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I. Introduction

The importance of the rigid body attitude control problem is well established with a wide range of
applications from robot manipulators to satellites and continues to receive significant attention in
recent literature. In spite of the technical difficulties of this problem that stem from mathematical
description of the attitude and the nonlinearity of the dynamics, this subject has been extensively
studied and numerous solutions proposed over the past two decades [1]: Three-parameter represen-
tations like Euler angles, Rodrigues Parameters (RPs) and Modified Rodrigues Parameters (MRPs)
suffer from the kinematic singularity, and singularity-free quaternions are limited by the nonlinear

unit norm constraint. In Euler’s rotational dynamics, the formulation is more complex due to the
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Coriolis term.

Both stabilizing and tracking solutions, using various attitude representations, are now well
understood - especially for full-state feedback control systems [1-5]. However, full-state feedback
is not always possible due to cost limitations or design constraints. In the cases where rate-gyro
measurements do not directly appear in the control law or gyro failure occurs during the mission,
passivity-based approaches have been suggested for alternate solutions. High-gain observers or
numerical differentiation schemes are another options, but the closed-loop system may be subject
to peaking phenomenon or noise inversely proportional to a sampling time.

Attitude stabilization without using the rate state or its estimate was originally proposed by
Lizarralde and Wen via the passivity framework [6]. A stable filter driven by attitude signals is
considered to achieve a passive system interconnection, and both input and output of the filter
are employed to design a velocity-free control law. Many further extensions including different
parameterizations and generalization to tracking control have appeared in the literature [7—12].

Since passivity-based velocity-free controllers are model independent for the set-point regu-
lation problem, robustness properties to inertia parameter uncertainties automatically follow. For
the tracking case, however, the controller is dependent on the inertia matrix so it can be subject
to model mismatch. In the literature, output feedback adaptive attitude tracking control is studied
in [13], which is automatically robust to the inertia uncertainty. In addition to system identification
error, these controllers are, in general, subject to other types of uncertainty. In reality, the body
orientation cannot be perfectly measured and external disturbance torques always exist.

The attitude states are determined directly from line-of-sight measurements or are estimated
using filters [14]. Accelerometers, magnetometers and star sensors can provide vector measure-
ments that determine the body orientation through deterministic methods like TRIAD, QUEST or
FOAM in a way that measurement errors are minimized [15—17]. Sometimes rate-gyros are used
to filter out measurement noise [ 14]. Recently, the velocity-free stabilization problem using vector
measurements instead of converting them to the attitude variables was addressed, but measurement
errors are excluded in their analyses [18, 19].

Environmental disturbances within a feedback loop are another source of uncertainty. Solar
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radiation pressure, atmospheric drag, earth-oblateness or gravity gradient effects can all gener-
ate non-negligible external torques that perturb the body orientation. To deal with this robustness
question, the attitude control problem is typically formulated by including an additive bounded dis-
turbance term in the Euler rotational dynamics. In the literature, on one hand, several disturbance-
rejection controllers are proposed using modified filters: [9] designed a control algorithm where
integral terms appear both in the controller and the filter while [11] proposed a non-smooth con-
trol achieving semi-global stability in the presence of disturbances. On the other hand, in [20,21],
full-state and observer-based output feedback controllers with exponential gains were proposed es-
tablishing the closed-loop systems are Uniformly Practically Asymptotically Stable (UPAS) when
disturbance torques exist (roughly speaking, UPAS means asymptotic stability of a ball whose ra-
dius becomes smaller by tuning controller gains [20-22]). More recently, [23] proposed a velocity-
free output feedback tracking controller that is robust to bounded external disturbance torques.

When full states are available, [24] proposed nonlinear tracking controllers with various attitude
representations for a spacecraft carrying an unknown large object which significantly influences
inertia parameters. In the presence of modeling uncertainties, measurement errors and disturbance
torques, the controllers guarantee global exponential convergence of tracking errors with finite-
gain L, stability. In this paper, we propose a passivity-based output feedback tracking controller
with the quaternion kinematics while considering measurement errors, disturbance torques and
parameter uncertainties. The proposed controller achieves asymptotic stability of the tracking
errors in the ideal case and guarantees ultimate boundedness of the closed-loop trajectories through
proper gains that can be selected from stability analysis.

