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Abstract. We present two models for engineering processes, where ther-
mal effects and time-dependent domains play an important role. Typi-
cally, the parabolic heat equation is coupled with other equations. Chal-
lenges for the optimization of such systems are presented.
The first model describes a milling process, where material is removed
and heat is produced by the cutting, leading to thermomechanical dis-
tortion. Goal is the minimization of these distortions.
The second model describes the melting and solidification of metal, where
the geometry is a result of free-surface flow of the liquid and the mi-
crostructure of the re-solidified material is important for the quality of
the produced preform.

Keywords: Optimization with PDEs, time-dependent domain, heat equa-
tion, thermoelasticity, free surface flow

1 Introduction

The optimization of industrial engineering processes often lead to the treatment
of coupled, nonlinear systems of PDEs. Here we want to investigate applications
where an important part of the nonlinearities is created by time-dependent do-
mains, which are not prescribed but who are part of the solution itself. The
treatment of such models in the context of PDE constraints in optimal control
problems typically generates additional challenges in both, the solution of the
forward problems and the treatment and storage of adjoint solutions.

In the following, we present two models for engineering processes, where
heating of metal workpieces and time-dependent domains play an important role.
Thus, a parabolic heat equation is coupled with other equations. Challenges for
the optimization of such coupled systems are presented.

The first model describes a milling process, where material is removed and
heat is produced by the cutting. This leads to a thermomechanical distortion of
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the workpiece during the cutting process and leads to an incorrect removal of
material. An optimization of the cutting path and speed, varying chip thickness
and thus heat production, etc., should give reduced distortion during the process
and lead to a correct workpiece shape.

The second model describes the melting and solidification of metal heated
by a laser beam. Due to free-surface flow, the shape of the liquid part depends
on capillary boundary conditions, and heat transport on the flow field. The
microstructure of the re-solidified material, which is important for subsequent
process steps, depends on the temperature gradients near the moving liquid-solid
interface and its velocity. Accelerating the process for mass production on the
one hand and improving the microstructure on the other hand compete for an
optimized process.

Both optimization problems can be formulated in an abstract setting as

min
u∈Uad

J(u, y) under the constraint y = S(u) (1)

where u denotes the control, Uad the set of admissible controls, y the state, J the
error functional to be minimized, and S is the control-to-state operator, given by
a nonlinear PDE. J is typically given by a deviation of y (or something derived
from it) from a desired function yd plus some regularization by a norm of u, like

J(u, y) = d(y, yd) + α‖u‖pp. (2)

For both applications, we will first state and describe the primal problem
giving the solution operator S, and later cover some details of the associated
optimization problem.

2 Thermomechanics of Milling Processes

2.1 Application

During a milling process, heat is produced by the cutting tool and transfered into
the workpiece, and mechanical load is generated by cutting forces. Due to the
resulting thermomechanical deformation of the workpiece, the final shape of the
processed workpiece deviates from the desired shape, making a postprocessing
finishing necessary. Deformations are relatively large especially when producing
fine structures like thin walls for lightweight constructions. In order to reduce the
shape deviation, an optimization of the tool path and other process parameters
is desirable, taking into account the thermomechanical deformations.

2.2 Model

The mathematical model for the thermomechanics of the process includes ther-
moelasticity of the workpiece, energy and forces introduced by the process, and
most importantly the cutting process itself, which leads to a time-dependent
domain, whose shape influences the process and vice versa. As typical under
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the assumption of small deformations, the model is formulated in a reference
configuration.

Let Ω(t) ⊂ R3 denote the time-dependent domain in the reference configu-
ration, QT := {(x, t) : x ∈ Ω(t), t ∈ (0, T )} the space-time-domain, θ : QT → R
the temperature, and v : QT → R3 the deformation.

The change of geometry by material removal as well as energy and forces
introduced by the cutting process are provided by a process model [3, 5], tak-
ing into account the tool path and velocity, chip thickness, temperature and
deformation, and other global and local parameters and properties. Here, we
rely on a macroscopic model where microscopic processes like chip formation
are not directly considered, but their effects considered via the process model.
Let us denote by Γ (t) ⊂ ∂Ω(t) the contact zone of the cutting tool at time t,
ΓT := {(x, t) : x ∈ Γ (t), t ∈ (0, T )}, qΓ : ΓT → R the normal heat flux, and
gΓ : ΓT → R3 the forces introduced at the cutting surface.

