownian model is a good proxy model as long as the Hurst parameter remains close
to % This robustness property, even for probability distributions of singular func-
tionals (in the sense of Malliavin calculus) of the paths such as first hitting times, is
an important information for modeling and simulation purposes: when statistical or
calibration procedures lead to estimated values of H close to %, then it is reasonable
to work with Brownian SDEs, which allows to analyze the model by means of PDE
techniques and stochastic calculus for semimartingales, and to simulate it by means
of standard stochastic simulation methods.

Our main results

The fractional Brownian motion {B"},cp . with Hurst parameter H € (0,1) is the
centred Gaussian process with covariance

Ry(s,t) =% (s +2H — 1 —s"), Vst eR,.

Given H € (3,1), we consider the process {X/'};cr, solution to the following
stochastic differential equation driven by {Bf},cg. :

t t
X! =xo+ [ X ds+ [ o(x!)oaB! ()
0 0

where the last integral is a pathwise Stieltjes integral in the sense of [19]. For H = %
the process X solves the following SDE in the classical Stratonovich sense:
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X,_xo—l—/ ds+/ ,) odB,. )

Below we use the following set of hypotheses:

(H1) There exists y € (0,1) such that b,c € C!T7(R);

(H2) b,0 € C*(R);

(H3) The function o satisfies a strong ellipticity condition: 3oy > 0 such that | o (x)| >
0p,Vx € R.

Our first theorem is elementary. It describes the sensitivity w.r.t. H around the
critical Brownian parameter H = % of time marginal probability distributions of

{XtH }teR+ .

Theorem 1. Let H € (%, 1), and let X" and X be as before. Suppose that b and ¢
satisfy (HI) and (H3), and @ is bounded and Holder continuous of order 2+ B for
some 3 > 0. Then, for any T > 0 there exists Cr > 0 such that

VH € [3,1), sup, [Ee(X) ~E(X,)| <Cr (H-}).
te|0,

Our next theorem concerns the first passage time at threshold 1 of X issued
from xp < 1: 7§ := inf{t > 0 : X!/ = 1}. The probability distribution of the first
passage time Ty of a fractional Brownian motion is not explictly known. [14] ob-
tained the asymptotic behaviour of its tail distribution function and [7] obtained an
upper bound on the Laplace transform of ‘L‘,%H . The recent work of [8] proposes an
asymptotic expansion (in terms of H — %) of the density of 7y formally obtained by
perturbation analysis techniques.

Theorem 2. Suppose that b and o satisfy Hypotheses (H2) and (H3) and let xo < 1.
There exzst constants Ao > 1, > 0 (both depending on b and & only), & > 0 and
0<no<? —2 such that: for all € € (0, 4) and 0 < 1 < Mo, there exists Cey >0
such that

WA > Ao, VH € [L, ’( ) < )‘

Cen(H — 1)%—£e—aS(1—x0—2n)( 2A+u2—u)’

where S(x) = XAX . In the pure fBm case (where b =0 and ¢ = 1) the result holds
with Ag =1 and u = 0.

Remark 1. In [17] we extend the preceding result to the case H < % The statement,
the definition of the stochastic integrals, and technical arguments in the proofs are
substantially different from the case H > %

In addition to the preceding theorems, we provide accurate estimates on the den-
sity of X/ with constants which are uniform w.r.t. small and long times and w.r.t. H
in [§ 5, 1). Our next theorem improves estimates in [2, 5]. Our contributions consists
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in getting constants which are uniform w.r.t. ¢ in the whole half-line R, — {0} and
H when H tends to %

Theorem 3. Assume that b and o satisfy the conditions (H2) and (H3). Then for
every H € [%,1), the density of X" satisfies: there exists C(b,0) = C > 0 such that,
forallt e Ry and H € [%, 1),

€t (x_xo)z
Vx €R, p{{(x) < NorTd exp <_2Ct2H> . 3)

Theorems 1-2 are proved in [17]. We do not address the proof of Theorem 3
here.
We sketch the proofs of Theorems 1 and 2 in Section 2. In Section 3 we consider a
case which was not tackled in [17], that is, the case A < 1. Finally, in Section 4 we
show numerical experiment results which illustrate Theorem 2 and suggest that the

(H— %)%_ rate is sub-optimal.