Since the problem is formulated with the unit-quaternion representation, we can avoid geo-
metric singularity normally caused by minimal three-dimensional parameterizations. Compared to
the global representation of attitude kinematics described by direction cosine matrices, it does not
require high-dimensional formulation, and thus, higher-order numerical renormalization to satisfy
the orthogonality constraint. Unlike the control laws with the quaternion kinematics in [24] and
ones in [13,23], the proposed controller does not include control singularity which occurs when

the scalar part of the error quaternion becomes zero. Although those controllers are nonsingular if
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they are initially, quaternion tracking errors in the presence of measurement uncertainties around
the singular point may lead to undesirable behavior. Specifically, to achieve disturbance rejection,
one of the gains of the controller in [23] becomes arbitrarily large even for arbitrarily small dis-
turbances if the initial conditions are close to the singular point; therefore, appropriate reference
design must precede the gain selection to avoid any potential singularity issues.

This work builds on the preliminary results from [25, 26] by generalizing to the tracking
case and some further analysis of the filter-free case. Extending the strictification technique (see
Refs. [27-29] and the references therein for details), a partially strict Lyapunov function is con-
structed toward establishment of stability and ultimate boundedness properties for the closed-loop
system. With known upper bounds of the magnitude of measurement errors, disturbance torques,
and parameter uncertainties, a feasible range for the feedback gains is derived in terms of bounds
on the initial conditions in such a way to ensure asymptotic convergence of all closed-loop signals
to within a residual set. Since the system is not input-to-state stable, boundedness properties do
not come for free when all the uncertainties and disturbance torques are considered. In spite of
the nonlinear structure of the kinematics and dynamics of the problem, however, the closed-loop
system is rigorously analyzed through the standard Lyapunov analysis methods. This is achieved
owing to the fact that the strictified Lyapunov function allows us to deal with this nontrivial prob-
lem in a standard way. As the passivity-based controller is not new for the attitude control problem,
the key contribution of this paper would be a theoretical proof how ideal-case design is robust to
uncertainties through Lyapunov stability analysis.

The paper is organized as follows. Euler’s rotational dynamics with the quaternion kinematics
are described in Section II and the problem is formulated in Section III. Next, a velocity-free
tracking controller is proposed and then the closed-loop system is analyzed in the presence of the
uncertainties in Section I'V. Numerical results for stabilization and tracking cases are provided in

Section V. Finally, Section VI presents some concluding remarks.
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II. Equations of Motion

A. Quaternion

Let ¥ be the inertial frame and ¥ be a body-fixed frame. Let ¥ be a reference frame with which
the body-fixed frame is required to be aligned by a controller. The body orientation is assumed to
be measured in such a way that it is different from the true orientation due to measurement errors
or estimation errors. So we consider an estimated body-fixed frame F5. Let g, g and g, be the
quaternions representing the orientations of ¥, ¥ and F with respect to the inertial frame ;.
The rotations from % to ¥ and ¥5 are represented by the quaternions 6g and 6g. Also the error
between true and estimated body orientations is denoted as 6g. The aforementioned quaternions

and their corresponding frame rotations are described in Fig.1.

Figure 1. Frames and corresponding quaternions

Quaternions are converted to rotation matrices. Let C : Q — S O(3) be a map defined as [30]
C(@) = I — 2q0q, + 29,9, , (1)

where the domain Q = {q =(q0,q,) ER*|go € R, g, e R?, gTq = 1} is the set of all quaternions
and the codomain S O(3) = {R e R¥3|RTR = RR" = I3, det(R) = 1} is the three dimensional rota-
tion group, /5 is the three-dimensional identity matrix and the superscript * is the skew-symmetric

matrix operator such that v*w = v x w for any v, w € R3. Note that since the quaternion parameter-
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ization is defined over non-Euclidean space, it is free from the mathematical singularity that arises
from all minimal three-parameter representations.
Since successive rotations can be represented as one rotation, the rotation from 7; to Fp is

represented as

C(q) = C(69)C(gy) - 2)
Equivalently, the quaternion ¢ is expressed as
q = G(q-)dq , 3)
where G : Q — R is defined as

T
qo —-q,
G(q) = . 4)
qv 4, +qols

Note that one can easily derive G is an orthogonal matrix from the definition. The true quaternion

tracking error is then given by

6q=G"(q,)q ©)

which corresponds to

C(69) = C(@)C"(q,) - (6)

The role of tracking controllers is to make C(dq) converge to /5. In quaternion representation, that

means 6¢, becomes zero whatever its scalar part is.