In the notion of optimal control problems, the state y consists of the domain,
temperature, and deformation, y = (Ω, θ,v), while the control u consists of the
process parameters like tool path, feed rate, rotational velocity, etc. The material
removal and thus the domain Ω(t) depend on the cutting process (control u) and
the deformation v.

The coupled model includes the parabolic heat equation and quasistatic,
elliptic thermoelasticity

θ̇ −∇ · (κ∇θ) = 0, (3)

−∇ · σ = fv(θ) (4)

on ΩT with stress tensor σ = 2µDv + λtr(Dv)I and Dv = 1
2 (∇v + ∇vT ) the

symmetric gradient or strain tensor. On the contact zone ΓT , we have boundary
conditions for heat flux and mechanical forces given by the process model,

κ∇θ · n = qΓ (u, θ,v), (5)

σn = gΓ (u, θ,v). (6)

The workpiece is clamped, which is reflected by Dirichlet conditions on a subset
ΓD ⊂ ∂Ω \ ΓT ,

v = 0 on ΓD, (7)

while cooling conditions and free deformation apply on the rest of the boundary,

κ∇θ · n = r(θext − θ), (8)

σn = 0. (9)

Initially, the temperature is typically constant at room temperature, thus θ = θ0
on Ω(0).

2.3 Numerical Discretization of the Forward Problem

The system (3-9) of PDEs is discretized using a finite element method on an
adaptively locally refined tetrahedral mesh [10, 13], using piecewise polynomial
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functions for the temperature and the components of deformation. Time-discre-
tization is based on a semi-implicit time stepping scheme.

The time-dependent domain Ω(t) is approximated by a subset Ωh(t) of the
triangulation, where the completely cut off elements are ignored. The cutting
process is simulated by a dexel method [11], which is able to compute the inter-
action of the tool with the (deformed) workpiece very efficiently, giving Ω̃h(t)
and Γ̃h(t). At the same time, chip thickness and other cutting parameters are
computed and the process model returns approximations of the heat flux qΓ,h
and forces gΓ,h at the cutting surface Γ̃h(t). Based on that, the finite element
method computes Ωh(t) and Γh(t) and projects the boundary data onto Γh(t).
Finite element approximations of temperature and deformation are computed on
Ωh(t). This is done in every time step of the finite element method. The overall
method is described in [4, 5].

Figure 1 shows the mesh, temperature, and deformation from the simulation
of a milling process. The mesh is adaptively refined in order to approximate the
geometry Ω(t) well by Ωh(t). The process removes layers of material to mill a
pocket into a rectangular bar of metal. Especially the final thin backward wall is
prone to deformations larger than the given tolerance, making it hard to produce
the desired shape.

Fig. 1. Simulation of a milling process: mesh and temperature (top) and deforma-
tion (bottom, amplified by a factor 100). The tool is at the moment cutting near the
backward left lower corner.
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2.4 Optimization

The goal of a process optimization is a compensation and reduction of geometry
errors while not slowing down the process too much. Control is given by the
variation of process parameters like tool path and velocity, speed of tool rota-
tion, etc. Such variations result in changes of the tool entry situation and thus,
reflected by the process model, changes in heat source and cutting forces, and
finally a change in the thermomechanic deformation. Admissible controls in Uad
are defined by restrictions on the machining process.

Given a prescribed final geometry Ωd of the workpiece, the optimization func-
tional should include the deviation of the process geometry from the desired one,
as well as the process duration. Considering the geometry error, different criteria
are possible, especially comparing geometries during the whole cutting process
or only in the end. For the latter, this would nevertheless include geometry error
terms over time, as material which was removed before cannot be added later
on again.