2 Sketch of the proofs

Under Assumption (H3), the Lamperti transform F is a map such that F (X) solves

Eq. (1) with coefficients b = 22’;1] and o(x) = 1. Since F is one-to-one, we may
and do assume in the rest of this paper that 6(x) = 1. See [17] for more details.

2.1 Reminders on Malliavin calculus

We denote by D and § the classical derivative and Skorokhod operators of Malliavin
calculus w.r.t. Brownian motion on the time interval [0,7] (see e.g. [15]). In the
fractional Brownian motion framework the Malliavin derivative D is defined as
an operator on the smooth random variables with values in the Hilbert space Hy
defined as the completion of the space of step functions on [0, 7] with the following
scalar product:

T T
(@), = OtH/O /o @5 ;s — 12172 dsdr < oo,
where oy = H(2H — 1).

The domain of D in LP(Q) (p > 1) is denoted by D!” and is the closure of the
space of smooth random variables with respect to the norm:

P _ H P
IFI, =E(FI) +E(IDFIE, ) -
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Equivalently, D¥ and 8y are defined as D := (K};)~'D and &y (u) := 8(Kju) for
u € (Kj;)~'(dom8) (cf. [15, p.288]), where for any H € (4,1) the operator K}; is
defined as follows: for any ¢ with suitable integrability properties,

Kiyo(s) = (H— %>cH/ST <9)H (6—5)""% 9(6) db

1
([ 2HT(3)2-H) \*
T \r+hre-m)) -
We denote by || - ||w,[0,7) the sup norm and || - || the Holder norm for functions
on the interval [0, T].

Let X/ be the solution to (1) with o(x) = 1. There exist modifications of the
processes X and D" X! such that for any @ < H it a.s. holds that

with

X |ee 0,7} < Cr (1 + xo| + 1B [l jo,17)
X o < [[B™ ]|+ Cr (1 + |xol + [|B¥]
1D X |0y o712 < Cr

sup,.<; % <Cr,vt€][0,T].

w,[0,7])s

“)

These inequalities are simple consequences of the definition of X, assumptions
(H1) and (H3), and the equality: DX =1,y (1+ f; DEX D' (XH)ds) (see Sec-
tion 3 in [17] for more details).

2.2 Sketch of the proof of Theorem 1

Proving Theorem 1 is easy. A first technique consists in using pathwise estimates
on BY — B/2 with B" and B'/? defined on the same probability space. A second
technique, which we present here in order to introduce the reader to the method of
proof for Theorem 2, consists in differentiating u(¢, X') where

u(s,x) :=E ((X—s)),

which leads to
t
u(t,XH) :u(O,xo)Jr/O (Ou(s, X[T) + Oeu(s, X )b(X[)) ds+ 8 (119 0ru(-, X))
ot S
o /0 /() |r— s DX OFu(s, X[T) drds.

As u solves a parabolic PDE driven by the generator of (X;) and as the Skorokhod
integral has zero mean we get
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E(P(XtH) —Ey, o(X,) = Eu(t’XtH) —u(0,x0)

!
= ]E/0 OZu(s, X (Hs* 1 — 1) ds
1 S
+oyE / / I — P2 (DX — 1)02u(s, x) drds.
0 J0

It then remains to use the estimates (4).

2.3 Sketch of the proof of Theorem 2

We now sketch the proof of Theorem 2. We will soon limit ourselves to the pure fBm
case (b(x) =0and 6 = 1) in order to show the main ideas used in the proof and avoid
too heavy technicalities. Recall that, after having used the Lamperti transform, we
are reduced to the case o(x) = 1.

Our Laplace transforms sensititivity analysis is based on a PDE representation of
first hitting time Laplace transforms in the case H = %

For A > 0 it is well known that

7},‘[1
Vxg € (—oo, 1], Ey, (e 2) = uy (x0),

where the function u), is the classical solution with bounded continuous first and
second derivatives to
2b(x)uy (x) +ufy (x) = 2Auy (x), x < 1,
uy (1) =1, 5)
lim,—, o1y (x) = 0.

