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Abstract

We present novel H(div) and H' liftings of given piecewise polynomials over a hierarchy of sim-
plicial meshes, based on a global solve on the coarsest mesh and on local solves on patches of mesh
elements around vertices on subsequent mesh levels. This in particular allows to lift a given algebraic
residual. In connection with approaches lifting the total residual, we show how to obtain guaranteed,
fully computable, and constant-free upper and lower a posteriori bounds on the algebraic, total, and
discretization errors; here we consider the model Poisson equation discretized by the conforming finite
element method of arbitrary order and including an arbitrary iterative solver. We next formulate safe
stopping criteria ensuring that the algebraic error does not dominate the total error. We also prove
efficiency, i.e., equivalence of our upper total and algebraic estimates with the total and algebraic er-
rors, respectively, up to a generic constant; this constant is polynomial-degree-independent for the total
error. Numerical experiments illustrate sharp control of all error components and accurate prediction of
their spatial distribution in several test problems, including cases where some classical estimators fail.
The H(div)-liftings at the same time allow to recover mass balance for any problem, any numerical
discretization, and any situation such as inexact solution of (nonlinear) algebraic systems or algorithm
failure, which we believe is of independent interest. We demonstrate this mass balance recovery in a
simulation of immiscible incompressible two-phase flow in porous media.

Key words: finite element method, finite volume method, iterative algebraic solver, discretization error,
algebraic error, a posteriori error estimate, stopping criterion, p-robustness, hierarchical splitting, mass
balance, porous media flow

1 Introduction

Numerical discretizations of partial differential equations typically give rise to large sparse systems of linear
algebraic equations. Their efficient solution is then often achieved by iterative solvers. Many are based
on a hierarchy of nested meshes such as, e.g., multilevel and multigrid methods, see [22, 50] for optimal
convergence results on uniformly refined meshes, [88, 51, 89, 29] for graded meshes, and [47, 90, 48, 64] for
massively-parallel large-scale simulations on modern architectures. In many cases, however, other techniques
like preconditioned Krylov solvers remain a vital and widely used alternative, see, e.g., [57, 65] and the
references therein.

Numerical schemes and algebraic solvers are often treated separately, both in theoretical analysis and in
practical algorithms, but numerous intriguing questions signal that they actually rather need to be treated
together. Two important questions are namely: what is the total error in a given step of the iterative solver
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and how to realize adaptive stopping criteria which balance algebraic and discretization error components?
Pioneering answers were proposed by Brandt [21], Bank and Sherman [12], Bai and Brandt [11], Bank
and Smith [13], Riide [75, 76, 77], or Oswald [66], or more recently by, e.g., Janssen and Kanschat [52].
Rigorous upper a posteriori error estimates of the total error valid at each step of the geometric multigrid
were designed in the work of Becker et al. [15]. The estimates are then decomposed into parts that are
identified with the algebraic and discretization error components, though not necessarily their upper or
lower bounds. Additionally, adaptive stopping criteria are proposed and numerical experiments show that
numerous iterations may be saved with respect to classical stopping criteria. These estimates involve some
generic constants that are not at disposal in practical computations. Later, the development of a posteriori
error estimates including algebraic error continued, e.g., in Arioli et al. [8, 7], Meidner et al. [61], Jirdnek
et al. [53], Ern and Vohralik [43], or Papez et al. [69], see also the references therein. Typically, some
limitations still appear: the estimates in [53, 43, 69] apply to an arbitrary iterative solver but additional
iteration steps are required; the estimates in [8, 61, 7] provide a total bound which is not fully computable
and/or the results only apply to one specific solver.

The present contribution develops a unified approach which seems rather flexible. Main results of our
analysis for a model Poisson problem can be summarized as follows:

1. We provide constant-free fully computable upper and lower bounds for all the algebraic, discretization,
and total errors, independent of the choice of the iterative solver and including arbitrary higher-order
(conforming) finite elements. We also prove that our total upper bound is efficient, i.e., equivalent
to the total error up to a generic constant that is, importantly, independent of the approximation
polynomial degree. Moreover, we also prove efficiency of the algebraic upper bound and refer to a
proof of efficiency of the algebraic lower bound.

2. The evaluation of the estimates is based on a global coarse solve and independent local solves associated
with vertex patches, based on a hierarchy of nested meshes. Thus, it is obtained on the current iteration
for a price that is linear in terms of the number of vertices and corresponds to one V-cycle multigrid
step with a block-Jacobi smoother.

3. Safe stopping criteria for iterative solvers are proposed. They ensure that the algebraic system will
neither be over-solved, nor under-solved.

Property 1 states that all total, algebraic, and discretization errors are fully certified (supposing that the
coarse solve is exact and that the computer evaluation of the data oscillation term for total and discretization
errors is possible). We derive the upper bounds on the algebraic and total errors in the spirit of Prager
and Synge [73], relying on the a posteriori methodology of equilibrated flux reconstructions that can be
seen as H (div,Q)-liftings of the algebraic and total residuals. These have been proposed and studied for
finite elements with an exact algebraic solve in Destuynder and Métivet [38], Luce and Wohlmuth [59],
Braess and Schoberl [19], Nicaise et al. [63], Agouzal et al. [1], Ainsworth [3], Vohralik [85], and Ern and
Vohralik [43, 44], or Kopteva [55], see also the references therein. Relying on the recent results of Braess
et al. [18] and Ern and Vohralik [45], p-robust efficiency is shown which means that the derived total upper
bound will be of the same quality for any order finite elements. Our lower bounds on the algebraic and
total errors are then obtained via H}(2)-liftings of the algebraic and total residuals.

Property 2 improves the approaches of [53, Sec. 7.2] and [43, 69], where an a priori unknown number of
additional steps of the iterative algebraic solver needs to be performed so as to evaluate the estimates. The
construction of the estimates presented here rather involves a coarse solve followed by a sweep through all
the vertices on all levels, where small mized finite element problems on patches of elements are solved to
obtain the H (div, Q)-liftings and small conforming finite element problems on patches of elements are solved
to obtain the HE(Q)-liftings. Our hierarchical decomposition of the algebraic error shares some ideas with
those of stable splittings [13, 67, 66, 76, 77, 49] for multigrid and multilevel methods. The key differences of
our approach, though, seem to be: a) our estimates give guaranteed and computable bounds; b) no generic
multiplicative constant appears; c) no regularity beyond H!(Q) of the weak solution is requested; d) the
hierarchy of meshes needs to be neither structured nor uniformly refined; e) any polynomial degree p > 1 is
allowed; f) the derived estimates hold true for any iterative solver. In contrast to the splitting techniques,
however, our approach is typically more expensive. In this direction, we note that any solution of local patch
problems (local matrices assembly and inversion) can be avoided by an explicit variant that we describe
in Section 8.3 below and that we present in detail in the contribution [70].

Finally, the salient consequence of Property 3 is that it typically brings an important economy in terms
of the number of algebraic solver iterations, while being sure that we do not stop too early.

Two important tools that are at the heart of the above results seem of independent interest:



(a) H(div,Q)-lifting of a given piecewise polynomial. Given a piecewise p-degree polynomial 7, the
algebraic residual lifting o7, »1o of Concept 4.1 is a vector-valued piecewise polynomial belonging to
H (div, ) such that its divergence equals to 75, V-0 a1l = 75, and such that the norm of o, a1 is
locally minimized.

(b) Mass-conservative total flux reconstruction in H (div,2). In Concept 4.2, we construct a total flux
Ohtor that lies in H(div,Q) and satisfies the target divergence, so that it allows to recover mass
balance in any situation.

Tool (a) is related to the question of so-called finite element potentials, see, e.g., Alonso Rodriguez
and Valli [5] and the references therein. Here, we additionally use local minimization to produce liftings
helpful in a posteriori analysis. The applications include a posteriori estimates for challenging systems of
time-dependent, nonlinear, and degenerate PDEs with inezact solvers: tool (a) can be, e.g., immediately
used in the porous media applications in [86, equations (4.7) and (5.8)], [25, equation (A.9)], and [39,
equation (4.14c) and Remark 4.3].