B. Kinematics

The kinematic equation for the body attitude described in terms of the quaternion ¢ is given by

1
() = S E(qD)w @) , (N

6 of 27

American Institute of Aeronautics and Astronautics



where w is the angular rate of the body with respect to the body-fixed frame ¥ and the map

E : Q — R*3 is given by

T
Eg=| " ®)
F(q)
with
F(q) = q, + qol5 . )

Let the reference angular rate in the frame ¥ be denoted as w, which is assumed to be smooth and

bounded so that we have

sup llw Ol = ve (10)

>0

sup [l (Dl = ve , 1D

>0

for some finite positive numbers v,, and v,. It is also assumed that the reference states are governed
by

1
4:(t) = SE(q()w, (1) . (12)

Let 6w be the difference between the actual and desired rate in the body-fixed frame 5. Then the
rate error is defined as

(1) = w(t) — wi(1) (13)

where

wB(t) = CBq(t))w, (1) . (14)

By differentiating Eq. (6) with respect to time, we obtain [31]

1
04(1) = S E(09(1))0w(@) . 15)
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C. Dynamics

The mathematical model for the fully-actuated rigid-body rotational motion is described by Euler’s
equations given by

Jo(t) = —w () Jw(t) + u(t) , (16)

where J = JT € R¥3 is the moment-of-inertia matrix and u(f) € R? is the input torque. Note that,

when we let Jy, and J,, be the largest and the smallest eigenvalues of J respectively, J satisfies

TulVIl5 < VT Iy < Tl A7)

for all v € R3.

From Eq. (13), the error dynamics are derived as

Jow(t) = —w* () Jw(t) + u(t) + Jow" (O)w?(t) — JC(Eq(t)w(t) . (18)

Alternatively, from the identity

(Jow)" + (Jow™) + (bw™J) = r(J)ow" , (19)

where tr(J) is the trace of J, we have

Jsax(t) = =60 (1) (Jow(®) + Jw () + u(t) - n(t) (20)
with
J=2J — (Dl 21)
and
(1) = WX (D Jwl (1) + JC(6q() (1) . (22)
8 of 27
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III. Problem Description

We assume that the system is equipped with only attitude sensors so that full-state feedback control
is not feasible. In spite of the lack of gyro sensors, it is well known that the system can be stabilized
utilizing passivity-based control strategies for which a low-pass filter driven by the quaternion
signal is added to the original dynamics [6,7]. Now we consider, in the presence of uncertainties,

the stabilization of the system

1
6q(1) = EE((Sq(t))éw(t)
J86(t) = —6w" (1) (J6w(®) + Jwl () + u(t) — () + d(r)

0 (1) = —o (1) + 64(1) , (23)

where g is the estimated quaternion tracking error and d(f) is a bounded disturbance: there is a

constant u,; > 0 such that, for all # > 0, the inequality

ldDll> < pa (24)

is satisfied. Also, it is assumed that the exact value of J is not available so its estimate J is used for
the control. Our objective is to show a passivity based PD-type control law stabilizing the system
in the ideal situations guarantees the boundedness of the closed-loop trajectories in the presence of
measurement errors, disturbance torques and inertia parameter uncertainties.

From Fig. 1, the attitude estimate error 6g € Q is obtained as
64(1) = G™(6q(1)54(1) . (25)
We assume that it is governed by the following dynamics:
6q(1) = %E(&Kt))&)(t) ; (26)
where the forcing term @ is a random variable [32]. Observe that this assumption allows the
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quaternion estimate g(¢) to remain in the set Q for all # > 0. We also assume, for the analysis, that

@ is bounded by a known quantity and restricts the magnitude of 6g, within a small number:

16¢,ll2 <y < 1, 27

lo®ll2 < 21, <1 (28)

for all > 0. Typically u, and y,, are very small quantities which are available based on the sensor
characteristics. Due to the unit-norm constraint of the error quaternion 6g(¢), its scalar part 6go(?)
is bounded by

Mo < 6Go(2) < 1, (29)

where uy = \/1——/13 with the assumption 6g(0) > 0. In other words, §4 is very close to the identity
quaternion (1,0, 0, 0).

