
HAL Id: hal-01622356
https://inria.hal.science/hal-01622356

Submitted on 24 Oct 2017

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Finite-Time and Fixed-Time Observer Design: Implicit
Lyapunov Function Approach

Francisco Lopez-Ramirez, Andrey Polyakov, Denis Efimov, Wilfrid
Perruquetti

To cite this version:
Francisco Lopez-Ramirez, Andrey Polyakov, Denis Efimov, Wilfrid Perruquetti. Finite-Time and
Fixed-Time Observer Design: Implicit Lyapunov Function Approach. Automatica, 2018, 87, pp.52 -
60. �10.1016/j.automatica.2017.09.007�. �hal-01622356�

https://inria.hal.science/hal-01622356
https://hal.archives-ouvertes.fr


Finite-Time and Fixed-Time Observer Design: Implicit Lyapunov
Function Approach

Francisco Lopez-Ramirez a,∗ , Andrey Polyakov a,b , Denis Efimov a ,
Wilfrid Perruquetti a,b

aNon-A INRIA - LNE, Parc Scientifique de la Haute Borne 40, avenue Halley Bat.A, Park Plaza 59650 Villeneuve d’Ascq, France

bCRIStAL UMR CNRS 9189, Ecole Centrale de Lille, BP 48, Cité Scientifique, 59651 Villeneuve d’Ascq, France.

Abstract

This work deals with the problem of finite-time and fixed-time observation of linear multiple input multiple output (MIMO) control
systems. The proposed nonlinear dynamic observers guarantee convergence of the observer states to the original system state in a finite
and in a fixed (defined a priori) time. Algorithms for the observers parameters tuning are also provided and a robustness analysis against
input disturbances and measurement noises is carried out. The theoretical results are illustrated by numerical examples that consider both
noisy and noise-free measurements and a comparison with a high-gain observer is included.
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1 Introduction

State estimation (observation) is a classical problem in con-
trol theory [1], [2] that still forms an active research domain
[3], [4], [5]. Observer design algorithms give background for
the development of fault detection [6], data assimilation [7]
systems and system parameter estimation [8], among other
relevant research topics.

Observation with time constraints (non-asymptotic observa-
tion) is an interesting problem for both control theory [9]
[10] and practice [11]. On the one hand, finite-time observa-
tion is a simple way to realize the separation principle, the
condition under which the control and the observation algo-
rithms can be designed and analyzed independently. On the
other hand, in many control systems the transition processes
are strongly restricted in time, e.g. the state estimate of a
walking robot must be provided before each impact with the
ground, i.e. calculated within the length of each step [12].

One of the most popular approaches to system state estima-
tion is the so-called dynamic observer design, which uses a
copy of the mathematical model of the system with an addi-
tional output injection term (see, for example, [2], [13], [14]
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etc.). In this approach, the observer is designed by studying
the stability of the error equation in order to guarantee finite-
time or fixed-time (prescribed in advance) convergence of
the observation error to zero. To attain this type of conver-
gence, high order sliding mode (HOSM) differentiators [15],
[16], [17] and homogeneous observers [11], [10], [3] can be
used and they admit a rather simple and constructive repre-
sentation. However, the practical implementation is compli-
cated since, to the best of our knowledge, proper algorithms
for parameter tuning and convergence time adjustment are
not yet developed for high order systems.

The present paper, for which [18] is a preliminary version,
develops effective computational algorithms for tuning the
parameters of a finite-time observer and a novel fixed-time
one; both of them based on homogeneity properties. In com-
parison with previous works, the algorithms here developed
translate the observer parameter selection into a system of
Linear Matrix Inequalities (LMI)[19], which allows to ad-
just the settling time.

Notation: Let λmin(P ) and λmax(P ) be the minimum and
the maximum eigenvalues of the positive definite symmet-
ric matrix P ∈ Rn×n, respectively; In ∈ Rn×n denotes the
identity matrix; diag(z1, z2, ..., zm) denotes the diagonal
matrix with diagonal elements zi, i = 1, 2, ...,m; rown(W )
and coln(W ) are the number of rows and the number of
columns of the matrix W , respectively (e.g. if W ∈ Rp×q
then rown(W ) = p and coln(W ) = q); ker(W ) and
range(W ) are the null space and the column space of the
matrix W , respectively; null(W ) is the matrix with columns
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defining the orthonormal basis of the subspace ker(W );
R+ denotes the set of nonnegative real numbers; 1p repre-
sents a vector of ones such that 1p = (1, 1, ..., 1)T ∈ Rp;
L∞(Rp) denotes the set of essentially bounded measurable
functions f : R+ → Rp and the notation L∞(a,b) is used for
similar functions defined on (a, b); | · | denotes the absolute
value in R and || · || denotes the Euclidean norm on Rn.

2 Problem statement
Let us consider the perturbed linear control system:{

ẋ(t) = Ax(t) +Bu(t) + dx(t),

y(t) = Cx(t) + dy(t),
(1)

where x ∈ Rn is the state variable, y ∈ Rk is the measured
output, u : R → Rs is the control input, A ∈ Rn×n is the
system matrix, B ∈ Rn×s is the matrix of input gains and
the matrix C ∈ Rk×n is the output matrix which links the
measured outputs to the state variables. The pair (A,C) is
assumed to be observable and rank(C) = k.

The goal of this work is twofold:
• Design two dynamic observers that estimate the state of

the non-perturbed system (1) in a finite time or in a fixed
(defined a priori) time, under the assumption that the
domain of initial conditions is unknown.
• Both observers must be robust (in an input-to-state sense)

with respect to L∞-bounded measurement noises dy(t)
and L∞-bounded disturbances dx(t).

3 Preliminaries

3.1 Finite-time and fixed-time stability

Let us consider the system of the form

ẋ(t) = f(t, x(t)), t > t0, x(t0) = x0, (2)

where x ∈ Rn is the state vector and f : R+×Rn → Rn is
a nonlinear continuous vector field. Let us assume that the
origin is an equilibrium point of (2).

Definition 1 ([20], [21], [22]) The origin of system (2) is
said to be globally uniformly finite-time stable if it is uni-
formly Lyapunov stable and finite-time attractive, i.e. there
exists a locally bounded function T : Rn → R+ ∪ {0}
such that x(t, t0, x0) = 0 for all t ≥ t0 + T (x0), where
x(t, t0, x0) is a solution of (2) with x0 ∈ Rn. The function
T is called the settling time function of the system (2).

Definition 2 ([23]) The origin of system (2) is said to be
globally fixed-time stable if it is globally uniformly finite-
time stable and the settling time function T is globally
bounded by some positive number Tmax > 0, i.e. T (x0) ≤
Tmax, ∀x0 ∈ Rn.

A characterization of the fixed-time stability property by
means of a Lyapunov function can be found in [10], [23].