Tool (b) is probably of even more important independent interest: it allows to recover local mass balance
for any problem, any numerical discretization, and any situation such as inexact solution of (nonlinear)
algebraic systems or algorithm failure. It is related to postprocessing techniques designed to recover local
mass conservation, important, e.g., in porous media simulations, see for example the discussion in Dawson et
al. [37] and the references therein.

Local mass balance for numerical methods not locally conservative by construction has been traditionally
achieved by a global (exact) solve as in Chippada et al. [31], Sun and Wheeler [80], or Cockburn et al. [33]
(in the middle reference, an iterative procedure with local solves is also designed). From a posteriori error
analysis, in turn, it has been understood that for a numerical solution with no algebraic error (when the
associated algebraic system is solved exactly, or, more precisely, when orthogonality with respect to the
lowest-order test functions is satisfied), a local solve is sufficient, see [38, 59, 19, 63, 3, 85, 43] and the
references therein, as well as [44] for a unified framework covering all standard numerical methods. Local
mass balance has also been achieved in the past on each step of carefully designed algebraic solvers for locally
conservative methods, in particular in Ewing and Wang [46] for mixed finite elements and a multigrid solver,
in Keilegavlen and Nordbotten [54] for (cell- or vertex-centered) finite volume methods and a multilevel
preconditioner, and in Ali Hassan et al. [4] for mixed finite elements and a domain decomposition solver.
Tool (b) is a generalization of these techniques and allows to achieve local mass balance for any numerical
method (locally conservative or not) for the price of one multigrid step in any situation, namely when the
lowest-order orthogonality is not satisfied because of an inexact solve.

The rest of this contribution is organized as follows. To motivate our developments, we start in Sec. 2
with two examples where some commonly used estimators on the algebraic error lead to significant over-
estimation/underestimation of the algebraic error. In Sec. 3, we introduce the hierarchy of meshes and
piecewise polynomial spaces that we will rely on. The H (div,)- and HE(Q)-liftings are then presented
in Secs. 4 and 5, respectively. These developments are presented in an abstract setting. In Secs. 6 and 7,
we restrict our attention to the model Poisson equation discretized by conforming finite elements, where
we first describe the problem and then present our main results, including short (instructive) proofs. We
discuss in Sec. 8 efficient implementation of our reconstructions and estimates, as well as possible reductions
of their computational cost. Numerical performance of the a posteriori estimates for the Poisson equation
is then examined in Sec. 9 for the V- and full geometric multigrid methods as well as for the preconditioned
conjugate gradient method. A concluding discussion is presented in Sec. 10. Appendices A and B present re-
spectively the proofs of efficiencies of our upper algebraic and total estimates. Finally, Appendix C presents
the application of our mass-conservative total flux reconstruction in H (div, ) to a challenging two-phase
porous media flow problem with a finite volume fully implict/iterative coupling discretization. Applications
to other problems, namely when deriving guaranteed upper bounds on the total error in presence of inexact
solvers, have already been considered in [34, 35] to steady and unsteady variational inequalities, in [26]
to eigenvalue problems, in [60] to goal-oriented error estimates, and in [87, 2] to degenerate multiphase
(multicompositional) flows.

2 Warning examples: overestimation/underestimation of the al-
gebraic error by commonly used estimators
The purpose of this introductory section is to present two examples in which some commonly used estimators

of the algebraic error fail importantly. In contrast, the rigorously justified upper and lower bounds on the
algebraic error developed in this manuscript behave without flaw.



2.1 Algebraic error estimator based on the fine grid only for a model problem

In the first example, we consider the Poisson model problem of finding u :  — R such that

—Au=f in Q, (2.1a)
u=0 on 0. (2.1b)

Let uf* be the finite element discretization of (2.1) with an exact algebraic solver and wuy, its approxima-
tion. The associated degrees of freedom in the standard nodal Lagrange basis on a simplicial mesh 7},
are respectively denoted by Ujp and U, and the stiffness matrix on mesh 7, is named Ay, so that the
algebraic system reads as A,U{* = Fy, on 7. We compare the guaranteed lower bound on the algebraic
error |V(ug* — up)|| = ||US* — Uy ||, based on a lifting of the algebraic residual on the mesh Tj, only in the
spirit of [10, Sec. 5.1], [74, Sec. 4.1.1], [44, Sec. 3.3], and [69, Sec. 5.4], see Remark 5.2 below, to the lifting of
the algebraic residual on a hierarchy of meshes put forward in this paper in Concept 5.1 and Definition 5.1
below. The latter corresponds to one multigrid V-cycle step with zero pre-smoothing and one block-Jacobi
(additive Schwarz) post-smoothing step, whereas in the former, only the finest level is employed.

We consider d = 2, an L-shape problem (see Sec. 9), and increasing condition number of the stiffness
matrix A, by either increasing the number of mesh elements in the mesh 7, or by increasing the finite
element polynomial degree. More precisely, an initial triangular mesh with element size h ~ 0.026 is
considered along with a mesh obtained by two uniform refinements (with mesh size h/4), whereas polynomial
degrees 1 and 3 are employed. We focus on results in function of iterations of the Gauss—Seidel solver,
where the initial approximation UY is chosen such that the initial algebraic error US* — U9 is a vector
with random elements uniformly distributed in the interval [—0.5,0.5]|[US*||2. After a fast reduction of
oscillating components of the error in the initial iterations, the convergence is very slow. Fig. 1 presents the
underestimation factor

[V (uf = un)|

ﬂalg

> 1,
where Do is given by (7.5a) for the two considered liftings pp a1 of Remark 5.2 and pj, a1g of Definition 5.1.

While the lower bound based on the finest-mesh only (one level) deteriorates considerably, we observe
a robust behavior of the lower bound obtained with the hierarchically constructed lifting of this paper
(hierarchical).
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Figure 1: L-shape problem with random initial error and the Gauss—Seidel iterative solver. Underestimation
of the guaranteed lower bound on the algebraic error Q;lg = (75, Phate)/ [V P arg | given by (7.5a) with the
one-level algebraic residual lifting of Remark 5.2 and by the hierarchical algebraic residual lifting of Defini-
tion 5.1. Mesh sizes h and h/4, polynomial degrees p = 1 (left) and p = 3 (right). Optimal underestimation
stays close to one.

2.2 Algebraic error estimator based on comparison of two consecutive iterates
for a porous medium flow

In the second example, we consider the conjugate gradient solver with an incomplete Cholesky preconditioner
for a linear system that arises from a finite element (vertex-centered finite volume) discretization of an
unsteady nonlinear problem; more precisely, we consider the immiscible incompressible two-phase flow in
porous media in an iterative coupling formulation. The problem reads: find the vector P™* such that

Prn Pot = Dyt (2.2)



where PF~1 is a symmetric and positive definite matrix arising from diffusion with tensor A™*~1 and
DmE=1 g a right-hand side vector; both P%*~1 and D™*~1 are obtained from [86, Section 6.2], describing
a real-life problem. For reader’s convenience, the setting leading to (2.2) is recalled in Appendix C.3 below,
see (C.7).