For any 7 € [0, T the process 1) ju, (BM) e* is in dom 51(1”. One thus can apply
1to’s formula to e i, (XH) (see [17, Section 2] and [15]). As u,, satisfies (5), for

any t <T Aty we get
—At H L as( (vH H H (T) Aot (yvH
e Muy (X )=u,1(xo)+/0 e (uh (X)b(XT) — Auy, (X)) ds+ S (l[o,t](-)e uy (X, ))
! !
+06H/ / D (e_lsu/l()(f])) s —v[*1=2 dvds ,
0 Jo

where the last term corresponds to the It6 term. Using DI X[ =10 g (v) (1 + [y &' (Xg) DIX]! d6)
and the ODE (5) satisfied by u, , we get
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13 S 1
Py (61) = x0) + | (aH | ls =P 2an— 2) el (xH) ds
+85 (Lo (e (x7))

t s
+ OCH/ / e‘“wj{ (XH) I(v,s) |s —v|* =2 dvds,
0 Jo

where I(v,s) = 14,< [y &' (X§) DY X[ d6. Observe that the last term vanishes for

H close to 1, since ay|s —v[*~2 is an approximation of the identity and 1(v,s)
converges to 0 as |v — s| — 0. This argument is made rigorous in [17].

We now limit ourselves to the pure fBm case (b(x) = 0 and o = 1) to make
the rest of the computations more understandable, although the differences will be
essentially technical. Given that now, uy (x) = v24uy (x), the previous equality be-
comes

un (BI') M =y (x0) + V228 (110 (B) e +2z/ Hs=1 — 1) uy (B e ds.

Evaluate the previous equation at 7' A Ty, take expectations and let 7' tend to infinity.
For any A > 0 it comes:

E<euﬁ)_E(eM;> [21/ (Hs2H1 —

I\J\'—‘

Jup (BY) e ds] ©)

; (T) —A.
+V24 Jim E [5,, (1oqur (B ) ”HAT}
=L (A)+Dh(A). (7)

Proposition 1. Let T be the function of A € R, defined by T(A) = (2A)! ~a if
A<landT(A)=+V2A if A > L. There exists a constant C > 0 such that

IL(A)] < C (H— 1) e a80-x0)T(),
where S is the function defined in Theorem 2.

Proof (Sketch of proof). From Fubini’s theorem, we get

~+oo
L(A) =24 A (Hs*H1 — DE L EE— (B] e ds.

The inequalities
VH € (3,1), Vs € (0,00), |Hs*' — 1| < (H - 1) (1vs*~1) (1 +2H|logs|)

and

1 e 22H 1 e 2
E1 au Bgf S/ us (x dx:/ ef(lfx)\/Zii
[Lieysyua (By)] - )\/W Jow V2rs?H
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lead to the desired result.

The above calculation can be extended to diffusions but then accurate estimates on
the density of X* are needed: They are provided by our Theorem 3.

Compared to the proof of Theorem 1, an important difficulty appears when es-
timating | (A)|: as the optional stopping theorem does not hold for Skorokhod in-
tegrals of the fBm one has to carefully estimate expectations of stopped Skorokhod
integrals and obtain estimates which decrease infinitely fast when A goes to infinity.
We obtained the following result.

Proposition 2.

