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Abstract. This paper presents the development of the multi depot one-
to-one pickup and delivery problem with distance constraints problem.
This problem involve routing vehicles in a multi depot network topology
to satisfy a set of pickup and delivery requests subject to a maximum
allowable distance constraint. A problem de�nition is given and a real
world application is proposed for that problem. An approximate solution
approach which divides the problem into several subproblems and solve
them to optimality is also proposed. Computational experiments show
that the proposed solution approach reach good quality solutions is a
reasonable computational time.

Keywords: Vehicle routing problem, Multi-depot, pickup and delivery
requests, transportation problems

1 Introduction

Real-life urban on-demand passenger's transportation problems represent a high
complex type of problems. In fact, these problems involve a variety of hard con-
straints which must not been violated. Such constraints involve multi-dimensional
vehicle capacity, route duration restriction, time windows, exclusive travels and
so on. These problems involve also several complex objective functions which are
more complex than the classical distance minimization as several real life factors
must be taken into account. However and despite the important interest of these
problems, they have received little attention in the literature from an academic
point of view.

Generally, real-life urban on-demand passenger's transportation problems are
related to the theoretical vehicle routing problems. The vehicle routing problem
(VRP) was �rst proposed by Dantzig and Ramser in 1959 [10]. VRP involves
a set of key decisions in order to �nd a least costs set of customers' sequences
to be visited by each vehicle. VRP involves generally several constraints such as
distance, capacity, time and cost constraints.
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In the literature, several variants of VRP have been studied which meet and
address condition of several real world applications of VRP. One could note for
example the capacitated VRP(CVRP)[23], the heterogeneous VRP(HVRP)[8],
VRP with time windows , VRP with pickup and delivery (PDP)[26], the multi
depot VRP (MDVRP)[19] and so on. For a more clear survey on VRP and its
extension, the reader is refereed to [2].

The PDP is the problem where the service required by a customer needs both
pickup and delivery service. The PDP can be further subdivided to the many to
many PDP, the one to many to one PDP and the one to one PDP. For a more
classi�cation of PDP the reader is referred to the survey paper of Berbeglia et
al.[2].

The VRP and its several variants such as the PDP and the MDVRP could
include several constraints and are known to be NP-Hard problems [2]. The
relative complexity of these problem results on a long computational time to
�nd optimal solution especially for large size problems. Consequently, heuristics
and metaheuristics approaches have been widely applied and developed to solve
large VRP problems. In fact, approximate methods have been able to provide
good quality solutions within reasonable computational time.

Based on the works from the literature, relatively new variants of VRP could
be proposed to tackle real world application of routing problems. For instance,
we could note the works of Sombuntham and Kachitvichyanukul [17] where they
proposed a particle swarm optimization algorithm for multi-depot vehicle routing
problem with multiple pickup and delivery requests or the multi-depot pickup
and delivery problem with a single hub and heterogeneous vehicles [16]. These
works proves that the joint study of multiple depot and pickup and delivery
problems is an interesting �eld to develop. However, one could note that none
of the recent works in the literature of the multi-depot pickup and delivery
problems proposed to add distance constraints related to VRP. Also, one could
note that to the best of our knowledge the multi-depot variant of the one-to-one
PDP has not been studied in literature before [18][2].

Consequently in this paper, we extends the works in the literature by fo-
cusing on the multi-depot one-to-one PDP with distance constraints problem.
Starting from an urban on-demand passengers transportation problem related
to automated transit system, we motivate the multi depot one-to-one PDP with
distance constraints problem. We propose also an adapted linear programming
heuristic in order to solve large size instances of the proposed problem in a fast
computational time. Finally, the proposed solution approach is proved to be very
e�ective by testing it on a carefully generated set of instances based on our real
world context.

Consequently, Section 2 presents the real world application of the multi depot
one-to-one PDP with distance constraints. Section 3 develops the problem for-
mulation. Section 4 provides a description of the resolution methodology. Section
5 describes the computational results. Finally, Section 6 concludes the paper.
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2 The real world application of the multi depot

one-to-one PDP with distance constraints

In this paper, we focus on the multi depot one-to-one PDP with distance con-
straints by studying its real world urban on-demand passengers transportation
application. In fact, there is several transportation systems that are designed
to move people in urban areas. Examples of these systems include subway, bus,
train, bus rapid transit (BRT), light rapid transit (LRT), automated transit
network (ATN) and so on.