We test three algebraic error estimates: 1) the popular estimator based on comparison of two consecutive
iterates P7Fi*1 and P™*7; 2) the guaranteed lower bound g;lg = (TZ,pz’alg)/H(A"’kfl)%Vpﬁha]gH on the
algebraic error proposed in this paper based on Concept 5.1 and Definition 5.1; and 3) the guaranteed
upper bound 77, = ||(A”’k_1)_%0}'lyalg|| on the algebraic error proposed in this paper based on Concept 4.1
and Definition 4.3. The results are reported in Fig. 2. We can see that even though the comparison of
two consecutive iterates may lead to quite tight estimate on the algebraic error at some iterations, it may
importantly underestimate the algebraic error at other iterations. More importantly, its quality is severely
impacted by mesh refinement, compare the effectivity indices in the right plots of Fig. 2. In contrast, the
guaranteed upper and lower bounds presented herein lead to constantly very satisfactory results also for
this challenging test case.
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Figure 2: Porous medium flow (C.1) leading to (2.2). Conjugate gradient solver with incomplete Cholesky
preconditioning. The algebraic error |[P2F — PR .1 on iteration i, the estimator (lower bound)

based on comparison of two consecutive iterates ||Pg-m+t1 — PrRi|| w1, the guaranteed lower bound
wn

ni

g = (7"12'1’P%,;ﬂg)/”(An’k_l)%VPz,éﬂg” on the algebraic error proposed in this paper, and the guaranteed

upper bound ﬁilg = ||(A”’k_1)_%a§lyalg|| on the algebraic error proposed in this paper (left). Corresponding
under/overestimation factors (right). Setting of [86, Section 6.2], time step 260 (time 2.6-10°s), first iterative
coupling linearization, 45 x 45 mesh (top) and 137 x 137 mesh (bottom).

3 Setting

We introduce here the setting for our lifting and reconstruction procedures. Let Q € R?, 1 < d < 3, be an
open bounded polytope with a Lipschitz-continuous boundary.
3.1 Continuous-level notation

For a nonempty subset w C , we denote by |w]| its Lebesgue measure, by (-, ), the L?(w) scalar product,
and by ||‘[|» the L?(w) norm; when w = Q, the index is dropped. Same notation is used on L?(w) :=



[L2(w)]?. We let H'(Q) be the space of scalar-valued L?(f2) functions with weak gradients in L?(),
HY(Q) := {v € L?*(Q); Vv € L*(Q)}; H}(Q) is its subspace formed by functions vanishing on 99 in the
sense of traces. We also let H (div,2) be the space of vector-valued L?({2) functions with weak divergences
in L2(Q), H(div, Q) := {v € L*(Q); V-v € L*(Q)}. We remark that we will be using the norms ||V (-)| and
||| on respectively H} () and H(div, ).

3.2 A hierarchy of meshes

Let 7, be a simplicial mesh of €2, matching in the sense that for two distinct elements K of Ty, their
intersection is either an empty set or a common vertex, edge, or face. Associated with 7y, let there be a
hierarchy of meshes {7;}o<j<s. These are again matching simplicial partitions of the domain Q, nested
in the sense that 7; is a refinement of 7;_1, 1 < j < J, and satisfying 77 = 75. Below, we will suppose
shape regularity in the sense that there exists a constant k7 > 0 such that maxge7, hi/px < K7 for all
0 < j < J, where h is the diameter of K and p is the diameter of the largest ball contained in K. We will
also request a bound on the refinement strength in the sense that the diameters of all sons of an element
are comparable to the diameter of the father element up to a constant ¢+ > 0. Highly graded meshes
and mesh hierarchies where only some elements are refined are admitted. Affine quadrilateral/hexahedral
meshes could easily be considered as well.

The set of vertices of 7;, 0 < j < J, is denoted by V;, and it is decomposed into interior vertices Vji-“t
and boundary vertices V;Xt. By ¢ we denote the hat function associated with the vertex a € Vj, i.e., the
function that is piecewise affine with respect to the j-th level mesh 7, taking the value 1 at the vertex a
and zero at all other j-th level vertices of V;. The support of ¢ is denoted by w§ and it corresponds to the
patch of elements of 7; which share the vertex a € V;. We identify w := w$ and Vj := V;, Vi"* 1= Vit
V}CLXt = v;xt.

3.3 Piecewise polynomial spaces

In the presentation, three types of piecewise polynomial spaces will be needed.
First, the space of discontinuous (piecewise) gth-order polynomials associated with the mesh 7; is

P1 = {vy € L*(Q),vn|x € PUK) VK e€T;} 0<j<J, ¢>0. (3.1)

Here P?(K) stands for polynomials of total degree less than or equal to ¢ on the simplex K.
The space of continuous or trace-continuous, i.e., H}(Q)-conforming, piecewise gth-order polynomials
associated with the mesh 7; is denoted by qu and defined as

VI=PINH;(Q) 0<j<J, ¢g>L1 (3.2)

Below, we will often consider uy, € V¥ for a fixed polynomial degree p > 1 as well as derive various Hj(€2)-
conforming reconstructions in V7; we will also sometimes treat the more general case u;, € P, p > 0.

Finally, we will need vector-valued piecewise polynomials with continuous normal trace, i.e., H (div,Q)-
conforming, Raviart—Thomas—Nédélec (RTN) mixed finite element spaces given by, see, e.g., Brezzi and
Fortin [24],

V= {v; € H(div,Q);v)|x € [PUK)*+PY(K)z VKeT;} 0<j<J, q¢>0, (3.3)

where various H (div, 2)-conforming liftings/reconstructions will be performed.

Actually, in the sequel, all the liftings/reconstructions related to the algebraic error will use the entire
hierarchy of the spaces, whereas those related to the discretization error will only use the finest-level spaces.
Henceforth, the latter are denoted

P =P%, Vi=V! V.=V (3.4)

For a given space X defined over the entire domain 2, we use X|,, to denote its restriction to the subdomain
w C Q. Finally, we denote the L?(Q)-orthogonal projection onto P§ by I and use the notation ITj := T17.
The choice of fixed polynomial degree is adopted for the simplicity of presentation; taking into account a

variable polynomial degree is possible and was addressed in [36], see also the references therein.
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Figure 3: Degrees of freedom of the local Raviart—Thomas—-Nédélec spaces Vjp (w;-il) for the residual liftings

0 ag 1 < 3 < J, (left) and V;7 ' (wyy) for the discretization flux reconstruction o} 4, (right). Interior
vertex a, polynomial degree p = 1, and discretization flux reconstruction degree p’ = p = 1.

4 H(div, Q)-lifting of the algebraic residual and a mass-conservative
total flux reconstruction in H(div, 2)

We first show in this section how for an arbitrary discontinuous piecewise polynomial r, € PY, p > 0, a
locally minimized vector-valued piecewise polynomial o, a1 € Vi C H(div, ) such that V-0, a1 = 75, can
be constructed for the price proportional to one multigrid V-cycle step with block-Jacobi (additive Schwarz)
smoothing. This involves a global solve and local solves on patches of vertices on each mesh level. The main
lines of this construction are summarized in Concept 4.1, and the details are given in Sec. 4.1. We will term
Oh,alg & hierarchical H (div,Q)-lifting of the algebraic residual ry,.

Let f € L*(Q) be the target divergence, A € [P]9*? be a uniformly bounded and positive definite
diffusion tensor of the medium €, and let u, € P}, p > 1, be the (possibly discontinuous) numerical
approximation for which 7y, is the algebraic residual such that

(f = rh Vi )we — (AVuL, Vi )pa =0 Va € VI, (4.1)

where V stands for the elementwise (broken) gradient. Condition (4.1) actually typically determines rp out
of a given f, A, and up. Then, employing existing flux equilibration techniques, cf. [18, 43], we construct
Oh.dis € V}f" C H(div,Q), p' € {p,p + 1}, locally close to —AVuy, and such that V-0, g4is = HZ,f — 73, for
the price of a local problem for each patch of the finest mesh 7,. The main lines are presented in Concept 4.2
and details in Sec. 4.2.

Setting o tot := Oh alg + Oh dis, We obtain a total flux reconstruction which is mass conservative in that

Oh,tot € Vhp/ C H(div, Q) and V-0, tor = Hffﬁ
4.1 Algebraic residual hierarchical H (div, 2)-lifting

We detail here the construction of the algebraic residual lifting oy, a1 of Concept 4.1.