VA > 1, |h(A)| < C(H — L)1-¢eaS(1=x0-2m)V2A, @)

2
=0.
) [T/\TH>

Proof. Proposition 13 of [16] shows that

VT >0, E <5<T>(1[07,] (Juy, (B)e ™™

Thus I»(A) satisfies

IR(2)| = V24 | lim E [6}}’) (10 (Y (B ™) I (10O (BT ™) ,:fHAN]
= VaA fim B [0 ({14}t O (80 )| ]

<V2AJimE sup (50 ({K ~1d} (Lo, (s (B)e ™) )|

N=ree1cl0,tyAN]

<V2ABmE sup |1g,20|8® ({Kj —1d} (1o (Jur (BT)e ™) ) ]
N

N=erefoN)
Define the field {U;(v),t € [0,N],v > 0} and the process {);,t € [0,N]} by
Vi € [0,N], Ui(v) = {Kiy —1d} (10,0 () un (B) ) (),
and
Y, = M (Ui().
For any real-valued function f with f(0) = 0 one has

[f]
Lo on O <Vgsn Y, sup Lig,=qlf(s) — f(n)
n=0s€n,n+1]
1]
<Y sup Lygaglf(s) - f(n)].

n=0s€n,n+1]

Therefore
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|L(A)] < V2A lim E sup [I{THZt}ln‘]
N=veo 4o N]

N-1 ©)
<V2A lim Z E sup [I{THEt}meLH.

N=veo 120 te[nn+]

Suppose for a while that we have proven: there exists 19 € (0, IEXO ) such that for

all 7 € (0,10] and all € € (0, }), there exist constants C, & > 0 such that

1
E sup [Lgonl—T[] <C (H—})ie mmmtemosiza-20vat - g
t€nn+1]

We would then get:

>° An
IL(A)] < C VLY e 305 (H — Lyteemas(-r=2mv2Ak
n=0

<C (H _ %) %*f;‘ef(xS(lfxOfZ’q)m’
which is the desired result (8).

In order to estimate the left-hand side of Inequality (10) we aim to apply Garsia-
Rodemich-Rumsey’s lemma (see below). However, it seems hard to get the desired
estimate by estimating moments of increments of 1, >, |Y; — 1;,|, in particular be-
cause 17, > is not smooth in the Malliavin sense. We thus proceed by localization
and construct a continuous process 1; which is smooth on the event {7y >t} and is
close to 0 on the complementary event. To this end we introduce the following new
notations.

For some small i > 0 to be fixed set

vi € [0,N], 0(v) = {Kjy —1d} (10,1 () wn (BY) 6y (BY) e7) (v)

and
Y_; = 6(N) (Ut)7

where ¢y, is a smooth function taking values in [0, 1] such that ¢, (x) =1, Vx <1,
and ¢ (x) =0, Vx> 1417.

The crucial property of 1; is the following: Foralln e Nandn <r <t <n+1,
Ligonlr = I{THZ,}Y_} a.s. This is a consequence of the local property of & ([15,
p.47]). Therefore, forany n <N — 1,

E( sup 1{1H>t}|n_r1|>:E< sup 1{7H>t}f;_7_;1|><E< sup |T_;—Y_;1|>
re re re

[n,n+1] [n,n+1] [n,n+1]

Recall the Garsia-Rodemich-Rumsey lemma: if X is a continuous process, then for
p > 1 and g > 0 such that pg > 2, one has
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1

b X, X P

E{ sup [X; — X, Scﬂ(b )" ’ (//| t det>l
t€la,b] pqg—2 |t —s|r4

1
bE (X, — X7 ’
<c-P1_ // E(X-X17) 4ar) (12
pq— 2 |t —s|Pa

provided the right-hand side in each line is finite. In order to apply (12), we thus need
to estimate moments of 1; — I;. Lemmas 1 and Lemmas 2 below give bounds on the
moments of 1; — T; in terms of a power of | — s|. Thus Kolmogorov’s continuity
criterion implies that 1" has a continuous modification, which justifies to apply the
GRR lemmato 1.

In addition, we can easily obtain bounds on the norm HY_; — Y_;H 12(9) in terms of

(H — ). This observation leads us to notice that
. o _ 1
E (|5~ 5177%) < ||~ 5l o o) < E (1T - 57%)?
We then combine Lemmas 1 and 2 below to obtain: For every [n <s <7 <n+1],

E (‘Y_; 7Y;|2+4£) <C (H* %)([ 7S)%_£ e—aS(l—x0—2n)m
x (t _s)%+2s o= 3hs g aS(1=x0—21)V20

<C (H _ %) (t _s)l+£ ef%)tsefas(lfxofm)\/ﬁ-

2+€/2
2+4e

Choosing p =2+4¢eand g = we thus get

E( o l{w}m—nl) < (1 Yyrhe o rteS ooV
S

[n,n+1]
n+1 lele
(/ / S(t—s) 51 dtds)

<C (H N %)m e—aS(l—xo—Zn)me*ml”’
from which Inequality (10) follows.

