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Abstract. The convergence of a family of continuous distributed mixed elliptic
optimal control problems ( P, ), governed by elliptic variational equalities, when
the parameter @ — o was studied in Gariboldi - Tarzia, Appl. Math. Optim.,
47 (2003), 213-230 and it has been proved that it is convergent to a distributed
mixed elliptic optimal control problem ( P ). We consider the discrete approxi-
mations ( £, ) and ( P,) of the optimal control problems ( P, ) and ( P ) respec-
tively, for each 1 >0 and « > 0. We study the convergence of the discrete
distributed optimal control problems ( £, ) and ( £,) when h =0, @ — and
(h,a) = (0,+%) obtaining a complete commutative diagram, including the di-
agonal convergence, which relates the continuous and discrete distributed
mixed elliptic optimal control problems (Em), (Pa ), (Ph) and (P) by taking
the corresponding limits. The convergent corresponds to the optimal control,
and the system and adjoint system states in adequate functional spaces.

Keywords. Double convergence, Distributed optimal control problems, Elliptic
variational equalities, Mixed boundary conditions, Numerical analysis, Finite
element method, Fixed points, Optimality conditions, Error estimations.

1 Introduction

The purpose of this paper is to do the numerical analysis, by using the finite
element method, of the convergence of the continuous distributed mixed optimal con-
trol problems with respect to a parameter (the heat transfer coefficient) given in [10,
11] obtaining a double convergence when the parameter of the finite element method
goes to zero and the heat transfer coefficient goes to infinity.

We consider a bounded domain Q2 CR" whose regular boundary
I'=0Q =T, UT, consists of the union of two disjoint portions I'; and I", with meas

(T',) > 0. We consider the following elliptic partial differential problems with mixed
boundary conditions, given by:



. d
-Au=g in Q; u=b onT, ; —a—u=q onT, , (1
n

. d 9
-Au=g in Q; ——”=a(u—b) onT, ; __u=q on I, 2
n on

where g is the internal energy in Q, b = Const. >0 is the temperature on I', for the
system (1) and the temperature of the external neighborhood on I', for the system (2)
respectively, ¢ is the heat flux on I', and a >0 is the heat transfer coefficient on
I',. The systems (1) and (2) can represent the steady-state two-phase Stefan problem

for adequate data [21, 22]. We consider the following continuous distributed optimal
control problem (P) and a family of continuous distributed optimal control problems

(P,) for each parameter & >0, defined in [10], where the control variable is the
internal energy g in , that is: Find the continuous distributed optimal controls

g, EH=L(Q) and g, €H (for each & >0) such that:
Problem (P): J(g,, ) = minJ (g), Problem (2,): J, (g,, )=minJ,(g) @)
where the quadratic cost functional J,J, : H — R are defined by [2, 18, 26]:

0@ =l -z, + Slele DI, -zl +Slel, @

with M >0 and z, EH given, u, EK and u,, €V are the state of the systems de-

fined by the mixed ellliptic differential problems (1) and (2) respectively whose ellip-
tic variational equality are given by [16]:

u, €K : a(ug,v)=(g,v)—fquy, MRS Q)
Ly
Uy, EV: aa(uag,v)=(g,v)—fqu)/+afbvdy, Ywer (6)
T, T,

and their adjoint system states p, €V and p, €V are defined by the following

elliptic variational equalities:
a)p, EV,: a(pg,v) = (ug - zd,v),VvEVO; b)p,EV:a, (pag,v) . (uag - zd,v),VvEV @)
with the spaces and bilinear forms defined by:

V=H(Q),V,={vEV,v/T, =0}, K =b+V,, H = '(Q), 0= L'(T,) (8)



a(u,v) =fVu.Vvdx, a, (u,v) = a(u,v)+ afuvdy, (,v) =fuvdx 9)
Q T, Q
where the bilinear, continuous and symmetric forms a and a, are coercive on V,

and V respectively, that is [16]:

JA > 0 such that /l||v||lz/ sa(v,v), YvEJ, (10)

JA, = A, min(l, ) > 0 such that A, ||v||[2/ =a,(v,v), YvEV (11)

and A, >0 is the coercive constant for the bilinear form a,[16, 21].