4.1.1 Coarse residual solve

The first, crucial, step for obtaining o, a1, is to find the coarsest-level Riesz representer po aig of the algebraic
residual 7y, given by: find pg als € VOJL such that

(Avpovalg, vvo) = (Th,vo) Yy € Vol. (44)

This is the coarsest-grid residual solve familiar from multigrid methods; it can only be realized with lowest-
order, continuous and piecewise affine polynomials from the space V' of the coarsest mesh 7g. It is of course
also possible to replace the space V) by the (more expensive) V' if p > 1.



Input: Input: )
algebraic residual r, € PY, p > 0, target divergence f € Lp (€),
imati eP? p>1,
diffusion tensor A € [Pz}dx‘i. APPTOXImation tn ho f i
o diffusion tensor A € [P,]**?,
utput: lgebrai idual P?
Ohae € VP C H(div, ), . ége L e :a e a
V-Ghalg = Th, condition (f — 7, Y5 )we —(AVup, VY )we =0
int
HA_%O'h,algH locally minimized. Output: Va € Vi
Construction (Definition 4.3): Fnior € VP C H(div, )0 € {p,p+ 1},
1. Solve the coarse problem (4.4). o
2. Run through mesh levels j = 1...J: Veontor =11 f,
1 1
(a) Run through all coarser vertices a € V;_1. |A2Vup + A™ 20,10t locally minimized.
(b) Assemble the RTN spaces V/(wi ) and Construction (Definition 4.5):
P?(w;'l—l)v see (4.5) and Fig. 3, left. 1. Run through all finest vertices a € V.
(c) Solve the local Neumann mixed finite element 2. Assemble the RTN spaces Vhp/ (w?) and [PZ’ (W),
problems (4.7) for j=1and (4.11) for j > 1 p € {p,p+ 1}, see (4.13) and Fig. 3, right.
to obtain ., € Vi¥(wji1). 3. Solve the local Neumann mixed finite element
3. Combine problems (4.14) to obtain o7 4s € Vi¥ (w5y).
J 4. Combine
Oh,alg *= Z Z Tj,alg: Oh dis ‘= Z O';a{,dis < ‘/hpl7
J=tacVi-a acvy,
Simplifications: o . . yielding V-op.ais = Hi/ F—rn.
e Lowest-degree spaces V' (wj_,) instead of 5. Obtain ol following Concept 4.1.
VP (w§_y) for all j < J: Sec. 8.3 and [70]. 6. Set
e Explicit construction avoiding local patchwise Ohtot *= Oh,alg + Oh,dis- (4.3)
problems (4.7) or (4.11): Sec. 8.3 and [70]. Simplifications:
b Qomputable bound avoidipg Ph}’SiC@1 construc- e Explicit construction avoiding local patchwise
tion of o'p aig: (A.1)—(A.2) in Appendix A below. problems (4.14): Sec. 8.3 and [70].

Concept 4.1: Algebraic residual H (div,Q)-lifting  Concept 4.2: Total flux reconstruction in H (div, Q)

4.1.2 Local spaces

Let a mesh level 1 < j < J be fixed, together with a vertex a € V;_1, i.e., a vertex from the next coarser
mesh. The key ingredient for our algebraic residual liftings are local spaces associated with the mesh of
level j but defined on the subdomain wj"_; of all simplices of level j — 1 sharing the vertex a,

VP(wsy) =A{v; € V|wa ; vjmge  =0ondwi },

PY(w 1) == {q; € Pflwa_,; (g5, Dwe_, =0},

J

ac VM, (4.5a)

J

PY(ws ) ==Pllua,

Vi (ws ) = {v; € Vjp\w;ﬂ; vjmge  =0on dwi |\ 00},

a eV, (4.5b)

where Nge stands for the outward unit normal of the domain wj" ;. The degrees of freedom of the spaces
V' (w$_;) for an interior vertex with polynomial degree p = 1 are illustrated in Fig. 3, left.

4.1.3 Two-level algebraic residual H (div,2)-lifting

Let J = 1, with coarse mesh 7y and fine mesh 7, = 71. In this two-level setting, our algebraic residual
H (div, Q)-lifting o 21 € V;¥ is based on the mixed finite element problems on each coarsest patch wg,
a € Vy. The spaces VP(w§) x P (w§) associated with fine mesh 7; are used, see (4.5) and Fig. 3, left, for
an illustration. In particular, following (4.5), homogeneous Neumann boundary conditions are prescribed
on dwg for interior vertices @ € V' and on dwg \ 9N for boundary vertices a € V§'; on dwd N IQ, a

homogeneous Dirichlet boundary condition is imposed for a € V§*'. The actual construction reads:

Definition 4.1 (Two-level algebraic residual H (div, )-lifting; J = 1). Define

O a
Oh,alg "= Z 07 alg> (4.6)
acVy



where the vertex contributions are defined as the solution of: find (¢ ,1,,7%) € V{"(w§) x P{(w§) such that

(A7 ot g v1)wg — (1F, Vovi)ug = 0 Vo, € VP (w), (4.7a)
(V‘aialgv q1)w(‘]‘ = (7’h1/J61 - AVPO,alg‘V¢37 Q1)w3 VQ1 S ]P)Zf(w(()l) (47b)

Problems (4.7) are well-posed, see, e.g., Brezzi and Fortin [24] or [43, 44] and the references therein. In
particular, the Neumann compatibility condition

(rhg — AVpo.alg - VY5, 1)we =0 (4.8)

for all coarsest interior vertices @ € Vi"* immediately follows from (4.4). Note also that (4.7) are the
Euler-Lagrange conditions for the constrained minimization problem

a : -1
o = arg min A2 v ]| ya. (4.9)
1,al w
g V1 EVP (W), Vovr =112 (1 h&@ — AV po atg Vb3) °

Our construction finds the best local contributions of,,, which lead to the satisfaction of the following
crucial divergence constraint:

Lemma 4.2 (Properties of o, a1e; J = 1). The algebraic residual lifting of Definition 4.1 satisfies o alg €
VP c H(div,Q) and
V'Uh,alg = Th.

Proof. All contributions o alg extended by zero outside of the patches w§ belong to V;', so that o7, a1 does
so by (4.6) as well. We next use the local divergence constraints (4.7b) in combination with the Neumann
compatibility condition (4.8) which gives V-of,,, = Y (rp§ — AVpo,aig-Vo§). Consequently, the fact
that ¥§, a € Vy, form a partition of unity and the deﬁnition (4.6) lead to

V. ‘Oh ,alg = Z V. 01 alg Z Hp Th’l/)O Avp(),alg'v’lpg)

acVy acVy
~ ( Z (= AVpO’alg'v%l)) =}y =rh,
acVy

which finishes the proof. O

4.1.4 Multilevel algebraic residual H (div, Q)-lifting

We now extend Definition 4.1 to an arbitrary number of mesh levels. To do so, we exploit the hierarchical
mesh structure and use a telescopic sum argument:

Definition 4.3 (Algebraic residual H (div, Q)-lifting). Define

J
Ohatg =D > 0% (4.10)

j=la€cV;_1

where the vertex contributions 6 ,,, on level j =1 are given by (4.7) and on all higher levels 1 < j < J by:
find (o j,alg77j) € Vjp( j—1) X Pp( _1) such that

(A O-J alg’ ) b (fyj 7v ’Uj) 0 V'UJ S Vp(w 1) (411&)
(V'Uj,alg’ qj)w = ((Id - Hf_l)(rw}ll), qj)w;z1 Vg; € P?(w 1) (4.11Db)

Problems (4.11) are well-posed for all levels 1 < j < J and all vertices @ € V;_;. The Neumann
compatibility conditions for a@ € V", j > 1, follow from ((Id =TI} _,)(rp9$_;),1) o = 0. In generalization
j—l

of Lemma 4.2, we now have:

Lemma 4.4 (Properties of o, ag). The algebraic residual lifting of Definition 4.3 satisfies o ag € V' C
H(div,Q) and
V'Uh,alg = Th.