- - - - 1

It now remains to prove the above estimates on ||Y} -1 | ’Lz(_Q) and E (|Y} - I}|2+88) 2:
These estimates are provided by Lemmas 1 and 2 below whose proofs are very tech-
nical.

Lemma 1. There exists My € (0, IEXO) such that: for all 0 < n < nqg, for all H €

[%7 1) and forall 0 < € < }T, there exist C, 0t > 0 such that

VA>1,V0<n<s<t<n+1<N,

E(|T; ~ BP)2 < C (1 —5) i+ o dhsgasion-2mv2L

)
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where the function S is defined as in Theorem 2.

Lemma 2. There exists 1o € (0, 17—;") such that: Forall0 <n <mpand0< € < %,
there exist C, o0 > 0 such that

Vn€[0,N], VH € [,1), Vn<s<t<n+1,VA > 1,
T = Til| 2y S € (H =)t —s)27¢ &S mr0m2mV22,

3 Discussion on the fBm case with A < 1

We believe that Theorem 2 also holds true for A € (0,1]. One of the main issues
consists in getting accurate enough bounds on the right-hand side of Inequality (9).

For a; = A~ and by = AOTM (A < 1) we have

Ih(1)| <V2AE

sup Lyg, >
t€[0,a, ]

5 ({Kz’fz —1d}(Tjo,uz (B%‘f_l')) ”

+V2AE| sup iy 5({1<;,1d}(1mul(3{f)e-l-))H

1€lay by]

. * H\ ,—A.
FV2R lim B | sup Lis,z 8 ({Ks — 14} 1y, gur (B e >)”.

We here limit ourselves to examine the second summand on the r.h.s and we denote
it by I§2> (1). The two other terms (corresponding to ¢ < ay, and ¢ > b)) are easier to
study.

Compared to Subsection 2.3 we localize the Skorokhod integral in a slightly
different manner by using ¢y, () instead of ¢, (B?), where S¥ denotes the running
supremum of the fBm up to time ¢. Hence

gz 8 ({5 ~19} (Lo (B ) )
= Ym0 ({Ki} —1d} (I[O,t]“?u (BT ¢y (S{-I)e_l')) a.s.
Set V3 (s) := up (B )9 (}') and

=6 ({K;; ~1d} (1[(”]17A (.)e**-)) .

Proceeding as from Eq.(11) to Eq.(12) we get for some p > 1 and m > 0 (chosen
later):
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H\ —A. p=1 m
E sup Tggendn (Logm(Be™) || P> a)'7 Clby—ay)?
te

[alvbl]
1
(P e
” It — s|m+2 S :

13)

We then use the proposition 3.2.1 in [15] to bound E|f} - f}|p:

~ ~ t —
BIE - < -8 [ IE (Ve ¥)
N

b 4
( / " 1DV (r)e M2 d6> ] dr.
0

The Malliavin derivative of the supremum of the fBm is obtained for example in
[7]. Denoting by ¥, the first time at which B reaches S¥ on the interval [0,7]
we have Dfj I = 1(y,-g}. It follows that DeS¥ = Ky (¥, 0). Since DV (r) =
O (ST)Douy (BH) + uy (BH)Dg oy (SH), we are led to study the three following
terms (for p > 2):

() E(Vy(r)e ) <E (g (SH)) <P(S? <1+n).

(i) e PME [( o 164 (SH)Dous (B2 do) }
<E [l{sﬁ<1+n} (for [V2AK (r, 0)uy (B d9) 2}
— (V2R)P 1 E(L ey (BI)P).