3.2 Implicit Lyapunov Function Method

The Implicit Lyapunov Function (ILF) method allows to
determine the stability of a system without presenting the
Lyapunov function in an explicit form. Indeed, the Lyapunov
function can remain in an implicit form, for example, as a
solution of some algebraic equation (e.g. Q(V, x) = 0), and
in order to analyze finite-time or fixed-time stability of a
given system it is not necessary to solve this equation; it
suffices to study some conditions involving the right-hand
side of the system, as stated by the next theorem.

Theorem 3 ([24]) If there exists a continuous function Q :
R+ × Rn → R such that:

C1 Q is continuously differentiable on R+ × Rn\{0};
C2 for any x∈Rn\{0} there exists V ∈ R+ : Q(V, x)=0;

C3 for Ω =
{

(V, x) ∈ Rn+1 : Q(V, x) = 0
}

we have
lim
x→0

(V,x)∈Ω

V = 0+, lim
V→0+

(V,x)∈Ω

‖x‖ = 0, lim
‖x‖→∞
(V,x)∈Ω

V = +∞;

C4 −∞ < ∂Q(V,x)
∂V < 0 for V ∈ R+ and for x ∈ Rn\{0};

C5 ∂Q(V,x)
∂x

f(t, x) ≤ cV 1−µ ∂Q(V,x)
∂V

, ∀t ∈ R, ∀(V, x) ∈ Ω,

where c > 0 and 0 < µ ≤ 1 are some constants. Then
the origin of system (2) is uniformly finite-time stable with
the settling time estimate T (x0) ≤ V µ0

cµ , where V0 ∈ R+ :

Q(V0, x0)=0.
The proof of this theorem is based on the classical Implicit
Function Theorem [25] and recent results in the ILF method
[26], [27], [24].

The next extension of the previous theorem allows to deter-
mine fixed-time stability using the ILF method.
Theorem 4 ([24]) Let two functionsQ1(V, x) andQ2(V, x)
satisfy the conditions C1-C4 of Theorem 3 and
C6 Q1(1, x) = Q2(1, x),∀x ∈ Rn\{0};
C7 ∂Q1(V,x)

∂x f(t, x) ≤ c1V
1−µ ∂Q1(V,x)

∂V , ∀t ∈ R,
∀V ∈ (0, 1],∀x ∈ {z ∈ Rn\{0} : Q1(V, z) = 0},
where c1 > 0 and 0 < µ < 1 are some constants;

C8 ∂Q2(V,x)
∂x f(t, x) ≤ c2V

1+ν ∂Q2(V,x)
∂V , ∀t ∈ R, ∀V ≥

1,∀x ∈ {z ∈ Rn\{0} : Q2(V, z) = 0}, where c2 > 0
and ν > 0 are some constants.

Then the origin of (2) is fixed-time stable: T (x0)≤ 1
c1µ

+ 1
c2ν

.

The presented theorems are used below for analysis and de-
sign of finite-time and fixed-time observers. The correspond-
ing implicit Lyapunov function candidate is selected as

Q(V, z) := zTDr(V
-1)PDr(V

-1)z − 1 (3)

where V ∈ R+, z ∈ Rn, P = PT ∈ Rn×n is a positive
definite matrix and Dr(·) is the dilation matrix of the form

Dr(λ) = diag(λr1In1
, λr2In2

, . . . , λrmInm), (4)

with r = (r1, ..., rm)T ∈ Rm, ri > 0, rmin = min1≤j≤nrj
and ni are natural numbers such that n1 + ... + nm = n.
Note that if r1 = ... = rm = 0.5 then Q(V, z) = 0 implies
that V = zTPz.
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3.3 Weighted Homogeneity and Input-to-State Stability

The observers to be presented derive many of its properties
from the fact that they exhibit a regular multiplicative scaling
behavior, namely homogeneity. In this subsection we define
this property and present some relevant theorems regarding
robustness of homogeneous systems.

Consider the system in the form

ẋ(t) = f̃(x(t), d(t)), t > t0, x(t0) = x0, (5)

where x ∈ Rn, d ∈ L∞(Rp) is a disturbance and f̃ ∈
Rn+p → Rn is a continuous or discontinuous vector field
that satisfies Filippov conditions [28].

Definition 5 ([29]) A vector field f : Rn → Rn is r-
homogeneous with homogeneous weights r ∈ Rn and de-
gree η ∈ R, with η ≥ -rmin if for all x ∈ Rn we have

λ-ηDr(λ)-1f(Dr(λ)x) = f(x).

The system (5) for d(t) = 0 is r-homogeneous of degree η
if the vector field f̃(x(t), 0) is r-homogeneous of degree η.

Definition 6 ([29]) An r-homogeneous norm is a map x 7→

||x||r,τ , where for any τ ≥ 0, ||x||r,τ :=
(∑n

i=1 |xi|
τ
ri

)1/τ

∀x ∈ Rn. The set Sr = {x : ||x||r,τ = 1} is the corre-
sponding r-homogeneous unit sphere.

If a vector field fails to exhibit a global degree of homogene-
ity but behaves as an homogeneous vector field near infinity
and/or near the origin, we say that it is locally homogeneous.

Definition 7 ([10], [30]) A vector field f : Rn → Rn is
(r0, λ0, f0)-homogeneous with degree η0 ≥ -r0 min (f0 is
an r0-homogeneous vector field and r0 min = min1≤j≤nr0n)
and λ0 ∈ R+∪{+∞} if limλ→λ0

[λ-η0D-1
r0(λ)f(Dr0(λ)x)−

f0(x)] = 0, for all x ∈ Sr0 , uniformly on Sr0 with
λ0 ∈ {0,∞}.

In the context of control and observation of nonlinear sys-
tems, the concept of input-to-state stability has won ground
in characterizing the robustness of a system with respect to
disturbances, noises and unmodeled dynamics since it allows
to guarantee that for a given essentially bounded and mea-
surable input, the system’s state remains bounded [31],[32].

Definition 8 ([32]) The system (5) is called
Input-to-state stable (ISS), if there exist functions ζ ∈KL

and ϑ∈K such that for any d∈L∞(Rp) and any x0 ∈ Rn
||x(t, t0, d)|| ≤ ζ(||x0||, t) + ϑ(||d||[0,t)), ∀t ≥ 0.

Integral intput-to-state stable (iISS), if there are some
functions ϑ1, ϑ2 ∈ K∞ and ζ ∈ KL such that for any
x0 ∈ Rn and d ∈ L∞(Rp) the following estimate holds:
ϑ1(‖x(t, x0, d)‖)≤ζ(‖x0‖, t)+

∫ t
0
ϑ2(‖d(s)‖)ds,∀t≥0.

As the following theorem shows, homogeneity and homo-
geneous approximations allow to easily verify robustness
properties, in an ISS sense, of a given system.

Theorem 9 ([30]) Let the vector field f̃ be homogeneous
with weights r = (r1, ..., rn)T > 0, r̄ = (r̄1, ..., r̄p)

T ≥
0 and with degree η ≥ -rmin, i.e. f̃(Dr(λ)x,Dr̄(λ)d)=

ληDr(λ)f̃(x, d) for all x ∈ Rn, d ∈ Rp and all λ > 0.
Assume that the system (5) is globally asymptotically stable
for d = 0, then the system (5) is

ISS if r̄min > 0 or iISS if r̄min = 0 and η ≤ 0.