The unique continuous distributed optimal energies g, and g, have been
characterized in [10] as a fixed point on H for a suitable operators W and W _ over
their optimal adjoint system states P, €V, and Pu,, €V defined by:

W.W,:H —H such that a)W(g)=—$pg, b)%(g):—%pag. (12)

The limit of the optimal control problem ( P, ) when o — « was studied in
[10] and it was proven that:

lim

a—w

u —-u
A8y o

=0, lim

v a—x

Pa, =P g, -2 | =0 (3

Sayp o lly =0, ,!,13}0
for a large constant M >0 by using the characterization of the optimal controls as
fixed points through operators (12a) and (12b); this restrictive hypothesis on data was
eliminated in [11] by using the variational formulations. We can summary the condi-
tions (13) saying that the distributed optimal control problems ( P, ) converges to the
distributed optimal control problem (P) when a — +o .

Now, we consider the finite element method and a polygonal domain Q CR”
with a regular triangulation with Lagrange triangles of type 1, constituted by affine-
equivalent finite element of class C° being & the parameter of the finite element
approximation which goes to zero [3,7]. Then, we discretize the elliptic variational
equalities for the system states (6) and (5), the adjoint system states (7a) and (7b), and
the cost functional (4a,b) respectively. In general, the solution of a mixed elliptic

boundary problem belongs to H" (Q) with 1<r =< % —& (e >0) but there exist

some examples which solutions belong to H" (Q) with 2=<r [1, 17, 20]. Note that

mixed boundary conditions play an important role in various applications, e.g. heat
conduction and electric potential problems [12].

The goal of this paper is to study the numerical analysis, by using the finite ele-
ment method, of the convergence results (13) corresponding to the continuous distrib-



uted elliptic optimal control problems (P, ) and (P) when a — +o . The main result

of this paper can be characterized by the following result:

Theorem 1

We have the following complete commutative diagram which relates the continu-
ous distributed mixed optimal control problems (P,) and (P), with the discrete dis-

tributed mixed optimal control problems (P, ) and (£,) and it is obtained by taking

the limits 7 —0,a—+» and (h,a)—(0,+x), as in Figure 1, where g, .,

uhagm,,[, and Diag,, 1€ respectively the optimal control, the system and the adjoint

Zop
system states of the discrete distributed mixed optimal control problem (£, ) for each
h>0 and a >0, and the double convergence is the diagonal one.

Problem (P,) Problem (P)

8o, > Usg, > Pog Q= o g"P’uggp’pgop

op Sagp Sagp

v

(h,a) = (0,+x)

h—>0 h—>0
4 hay, uhagh%p > P ho:ghaap 06— 10 ghgp 2 uhg,b}7 > P Mg
>
Problem (,,) Problem (P,)

Fig. 1. Relationship among optimal control problems (P

ha

),(Pa),(Ph)and (P) by taking the

limits #—0, o — +% and (h,a) —= (0,+x).

The study of the limit 42— 0 of the discrete solutions of optimal control
problems can be considered as a classical limit, see [4-6, 8, 9, 13-15, 19, 23, 24, 27,
28] but the limit & — +o, for each />0, and the double limit (&, ) — (0, +%) can

be considered as a new ones.
The paper is organized as follows. In Section II we define the discrete elliptic
variational equalities for the state systems u, " and u,, g We define the discrete dis-

tributed cost functional [, and [, , we define the discrete distributed optimal control
problems (A) and (B,), and the discrete elliptic variational equalities for the ad-
joint state systems Prg and Prag for each 2>0 and a >0, and we obtain properties
for the discrete optimal control problems (P, )and (£, ). In Section III we study the

classical convergences of the discrete distributed optimal control problems (F,) to
(P), and (B,) to (P)) when 2 —0 (for each & >0) and the estimations for the



discrete cost functional [, and ], . In Section IV we study the new convergence of
the discrete distributed optimal control problems (P, ) to (£,) when a — +% for
each 4 >0 and we obtain a commutative diagram which relates the continuous and
discrete distributed mixed optimal control problems (P, ),(P,),(B,) and (P) by
taking the limits # — 0 and a — +o . In Section V we study the new double conver-
gence of the discrete distributed optimal control problems (B _) to (P) when
(h,a) —>(0,+) and we obtain the diagonal convergence in the previous commuta-

tive diagram.