(ifi) e PME {(fé“ ju (B )Do gy (1) d6 ) }
<E[93(55) 87| < 197128 [Lsp <oy 07

We do not know any accurate estimate on the joint law of either (S, B) or (S, 9,).
We thus can only use the rough bounds I{SH<1+n}u;L( ) < Clygncyyyy for (iD)
and ¥, < r for (iii). Then one is in a position to use the following refinement of
Molchan’s asymptotic [14] obtained by Aurzada [1]: P(ty > 1) <t~ (=) (logr)*
for some constant ¢ > 0. However, when plugged into (14) and then into (13), these

(14)
+E

bounds lead us to an upper bound for \12(2) (4)| which diverges when A — 0.
Hence the preceding rough bounds on (ii) and (iii) must be improved. In the
1 1

Brownian motion case, the joint laws of (B,,S?) and (¥,,57?) are known (see e.g.
[12, p.96-102]). In particular, for p € (2,3) the term (iii) leads to

W20, E[lgn, 07]<C (15)

instead of the bound 52 2 (logt)¢ when one uses the previous rough method.
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From numerical simulations and an incomplete mathematical analysis using ar-
guments developed by [14] and [1] we believe that Inequality (15) remains true for

H > 1.1f so, the bound on |I§2) (1)| would become

p—1

2 <cvaia T by —ap)t,

. . . 1 _
which, in view of ay = A~ 27 and b = k’%ﬂ, can now be bounded as A — 0.

4 Optimal rate of convergence in Theorem 2: Comparison with
numerical results

In this section, we numerically approximate the quantity L(H,A) = E [e’“ﬂ ],
where 7y is the first time a fractional Brownian motion started from 0 hits 1.

As already recalled this Laplace transform is explictely known in the Brownian case:
E(%,k) = ¢~V2% YA > 0. Our simulations suggest that the convergence of L(H,A)
towards £(5,A) is faster than what we were able to prove. We also show numerical
experiments which concern the convergence of hitting time densities.

Although several numerical schemes permit to decrease the weak error when
estimating 7, none seem to be available in the fractional Brownian motion case.
We thus propose a heuristic extension of the bridge correction of Gobet [9] (valid in
the Markov case) and compare this procedure to the standard Euler scheme.

—AT)
Convergence of E [e %] toE[e = 2].
Let us fix a time horizon T and N points on each trajectory. Let 6 = % be the time
step. Denote by M the number of Monte-Carlo samples. For each m € {1,...,M},
we simulate {BnHéN(m)}lgngN, from which we obtain

w57 (m) = inf{n& : BN (m) > 1}.
We then approximate £(H,A) as follows:

% leflfl‘_sfr(m) — CS’T’M(H,)L) )

M=

LHA)~

m

The bias TE’T (m) > 7 (m) due to the time discretization implies limy; .. £L3TM(H, 1) < L(H, 7).
In view of Theorem 2 we have

1
IOg’AC(H,),)—E(%,A)’ SCA +ﬁ 10g(H_ i) )

with B = ( —¢€). We approximate log | C(H,A) — L(3,A)| by log | L3TM(H, 1) — L(3,1)|

for several values of H close to % and then perform a linear regression analysis
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around log(H — %) The slope of the regression line provides a hint on the optimal
value of 3.

The global error |£(H,1) — £L3TM(H,1)| results from the discretization error
err(8) and the statistical error err(M). For M = 2'3 and § = 3.10~* the estimator of
the standard deviation of £ (H, 1) is 0.259. This allows to decrease the number
of simulations to 100,000 to have a statistical error of order 0.0016.

The numerical results are presented in Table 1 for several values of A (= 1,2,3,4)
and of the parameter H € {0,5;0,51;0,52;0,54;0,6}. These results suggest that
|£8’T*M(%,l) — LOTM(H L)| is linear w.r.t. (H — 1). For each A we thus perform
a linear regression on these quantities (without the above log transformation). The
regression line is plotted in Fig. 1.

=+
— 2 -
- o
s
: —
- o
ol S
= o
-‘_-I’ —
[=]
2 T T T T T
0.00 0.02 0.04 0.06 0.08 0.10
H-1/2

Fig. 1 Regression of E(%, 1)— L(H,1) against H — % using the values from Table 1.