Proof. The fact that o g € V' C H(div,Q) is immediate as all the summands 0% D (4.10) (when
extended by zero outside of w$ ;) belong to V,7 C H(div,2). As for the divergence, redefine for this
proof, with an abuse of notation, II§ := 0. Then, using (4.10), the fact that the hat functions Y5
for vertices @ € V;_1 on level j — 1 form a partition of unity on the entire domain €2, the fact that

I%(Id — I%_ ) =TI —TI}_,, and the local divergence constraint (4.11b), we obtain

V-ohals = Z > Veolag = > TH(rnt§ — AVpoae-Vi§) +Z Z ERPICURT) Y

j=lacV;_1 acVy j=2acV;_
J
E j Th = Hzrh — ngh = Th.
j=1
(4.12)
U

4.2 Mass-conservative total flux reconstruction in H (div, ()

We start by defining a discretization flux reconstruction oy gis € Vi¥ ", We again proceed via solution of local
mixed finite element problems, but this time only on the finest patches wjr around the finest mesh vertices
a € Vy, similarly to [43, Definition 6.9] and [69, Sec. 4.4]. We will in particular employ Raviart—Thomas—
Nédélec H (div, ?)-conforming vector-valued spaces with homogeneous Neumann boundary condition given
by

V¥ (wt) == {vn € V' |ua; vn'nug = 0 on dwi},
PP (wi) == {qn € P}, |lwas (qh, we = 0},

VP (W) = {vh ey |wa; Vhne = 0 on dwit \ 99},
Pi( h)' h|wh7

where, recall, p' € {p,p+ 1} for a given p > 1. We refer to Fig. 3, right, for an allustration.

ac (4.13a)

€ VXt (4.13b)

Definition 4.5 (Discretization flux reconstruction). Define

P a
Oh,dis ‘= E O dis»

a€cVy

where the verter contributions oy} 4, are defined as the solution of: find (of 4, 7i) € Vhp/ (wp) x ]P’Z/ (wi)
such that

(A0 gias Vh)ws — (Ve Voop)uws = —(VEAVUR, vh)we Vo, € VP (wf),  (4.14a)
(V-of s @h)ws = (U5 — AVuL-VUE — 10 an)ws Yan € PY (wfh). (4.14b)
The Neumann compatibility condition for (4.14) amounts to
(f =, V) — (AVUp, VYi)we =0 Va € V™,

and is our assumption (4.1). Similarly as in Lemmas 4.2 and 4.4, we can characterize the divergence of
oh.dis (cf. [43, Lemma 6.12] and [69, Sec. 4.4]):

Lemma 4.6 (Properties of o .qis). The discretization flux reconstruction of Definition 4.5 satisfies
Ohdis € Vhp/ C H(div, ) and
V.o dis = Hi/f — Th.
Combining Lemmas 4.4 and 4.6, we obtain our first main result showing how to recover mass balance in
any situation:

Theorem 4.7 (Mass-conservative total flux reconstruction in H (div,)). Let f € L*(Q2), u, € P}, p > 1,
A € [PV]94 and ry, € PV be arbitrary but such that the compatibility condition (4.1) is satisfied. Let o ag
and oy, qis be respectively constructed by Definitions 4.3 and 4.5. Then

Ohtot = Ohalg + Onais € VP C H(div, ), (4.15a)
Voot = IV f. (4.15Db)
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int
acvih

coarse patch w? | for a € VI (full line) fine patch w? for a € V" (dashed line)
fine mesh 7; of w? | (dashed line) fine mesh 7, of w? (dashed line)
degrees of freedom of V_y/p(’uv‘?,l) (bullets) degrees of freedom of V¥ (w?) (bullets)

Figure 4: Degrees of freedom of the local continuous spaces Vjp (wi_q) for the algebraic residual liftings
Pfag 1< J<J, (left) and VP (w) for the total residual liftings Py 1ot (right). Interior vertex a, polynomial

degree p = 1.

5 H}(Q)-liftings of the algebraic and total residuals

Let f € L?(€) be the target divergence, A € [P9]9%4 be a diffusion tensor of the medium 2, and let uy, € P%,
p > 1, be the (possibly discontinuous) numerical approximation for which r, is the algebraic residual (no
formal link like (4.1) is needed here). We introduce here our hierarchical H{(Q2)-lifting of the algebraic
residual in Concept 5.1 and Definition 5.1 and our H{ (2)-lifting of the total residual in Concept 5.2 and
Definition 5.3.

Input: Input:

algebraic residual r, € P7, p > 1, . )
diffusion tensor A € [P?L]dxd target divergence f € L°(Q),
approximation up € PV, p > 1,

Output: o dd
Phate € VP C Hg (). (5.1) diffusion tensor A € [P},]*¢,
Construction (Definition 5.1): algebraic residual ry, € P.
1. Solve the coarse problem (4.4).
2. Run through mesh levels j =1...J: Output:
(a) Run through all coarser vertices a € V;_1.
(b) Assemble the continuous spaces V”(wi_;) Phiot € VITL C HA(Q). (5.2)

from (5.3), see Fig. 4, left.

(c) Solve the local Dirichlet conforming finite ele-

ment problems (5.5) to get p%,y, € V(@ y). Construction (Definition 5.3):

) 1. Run through all finest vertices a € V.
3. Combine 2. Assemble the continuous spaces V7P (w§)

J
L ] o (@ from (5.7), see Fig. 4, right.
Phialg 7= poualg Z Z wig_, (Piaie), 3. Solve the local Neumann conforming finite ele-

J=tacVj— ment problems (5.8) to get pf, o1 € V)7 (wh)-
Wh.ere wye_| (+) is a weighting by the partition of 4. Combine
unity such that ww;-tl(P?,alg) e VP (wi1) C V).
Simplifications: o a

e Lowest-degree spaces Vj'(w® ;) instead of Ph.tot *= Z U Phtot-
VP (wi_y) for all j < J: Sec. 8.3 and [62]. a&Vh

e Explicit construction avoiding local patchwise . ) .
problems (5.5): Sec. 8.3. Simplifications:

e Explicit construction avoiding local patchwise

e Deriving a bound avoiding physical construction problems (5.8): Sec. 8.3.

of pp,alg: possible.

Concept 5.1: Algebraic residual H}(Q)-lifting Concept 5.2: Total residual HE(Q)-lifting
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5.1 Algebraic residual hierarchical H}(Q2)-lifting

The algebraic residual lifting pp a1 of Concept 5.1 corresponds to one step multigrid V-cycle with zero
pre-smoothing and one post-smoothing via block-Jacobi (additive Schwarz) with respect to patches around
vertices. For 1 < j < J, set

VP(wy) o= Ve N Hg(w 1) = {vn € Hy(w§ ), vl € PP(K) VK €T; Cwf i}, (5.3)

J
see Fig. 4, left; the spaces Vjp (w$_;) are defined on patches around vertices from V;_1, with finer meshes
induced by 7, and with homogeneous Dirichlet boundary conditions imposed.
Definition 5.1 (Algebraic residual H{ (2)-lifting). Define

J

Phalg = P0,alg t Z pjaig € Vi C Hy(9), (5.4)
j=1
where po.alg solves (4.4) and pj alg := Zaevj,l Wya_| (p;alg) € Vjp, 1 <j < J. Here the vertex contributions
P§alg OT patches wi_y are defined as the solution of: find p§ ., € Vf(w}-’_l) such that
j—1
(AVPS s VU)o | = (P vj)ws | — Y (AVpiatg, Voj)ue | Vo5 € V(WS ), (5.5)
i=0
and Wye_ () stands for weighting a function vy, € Vf(w;-‘_l) by the hat function ¥, as
wye  (vp) € VI (wi_1), wye (vn)(x) =9j_i(x) (vn)(x), @ Lagrange point of K € Tj, K C wj_.

As Wye_, (p}l,alg) corresponds to multiplication of the Lagrange degrees of freedom by a discrete partition
of unity induced by the values of the hat functions ¢} ;, the above procedure more precisely corresponds to
applying level-wise the weighted restricted additive Schwarz (RAS) method (see, e.g., [58]) with the domain
Q) decomposed into (overlapping) patches wf ;.