In the case of locally homogeneous systems, ISS stability
can be asserted through their homogeneous approximations
at 0 and at ∞.

Theorem 10 ([10], Corollary 2.21) Let the vector field f̃
be continuous and ((r∞, r̄∞),+∞, f̃∞)-homogeneous with
the weights r∞ = (r∞1 , ..., r∞n ) > 0, r̄∞ = (r̄∞1 , ..., r̄∞p ) >

0 and ((r0, r̄0), 0, f̃0)-homogeneous with the weights r0 =
(r0

1, ..., r
0
n) > 0, r̄0 = (r̄0

1, ..., r̄
0
p) > 0. If the origins of the

systems ẋ = f̃0(x, 0), ẋ = f̃(x, 0) and ẋ = f̃∞(x, 0) are
globally asymptotically stable then the system (5) is ISS.

4 Observer Design Using the ILF Method

4.1 Observer Canonical Decomposition

The observers’ design starts with a decomposition of the
considered system into an appropriate block canonical form.

Lemma 11 Consider the system (1) with the pair (A,C)
being observable and rank(C) = k. Then there exists a
nonsingular transformation Φ such that

ΦAΦ-1 = FC̃+Ã, CΦ-1 = (C0 0 ... 0) , C̃ = [Ik 0] ∈ Rk×n,

Ã =


0 A1 2 0 ... 0
0 0 A2 3 ... 0

...
...

...
. . .

...
0 0 0 ... Am−1m

0 0 0 ... 0

 , C0 ∈ Rk×k, F ∈ Rn×k,

where m is an integer, Aj−1 j ∈ Rnj−1×nj , nj =
rank(Aj−1 j), j = 2, ...,m, so that n1 = rank(C) = k and∑m
i=1 ni = n.

We omit the proof of this lemma since it is a trivial con-
sequence of well known results on block observability and
controllability forms (see [33], [34], [35], [36]). However,
in order to make the article self-contained we provide a suit-
able algorithm to calculate the transformation matrix Φ in
the Appendix. If k = 1 then m = n, ni = 1 and Φ trans-
forms the matrix A into the canonical Brunovsky form. It is
also worth stressing that canonical forms and related trans-
formations also exist for nonlinear systems (see for instance
[37], [14]). Therefore, the observer design algorithms given
below can be adapted to the nonlinear case.

4.2 Finite-Time Observer

Let us consider the following nonlinear observer

d

dt
x̂(t) = Ax̂(t) +Bu(t)− g

FT
(y(t)− Cx̂(t)), (6)
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where x̂(t) ∈ Rn is the observer state vector and the function
g
FT

: Rk → Rn is defined as

g
FT

(σ) = Φ-1
[
Dr̃

(
‖P̃C-1

0 σ‖-1
)
L
FT
− F

]
C-1

0 σ, (7)

where σ ∈ Rk, the matrices Φ ∈ Rn×n, C0 ∈ Rk×k and
F ∈ Rn×k are defined in Lemma 11, Dr̃(·) is the dilation
matrix given by (4) with

r̃=
(

µ
1+(m−1)µ ,

2µ
1+(m−1)µ , ...,

mµ
1+(m−1)µ

)T
, µ ∈ (0, 1], (8)

and L
FT
∈ Rn×k and P̃ ∈ Rk×k are matrices of ob-

server gains, to be determined. The error equation in the
disturbance-free case (i.e. dx = 0, dy = 0) has the form

ė =
(
Ã+Dr̃

(
‖P̃ C̃e‖-1

)
L
FT
C̃
)
e, (9)

where e = Φ(x− x̂), Ã ∈ Rn×n and C̃ ∈ Rk×n are defined
in Lemma 11. Obviously, if µ→ 0 then Dr̃

(
‖P̃ C̃e‖-1

)
→

In and the presented observer becomes the classical Luen-
berger one.

Remark 12 If the term ‖P̃C-1
0 σ‖ in (7) is replaced

with ε(1+(m−1)µ)/µ where ε > 0 is a small con-
stant, then the system (6)-(7) becomes a high-gain ob-
server [38], [14] with the error dynamics given by
ė =

(
Ã+ diag(ε-1In1 , ε

-2In2 , · · · , ε-mInm)L
FT
C̃
)
e. In

our algorithms the gain factor ε depends on the available
part of the observation error, namely, on σ = y−Cx̂ = Ce.
This allows the finite-time and fixed-time observers to be
less sensitive with respect to noises (see Section 6).

Let us define Hr = diag(r1In1 , r2In2 , ..., rmInm) ∈Rn×n,
r =

[
1+ µ

1+(m−1)µ

]
1m− r̃ and Ξ(λ)=λ

(
Dr̃(λ

-1)−In
)
.

Theorem 13 Let for some µ ∈ (0, 1], α > 0, ξ > 0 and
τ ≥ 1 the system of matrix inequalities(
PÃ+ÃTP+C̃TY T+Y C̃+ξP+α(PHr+HrP ) P

P -ξZ

)
≤0, (10a)

P >0, Z>0, X>0, (10b)

(
τX Y T

Y P

)
≥ 0, (10c)

PHr +HrP > 0, (10e) P ≥ C̃TXC̃, (10d)
Ξ(λ)ZΞ(λ)≤ 1

τ P, ∀λ∈ [0, 1], (10f)

be feasible for some P,Z ∈ Rn×n, Y ∈ Rk×n and
X ∈ Rk×k. Then the error equation (9) with L

FT
=P -1Y

and P̃ = X1/2 is globally finite-time stable with settling
time T ≤ V ρ(e(0))

αρ , ρ= µ
1+(m−1)µ , where V : Rn → R is

defined implicitly by the equation Q(V, ·) = 0 with Q given
by (3).

In other words, this theorem claims that any solution of
the observer system (6) converges to a solution of the real
system (1) in a finite time T , which is dependent on the

initial estimation error e(0) ∈ Rn. The main idea of the
proof is to show that the functionQ (defined in the statement
of Theorem 13) satisfies all conditions of Theorem 3. Proofs
of all theorems and propositions are given in the Appendix.

Corollary 14 The system of matrix inequalities (10) is fea-
sible for sufficiently small µ > 0.

Indeed, observability of the pair (A,C) implies that the pair
(Ã+0.5(αHr+ξIn), C̃) is also observable. Hence, it can be
easily shown that the inequality (10a) is feasible with some
positive definite matrices P,Z ∈ Rn×n and Y ∈ Rk×n. The
matrix inequalities (10d) and (10c) are also feasible for some
X ∈ Rk×k and sufficiently large τ ≥ 1. Since ‖Ξ(λ)‖ → 0
uniformly on λ ∈ [0, 1] as µ → 0, then the inequalities
(10e), (10f) will hold for sufficiently small µ > 0.