Our numerical results suggest that Theorem 2 is not optimal but the optimal
convergence rate seems hard to get. An even more difficult result to obtain concerns
the convergence rate of the density of the first hitting time of fBm to the density of
the first hitting time of Brownian motion. We analyze it numerically: See Fig. 2.

Brownian bridge correction. We apply the following rule (which is only heuris-

tic when H > %): at each time step, if the threshold has not yet been hit and if
BZ‘Q’I) s(m) <1and BnHéN(m) < 1, we sample a uniform random variable U on [0, 1]
and compare it to

PH =exp —2 (1 - Bgﬁl)é(m;z)H(l _ BnHéN(m))

If U < ppy then decide Tg,r (m) = né. Otherwise let the algorithm continue. In the

sequel we denote by L£oTM (H,A) the corresponding Laplace transform. This al-
gorithm is an adaptation to our non-Markovian framework of the algorithm of [9]
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0 2 4 6 8 10

Time before hitting 1

Fig. 2 Density of 7y for several values of H

which is fully justified when H = % In particular p 1 is the exact probability that a

Brownian motion conditioned by its values at time (n — 1) and nd crosses 1 in the
time interval [(n — 1)8,nd]. Here, we approximate the unknown value of py by a
heuristic value which coincides with p; when H = %

2

Table 2 shows the corresponding results for the simple estimator £%7M (1 1)
and the Brownian Bridge estimator £%-7:¥ (,4) with 8 < & in the Brownian case
(we kegt M =10°%). Consistently with theoretical results, Table 2 shows that the esti-
mator £8TM(H 1) allows to substantially reduce the number of discretization steps
(thus the computational time) to get a desired accuracy. The figure also shows a rea-
sonable choice of §; which we actually keep when tackling the fractional Brownian
motion case.

The exact value £(H,A) is unknown. Our reference value is the lower bound
L%TM(H 2). The parameter & used in Table 3 allows to conjecture that the
Brownian bridge correction is useful even in the non-Markovian case. Although
the approximation errors of the estimators £3-7* and £37M are similar when
compared to L£%TM (H,A), we recommend to use the latter because we have
LOTMH L)< LO%TM(H 2) < L(H,A) whereas L% TM(H 1) < Z‘ShT’M(H,A).
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Appendix: tables

Table 1 Values of Ay =E[e

*AT]
2

|-E [e’“”} when H — 1.

A. Richard and D. Talay

Set of parameters: T =20, N =216 (§ = 3.107%), M = 10°

A=1 A=2 A=3 A=4
H |L3TMH L) Ag [LOTM(H L) Ay |[L9TM(H,A) Ay |LOTM(HA) Ay
0,50 |0,2400 - o,1329 — |o,0846 - |o,0578 -
0,51 |0,2323  0,0077 [0,1271  0,0059 |0,0800  0,0046 |0,0542  0,0037
0,52 |0,2275  0,0125 [0,1232  0,0098 |0,0769  0,0077 [0,0517  0,0061
0,54 |0,2171  0,0229 0,1149  0,0180 |0,0703  0,0143 [0,0464  0,0114
0,60 [0,1907 ~ 0,0493 0,0958  0,0372 0,0560  0,0286 [0,0354  0,0224

Table 2 Test case: Error estimation of our procedure in the Brownian case (H = %)

Set of parameters: T =20, N =26 (8 ~ 3.10~*), M = 10° for the simple estimator

T =20, N=2" (8 =~ 6.107%), M = 10 for the Bridge estimator

A L(L,2) LOTML ) Error (%) LOTM(L ) Error (%)
1 0,2431 0,2400 1,3 0,2438 0,3
2 0,1353 0,1329 1,7 0,1358 0,4
3 0,0863 0,0846 2,0 0,0867 0,5
4 0,0591 0,0578 2,2 0,0594 0,5

Table 3 Comparison of estimators in the fractional case (H = 0,54)