The following simplification of the construction of Definition 5.1 relies on the finest mesh 7; = 7T, only.
The warning example of Sec. 2.1 shows that its quality can be importantly inferior to that of Definition 5.1.
Remark 5.2 (Algebraic residual H}(Q)-lifting on the finest mesh T; only). Define the algebraic residual
lifting

phatg = Y wys , (pFag) € VJ C Hy(9),
acVjy_q

where the vertex contributions p5 ., € Vi (w§_;) solve

(AV PG a1gr VO ) | = (Thyv)ws_ Yoy € Vi(wG_q). (5.6)

5.2 Total residual H}(Q)-lifting

For bounding the total error from below, we follow some basic ideas in Bramble [20], Babuska and Strou-
boulis [10, Sec. 5.1], Repin [74, Sec. 4.1.1], or Ern and Vohralik [44, Sec. 3.3]. In contrast to (5.3), the total
residual liftings will only be defined on spaces associated with the finest mesh 7, and finest mesh patches
wi, a € V. The corresponding H 1((,u,‘;)—conforming scalar-valued spaces are given by

VP(wi) == {vn € H' (w}), vnlx € PP(K) VK € Th C wit, (vn,1)we = 0} ac V", (5.7a)
VP (wit) == {vp, € H (W), vp|x € PP(K) VK €T, Cwit, vp =0o0n dwg NN} a € VP,  (5.7b)
see Fig. 4, right. The construction reads:
Definition 5.3 (Total residual H}(Q)-lifting). Define
ph,tot = Z ql)gpg’,tot € V]—erl - Hé(Q>7
a€Vy

where the vertex contributions pft . € Vi (wft) solve

(AVD} 101> VOR)ws = (s 0fvn)ws — (AVup, V(Yion))we  You € Vi (wh). (5.8)

The local problems (5.8) are associated with homogeneous Neumann data on dwj for interior vertices
a € V" and with homogeneous Dirichlet-Neumann boundary data for boundary vertices a € V¢**. In the
first case, they are well-posed due to the definition (5.7a) of the space V}’(w®), where the zero mean value
condition is imposed. Even though pj ;. are in general nonzero on the patch boundary wy, the usage of
the hat functions 7 in the definition of pj, tor results in an H}(9Q)-conforming lifting of the total residual.
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6 Poisson model problem

In this and the following section, we restrict our attention to the model Poisson problem, its conforming
finite element discretization, and the solution of the arising system of linear equations by an arbitrary
algebraic solver. We in particular specify the notions of the algebraic and total residuals in this context.
With respect to Secs. 4 and 5, we take here A = I for simplicity.

6.1 Poisson model problem

Let @ € R?, 1 < d < 3, be an open bounded polytope with a Lipschitz-continuous boundary and let the
source term f € L?(£2). We look for a function u :  — R such that

—Au=f in Q, (6.1a)
u=0 on 0. (6.1b)

In weak form, problem (6.1) reads: find u € H}(Q) such that
(Vu, Vo) = (f,v) Vv € Hy(Q). (6.2)

For fixed p > 1, the conforming Galerkin finite element approximation of (6.2) consists in finding
us* € VI given by (3.2), (3.4) such that

(Vui', Vo) = (f,on)  Yon € V). (6.3)

Let ¢}, 1 < 1 < N, form a basis of V. Problem (6.3) is then equivalent to solving a system of linear
algebraic equations with a symmetric positive definite matrix: find Ug* € RN% such that

ApUSE =Ty, (6.4)
where (Ap)im = (VI VL), (Fi) == (f,9]), and us* = ZZ’;l(UZX)m ', We note that the algebraic
vector Us* depends on the choice of the basis of V} while u$* € V¥ does not.

6.2 Algebraic and total residuals

Let Uy, € RN» be an arbitrary approzimation to the exact solution US> of (6.4), corresponding to

Np,
un = Y _(Up)myj € V2. (6.5)
m=1
The algebraic residual vector is then
Rh = Fh - AhUh. (66)

Following Papez et al. [69], we associate with Ry a discontinuous elementwise polynomial ry, of degree p,
vanishing on the boundary of , i.e., r;, € P}, r4]sq = 0. Consider the Lagrange basis of V} and denote by
supp wfb the support of the basis function wfl. Then, for each fixed element K € T},, we define r|x € PP(K)
by

K] K|
[supp ¥}, | [supp ¢}, |”
for all basis functions z/Jﬁb of the space V¥ non-vanishing on K. Such r, obviously satisfies

ot = S mubk =R S Rl _(m,),

(rn, ¥5) k= (Ru)i = ((f,vh) — (Vun, V)

rrloxnaa =0, (6.7)

1
K Csupp wﬁl KCsuppw;1 |Supp wh‘
for all 1 <1 < Np,, and the algebraic relation (6.6) yields
(rn,vn) = (f,on) = (Vup, Vop) = (V(ui* —up), Vor) Yo, € V)7, (6.8)

where we have also employed (6.3). We point out that although r, is uniquely defined by (6.7), it is not
the unique element in P} which satisfies (6.8). It is also possible to define r, € V" directly by (6.8), as
in, e.g., [15]. However, this requires the solution of a globally coupled mass system, see also [69, Sec. 5.1],
which we want to avoid. A level-wise construction is also possible, see Remark 7.12 below. Note that (6.8)
immediately leads to (4.1).

The total residual Ry, for uj, € VP is a functional on H} (). More precisely, Ry, € H~'() is given by

(Rp,v) :== (f,v) — (Vup, Vo) Vv € H} (D). (6.9)

Note that in contrast to the algebraic residual Ry, (respectively its representer rp) that are both fully at our
disposal, we can only access the total residual Ry, via its action on test functions v € H}(Q2) via (6.9).
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6.3 Motivation for the construction of the algebraic hierarchical liftings

In the concrete setting of Secs. 6.1-6.2, we can explain the motivation behind Definitions 4.3 and 5.1 of the
algebraic liftings. Consider for this purpose a hierarchical decomposition of the algebraic error

J
ﬁh@lg = Zﬁj,alg € V}f7 (610&)
5=0
fo,a1g € Vo), (Vho,a1g: Vo) = (rn,v0) Voo € V', (6.10b)
j—1
Piaig € VP (Vpjaig: VU;) = (rn,0;) = Y (Viiag, Vv;) Yo, €VF, V1< j< (6.10c)
i=0

We take poalg equal to pg aig of the coarse residual solve (4.4), whereas Pjalg, J = 1, are corrections on
increasing mesh levels recursively built from the coarsest-level. From definition (6.10c) with j = J, (6.10a),
and (6.8), it is obvious that

(Vnatg, Vor) = (Th,vn) = (f,vn) — (Vup, Vo) = (V(ui® — upn), Vug) Vo, € VP,

i.e., Pn,alg given by (6.10a) is the Riesz representer of the algebraic residual 7, on the finest finite element
space V,f . It actually satisfies pp a1g = Uy —un, i.€., Pn alg coincides with the exact algebraic error. Moreover,
we find by induction, using the definition of p; .1z and taking in (6.10c) v; = p; aig, ¢ < j, the orthogonality
relation

(Vijalg: Viials) =0 0<ij < J,j#i. (6.11)

Consequently, the algebraic error ||V (uf* — us)|| admits the following hierarchical decomposition
J
IV (s = un)lI” = IV nael® = D> IV 5jael* (6.12)
3=0

In our construction (5.5), we restrict (6.10c) to vertex patches in a conforming finite element setting,
whereas (4.11) performs a similar restriction in a mixed finite element setting.