Throughout the paper, x = (6g, dw, &) € QxR represents the entire states and X = (6¢,, dw, &) €
R the states of interest to be stabilized. We also introduce the notations z = (||0gl», lldwll», I51l») €
R3 and z = (||6wll, l|0]l,) € R? for later use. Arguments of functions are often omitted for nota-

tional simplicity whenever no confusion arises within a context.

IV. Main Result

In this section, boundedness of the solution of Eq. (23) is established through a partially strictified
Lyapunov function in the presence of quaternion estimate errors, disturbance torques and parameter
uncertainties.

Let us consider the attitude dynamics (23) with 64(¢) = dq(¢) and d(¢) = 0, and assume that the

initial conditions are such that ||6g(0)||, = 1, 6w(0) € R* and 6(0) = 0. Then, by analyzing
T 2 1 T b T .
Vo(t) = a[3q (08q,(1) + Gqo(t) = 1] + 560" (0J6w(t) + 567 (D), (30)
where a and b are positive constants, one can show that the control

b
u(t) = —adq,(t) — EET(M(O)O"(I) +1(1) €29)
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stabilizes the system (23) [25].
When the uncertainties are considered, we employ §4(¢) and J instead of §¢(¢) and J respec-

tively for the controller and the filter. Then the proposed control law is rewritten as

b
u(t) = —adq, (1) - EET(fSQ(t))(T(t) +1)(1)

b
= —a[0Go(1)dq, (1) + F(6q(1))6G,()] + EET(d(t))G(qu(t))M(t) + A1) . (32)
where 7(¢) = [C (6(}(t))a)r(t)]*f C(0g())w,(t) + Jjc (0g(1))w,(t). The filter becomes

o(t) = —o (1) + 64(7)

= —o(t) + G(5q(1))dg(1) (33)

with its second time derivative

a(1) = =0 (1) + 6g0(1)54(1) + E(64(1))6G,(1) + G(5q(1))54(?) - (34)
Once the proposed control law is implemented, the rate dynamics are obtained as

J8i(t) = —60" (1) (Jow(®) + Jwl (1)) + 7i(0) + d(1)

b
— a[6G0(1)6q,(1) + F(6q(1))6G.(1)] + EET(&(I))G(M(I))&](I) ; (35)

where 77 = 7} — . With the uncertainties, we now analyze

C3

V() =Vi(D) + e

V3(0), (36)

where

Vi(t) = e Vo(D) + 6qL ()J0w(t) — 26204 (1) (t) (37)

and, ¢ ¢; and c; are positive constants to be determined.
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First, by differentiating Eq. (30), we have

. b
Vo = 6w" [a(l — 0G0)oq, — aF(8q)oq, + EET(O")G((Sq)(SQ +n+d

6~ .
+boT [—0" + 2L pGg)w + E60G, + G(éq)éq]
=6w" [a(l — 6§0)5q, — aF(6q)5G, + 7 + d|

+ b6 [-o + G(6g)05| + géwT |E"(6)E6q) - ET (6q)E(6)] 63, - (38)

After arranging terms and applying the known or derived upper bounds for the measurement errors,

external disturbances and parameter uncertainties, we obtain
Vo < =bllorl; + a(l = uo)ll6gul2 6wll> + buylIswllz ol + (apy + py + plldwllz + by oz, (39)

where

Hy =4 JMJAVi/,t‘Z, + 2JM(2vi + Vo )lly + (vi) + Vo) 40)

with Jy = Jy — J, and py such that = Jll, < uy. Note the following inequality:

1C(69) = C6ll> = I(C(6q) = L)C(59)ll2
= || = 2F"(69)63,C(69)l»

< 2|16gyll2 , (41)

is used to obtain

7z < pay- (42)

In order to have in the right hand side of Eq. (39) a negative definite quadratic function of z(z),
we consider V(7). The cross terms in V(¢) allow us to have non-positive quadratic terms in 6g, ()
and dw(¢) within V (7). Since the upper bound of V;(f) does not include a non-negative term in
(1 —dq), one cannot say V,(t) is strictified. Instead, the term “partial” is introduced to describe this

procedure.
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To ease the calculation, let us introduce

Ni(t) = 6q1 (HJSw(t) (43)

Ny(t) = =6¢" (D)o (1) . (44)

whose time-derivatives are computed as

1 b
N, = Ecs(,uTF((Sq)Jéw — adgollog,|l; + =g ET (5)6¢

2
— adq' F(6¢)6G, + 8¢ (i + d) — 6" dw* Jw? , (45)
. Lo . 1, .
N, = 64" 0 = 6gollogll; — 64" G(6q)5G + Z||6w||§(rféq - EaTE(aqu : (46)