Another approach to an error functional includes geometry deviations near
the cutting zone ΓT during the whole process:

J(u,Ω, θ,v) =

∫ T

0

‖Ω(t)−Ωd(t)‖2Γ (t) + λ‖u‖2. (10)

We show the effect of such an error functional in a model situation, where a
L-shaped geometry is produced from a rectangular plate. This can be seen as a
slice through the original workpiece, see the left of Figure 2. The non-optimized
control does not consider the thermal extension and leads to increased material
removal resulting in a recessed surface after the workpiece has cooled down. Fig-
ure 2 shows on the right the geometry error in the contact zone over the process
time. The general optimal control problem requires to find the spatial tool po-

Fig. 2. Model geometry (left), deformation v in the cutting zone at t = 10.5s (middle),
and maximal deformation in the cutting zone Γ (t) over time (right).

sitions and the cutting parameters which minimize (10). In a first investigation
of the model problem, simple raster milling is performed and control is given
by traditional setting parameters, i.e. cutting depth, radial and tangential feed
and cutting velocity. Figure 3 shows the resulting surface for the non-optimized
process and for the process with optimal parameters.
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Fig. 3. L-shaped workpiece near the end of the milling process, with initial control
(left) and optimized parameters (right). Colors depict the modulus of deformation.

Adjoint problem. The optimization shown above was done with the stan-
dard MATLAB optimization toolbox which just calls the finite element package
to solve the forward problem. For a more involved algorithm, the computation
and storage of the adjoint solution would be used. The corresponding system
of adjoint problems consists of the adjoint (backward) heat equation on the
time-dependent domain (now given from the forward problem), coupled to the
quasistatic adjoint elasticity equation. Due to the rather long process time, the
three-dimensional time-dependent domain, and adaptive meshes for approxi-
mation of domain and solution, the handling of such adjoint solutions in the
optimization procedure is a challenge.

3 Material Accumulation by Laser Heating

3.1 Application

For the production of micro components (like micro-valves, etc., with diameters
smaller than 1mm) by cold forming, a necessary pre-forming step is to accu-
mulate enough material for a subsequent cold forming step. This can be done
by partial melting and solidification of a half-finished product like a thin wire
[14]. Due to the small scale, the dominant surface tension of the melted ma-
terial leads to a nearly spherical form, leading to an accumulated solid sphere
attached to the wire after solidification which is called preform. Due to the in-
dustrial background, very high process speeds are requested. However, for the
subsequent forming step, the microstructure of the material is important. Thus,
besides the speed of the process and an accurate size of the preform, its mi-
crostructure is part of the optimization goal. Formation of dendritic structures
and their spacings, or other phases, during the solidification are strongly influ-
enced by the liquid-solid interface velocity and local temperature gradients [9].
Thus, temperature, phase transitions, and the geometry are important aspects
of the corresponding optimization problem.
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3.2 Model

We consider the time-dependent domain Ω(t) consisting of the solid and partially
melted parts of the material (metal). Melting and solidification are typically
modeled by the Stefan problem, including temperature θ and energy density e
as variables in the space-time-domain QT := {(x, t) : x ∈ Ω(t), t ∈ (0, T )}:

ė+ v · ∇e−∇ · (κ∇θ) = 0, θ = β(e), (11)

where β(s) := c1 min(s, 0) + c2 max(0, s − L) and L denotes the latent heat
of solid-liquid phase transitions. β is only a piecewise-smooth function with a
constant part, making (11) a degenerate parabolic equation.

The liquid subdomain Ωl(t) is given by all points where the temperature is
above the melting temperature (which is assumed to be 0 after some scaling),

Ωl(t) := {x ∈ Ω(t) : θ(x, t) > 0}. (12)

The shape of the melted (and later on re-solidified) material accumulation is
mainly influenced by the surface tension of the liquid, together with gravitational
forces etc., which means free-surface flow. Parabolic Navier-Stokes equations
with capillary boundary condition is the main model component for this, with
solenoidal velocity field v and pressure p in Ωl(t),

v̇ + v · ∇v −∇ · σ = fv(θ), ∇ · v = 0, (13)

with stress tensor σ = 1
ReDv − pI. Here, fv denotes the forces introduced by

gravity due to a temperature-dependent density and the Boussinesq approxima-
tion. The shape of the liquid subdomain is given through the capillary boundary
condition on the free surface Γ (t) of the melted subdomain, where the surface
tension (proportional to the mean curvature of the surface) balances the normal
stress. In a differential geometric PDE formulation, the mean curvature vector
HΓ is given by the Laplace-Beltrami-operator −∆Γ applied to the coordinates
of the surface (represented by the embedding id : Γ (t) → R3), giving another
(nonlinear) elliptic equation in the coupled system. Additionally, the normal
component of the fluid velocity should be equal to the normal velocity VΓ of the
capillary surface. Both lead to the following equations on Γ (t):