7 Algebraic and total error bounds and their efficiency

This section summarizes our main theoretical results for the Poisson model problem (6.1) and its conforming
finite element discretization. We stress that all the presented results are valid for any uj, € V)P, in particular
obtained on any step of any algebraic iterative solver applied to the linear system (6.4). We recall that
u € H}(9) is the weak solution given by (6.2), u$* € VP its (unavailable) finite element approximation of
order p given by (6.3), and rj, € P} is the corresponding algebraic residual representer given by (6.7).

7.1 Guaranteed upper and lower error bounds

Relying on the H (div, Q)-liftings/reconstructions of Concepts 4.1 and 4.2 (employed with A = I), upper
bounds on the algebraic and total errors are obtained:

Theorem 7.1 (Guaranteed upper bounds on algebraic and total errors). Let o, alz and o, qis be respectively
given by Definitions 4.3 and 4.5, with polynomial degree pr € {p,p+ 1} for the latter. Then

IV (up® = un)|l < lonagl = Tag . (algebraic error upper bound), | (7.1a)
h3 , :
[V (u—wn)| < [[Vun + ontorll + ( > %Hf — 11, f|§(>
KeTy,
Tose
< ||[Vup + opdisl| +7a1g + Nose = 1 (total error upper bound). (7.1b)
—_——
ﬁdis

Proof. Using that (u§* —up) € VP,

IV (i —un)| = sup  (V(up* —up), Von). (7.2)
’Uh,evf, HV’U},H:l
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Fix vj, € V} with ||Vup|| = 1. The exact finite element solution definition (6.3), the residual equation (6.8),
and the fact that V-op a1o = 1, by Lemma 4.4 give

(V(ug® —up), Vo) = (f,on) — (Vun, Vop) = (1h,v1) = (V-Ohalg, Uh) = —(Oh,alg, VUR),

where we have also employed the Green theorem as o, a1, € H(div, Q) and v, € H(Q). Thus the Cauchy—
Schwarz inequality proves (7.1a).
Similarly, as (u — up,) € H}(Q2), there holds

IVu—w)l= s (T w). Vo). (73)
veH(Q), |Vv]=1

Fix v € H{(Q) with ||[Vv|| = 1. Employing (6.2), adding and subtracting (o4, a1 + h.qis, V), and using
the Green theorem, we get

(V(u—up), Vo) = (f,v) — (Vun, Vo) = (f — V-(0h g + Ohdis); V) — (Oh.alg + Oh.ais + Vup, Vu).  (7.4)

Recall now the Poincaré inequality
0 hi
lo - Wolx < "5Vl VK €T,

see [72, 14]. Employing crucially Theorem 4.7 and the Cauchy—Schwarz inequality, the first term of right-
hand side of (7.4) can be estimated via

(f = V-(Onatg + Onais),v) = (f =1 fo) = > (f =10 f,0 = T1H0) Kk < Tosel| V0l = Tose-
K€7-h

Relation (4.3) and the Cauchy—Schwarz and triangle inequalities for the second term then prove (7.1b).
O

Relying on Hg(2)-liftings of Concepts 5.1 and 5.2, we obtain lower bounds on the algebraic and total
errors:

Theorem 7.2 (Guaranteed lower bounds on algebraic and total errors). Let p, a1z and ph tor, be Tespectively
gwen by Definitions 5.1 and 5.3. Then

IV (up — up)|| > (rh Phatg) =1, (algebraic error lower bound), (7.5a)
IVonagl — —e
a vpa o 2“
IV (u— up)| > max {nalg, 2 €‘|}|hVth tht’|t| tHwh } = (total error lower bound). (7.5b)

Proof. To prove the lower bound (7.5a) on the algebraic error, we use the norm characterization (7.2), the
exact finite element solution definition (6.3), the fact that pj a1z € V)7, and the algebraic residual representer
rp, characterization (6.8) to see that

(f, pr,atg) — (Vun, Vi alg) _ (Thy Ph,alg)
IV oh,alg l IV oh,alg l

IV (up = un)l| =

The lower bound (7.5b) follows from the characterization (7.3), (6.2), and the fact that py alg, ph.tot € H(S2).
More precisely, for pp tot, we also employ Definition 5.3 as in, e.g., [69, Theorem 2]:

(fs phtot) — (Vun, Vpn tot)
IV on, ot

> (L URf son)ws — (Vun, VRAG o ))wz) 35 VA otllog

acVy a€cVy

IV (u = un)l| =

IV on ot || B IV o tot |
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We will finally estimate the discretization error |V (u — u$¥)||, proceeding as in [69, Sec. 6]. We point
out that neither u nor u}3* is known, so that this is the hardest estimate. The Galerkin orthogonality of uy*
though, guarantees

IV (= un)* = IV (w = ai)|* + [V (uf = un)|l?, (7.6)

so that we can employ the bounds of Theorems 7.1 and 7.2 to get:

Corollary 7.3 (Guaranteed bounds on the discretization error). Under the assumptions of Theorems 7.1
and 7.2, there holds

IV(u—up)|| < /7 — nalg = Tgis (discretization error upper bound), (7.7a)
IV (u—ug)|| = \/n? =T = "M i (discretization error lower bound), (7.7b)

where n > 7, is needed in (7.7b).

7.2 Efficiency of the algebraic estimates

The following theorem asserts that our algebraic error upper bound 7,, = [|o'p alg|| from (7.1a) does not
significantly overestimate the algebraic error ||V (u$* — us)|:

Theorem 7.4 (Efficiency of the algebraic upper estimate). Let o, a1 be given by Definition 4.3. Then, in
addition to (7.1a),

_ —eff
Nalg < CalgHv(u?LX - ’LLh)H,

where Calg is a generic constant only depending on the shape reqularity k and refinement strength vv of
the mesh hierarchy {T;}o<j<s, the space dimension d, the polynomial degree p, and the number of mesh
levels J.

We postpone the (technical) proof to Appendix A below.

The efficiency of the algebraic lower estimate (respectively its slightly modified construction when the
weighted restricted additive Schwarz is replaced by damped Schwarz) has been recently proved in [62,
Theorem 5.1]:

Remark 7.5 (Efficiency of the algebraic lower estimate). Let the Definition 5.1 be modified such that

Ph,alg ‘= P0,alg + Z Pj,alg, Pij,alg ‘= d T 1 Z P] alg»
j= aEVJ 1

where p$ 1, solve (5.5). Then, in addition to (7.5a),

(rha Ph alg)
=5 = \% —up)|l,
ﬂalg ||vph,alg|| algH ( )”

where C’alg is a generic constant depending on the shape reqularity k7 and refinement strength v of the
mesh hierarchy {T;}o<j<s, the space dimension d, and at most quadratically on the number of mesh levels J.

Please remark that an important difference between Theorem 7.4 and Remark 7.5 is that Calg is p-robust,

building on the important result of [79], whereas our current proof shows that Calg can possibly depend on
the polynomial degree p (though p-robustness is observed in numerical experiments in Sec. 9 below). Also,
the weighted restricted additive Schwarz construction of Definition 5.1 actually behaves better in both the
numerical experiments in Sec. 9 as well as in [62, Sec. 6] than that with damping of Remark 7.5, for which
the p-robust result is available.
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7.3 A safe stopping criterion balancing the algebraic and discretization errors

We believe that a good stopping criterion ensures a balance of the algebraic and discretization errors in the
sense that

IV (ui® = un)l| <AV (w = ui)ll, (7.8)
where 7 is a positive user-given real parameter, typically of order 0.1; we remark that (7.8) is equivalent to
the requirement that the algebraic error ||V (u$* — uy)| is /(1 4+ 72)2-times smaller than the total error

IV (u—up)||, see [69, Section 6.3]. In order to ensure this desirable balance and to avoid both over-resolution
as well as a possible too early stopping of the iterative solver, we propose a safe stopping criterion

Talg < VMg, (global safe stopping criterion) (7.9)

which immediately implies (7.8) via (7.1a) and (7.7b).