In order to apply Theorem 13 we need to solve the
parametrized system of nonlinear matrix inequalities (10)
with respect to variables P , X , Z, Y for a given µ ∈ (0, 1]
and α, ξ, τ > 0. By fixing the value λ ∈ [0, 1], the system
(10) becomes a system of LMIs, which can be solved using
any appropriate mathematical software (e.g. MATLAB).
However, the mentioned LMIs must be checked for any
λ ∈ [0, 1]. Due to the smoothness of Ξ(λ) with respect to
λ ∈ (0, 1], this can be done on a proper grid constructed
over this interval. The next corollary provides sufficient
feasibility conditions for the parametrized matrix inequality
(10f).

Proposition 15 The parametric inequality (10f) holds if

Ξ(qi)ZΞ(qi)+ 1
2 (q2

i −q2
i−1)M < 1

τ P, i = 1, ..., N, (11a)

P > 0, Z > 0, M > 0 (11b)(
(In−Hr̃)Z+Z(In−Hr̃) -ZHr̃

-Hr̃Z M

)
> 0, (11c)

where 0 = q0 < q1 < ... < qN = 1, Hr̃ = diag(r̃1In1 ,
r̃2In2 , ..., r̃mInm), P,M,Z ∈ Rn×n.

The provided result allows the implementation of a simple
algorithm to solve the parametrized system of matrix in-
equalities (10) with fixed α, ξ, τ and µ.

Algorithm 1
Initialization: N = 1, q0 = 0, q

N
= 1,Σ = {q0, qN}.

Loop: While the system of LMI (10a-10d), (11) is not feasi-

ble, do Σ← Σ ∪
{
qi−1+qi

2

}N
i=1

and N ← 2N .

Since the matrix inequality (In−Hr̃)Z+Z(In−Hr̃) > 0 is
obviously feasible for sufficiently small µ > 0, then, in the
view of Corollary 14, the presented algorithm always finds
the required solution if µ is sufficiently small.

4.3 Fixed-Time Observer

Let us consider now the following observer

d

dt
x̂(t) = Ax̂+Bu(t)− g

FX
(y(t)− Cx̂(t)), (12)

4



where x̂ ∈ Rn and the function g
FX

: Rk → Rn is defined
as follows:

g
FX

(σ)=Φ-1

[
{Dr̃(‖P̃1C

-1
0 σ‖

-1)+Dr̃(‖P̃2C
-1
0 σ‖)}LFX

2 −F
]
C-1

0 σ,

where σ ∈ Rk, the matrices Φ ∈ Rn×n, C0 ∈ Rk×k and
F ∈ Rn×k are defined in Lemma 11. P̃i ∈ Rk×k, i = 1, 2
and L

FX
∈ Rn×k are gain matrices to be determined.

The error equation between (1) and (12) with dx = dy = 0
is given by

ė=
(
Ã+ 1

2

{
Dr̃

(
‖P̃1C̃e‖-1

)
+Dr̃

(
‖P̃2C̃e‖

)}
L
FX
C̃
)
e, (13)

e = Φ(x− x̂), where Ã ∈ Rn×n and C̃ ∈ Rk×n are defined
in Lemma 11.

Let us define ri = (-1)ir̃ +
[
1+ (-1)i+1µ

1+(m−1)µ

]
1m, Ξ̄δi (λ) =

λ1

2

{
Dr̃

(
λi−1
2

δ1λ1

)
+Dr̃

(
δ2λ1

λi−2
2

)
− 2In

}
, δ = (δ1, δ2), λ =

(λ1, λ2) and Hi = diag{(ri)1In1
, ..., (ri)mInm} ∈ Rn×n

for i = 1, 2.

Theorem 16 Let for some µ∈(0, 1], α>0, ξ>0, τ≥1 and
δ=(δ1, δ2), δi>0, i=1, 2, the system of matrix inequalities(
PÃ+ÃTP+C̃TY T +Y C̃+ξP+α(PHi+HiP ) P

P -ξZi

)
≤0, (14a)τX Y T

Y P

≥0, (14b) P >0, X>0, Zi>0, (14c)

PHi+HiP >0, (14d) P ≥ C̃TXC̃, (14e)

Ξ̄δi (λ)ZiΞ̄
δ
i (λ)≤ 1

τ P, ∀λ∈ [0, 1]×[0, 1], (14f)
be feasible with P,Z1, Z2 ∈ Rn×n, Y ∈ Rn1×n and X ∈
Rk×k. Then the error equation (13) withL

FX
= P -1Y , P̃i =

δiX
1/2 is globally fixed-time stable with Tmax ≤ 1+(m−1)µ

0.5αµ .

Under the following additional restrictions, the parametric
LMI (14f) can be simplified:

Proposition 17 Let 0 = q0 < q1 < ... < qN1
= 1 and

0 < p0 < p1 < ... < pN2
= 1 for some N1, N2 ≥ 1. If the

positive definite matrices Zi, Si,Mi, Ri, Ui ∈ Rn×n satisfy
the following system of LMIs(
ZiHr̃+Hr̃Zi ZiHr̃

Hr̃Zi Ui

)
≥0, (15a) MiHr̃+Hr̃Mi>0, (15b)(

2Zi−ZiHr̃−Hr̃Zi ZiHr̃ -ZiHr̃
Hr̃Zi Mi 0
-Hr̃Zi 0 Si

)
≥0, (15c)

Ξ̄δi (qj , ps)ZiΞ̄
δ
i (qj , ps)+

ln
(

ps
ps−1

)
Ξ̄δi (qj , 0)UiΞ̄

δ
i (qj , 0)+

q2j−q
2
j−1

2 (Dr̃(δ2)MiDr̃(δ2) + Si) ≤ 1
τ P,

(15d)

(
Υi(qj ,p0) Ξ̄δi (qj ,0)ZiDr̃

(
p
1/2
0

)
Dr̃
(
p
1/2
0

)
ZiΞ̄

δ
i (qj ,0) Ri

)
≥ 0, (15e)

where Υi(qj , p0) = 1
τ P − D̃(qj)(Dr̃(p0)ZiDr̃(p0) +

Dr̃(p
1/2
0 )RiDr̃(p

1/2
0 ))D̃(qj) − Ξ̄δi (qj , 0)ZiΞ̄

δ
i (qj , 0) −

q2j−q
2
j−1

2 (Mi + Si) and D̃i(qj) :=
qj
2 Dr̃

(
(δ3−iqj)

(-1)i
)

,
i = 1, 2, j = 1, ..., N1, s = 1, ..., N2, then (14f) holds.
Based on this proposition, an algorithm for solving the
parametrized system of LMIs (14) can be presented, analo-
gously with the finite-time case.

Algorithm 2
Initialization: β > 0, N1 = 1, N2 = 1, p0 > 0, p

N1
= 1,

q0 =0, q
N2

=1, Σ={q0, qN1}, Λ={p0, pN2}.
Loop: While the system of LMIs (14a-14e), (15) with qj ∈ Σ,
ps ∈ Λ is not feasible, do
Σ←Σ∪{0.5(qj−1+qj)}N1

j=1 with qj ∈Σ, N1←2N1,

Λ←Λ∪
{
p1e

-β
}

with p1∈Λ, N2←N2 + 1.