Fig. 1: ATN' vehicles 3

Among these system, one could focus on the ATN systems. ATN is designed
as a public transportation tool to move passengers within urban areas. ATN of-
fers an on-demand non-stop, origin-to-destination transportation service for its
users over a dedicated network. ATN uses a set of fully automated vehicles car-
rying passengers from station to station. ATN'vehicles run on exclusive, grade-
separated set of guideways (see Figure 1) . ATN o�ers an unique transportation
service. In fact, ATN'stations are o�-line. This feature allows vehicles to travel
from origin to destination without any intermediate stops. Furthermore, ATN
transportation service is done on-demand where users could choose their time
and way of travel. Therefore, ATN o�ers a taxi-like transportation service. ATN
transportation features are quite di�erent from any other automated guideway
transit service (AGN) such as LRT, BRT and streetcars.

In the literature, the main features of ATN are de�ned as follows:

� Small vehicles available for the moving an individual or small group traveling
together by choice.

� direct origin-to-destination transportation service without any intermediate
stops.

� on demand transportation service.
� fully automated driverless electric vehicles.

3 source:http://www.ultraprt.net/multiVehicle.htm
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A literature review published in 2005 [9] states that there is more than 200 re-
search papers related to ATN. More recently, several operational and strategic
optimization studies related to ATN were published such as network design [25],
station design [24], dynamic routing [4][13], simulation [14],[7] energy minimiza-
tion [22], passengers waiting time [20] total traveled distance [12][15], �eet size[5],
optimized operational planning [6][11] and so on.

Starting from all these features, one could note that the transportation ser-
vice for ATN consists on pickup passengers from a prede�ned station in order
to deliver them to another station. Consequently, the ATN has a strong rela-
tion with the PDP problem. Also as the ATN uses a set of driverless vehicles
with limited battery capacity, we could found distance constraints related to
the routing of ATN vehicles. Finally, as the ATN'network could have multiple
depots where initially the ATN vehicles are located, routing vehicles in the ATN
context has also a strong relation with the Multi-depot VRP.

However and in the literature, routing problems related to ATN considered
only the single depot network topology with di�erent objective such as energy
minimization[12], �eet size[5], waiting time of passengers [20] and so on. Conse-
quently and based on all these features and this gap in the literature, we could
state that routing driverless electric vehicles in the ATN'network has a strong
relation with the multi depot one-to-one PDP with distance constraints.

In the next section, we detail the theoretical problem formulation related to
the ATN.

3 Problem formulation

In this section, we present the formal problem description and de�nition of the
multi depot one-to-one PDP with distance constraints.

3.1 Problem description

Generally in VRPs, a customer is described as a place that must be served by
a vehicle from the depot. In this paper, the classic term of customer is replaced
by a more general term of "travel". The travel re�ects the pickup and deliv-
ery transportation service that must be done within the one-to-one PDP. For
a PDP problem, a travel is represented by a commodities or a group of per-
sons that must be collected from an origin location and must be delivered to a
destination location. As we are treating the one-to-one PDP, the transportation
service is done by direct shipment from origin to destination. As each travel has
di�erent physical locations, each location can play only one of these three roles:
pickup location, delivery location, or depot. Consequently, each location may
have several passengers or groups of passengers to be picked up and delivered to
several other locations. The transportation situation happening in our problem
can be depicted in Figure 2.

Our problem is based on the following assumptions:
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Pickup & delivery locations of each request Vehicle Routes

Depot Pickup or delivery 

Location

Request Empty move for a vehicle 

to satisfy a travel

Fig. 2: The VRP with one to one transportation requests.

� Let suppose to have a network composed of M di�erent pickup/delivery
location where passengers could embark or disembark from vehicles.

� The network is supposed to be fully connected. A vehicle could move between
any pairs of pickup/delivery location.

� Our problem is primarily characterized by a set of travels T known in ad-
vance. |T | = n.

� Our problem suppose to have also an unlimited number of vehicles. The
vehicles are initially located in one of the di�erent depots in the simulated
network. The vehicles need to satisfy the transportation demand.

� Each travel contains information concerning transportation demand. In order
to satisfy travel i, the central control system must assign an empty vehicle
in order to satisfy a transportation service from a pickup location DSi to
delivery location denoted ASi. The service should be provided at the desired
departure time, DTi, and delays are not permitted. Each travel, i, has a
speci�c arrival time ATi.

Our objective is to design a set of least-cost journeys that start and end at
the depot, are capable of accommodating all travel requests within the allocated
time frame and under several constraints such as distance and time window
constraints.