Since ||0g(H)|l, = [|E0q(®)ll, = 1 and ||[F(dg(?))|l, < 1 for all £ > 0, the upper bounds of Egs. (45)

and (46) are obtained as

. J . b :
Ny < —auollog,|l; + TMII(?wII% + Juvollogillz owllz + Sllogll2 lIofl

+ (s + iy + plogll (@7)
N> < £ 503 + %ncrné + 5500, ol + (% v J;’”’an‘*’) 6wl Nl
" (% ¥ ‘/gf—“) l6wlB 1ol + £ 6wl + (e, +2§,: HED 51, (48)
Then, using Eq. (47) and (48), we have
V1 < ~2" 0z + 71lI6gull + yallswll + 3l
s (% v ‘/Jjjn—“) calswlR ot ~ 5 (eato ~ X1~ ENllowl? (49)
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where

Y1 = apy, + ly + g, (50)
Y2 =C1Y1t+ oy (51)
¥ = crbp, + =1 (52)
and
apty ~1 (cra(l = o) + Tav) —L(+22)
Or=| -3 (cla(l — Mo) + J_Mvw) 3(eapto — Iné -3 (Clb,uv tot —62%%) (53)
-1 (% + %‘) -1 (clb,uv +c+ —CZJ;””"”“’) (c1 - ﬁl) b

with & € (0, ).

Remark 1. For the ideal set-point regulation problem with v, = v, = 0, the explicit inequalities

Cy > JM (54)
and
2 2 2
P 1 (b ca o & Ju
> — +— |+ + , + — 55
MmN T dan (2 Jm) 2(c; — Jibé N 7,6 " 2a (53)

guarantee V; and Q) positive definite in the absence of uncertainties. Thus, the above conditions
help to select proper values of c¢; and ¢, initially. Once reference tracking and uncertainties are

considered, those lower bounds would be increased.

Next we analyze V(¢) defined in Eq. (36) as the final step. We assume that the positive constants

c1 and ¢; in V| are chosen such that Q is positive definite and V; is nonnegative. Let

1 NIy 1
Ns(ll5ll) = csllorll — (5 + JM A)Cz||0"||2 + 5 (eapto = J)(1 = 1) (56)
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Then, using the inequalities

Jﬂ’l
Vo(r) > TII&U(I)II% (57)
llo@ll2 <1 (58)
llo@ll2 < 2, (59
together with Eq. (39), it is deduced that
V < =Z"Qiz+71lI6g,lk + (v2 + yaVolldwlla + (v3 + ¥sVo)lloll — ll6wlbN3(loll) . (60)
where
2C3
Y4 = 7o [a(l = po) + b, + 1] , (61)
2c3id,
vs= (62)
Moreover, since the choice
2 1 VIuda\
¢s = 2 (- + M A) (63)
2(copo — Ji)(1 = &) \2 I

leads to N3(||dl») > O for any ||c||, € [0, 2], we finally have

V < =" 01z + nl6qulla + (72 + yaVollldwlla + (y3 + ¥sVollalla - (64)

In order to handle the nonnegative terms in Eq. (64), let us rewrite the inequality as

V < 7" Quz = ki16¢,115 = kalldwll; = ksllorlls + y1l16gullz + (y2 + yaVolldwlla + (y3 + 5 Vo)llolla » (65)
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where

ky = auo(1 — &) (66)
b= I 1 g 67)
ks = (cl - 2%) b(l — &) (68)

with &,&3,&, € (0,1) and Q, = Q; — diag(ky, k,, k3). For a vector v € R”, diag(v) € R™" denotes a

square diagonal matrix with the elements of v on the main diagonal. Since the inequality
T T 1 7
+x' Py <cx Px+ 4—y Py (69)
c

holds for any P = PT € R™" > 0, x,y € R" and ¢ > 0, we further obtain

2 2 2 2 2
. Yi o Y5 \a [Y2Ys  V3Ys L{yi 75 73
V< O+ + 2| V2+[EE + 22| Vo+ [+ 2+ 2. 70
<20 ( ) 0 (2k2 2k3) 0 4(k1 % k3) (70)