Remark that the grid Λ is a logarithmic grid such that the
term ln

(
ps
ps−1

)
in (15d) equals β for any ps ∈ Λ\{p0, p1}.

5 Robustness Analysis

We consider now (1) with nonzero dx : R+ → L∞(Rn),
and nonzero dy : R+ → L∞(Rk). Since the observers’
robustness follows from their homogeneity properties, we
will establish, for each observer, the type of homogeneity
that it exhibits and next that they are robust against bounded
disturbances and bounded measurement noise. Again, the
error variable is defined as e = Φ(x− x̂).

Corollary 18 Consider the perturbed error equation be-
tween (1) and (6)

ė = Ãe+Dr̃(‖P̃ C̃e+ dy‖-1)L
FT

(C̃e+ dy) + φ, (16)

where φ= -FC̃dy+Φdx, dx ∈L∞(Rn), dy ∈L∞(Rk) and
assume that all conditions of Theorem 13 are satisfied. Then
the system (16) is ISS for µ ∈ (0, 1) and iISS for µ = 1.

A similar result can be provided for the fixed-time observer:

Corollary 19 Consider the following perturbed error equa-
tion between (1) and (12)

ė=Ãe+ 1
2{Dr̃(ε

-1
1 ) +Dr̃(ε2)}L

FX
(C̃e+ dy)+φ, (17)

where φ=Φdx−FC̃dy , εi=‖P̃iC̃e+dy‖,i=1,2, dx,dy∈L∞
and assume that all conditions of Theorem 16 are satisfied.
Then the error dynamics (17) is ISS stable with respect to
additive disturbances dx and measurement noises dy .
Only qualitative analysis of robustness (i.e. ISS) is presented
in this section. The quantitative one needs further research
developments using ideas introduced in [39], [38], [40]. The
LMIs presented in the previous section are expected to be
useful for obtaining of rather precise ellipsoidal estimates of
the observation error in the perturbed case.

6 Examples

The following two numerical simulations aim to show the
main properties of the finite-time (FT) and the fixed-time
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(FX) observers. In both examples, an inverted-cart pendu-
lum model will be used. In the first example, the robust-
ness of the FT observer will be studied by applying it to
the nonlinear plant and a comparison with a high-gain (HG)
observer will be included. The second example will focus
on the uniformity w.r.t to initial conditions (IC) of the FX
observer. A linearized model will be used such that we can
compare the performance of the observers with IC far away
from the linearizing equilibrium point.

The state vector is given by x = [x, ẋ, θ, θ̇]T , where as usual
(x, ẋ) represents the position and the velocity of the cart
and (θ, θ̇) the angle (from the vertical down position) and
the angular velocity of the pendulum. The model parameters
are M = 0.5 Kg - mass of the cart, mc = 0.2 Kg - mass
of the pendulum, b = 0.1 N/m/s - cart friction coefficient,
l = 0.3 m - length to pendulum center of mass, I = 0.006
Kg - moment of inertia of the pendulum.

It is assumed that only position and angle can be measured
directly. The nonlinear equations describing the system mo-
tion are given by

(M +mc)ẍ+ bẋ+mc − lθ̈ cos θ −mclθ̇
2 sin θ = Fin

(I +mcl
2)θ̈ +mcgl sin θ +mclẍ cos θ = 0,

where Fin represents the input force. A simple proportional
control law Fin = Kp

d
dt θ̂(t) is used to stabilize the pendu-

lum around the downward position, d
dt θ̂(t) is an estimate of

the angular velocity to be obtained using the observers. The
linearization of the model around the downward equilibrium
point x0 =0 ∈ R4 gives the following parameters for (1):

A=


0 1 0 0
0 -0.1818 2.672 0
0 0 0 1
0 0.4545 -31.181 0

, B=


0

1.818
0

-4.545

, C=

(
1 0 0 0
0 0 1 0

)
.

The first step of the observer design is to transform the
linearized model into the observable canonical form, given

in Lemma 11, by obtaining the matrix Φ =

(
0 0 1 0
-1 0 0 0
a -1 0 0
b 0 0 1

)
,

where a = -0.1818 and b = -0.4545.
Example 1 (Comparison between FT and HG observers). In
order to make a fair comparison we adjusted the parameters
of both observers to have similar time response for the initial
condition x0 = (0, -2, π/4, 1); that is to say, the norm of the
estimation errors is admitted to be less than 0.15 for t ≥ 0.5
s. Using Algorithm 1 with (µ, α, τ, ξ) = (0.25, 2.5, 100, 4)
we design the FT observer (6), (7) with

L
FT

=( -9.9080 0 0 -46.8452
0 -9.9080 -46.8452 0 )

T
, P̃ =0.0969

(
1 0
0 1

)
,

and we compare it with the HG observer, designed according
to Remark 12. Namely, the term ‖P̃C-1

0 σ‖ in (7) is replaced
with ε(1+(m−1)µ)/µ.

Note that, the gain factor ε = 0.3 (and correspondingly the
admissible estimation error ‖e(0.5)‖ ≤ 0.15) is selected suf-

t
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e
ẋ

-6

-4

-2

0

High-Gain Observer

t

0 0.5 1 1.5
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ẋ

-6
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0

Finite-Time Observer

t

0 0.5 1 1.5

e
θ̇

-4

-3

-2

-1

0

1

t

0 0.5 1 1.5

e
θ̇

-4

-3

-2

-1

0

1

Fig. 1. Simulation plots of eẋ and eθ̇ for the HG and FT observers
applied to the nonlinear plant with IC x(0) = (0, -2, π

4
, 1) and

Kp = 10.

ficiently large since the HG observer becomes more sensi-
tive with respect to measurement noises as ε decreases. The
estimation error of the FT observer turned out to be 10 times
less 1 (‖e(t)‖ ≤ 0.01) for t ≥ 0.5 s.

Figure 1 depicts the evolution of the observation errors of FT
and HG observers for the noise-free case. Although the ob-
servers were designed using a linearized model, the system
remains stable for the complete nonlinear model. It is also
worth noting that the FT observer demonstrates a smaller
peaking during transients.

To compare the observers for the case of noisy measure-
ments, a band-limited white noise of power 10-5 has been
added to the output signal during the simulation. The cor-
responding results are presented at Figure 2. They show al-
most twice better precision (in both L2

(0.5,1.5) and L∞(0.5,1.5)

norms of the error) of the FT observer with respect to the
HG one. This fact has a simple explanation in the context of
high-gain observer theory: since the gain factor ε of the FT
observer depends on the available part of the observation
error (see Remark 12), namely,

ε = ε(σ) = ‖P̃C-1
0 σ‖µ/(1+(m−1)µ), σ = y − Cx̂ = Ce,

then its value is automatically adapted to the noises of differ-
ent magnitude (the larger the noise magnitude, the smaller
the gain). In the noisy case the convergence time of the FT
observer slightly increases, allowing a better estimation pre-
cision.