Generally, in our problem the vehicles routes have to be constructed in such
a way that:

� The total energy consumption is minimized.
� All the travels must be ful�lled.
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In addition, the following restrictions must be met:

� vehicles could serve only one travel at a time.
� Each travel is served by exactly one vehicle.
� The number of routes starting from a depot location must be equal to the
number of route ending in the same depot location.

� The total duration of each route does not exceed a preset limit. As in our
real world application we are using electric ATN'vehicles with limited elec-
tric battery capacity, the total route length must not exceed the maximum
allowable travel time by the electric battery.

� Each request must be served exactly at its starting time.

3.2 Formal Graph De�nition of our problem

More speci�cally, our problem is based on a non-directed graph G = {V,E},
where V = {1, 2, ..., n, d1, d2, ..., dk} is the set of vertices in the graph. d1, d2, ..., dk
represent the di�erent k depots in the network. Let the vertex set V ∗ = {1, ..., n}
corresponds to the set of travels. E represents the set of edges, with e ∈ E =
{(i, j) | i, j ∈ V }. Note that E∗ = {(i, j) | i, j ∈ V ∗}.

We add edge e to set E when one of the following conditions is satis�ed.

� for each nodes (i, j) ∈ V ∗, we add an edge if and only if the departure date
of travel j exceeds or equals the sum of the arrival time of travel i and the
time needed to move from the arrival location of travel i to the departure
location of travel j. The cost of this edge is the energy used for traveling
from the arrival location of travel i to the departure location of travel j and
of traveling from the departure location of travel j to the arrival location of
travel j.

� for each node i ∈ V ∗ and each depot d ∈ D, an edge (d, i) is added with
the cost of moving from d to the departure location of travel i plus the cost
of moving from the departure location of travel i to the arrival location of
travel i.

� we add a �nal set of edges (i, d) for each node i ∈ V ∗ and each depot d ∈ D.
The cost of these edges includes the cost of moving from the arrival location
of travel i to d.

4 The resolution methodology

In this section, we present our resolution methodology for the problem considered
above which we call linear programming heuristic (LPH). Our LPH is based on
the principles presented in Algorithm 1.

Based on Algorithm 1, we �rst solve a relaxed linear program in order to �nd
set of roads starting and ending at one of the di�erent depot in the network. The
relaxed linear program founds unfeasible roads as we relaxed the distance con-
straints. Next our LPH and in order to �nd feasible roads and therefore feasible
solution would use an optimal mathematical model to get feasible roads from
the set of unfeasible roads. Next, we present more details of the implemented
LPH.
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Algorithm 1 LPH(The network N , The set of travels T

1: Construct the graph G
2: Solve the relaxed Linear programm (see Section 4.1)
3: for (each obtained routes Ri) do
4: if Ri is a feasible route then
5: Add Ri to the �nal solution
6: else

7: Construct a subproblem based on the nodes present in Ri.
8: Solve the new small problem to optimality
9: Add the obtained new roads to the �nal solution
10: end if

11: end for

12: Return the �nal solution

4.1 The relaxed linear program

This section presents the relaxed linear program that the LPH will use during
its search process.

We �rst introduce the following integer variable:

xij =

{
1 if arc (i,j) is selected to match i to j
0 otherwise

In our heuristic, we �rst solve the following relaxed linear program.

: Min
∑

(i,j)∈E

cijxij

∑
j∈δ+(i)

xij = 1∀i ∈ V ∗

∑
j∈δ−(i)

xji = 1∀i ∈ V ∗

∑
j∈δ+(i),k∈δ+(i)

xij =
∑

xki∀i ∈ D

xij ∈ {0, 1}∀ (i, j) ∈ E

Objective function 4.1 minimizes the total energy consumption of the system.
Constraints 4.1 and 4.1 ensure that each travel node is served exactly once.
Constraints 4.1 ensure that the number of routes starting from a given depot is
equal to the number of routes ending in that depot.