Let us assume that there exist ¢; and ¢, such that O, is positive definite. Then, by Lemma 3

in [25], there exists a positive definite matrix Q, € R**? such that
Z(H0z(t) = 2 ()0:2() . (71)
Also, by Eq. (71), Lemma 4 in [25] and the fact that
Vol < 4+ lswnl} + oI @2)

one can show that there exists a positive constant k4 such that

, 1 Ya Y3 \oa . (s | YaYs L(vi 7 73, 4a
V<——WVW+|—+—|Vo+t|==—+—|VWot+|s|—+—"+—|+—
T ks ? (4k2 4k ) 0 T\ 2k 2k ) |4
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Once a parameter &s € (0, 1) is introduced, we obtain

V() < —%%(r) + Ny (Vo) |

where
Ny(Vo) = 01 Vg — 02V + 3
with
_ L%
AT
_(1=&)  (vava  v3Ys
502 - - + D)
ky 2k, 2k;
1(¥? Y2 73\ 4a
== |~ +Z2+ 2+ —.
4\ky kb ks ky

(74)

(75)

(76)

(77

(78)

To ensure the existence of V;, > 0 such that N,(V})) < 0, let us assume the control gains a and b

satisfy

©2 > 213 .

(79)

Let r; and r, be two positive distinct roots of the equation N4(Vy) = 0, and let r; < r,. Then,

ry < Vo(t) < rp implies

V() < —évo(t) .
ky

From the inequality V;(#) < 2¢;Vy(?), it is deduced that

C3 C3
Vo0 < V(D) < 2eVo(t) + L V5 (0).

m m

After some algebra, we have

< Wo(0) <
2¢4 ’ 2¢4

)
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where

C3
=—, 83
#4= 7 (33)
s =2cq . (84)
Therefore, if
@ary + 51 < V() < gur (85)
then Eq. (80) follows. Again, for V(¥) to exist, a stricter condition for a and b
4 2
257
2 2 \/ 2P+ Agps (36)
Y84

is necessary. Now, we can conclude that the set {x € Q x R | V(x) < (,04r§} is positively invariant
and trajectories starting in this set will enter the residual set {x € Q x R7|V(x) < 9041’% + @51}
within a finite amount of time. Note that this result is only local because g04r§ 1s finite [33].

Suppose dqo(?) is initially chosen such that 6¢g(0) > 0. Then, at t = 0, V(0) is bounded by

C3

V(0) < 1 Vo + Jullogu(0)l2 llsw(O)ll> + 70

V2, (87)

where
_ J
Vo = 2a(1 - J1- ||6qv(0>||§) + 25Ol (88)

Hence, so long as ||0¢,(0)|> and |[6w(0)||, satisty

— C —
c1Vo + Jullég, ()l low(O)ll> + J_3bV2 < @ar; (89)

m

solutions are bounded for all # > 0.

In summary, the proposed controller

b - .
u(t) = —adq,(t) — iET(&?(t))('f(t) +(C(69(D)w, (1)) JC(6q(D))w, (1) + JC(6g()a-(1)  (90)
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regulates the tracking errors in the absence of uncertainties and makes them bounded in the pres-
ence of uncertainties if the control gains a and b are selected such that all the conditions described

in this section are satisfied.

V. Numerical Results

We consider a CubeSat-class satellite whose dynamics are governed by Eq. (23) closed with the

control law (32). It is assumed that the inertia matrix is given by [34]

0.0465 —0.0007 0.0004
J =1 -0.0007 0.0486 —0.0021 on
0.0004 —0.0021 0.0482

and the measurement error bounds u, = u,, = 0.01 guarantee approximately 0.5 degree accuracy.
Since existing nano star trackers have accuracy less than 0.03 degrees [34-36], this specification
gives enough margin in the measurement errors. We also assume that the magnitude of external
disturbance is bounded by u; = 10~ which is a few orders greater than the typical magnitude for
satellites with similar size [34,37]. By letting ||0¢,(0)||, = 0.1, ||6w(0)||, = 0.01 and using Eq. (89),
one can find a feasible gain region in which the control gains a, b can be selected to ensure the
boundedness of the closed-loop trajectories. In this section, we study both the stabilization and
tracking problems. Since the stabilizing controller is independent of the inertia parameters, it is
expected that the feasible gain region is not smaller than one obtained from general tracking cases.