Example 2 (Uniformity w.r.t. to initial conditions). Here we
compare the FT and the FX observers assuming that the FT
observer is derived as the homogeneous approximation of the
FX observer at zero, i.e.LFT = 0.5LFX and P̃ = P̃1, where
LFX =

(
-3.8624 0 0 -6.7081

0 -3.8624 -6.7081 0

)T
, P̃1 =

(
0.0233 0

0 0.0233

)
,

1 The numerical simulations have been done using the explicit
Euler method with sampling period 10-4.
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Fig. 2. Simulation plots of eẋ and eθ̇ for the HG and FT observers
with a band-limited white noise in the measurements.

t

0 5 10 15 20

‖
e
‖

10
-10

10
0

10
10

10
20

FT Observer

FX Observer

Fig. 3. Simulation plot of ‖e‖ for the FT and FX ob-
servers applied to the linearized plant for three different IC
x(0) = (0, 1, π

4
, 0), x(0) = 103(0, 1, π

4
, 0), x(0) = 107(0, 1, π

4
, 0)

and Kp = 5.

P̃2 =
(
0.2589 0

0 0.2589

)
are the gain matrices of the FX ob-

server obtained applying Algorithm 2 with the parameters
(µ, α, τ, ξ, δ1, δ2, β) = (0.12, 0.006, 15, 1, 0.3, 10/3, 0.3).

The comparison results between the FT and FX observers
in the noise-free case are depicted in Figure 3. They con-
firm low convergence time sensitivity with respect to initial
conditions for the FX algorithm; for the FT one it is pos-
sible to see that the convergence time increases drastically
as the norm of the initial conditions increases. The result of
simulations are depicted using the logarithmic scale in order
to demonstrate fast (hyper-exponential) convergence rate of
the observers. Since locally (close to the origin of the error
system) the FX algorithm almost coincides with the FT one,
it has almost the same sensitivity with respect to measure-
ment noises (see Fig. 4).

7 Conclusion

This article presents finite-time and fixed-time nonlinear ob-
servers for MIMO linear systems. Their key features are ho-
mogeneity properties and the use of the implicit Lyapunov
function method for stability analysis of the error equation.
The former allows the observers to attain non-asymptotic

t

0 5 10 15 20

‖e
‖

10
0

10
10

FT Observer

t

0 5 10 15 20

‖
e
‖

10
0

10
10

FX Observer

Fig. 4. Simulation plot of ‖e‖ for the FT and FX observers with
measurement band limited noise to the linearized plant with IC
x(0) = 103(0, 1, π

4
, 0) and Kp = 5.

(finite-time or fixed-time) convergence while the latter sim-
plifies tuning of the observers’ gains using LMI-based algo-
rithms. The design is based on a transformation to a canon-
ical observability form so that similar observers can be eas-
ily applied to nonlinear systems that admit this canonical
form. The observers’ robustness against bounded measure-
ment noises and disturbances was also studied. It was shown
that while both observers are ISS stable. Quantitative ro-
bustness analysis (e.g. construction of a sharp estimate of
the observation error in the perturbed case) is considered as
an important problem for further research.
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8 Appendix

8.1 Block Decomposition

Let the matrices Ti be defined by the following algorithm:
Initialization : A1 = A, C1 = C, T1 = In, m = 1.
Loop: While rank(Cm)<rown(Am) do Tm+1 =(Ĉm C⊥m),

Am+1 =
(
C⊥m
)T
AmC

⊥
m,Cm+1 = ĈTmAmC

⊥
m,m = m+ 1,

where C⊥m := null (Cm), Ĉm := null
((
C⊥m
)T )

.
This simple algorithm can be easily realized in MAT-
LAB and it helps to construct an orthogonal coordi-
nate transformation that decomposes the original sys-
tem (1) into a block upper diagonal canonical form. If
the pair (A,C) is observable, then the algorithm given
above stops after m steps, where m < n, and the ma-
trix O = T1

(
Iw2

0

0 T2

)(
Iw3

0

0 T3

)
...
(
Iwm 0

0 Tm

)
, where

wi := n − rown(Ti), is an orthogonal matrix such that
OTO = OOT = In and

OAOT =


A11 A12 0 ... 0
A21 A22 A23 ... 0

..

.
..
.

..

. . . . ..
.

Am-1 1 Am-1 2 ... Am-1m-1 Am-1m
Am1 Am2 ... Amm−1 Amm

, CO=

(
C0 0 ... 0

)
,

7



where C0 = CĈ1, Aij ∈ Rni×nj , ni := rank(Ci), i, j =
1, ...,m and rank(Ai i+1) = ni+1. This can be proven, for
example, using ideas of duality and Lemma 3 from [23].

Since rank(Ai i+1) = ni+1 = rown(ATi i+1) then ATi i+1 ·
Ai i+1 is invertible and A+

i i+1 = (ATi i+1Ai i+1)-1ATi i+1 is
the left inverse matrix to Ai i+1. Consider now the next
recursive algorithm in the matrix A.
Initialization: A[m]

i j = Ai j , i, j = 1, 2, ..,m
Loop: for q = m,m− 1, ..., 2

for p = 0, 1, ..., q − 2
for j = 1, 2, ..., q − p− 1

A
[q-p-1]
q j = A

[q-p]
q j −A

[q-p]
q q-p ·A+

q-p-1 q-p ·A
[q-p]
q-p-1 j

end
A

[q-1]
q-1 q-p-1 =A

[q]
q-1 q-p-1+A

[q]
q-1 q ·A

[q-p]
q q-p ·A+

q-p-1 q-p
end

end
where the superscript [m] represents the m iteration over the
matrix A. Then it can be shown that the transformation

Φ=


In1 0 ... 0 0

-A
[2]
2 2A

+
1 2 In2 ... 0 0

...
...

. . .
...

...
-A

[2]
m−1 2A

+
1 2 -A

[3]
m−1 3A

+
2 3 ... Inm−1

0

-A
[2]
m 2A

+
1 2 -A

[3]
m 3A

+
2 3 ... -A

[m]
mmA

+
m−1m Inm

O (18)

reduces the original matrix A to the block form: ΦAΦ-1 =

FC̃+Ã, where n1 = k, F = (A[1]
11 , A

[1]
21 ,..., A

[1]
m-1, A

[1]
m1 )

T and

C̃=[In1
0]∈Rn1×n, Ã =


0 A12 0 ... 0
0 0 A23 ... 0

..

.
..
.

..

. . . . ..
.

0 0 0 ... Am−1m

0 0 0 ... 0

 .