However solving this linear program could result on a set of infeasible tour
as we do not include maximum distance constraint on it. To �x this dilemma,
we propose a speci�c approach which is presented hereafter.
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4.2 Approach

Our algorithmic approach is based on the fact that unfeasible routes which vio-
late maximum allowable constraints could be corrected using a valid mathemat-
ical formulation of the proposed problem. In fact by solving the relaxed linear
program, we could obtain two types of routes: feasible routes and unfeasible
routes. Based on our approach, we consider the feasible routes as part of the
�nal solution. The unfeasible routes would be corrected in order to make them
respect the maximum allowable distance constraints. In fact from each unfeasi-
ble routes, we construct a small routing problem based on its nodes. This small
problem would be solved to optimality using a valid mathematical formulation
of our problem. This valid mathematical formulation is taken from the works in
the literature of Almoustafa et al. [1] while adding the multiple depot constraints
to it. Based on these principles, the �nal feasible solution would be constructed
iteratively.

5 Computational experiments

We now present the computational study performed to investigate the results
of our LPH for solving the proposed optimization problem. An analysis of the
obtained results is also performed to prove the e�ciency of our algorithm.

5.1 Test Instances

The proposed algorithm is implemented using the C++ language and tested on
a laptop with an Intel(R) Core (TM) i3 CPU M 380 2.53 GHz processor and 3
GB RAM (Windows 7 64-bit). Since we are treating a real world application of
the GVRP�MDMPDRDC related to the ATN, we based the testing instances
on recent works related to ATN [6]. In fact our instance generator is based
on the Corby network which represents a real case of routing ATN'vehicles in
urban areas. This network represents a realistic case study developed by Bly
and Teycheene [3]. Corby is a town in Northampton, (UK) with a population of
approximately 50 000. It o�ers a good example for testing the ATN feasibility in
a relatively new town. This network has 14.2 km of ATN guideways. The Corby
network has 15 stations and four depots.

Based on this network, we generated 100 instances where the number of
travels varies between 10 and 100 in a steps of 10. Consequently and for each
travel 'size, we generated 10 instances. The list of travels and its characteristics
were based on the works from the literature of Mrad and Hidri [22] and Mrad et
al. [21]. The maximum allowable time limit for each route was taken to be equal
to 40 minutes [6]. We note also that all the mathematical models were solved
using IBM-Cplex 12.24.

4 Details about Cplex could be found in https://www-
01.ibm.com/software/commerce/optimization/cplex-optimizer/
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5.2 Computational results

Results of our method are exposed in Table 1. To assert the quality of the
obtained solutions we used the GAP metric. The GAP is obtained as follows:

GAP = ( (SOL−LB)
LB ) × 100 We should note that LB is the linear relaxation

of the presented mathematical formulation presented in the literature[1].

Table 1 illustrates that the LPH method provides good quality solutions. In
fact, the LPH founds an average GAP of 2.435% in 0.132 seconds. As shown in
Table 1, using the LPH method results on obtaining remarkable low GAPs which
varies from 0.635 % to 5.075 %. Moreover, the GAP with respect to the lower
bound values is below 6%. These results mean that the algorithm is capable
to converge to a good solution even starting from an unfeasible one which is
actually a good point for our algorithm. The good performance of the LPH is
further compounded by the fact that it consume small computational time (less
than 0.3 seconds). This is due mainly to the straightforward principles that the
LPH uses. In fact by solving at each time a relaxed linear program, it has the
ability to determine good parts of the �nal solution quickly.

Table 1: The Obtained Results

Number of Travels Average Gap % Average Time (seconds)

10 0.635 0.037
20 0.800 0.050
30 1.649 0.067
40 1.641 0.071
50 2.655 0.099
60 2.682 0.124
70 3.782 0.151
80 2.774 0.212
90 2.655 0.234
100 5.075 0.271

Average 2.435 0.132

6 Conclusions

The multi depot one-to-one PDP with distance constraints problem has been
introduced and formalized in this paper. This is a new VRP that arises in real
urban contexts. The goal of this problem is to carry a set of pickup and delivery
operations at a minimum costs subject to di�erent constraints related to the time
windows and total traveled distance for vehicles. A real world application related
to the multi depot one-to-one PDP with distance constraints was proposed. Our
application arises in the context of ATN in order to carry a set of passengers
from origin to destination locations. The proposed problem was formulated and
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a straightforward linear programming heuristic was proposed to solve it. Com-
putational tests have been carried out on instances with di�erent number of
travels while representing realistic network contexts. The results obtained from
computational tests show the e�cacy and the e�ectiveness of the proposed ap-
proach. The most innovative aspect of this approach is its ability to extract
goods part of the �nal solution while starting from an unfeasible solutions. Fu-
ture developments in this �eld could address the introduction of stochastic travel
time between locations of the treatment of the proposed routing problem in a
dynamic context by the tool of simulation.
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