2 Discretization by Finite Element Method and Properties

We consider the finite element method and a polygonal domain Q CR”"
with a regular triangulation with Lagrange triangles of type 1, constituted by affine-
equivalent finite element of class C° being & the parameter of the finite element
approximation which goes to zero [3, 7]. We can take 4 equal to the longest side of
the triangles 7' €7, and we can approximate the sets V, }/; and K by:

v, ={vhEco(ﬁ)/vh/TEPl(T),VTErh},VOh ={v, €V, /v, /T, =0}K, =b+V,, ~ (14)

where B is the set of the polymonials of degree less than or equal to 1. Let
7, :C° Q) — ¥V, be the corresponding linear interpolation operator. Then there exists

a constant ¢, >0 (independent of the parameter /) such that [3]:

a) ||v -7, (v)"H sl |v

D) v-m, (v)], s ok M s EH (Q).1<r <2, (15)

We define the discrete cost functional J,,J, :H — R, by the following

expressions:

,(2) =3 ==, + el 80 () =S [, +5 ek, 19

where u,, and u,,, are the discrete system states defined as the solution of the fol-

lowing discrete elliptic variational equalities [16, 24]:

u,, €K, : a(uhg,vh>=(g,vh)—fqvhdy, Vv, €V, (17)
I

uhag El/h : a, (uhag’vh)=(g’vh)_fqvhd)/+afbvhdy’ Vvh EI/h (18)
0
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The corresponding discrete distributed optimal control problems consists in
finding g, ,g,, €H such that:
o > Shery,

@) Problem (B):J, (g, ) = Min J,(g). &) Problem (B,):J,, (., )= Min J,.(g) ~ (19)

and their corresponding discrete adjoint states p,, and p, . are defined respectively

as the solution of the following discrete elliptic variational equalities:

Pig €Vt a(phgvvh ) = (uhg —Zgs W )a Vv, €V, (20)

Piag €V aa(phag,vh)=(u,mg—zd,v,,), Vv, EV, 21

Remark 1. We note that the discrete (in the n-dimensional space) distributed opti-
mal control problem (F,) and (£, ) are still infinite dimensional optimal control

problems since the control space is not discretized.

Lemma 2
(i) There exist unique solutions w, €K, and p, €V, and u,, €V, and

Piaz €V of the elliptic variational equalities (17) and (20), (18), and (21) respec-
tively Vg€H , Yq€Q, b>0onT,.

(i) The operators gEH —u, €V, and g€EH —>u,,, €V are Lipschitzians.
The operators g€H — p, €V, , and g€H —p, €V, are Lipschitzians and
strictly monotone operators.

Proof. We use the Lax-Milgram Theorem, the variational equalities (17), (18), (20)
and (21), the coerciveness (10) and (11) and following [10, 18, 25]. W

Theorem 3
(i) The discrete cost functional J, and J, are H - elliptic and strictly convexe

applications, that is (‘v’gl,g2 EH,VtE[O,l]):

t(1-1)

2

(l't)']h (g2)+t‘]h (gl)_‘]h (tgl+(l—t)g2)2M "gz_gl”j.[ (22)

t(1

—t
Ner-al, @)

(1_I)J/1a(g2)+t‘]ha(gl)_‘]ha(tgl+(1_t)g2)2M 2

(ii) There exist a unique optimal controls g, €H and g, €H that satisfy the
op o

optimization problems (19a) and (19b) respectively.
(iii)) J, and J,, are Gdteaux differenciable applications and their derivatives

are given by the following expressions:



a)J,:(g)=Mg+phg, b)J,;a(g)=Mg+phag, Ve€EH, Yh>0 (24)

(iv) The optimality condition for the optimization problems (19a) and (19b) are
given by:

a) J, (ghop ) =0« &, = _ﬁphgh“p ;b)Jy, (ghaap ) =0= 8ha,, = —%phagh%p (25)

(v) J, and J, are Lipschitzians and strictly monotone operators.