8.2 Proof of Theorem 13

I. Show that the functionQ defined by (3) satisfies the condi-
tions C1-C3 of Theorem 3. It is continuously differentiable
on R+ × Rn\{0}. Since P > 0 then the inequalities

λmin(P )‖z‖2

max{V 2 min ri,V 2 max ri}
≤Q(V, z)+1≤

λmax(P )‖z‖2

min{V 2 min ri,V 2 max ri}

imply that for any z ∈ Rn\{0} there exist V − ∈ R+

and V + ∈ R+ : Q(V −, z) < 0 < Q(V +, z). More-
over, if Q(V, z) = 0 then, obviously, the condition C3 of
Theorem 3 holds. Since ∂Q

∂V = -V -1zTDr(V
-1)(HrP +

PHr)Dr(V
-1)z then HrP + PHr > 0 implies ∂Q

∂V < 0
for ∀V ∈ R+ and z ∈ Rn\{0}. So the condition C4 of
Theorem 3 also holds. Therefore, the equation Q(V, z) = 0
implicitly defines a positive definite Lyapunov function
candidate V : Rn → R.

II. Let us denote λ = ‖P̃ C̃e‖/V and show that 0 ≤ λ ≤ 1
if (10d) holds. Let us denote ẽ = Dr(V

-1)e. Hence,
λ = ‖P̃ C̃e‖/V = ‖P̃ C̃ẽ‖ and ẽTP ẽ = 1 (due to
Q(V, e) = 0). Given (10d) and that P̃ = X1/2, we have
λ2 = ẽT C̃TXC̃ẽ ≤ ẽTP ẽ = 1.

III. Denote by ∂Qe the partial derivative of Q along (9):
∂Qe=2eTDr(V

-1)PDr(V
-1)
(
Ã+Dr̃

(
‖P̃ C̃e‖-1

)
L
FT
C̃
)
e.

Taking into account the identities Dr̃(V )V -1 = Dr(V
-1)·

V µ/(1+(m−1)µ), Dr(V
-1)ÃD-1

r (V -1)=V
-µ

1+(m−1)µ Ã and
Dr̃(V

-1)L
FT
C̃=V

-µ
1+(m−1)µD-1

r (V -1)L
FT
C̃Dr(V

-1) we de-
rive

∂Qe = V
-µ

1+(m−1)µ

(
Dr(V -1)e

Ξ(λ)L
FT

C̃e
‖P̃ C̃e‖

)T
Υ

(
Dr(V -1)e

Ξ(λ)L
FT

C̃e
‖P̃ C̃e‖

)
where Υ =

(
P (Ã+L

FT
C̃)+(Ã+L

FT
C̃)TP P

P 0

)
. Using the ma-

trix inequality (10a) with Y = PL
FT

and the identity
eTDr(V

-1)PDr(V
-1)e = 1 we estimate

∂Qe≤V
-µ

1+(m−1)µ
(
-αeTDr(V

-1)(PHr+HrP )Dr(V
-1)e+

ξ (P̃ C̃e)T

‖P̃ C̃e‖ P̃
-1LT

FT
Ξ(λ)ZΞ(λ)L

FT
P̃ -1 P̃ C̃e

‖P̃ C̃e‖−ξ
)
.

Since (10c) is equivalent to P̃ -1LT
FT
PL

FT
P̃ -1 ≤ τIk with

P̃ = X1/2 and taking into account (10d) and (10f) we derive

∂Qe≤
-αeTDr(V -1)(PHr+HrP )Dr(V -1)e

V
µ

1+(m−1)µ

<αV
1− µ

1+(m−1)µ ∂Q
∂V

.

Finally, applying Theorem 3 we finish the proof.

8.3 Proof of Proposition 15

Denote W (λ)=zTΞ(λ)ZΞ(λ)z. Since Ξ′(θ)= 1
θΞ(θ)(In−

Hr̃)−Hr̃, thenW ′(θ)=zT (Ξ′(θ)ZΞ(θ)+Ξ(θ)ZΞ′(θ))z=

zT
(

Ξ(θ)
In

)T(1
θ (In−Hr̃)Z+1

θZ(In−Hr̃) -ZHr̃
-Hr̃Z θM

)(
Ξ(θ)
In

)
z−θzTMz

and due to (11c) and the Schur complement we have
W ′(θ) ≥ -θzTMz and W (λ) ≤W (qi)− 1

2 (λ2−q2
i )zTMz

for any λ ∈ [qi−1, qi], i = 1, ...., N . Hence, the set of
inequalities (11) imply (10f).

8.4 Proof of Theorem 16

I. The function Qi defined by (3) with r = ri, i = 1, 2
satisfies the conditions C1-C4 of Theorem 3 (see proof of
Theorem 13). Note that Q1(1, z) = Q2(1, z) for all z ∈ Rn.
In order to complete the proof we need to show that the
conditions C7-C8 of Theorem 4 hold.
II. Let P̃i = δiP̃ with P̃ = X1/2. In Subsection 8.2, it was
shown that 0 ≤ λ1 = ‖P̃ C̃e‖

V ≤ 1 with Q(V, e) = 0 if (14e)
holds. The same result remains true for Qi(V, e) = 0.
III. Let ∂Qei be the derivative of Qi along the equation (13)

∂Qei = 2eTDri(V
-1)PDri(V

-1)

(
Ã+

Dr̃

(
1

δ1λ1V

)
+Dr̃(δ2λ1V )

2
LFXC̃

)
e,

λ1 =
‖P̃ C̃e‖
V

. Since Dri (ρ)=ρ
1+

(-1)i+1µ
1+(m−1)µDr̃

(
ρ(-1)i

)
, ρ>0 then

∂Qei =V
(-1)iµ

1+(m−1)µ

(
Dri (V

-1)e

Ξ̄δi (λ)L
FX

C̃e
‖P̃ C̃e‖

)T
χ

(
Dri (V

-1)e

Ξ̄δi (λ)L
FX

C̃e
‖P̃ C̃e‖

)
,

λ = (λ1, λ2), where χ =
(
P (Ã+L

FX
C̃)+(Ã+L

FX
C̃)TP P

P 0

)
,

λ2 = V 2 ∈ (0, 1] if i = 1 and λ2 = 1/V 2 ∈ (0, 1]
if i = 2. Repeating the considerations of the proof
of Theorem 13 we derive that (14) imply ∂Qei ≤

-αV
(-1)iµ

1+(m−1)µ eTDri(
1
V )(PHi+HiP )Dri(

1
V )e. Taking into

account ∂Qi(V,e)∂V =-V -1eTDri(V
-1)(HiP+PHi)Dri(V

-1)e
and LMI (14d) we derive that all conditions of Theorem
4 hold, so the error equation (13) is fixed-time stable and
Tmax ≤ 1+(m−1)µ

0.5αµ .
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8.5 Proof of Proposition 17