Set of parameters: T =20, N =26 (8 ~ 3.10~4), M = 10° for the simple estimator
T =20, N=2" (8§ =6.107*), M = 10° for the simple estimator
T =20, N =21 (8 = 6.107*), M = 10° for the Bridge estimator

2 LOTM L) LOTM(H 2)  Error (%) L%TM(H L)  Error (%)
1 0,2171 0,2147 1,1 0,2186 0,7
2 0,1149 0,1131 1,6 0,1165 1,4
3 0,07003 0,0689 2,0 0,0717 1,9
4 0,0464 0,0453 2,3 0,0476 2,5




Hurst sensitivity of SDEs driven by fBm 17

References

(1]
(2]

(3]

(4]

(5]

(6]
(7]
(8]

(9]

(10]

(11]

[12]
[13]
[14]

(15]
[16]

(17]

F. Aurzada. On the one-sided exit problem for fractional Brownian motion.
Electron. Commun. Probab., 16:392-404, 2011.

F. Baudoin, C. Ouyang and S. Tindel. Upper bounds for the density of so-
lutions to stochastic differential equations driven by fractional Brownian mo-
tions. Ann. Inst. Henri Poincaré Probab. Stat., 50(1):111-135, 2014.

F. Bernardin, M. Bossy, C. Chauvin, J.-F. Jabir and A. Rousseau. Stochastic
Lagrangian method for downscaling problems in meteorology. M2AN Math.
Model. Numer. Anal., 44(5):885-920, 2010.

C. Berzin, A. Latour and J.R. Leén. [Inference on the Hurst Parameter and
the Variance of Diffusions Driven by Fractional Brownian Motion. Springer,
2014.

M. Besald, A. Kohatsu-Higa and S. Tindel. Gaussian type lower bounds for
the density of solutions of SDEs driven by fractional Brownian motions. Ann.
Probab., 44(1):399-443, 2016.

F. Comte, L. Coutin and E. Renault. Affine fractional stochastic volatility
models. Ann. Finance, 8:337-378, 2012.

L. Decreusefond and D. Nualart. Hitting times for Gaussian processes. Ann.
Probab., 36(1):319-330, 2008.

M. Delorme and K. J. Wiese. Maximum of a fractional Brownian motion:
analytic results from perturbation theory. Phys. Rev. Lett., 115:210601, Nov
2015.

E. Gobet. Weak approximation of killed diffusion using Euler schemes.
Stochastic Process. Appl., 87(2):167-197, 2000.

J.-H. Jeon, A. V. Chechkin and R. Metzler. First passage behaviour of multi-
dimensional fractional Brownian motion and application to reaction phenom-
ena. In R. Metzler, S. Redner, and G. Oshani, editors, First-Passage Phenom-
ena and their Applications. World Scientific.

M. Jolis and N. Viles. Continuity in the Hurst parameter of the law of the
symmetric integral with respect to the fractional Brownian motion. Stochastic
Process. Appl., 120(9):1651-1679, 2010.

I. Karatzas and S. Shreve. Brownian Motion and Stochastic Calculus.
Springer, 1988.

R. Metzler, S. Redner and G. Oshani, editors. First-Passage Phenomena and
their Applications. World Scientific.

G. M. Molchan. Maximum of a fractional Brownian motion: probabilities of
small values. Comm. Math. Phys., 205(1):97-111, 1999.

D. Nualart. The Malliavin Calculus and Related Topics. Springer, 2006.

G. Peccati, M. Thieullen and C. Tudor. Martingale structure of Skorohod
integral processes. Ann. Probab., 34(3):1217-1239, 2006.

A. Richard and D. Talay. Holder continuity in the Hurst parameter of function-
als of stochastic differential equations driven by fractional Brownian motion.
Preprint arXiv:1605.03475, 2016.



18 A. Richard and D. Talay

[18] M. Rypdal and K. Rypdal. Testing hypotheses about sun-climate complexity
linking. Phys. Rev. Lett., 104(12):128501, 2010.

[19] L. C. Young. An inequality of the Holder type, connected with Stieltjes inte-
gration. Acta Math., 67(1):251-282, 1936.