Proof. We use the definitions (16a,b), the elliptic variational equalities (17) and
(18) and the coerciveness (10) and (11), following [10,18,25].

We define the operators:
1 1
W, ,W,, : H—> H such that a) Wh(g)=—ﬁphg, nw, (g)= A Piag- (20)

Theorem 4
We have that:
(i) W, and W, are Lipschitzian operators, and W, (W, ) is a contraction opera-

tor if and only if M is large, that is:
1 1
a)M>?, b)yM > rE 27)

a

(ii) If M verifies the inequalities (27a,b) then the discrete distributional optimal
control g, €H (g, €H ) is obtained as the unique fixed point of W, (W, ), i.e.:

1 1
&, = _Mphg,hp =W, (ghap ) =8> &, = _Mphag,%p <> W, (ghaap ) = 8ha,, " (28)

Proof. We use the definitions (26a,b), and the properties (25a,b) and Lemma 2. W

3 Convergence of the Discrete Distributed Optimal Control
Problems (P,) to (P) and (B,,) to (P,) when h —0

We obtain the following error estimations between the continuous and discrete
solutions:
Theorem 6
We suppose the continuous system states and adjoint system states have the regu-
larities UgsUyg, €eH (Q) and P> Pag,, EH (Q) (l<rs2). If M verifies the

inequalities (27a,b) then we have the following error bonds:



<ch™ (29)

<ch™,
Vv

'op Eop P g, P Sop ||},

<ch™,
Vv

r-1
_ — <
“ghaap gaﬂp P P hag,%p izag%p HV <ch (30)

aop

where c’s are constants independents of h.

Proof. It is useful to use the restriction « >1 by splitting a_ by [21, 24,25]

a, (u,v)=al(u,v)+(a—1)fuvdy (31)

but then it can be replaced by a = ¢, for any ¢, > 0. We follow a similar method to

the one developed in [25] for Neumann boundary optimal control problems by using
the elliptic variational equalities (17), (18), (20) and (21), the thesis holds. W

Remark 2. If M verifies the inequalities (27a,b) we can obtain the convergence in
Theorem 6 by using the characterization of the fixed point (28a,b), and the uniqueness
of the optimal controls g, €H and g, €H.

op

Now, we give some estimations for the discrete cost functional J, , and J, .

Lemma 7 If M verifies the inequality (27a,b) and the continuous system states
and adjoint system states have the regularities Uy Uy, eH" (Q) Dy>Pag eH (Q)

(1 <rs 2) then we have the following error bonds:

2 2

< J(gh“p )—J(gw )s ]12(r—1>7 M <J, (gh% )_Ja (ga,,,, ) < CRArD (32)

Sle. =, e, e |
Mo s =a(e.)-nls, )20 Yo e, [ =rule)-sule. )20 G3)
(2. )-7(e, )‘ <Ch™, ‘Jh (g, )-7 (e, )‘ <cn (34)

ha (gn,, )_Ja (gl,,, )‘ <Ch'™, i (g/uz”,, )_Ja (ganp )‘ <Ch™ (35)

where C'’s are constants independents of h and o .
Proof. Estimations (32) and (33) follow from the estimations (29), and the equali-
ties (similar relationship for J andJ,):

1

J, (gh% )—Ja ( g, ) -~

M
+_
2

2
-&., (36)

H

g

—-u
haghagp a8op " hatgp



2

1

Jia (gavp)_‘]ha (g/mu,, )=§ "M

+ —
H

37
5 (37

ghaup - ga op

uhllghgp - uhaghuup It

, VeeHd . W (38)

|J/W (g)_‘]ﬂ (g)| = (%”u’mg Tl "H Mg = Za "H )”uhﬂg “Uaglly
4  Convergence of the Discrete Optimal Control Problems (5, )
to (Ph) when o — +©

Theorem 9
We have the following limits:

= lim

v a—>+0

lim

a—+o

_u, ‘ - 1im
vV

a—>+o

ph“gm(,p _phé’h‘,p

Eha,, = 8, ||, T 0,Vh>0.(39)

u
h“é’hu(,p Ehop

Proof. We omit this proof because we prefer to prove the next one with more de-
tails.