First, consider the stabilization case by letting ¢,(¢) = (1,0,0,0) and w,(f) = 0 which implies
Vo = Vo = 0. To maximize the region, multiple values for each &; are considered. That is, the
region in Fig. 2a is the union of the regions obtained using different £ values. Here, we restrict our
gain range to a compact set [0.01,0.3] x [0.01, 1.5] c R? for the computation. Note that it would
be recommended to start with sufficiently bigger sets in order to search gain regions efficiently

To demonstrate the boundedness properties, we choose (a, b) = (0.2,0.8) and numerically
integrate the closed-loop system using the following initial conditions: ¢(0) = g(0) = o(0) =

(v0.9925,0.05, 0.05, 0.05) and w(0) = (—0.09,0.03, —0.03). The disturbance torque is assumed to
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O'O&Ol 0.068 0.126 a 0.184 0.242 0.3 O'O&Ol 0.068 0.126 a 0.184 0.242 0.3
a) Stabilizing controller b) Tracking controller

Figure 2. Feasible Gain Regions for stabilizing and tracking controllers
be generated by gravity gradient, atmospheric drag and J; effect. The model is given by [20]

) S;fxrz2 - 3rx||r||%
3/1.]2R€

201l

3 L1 )
= 2 C(@r'dr = SpIMbCLAF Clg)v +
Il 2

r.C(@)| 5r,r2 =3r AP | - 92)

3 2
5r; = 3rIrl5

where r = (ry, 1y, 1) € IR3 is the vector from the center of the Earth to the spacecraft represented in
the inertial frame ¥, v € R is the spacecraft velocity vector in the inertial frame and 7, € R? is the
vector from the spacecraft center of mass to the line of action of the force caused by the J, effect
in the body-fixed frame F. The other parameters in Eq. (92) are given by u = 398.6 x 10'2 m?/s?,
p=199x 10 kg/m?, C; =2.5,A =0.04m* R, = 6371.0 x 10° m and J, = 1082.6 x 107,
The Earth-centered inertial frame ¥ is defined such that the x axis points to the Sun and z axis
is aligned with the axis of rotation of the Earth. The spacecraft is assumed to be in an circular
orbit with the altitude 765 Km and inclination 70°. For the numerical implementation, we choose
r. = (0.01,0,0) so that the magnitude of the disturbance torque does not exceed the designed
upper limit. As seen in Fig. 3a, the state norms do not converge to zero but are bounded. Fig. 3b
illustrates the norm of the quaternion estimate error ||64,(¢)||, which is strictly less than yu, during
the simulation time. It is assumed that, at each simulation time 7, the quaternion estimate error

kinematics are driven by a 3-dimensional random vector @ with a uniform distribution of ||@(#)||,
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over the closed interval [0, 2v].
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Figure 3. Time histories of ||g,(?)||2, [lw(®)||> and ||6G,(?)||, for stabilization.

Next, we consider the tracking problem with the same uncertainty specifications. Suppose the
reference angular velocity profile is given by w,(f) = 0.05(sin(0.5¢), sin(0.5¢), sin(0.5¢)) with the
initial reference quaternion ¢,(0) = (1,0,0,0). We obtain from the profile that v, = 0.05/3 and
ve = 0.5v,,. Itis also assumed that the proposed tracking controller employs the estimated inertia
matrix given by J = diag(0.046,0.049,0.048). Using the fact that u; = 0.005, a feasible gain
region is computed as shown in Fig. 2b. We use the same gains and initial conditions described in
the stabilization problem for the simulation. As illustrated in Fig. 4a, the tracking error norms are

bounded.

VI. Conclusion

This paper addresses the attitude tracking problem with the quaternion kinematics. It is assumed
that only attitude vector measurements are available and are used to estimate the quaternion state.
By employing the quaternion state and the output from a low-pass filter driven by the quaternion, a
passivity-based tracking controller is proposed. Aided by the strictification technique, it is proved
that one of the equilibrium points is asymptotically stable in the ideal case where there are no

uncertainties. Even when measurement errors, and external disturbances introduce perturbations
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Figure 4. Time histories of ||0g,(?)|]2, ||0w(?)|l> and |6G,(?)||, for tracking.

along with model mismatch in the dynamics, a positive invariant set and a residual set are es-
tablished in use of known bounds for the uncertainties. Then sufficient conditions for the initial
states and the feedback gains that guarantee boundedness of the closed-loop trajectories through

Lyapunov analysis are provided.
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