σn =
1

We
HΓ = − 1

We
∆Γ id, v · n = VΓ . (14)

On the solid-liquid interface and in the solid subdomain, the velocity vanishes,

v = 0 in Ω(t) \Ωl(t). (15)

The heating is done through a laser pointing at a spot on the boundary, modeled
by a time- and space-dependent energy density qL, and cooling conditions apply
on the whole boundary,

κ∇θ · n = qL + r(θext − θ) on ∂Ω(t). (16)

A more detailed description of the model can be found in [8].
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3.3 Numerical Discretization of the Forward Problem

The forward problem with given boundary conditions is discretized by a finite
element method which combines a Stefan problem solver with a free-surface
Navier-Stokes solver. The latter is based on the Navier code [1], the combined
approach is described in more detail in [2, 7]. Locally refined (triangular or tetra-
hedral) meshes are needed in order to approximate the large variations in tem-
perature near the heating zone and the surrounding of the solid-liquid interface
sufficiently well, while keeping the overall numerical costs acceptable. Due to the
big changes in geometry, starting from a thin wire and ending in a relatively large
spherical accumulation, several remeshings are necessary during the simulation
in order to avoid a degeneration of mesh elements.

Figure 4 shows a typical mesh, temperature field, and velocity field during
the melting, with the laser pointing to the center bottom of the material. Due to
rotational symmetry, a 2D FEM with triangular meshes could be used. As the
wire is melted from below, the growing sphere is moving upwards and thus the
velocity vectors are pointing upwards, too. In Figure 5, we show several stages

Fig. 4. Melting the end of a thin wire: liquid material accumulation with mesh, solid-
liquid interface, and liquid flow field.

during the solidification after the heating is switched off (from a simulation with
shorter heating period). In contrast to our results for energy dissipation during
the heating process [6], the cooling after switching off the laser is mainly done by
conducting heat upwards into the wire, which results in a downward movement
of the interface. The additional cooling by the boundary conditions leads later
on to an additional solidification at the boundary of the liquid region. During
solidification, the shape does not change much anymore, so the velocities are
typically quite small and not shown here.

3.4 Optimization

The goals for an optimization of the process are on the one hand a high speed
in order to be able to produce thousands of micro preform parts in a short time,
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Fig. 5. Material accumulation at the end of a thin wire: Solid-liquid interface and
isothermal lines at 5 different times during solidification.

while generating material accumulations of the desired size, and on the other
hand generating a microstructure which is well suited for the subsequent cold
forming step and usage properties of the work piece. Models for microstructure
evolution during solidification show a dependency of the microstructure quality
on the speed VΓI

of the liquid-solid interface ΓI(t) and the temperature gradients
near the interface [9]. A higher speed and larger gradient typically result in a
microstructure which gives better forming characteristics and useful properties.
Thus, the error functional has to include parts for geometry approximation, for
speed, and for the microstructure generation during solidification,

J(u,Ω, θ,v) =

∫ T

0

‖Ω(t)−Ωd(t)‖2 (17)

+λ1

∫ T

0

(
‖VΓI

− Vd‖2ΓI(t)
+ ‖∇θ −Gd‖2ΓI(t)

)
+ λ2‖u‖2.

The control parameters u are given by the time-dependent intensity and
location of the laser spot, thus they enter the system of equations via the heating
energy density qL(u). An additional control variable might be the intensity r of
outer cooling, for example by adjusting the flow velocity of a cooling gas. Uad
is given by control restrictions which follow from limits of the process, like an
upper bound of the laser power for preventing an evaporation of the material.

Adjoint Problem. For an efficient implementation of the optimization pro-
cedure, the solution of the adjoint problem will be used. Here, the system of
adjoint equations includes the adjoint (linearized) Navier-Stokes system on the
prescribed time dependent domain (from the forward solution), together with the
(linear) Laplace-Beltrami equation on the prescribed capillary boundary. For the
formulation of the adjoint Stefan problem, a regularization could be used which
was used in [12] for the derivation of an aposteriori error estimate.

As in our first application, also here the efficient handling of the adjoint
problem including adaptively refined meshes with remeshings for the time de-
pendent domain and the corresponding system of solutions in the domain and
on the capillary surface poses a challenge for the overall numerical optimization
method.
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