I. Consider the function Wi(λ) = zT Ξ̄δi (λ)ZiΞ̄
δ
i (λ)z,

where z ∈ Rn is an arbitrary non-trivial vector. Since ∂Ξ̄δi
∂λ1

=
1
λ1

Ξ̄δi (λ)+ 1
2

(
Dr̃

(
δ2λ1/λ

i−2
2

)
−Dr̃

(
λi−1

2 /(δ1λ1)
))
Hr̃ =

1
λ1

(
Ξ̄δi (λ)(In −Hr̃) +Dr̃(δ2λ1/λ

i−2
2 )Hr̃ +Hr̃

)
then

∂Wi

∂λ1
= zT∂Ξ̄i

∂λ1
ZΞ̄δi z + zT Ξ̄δiZ

∂Ξ̄δi
∂λ1

z =

zT

 Ξ̄δi (λ)

Dr̃

(
δ2λ1

λ
i−2
2

)
In

T( 2Zi−Hr̃Zi−ZiHr̃
λ1

ZiHr̃ -ZiHr̃

Hr̃Zi 0 0
-Hr̃Zi 0 0

) Ξ̄δi (λ)

Dr̃

(
δ2λ1

λ
i−2
2

)
In

z.
Using the inequality (15c) we derive ∂Wi

∂λ1
≥ -λ1Ψi(λ)

−λ1z
TSiz, where Ψi(λ) = zTDr̃(

δ2λ1

λi−2
2

)MiDr̃

(
δ2λ1

λi−2
2

)
z.

On the other hand, the inequality MiHr̃ + Hr̃Mi > 0

implies the estimates ∂Ψi(λ)
∂λ1

> 0, ∂Ψi(λ)
∂λ2

≥ 0. Hence
we conclude ∂Wi

∂λ1
≥ -λ1z

TDr̃(δ2)MiDr̃(δ2)z − λ1z
TSiz

for λ ∈ [0, 1] × [0, 1] and Wi(λ) ≤ Wi(qj , λ2) +
q2j−λ

2
1

2 zT (Dr̃(δ2)MiDr̃(δ2) + Si)z for all λ1 ∈ [qj−1, qj ].

II. Since Ξ̄δi (λ)=Ξ̄δi (λ̃)+ λ1

2 Dr̃

(
λ

(-1)i+1

1

)
Dr̃(λ2) with λ̃ =

(λ1, 0), then we derive the identity Wi(λ) = zTBi(λ1)T

Fi(λ2)Bi(λ1)z, where Fi(λ2) =
(
Dr̃(λ2)
In

)
Zi

(
Dr̃(λ2)
In

)T
and Bi(λ1) =

(
λ1
2 Dr̃

(
(λ1δ3−i)

(-1)i+1)
Ξ̄δi (λ̃)

)
. Let us denote

κ(λ2) = ln (λ2W ). Since κ has the derivative dκ
dλ2

=

1
λ2W

(
W+zTBi(qj)

T
(
Dr̃(λ2) 0

0 In

)
Γi

(
Dr̃(λ2) 0

0 In

)
Bi(qj)z

)
,

where Γi =
(
Hr̃Zi+ZiHr̃ Hr̃Zi

ZiHr̃ 0

)
. Since Γi +

(
0 0
0 Ui

)
≥ 0

due to (15a) then dκ
dλ2

≥ 1
λ2
− ce−κ(λ2) with c =

zT Ξ̄δi (λ̃)UiΞ̄
δ
i (λ̃)z. HenceW (λ) ≤W (λ1, ps)+c ln(psλ

-1)
≤ W (λ1, ps) + c ln( ps

ps−1
) for all λ2 ∈ [ps−1, ps]. There-

fore, LMIs (15a-15d) imply W (λ) ≤ τ -1zTPz for all
λ ∈ [0, 1]× [p0, 1]. Finally, it is easy to check that Wi(λ) ≤
W̃ (λ) := zTBi(λ1)T

(
Dr̃(λ2)ZiDr̃(λ2)+Dr̃(λ2) 0

0 Zi+ZiDr̃(λ2)Zi

)
Bi(λ1)z. Since ZiHr̃ +Hr̃Zi ≥ 0 then ∂W̃

∂λ2
≥ 0 and

W (λ) ≤ W̃ (λ1, p0) for all λ2 ∈ [0, p0]. Therefore,
the inequality (15e) implies W (λ) ≤ τ -1zTPz for all
λ∈ [0, 1]×[0, p0].

8.6 Proof of Corollary 18

Denote f̃(e, d) the right-hand side of (16), where d =
(dx, dy). For d = 0 it coincides with the right-hand
side of (9) and defines an r-homogeneous vector field
with degree -µ

1+(m−1)µ < 0. Taking into account that

D-1
r (λ)ÃDr(λ) = λ- µ

1+(m−1)µ Ã and C̃Dr(λ)e = λr1C̃e we
derive λ

µ
1+(m−1)µD−1

r (λ)(Ã+Dr̃(
1

‖P̃ C̃Dr(λ)e‖ )LFT C̃)Dr(λ)e

= (Ã+Dr̃(‖P̃ C̃e‖−1)L
FT
C̃)e, therefore the error dynam-

ics (9) is r-homogeneous of degree η = - µ
1+(m−1)µ . Select-

ing r̄ = (1k, r− µ
1+(m−1)µ1n) ∈ Rk+n and using Theorem

9, we conclude ISS for system (16) for µ ∈ (0, 1). If µ = 1
then r̄min = 0 and only iISS can be asserted for (16).

8.7 Proof of Corollary 19
Denote f̃(e, d) the right-hand side of (17), where d =

(dx, dy). For d = 0 it defines a vector field f(·) = f̃(·, 0)
that is locally homogeneous at 0 and at +∞, namely,
(r1, 0, f0)-homogeneous with negative degree η0 =
- µ

1+(m−1)µ , and (r2,+∞, f∞)-homogeneous with positive

degree η∞ = µ
1+(m−1)µ , f0 =(Ã+ 1

2Dr̃(‖P̃1C̃e‖-1)L
FX
C̃)e

and f∞=(Ã+ 1
2Dr̃(‖P̃2C̃e‖)LFXC̃)e.

Indeed, lim
λ0→0

[
λ-ηD-1

r1(λ)[
Dr̃(‖P̃1C̃Dr1(λ)e‖-1)+Dr̃(‖P̃2C̃Dr1(λ)e‖)

2

L
FX
C̃Dr1(λ)e + ÃDr1(λ)e] − (Ae + 1

2Dr̃(‖P̃1C̃e‖-1)

L
FX
C̃e)

]
= 0 for η = - µ

1+(m−1)µ < 0, so the r1-
homogeneous approximation of degree η around 0 of (13)
is f0. Analogously it can be shown that f∞ is the r2-
homogeneous approximation of (13) with degree η∞ =

µ
1+(m−1)µ > 0 at +∞. It is worth stressing that if all the con-
ditions of Theorem 16 hold, then the origins of ė = f0(e),
ė = f(e) and ė = f∞(e) are globally asymptotically stable.
Hence, selecting r̄0 = (1k, r1− µ

1+(m−1)µ1n) ∈ Rk+n and
r̄∞ = (1k, r2 + µ

1+(m−1)µ1n) ∈ Rk+n, and using Theorem
10 we derive that the system (17) is ISS.
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