5 Double Convergence of the Discrete Distributed Optimal
Control Problem (P, ) to (P) when (h, &) — (0, +)

ha

For the discrete distributed optimal control problem ( B, ) we will now con-
sider the double limit (h, ) — (0, +0).

Theorem 10
We have the following limits:

= lim
Vv (h,a)—(0,+)

li

m
(h,)=(0,+)

1 —-u
hag, hagp g

Diag,,, ~ Pg Eha,, ~ 8, HH =0 (40)

= Ilim
op oy (ha)—=(0,+%)

Proof. From now on we consider that ¢’s represent positive constants independ-
ents simultaneously of 2 >0 and & >0 (see (31)). We show a sketch of the proof by
obtaining the following estimations (for V4 >0 and Va >1):

2
||uh0||V <c, ||uhao , <Gy, (a—l)f(u,mo —b) dy =c, 41)
rl
gha,;,) o = C4, uh“é’m(,p u = css gh”,, 1 = CG (42)
2
uhgho,, v = c7’ uhﬂgh(xnp v = c8’ (a - l)f(uhagh%p - b) d}’ = Cg (43)

L



=y

DPig,, , Piag,,, “V =6, (a - 1)fplfagh%p dy=q, - (44)
l—‘l

For example, the constant ¢, is a positive constant independent simultaneously of

h>0 and a >0, and it is given by the following expression:

e =l Ml +ﬁ(%+%+ﬁ)] %(1%)(1 : Nlﬁ)]
%(H;)(lwﬁwb)ﬁ(lﬁ)(wﬁﬂ 45)
e I Eoee e [ (| e e |

Therefore, from the above estimations we have that:

+lal, Il

1
P

d7eH/ 81, —f in H weak as (h,a) — (0, +) (46)

Aner/ Unag,, 1 in V weak (H strong) as (h,a) — (0,+%) with 77/T", = b (47)
Acer/ Prag,,, ——&in V weak (H strong) as (h,a) — (0,+) with §/T", =0(48)
1f,€H/g,, —f, nH weak as a — +» (49)

An, €V / Unag,, > in V' weak (in H strong) as o — +% with 7, /T, = b (50)
A& v/ Prag,,, ——¢&,  in V weak (in H strong) as @ — +oo with §, /T, =0 (51)
1f €H/ 8o, — [, In H weak as h —0 (52)

An €V / Unag,, M in V weak (in H strong) as h =0 with 77, /", =b (53)
i v/ Prag,,,, ——¢&, inV weak (in H strong)as h —0 with § /I', =0 (54)
Elf*EH/ghw—>f* in H weak as h — 0 (55)

Ay er/ Upg, ——1 in V weak (H strong) as h —0 with " /T, = b (56)

g er/ P, ——& in V weak (H strong) as h — 0 with & /T, =0 (57)



Taking into account the uniqueness of the distributed optimal control problems
( Pha), ( P, ), ( Ph) and ( P), and the uniqueness of the elliptic variational equalities

corresponding to their state systems we get

M = Uy, =g, > & = P, = Pug,,> Ji= g, (58)
’70: = uaja = uag%p s 50: = pa/;‘ = pag%p ] fa = g%p (59)
n=n =u =u, ., E=&=p =p, . f=f=g . (60)

Now, by using [11] we obtain

=0, lim

v a—>+0

=0, lim

H a—>+»

lim

a—+o

J.-g

op

) (1)

n,—-u
a g, v

P

E.= Py,
and therefore the three double limits (40) hold when (1, &) — (0, +0).

Proof of Theorem 1. It is a consequence of the properties (29), (30), (39), (40) and
[10,11].

Remark 3. We note that this double convergence is a novelty with respect to the
recent results obtained for a family of discrete Neumann boundary optimal control
problems [25].
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