7.4 Efficiency and p-robustness of the total upper estimate

Under the stopping criterion (7.9), we can crucially prove the counterpart to (7.1b) of Theorem 7.1, assessing
the maximal theoretical overestimation of the total error ||V (u — up)|| by the total estimator 7:

Theorem 7.6 (Global efficiency of the total upper estimate). Let op a1z and o ais be respectively given
by Definitions 4.3 and 4.5, with polynomial degree p' = p + 1 for the latter. Let (7.9) hold, without any
requirement on the parameter ~. Let finally f be a piecewise polynomial, f € P} . Then

_ ~ _ ff
n:ndiS+77alg Sé:ot”v(u_uh)“’ (710)

where ﬁ:ﬁ = (14v)C and where C = 2(d+1)Cs;Cecont pr, see (B.2) and (B.3) below, is a generic constant
only depending on the shape regqularity kr of the mesh T, and the space dimension d.

Please remark that here again, as in Remark 7.5, ﬁft is independent of the polynomial degree p. The
proof builds on the seminal contribution of Braess et al. [18, Theorem 7] in two space dimensions, its
extension [45, Corollaries 3.3 and 3.6] to three space dimensions, and the treatment of the algebraic term
as in [43, 69]. It is technical and we postpone it to Appendix B below.

7.5 Safe local stopping criteria and p-robust local efficiency of the upper total
estimate

The stopping criterion (7.9) is global (encompasses the whole domain ) and consequently local effects
might be missed. To remedy, we can ask that locally, patch by patch around the nodes of the finest mesh
Th, the local algebraic estimators are small enough. Denote 7], o := lohagllws, @ € Vi, and let v > 0,
VK € Ty, be fixed real parameters, typically of order 0.1. Then, we can tighten (7.9) to

_ . VK Vo, tot||w§1 . o
o < min : > VYa eV, local safe stopping criterion). 7.11
nalg,wh KCuw® (1 + 7%()% Ocont,PF ( ) ( )

These local criteria in particular allow to prove the local efficiency result, where we express 7, as the sum
of elementwise contributions 7, g, i.e., N = {EKeTh(U*,K)Q}l/QI

Theorem 7.7 (Local efficiency of the total upper estimate). Let op a1 and o, qais be respectively given
by Definitions 4.3 and 4.5, with polynomial degree p' = p + 1 for the latter. Let (7.11) hold, without any
requirements on the parameters i . Let finally f be a piecewise polynomial, f € P}. Then

~ _ —eff
Ndis, K + Talg, k& < Otot,K Z [V (u— Uh)Hw;; VK € Ty, (7.12)
acVy,aCOK

where éfftK = (14 vx)C and where C' = 2CsCoeont,pr 1S a generic constant only depending on the shape
reqularity kT of the mesh Ty and the space dimension d.
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7.6 Remarks
Several remarks and comments on the results of Sections 7.1-7.5 are in order.

Remark 7.8 (Lower bound on the total error). As shown in [69, Remark 2], for the total lower estimate
of (7.5b), there holds

1
( >aev, VAR ot ||Zg) :
Ccont,PF \% d+1 ’

where Ceont,pr 15 the constant from inequality (B.2) below. This lower bound on the total error has an
02 structure with respect to the patches around mesh vertices (can be written as a square root of a sum of
squares), but is less precise than 1.

nz

Remark 7.9 (Stopping criteria ensuring efficiency of the total estimate but not surely balancing the
algebraic and discretization error components). In some references like [61, 16, 53, 7, 43, 69], an upper
bound on the total error distinguishing the algebraic and discretization error indicators in the spirit of (7.1b)
has been obtained. Then, the stopping criteria

Talg < V(7dis + Tosc) (global stopping criterion), (7.13a)
Nalgws < KI%IE;’ Vi (Mdis, ik + Nose, k) Ya € Vy, (local stopping criterion), (7.13b)

for some real parameters v > 0 and v > 0, K € Ty, typically of order 0.1, suggest themselves. Note that,
though criteria (7.13) typically perform well in practice, they, in contrast to criteria (7.9) or (7.11), do not
necessarily ensure the desired balance (7.8). In particular, Nais is numerically observed but not proven to
provide a bound on the discretization error. This, on the other hand, does not preclude the efficiency of the
total estimate: if the global stopping criterion (7.13a) is satisfied with parameter v such that

1
<
7= 2(d + ]-)Cvstc(cont,PF7

(7.14a)

then (7.10) still holds true. Similarly, if the local stopping criteria (7.13b) are satisfied with parameters v

such that 1

<
T = Q(d + ]-)Cstccont,PF
then (7.12) holds true; we refer to Appendiz B for the proofs of these two claims. In words, with (7.13) we

know how big the total error is, and possibly where is it localized, but we are not sure to know whether the
algebraic and discretization errors are already in a good balance (the algebraic error may still dominate).

VK € Th, (7.14b)

Remark 7.10 (o}, qis of polynomial degree pr = p). Let the flux reconstruction o ais of Definition 4.5 be
constructed in the space Vhp/ with the lower polynomial degree p' = p and let, for simplicity, f € Pﬁfl.

Then efficiencies (7.10) and (7.12) still hold with constants ?ft = (d 4 1)CstCecont,pr +C and 631% =
CstCoont,pF + Y C respectively, but the constant C' can now theoretically depend on the polynomial degree
p, see Appendix B for a proof. The numerical experiments in Sec. 9 are realized with this choice p’ = p, and
no loss of p-robustness is observed in practice.

Remark 7.11 (H (div, Q)-liftings with minimal algebraic error resolution). In [/3, Definition 6.9] a different
definition for o 4 is used, where rpy in (4.14b) is replaced by the constant (rpy, 1)we /|wit| and similarly
n (4.7b) and (4.11b). Such construction is cheaper and still leads to V-(0palg + Oh.dis) = Hfl/f, as in
Theorem 4.7, so that the total upper bound (7.1b) of Theorem 7.1 still holds true. However, in such a case,
V-0 g # Th, and, consequently, there is no algebraic error control in the sense of (7.1a) of Theorem 7.1.
Moreover, safe stopping criteria (7.9) or (7.11) cannot be designed. On the other hand, under the stopping
criteria (7.13), the global and local efficiencies of the total upper estimate of Theorems 7.6 and 7.7 hold with
no need for conditions (7.14), and the choice p' = p is sufficient.

Remark 7.12 (Level-wise representation and lifting of the algebraic residual). The representation ry, € P},
of the algebraic residual in (6.7) is specified on the finest mesh Ty, only. In Definition 4.3, we then employ
IT7(r) (minus T (AV po g V08)) for j = 1 and IP(1d — I8 )(ma% ) = (I — 1) (ras ) Jor
j > 1. This leads to, using the notation II5 = 0, cf. (4. 12)

J
Z Z H? ’I"}ﬂ% 1 Z : Th = Hflrh — ngh = Th-

j=la€eV;_ j=1

<
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In the context of the finite element method (6.3), alternatively, we may repeat (6.7) on each mesh level
1<j5<J, de, we may definer; € ]P’é’ by prescribing on each K € T;,

K]
|supp ¢t

LY

. l, — . R S —
(r]’w])K (Rj)l |Supp1/)§| )

= ((/, 1/J§) — (Vuy, V%)) riloxnaa =0, (7.15)

where wé- are the basis functions of level j. In Definition 4.3, we can then employ I} (r19§) (minus
7 (AV po,a1g-VY§)) for j =1 and H?((Tj —1j-1)Yf_q) for j > 1. Denoting ro = 0, this leads to

zJ:Z (rj —rj—1)¢

j=la€V;_1 j:1

MK

—Tj— 1 =Tjg—To=Th-

With such a construction, the constants C in (A.9) and (A.10) on steps 4 and 5 of the proof of Theorem 7.4

—eff
below get independent of J, and consequently, the constant CZlg i Theorem 7.4 depends at most linearly on
the number of mesh levels J.

8 Implementation, evaluation cost, and cheap equivalent versions

In this section, we briefly comment on the cost of evaluating the developed error estimators and discuss how
it can be reduced in comparison to a straightforward implementation of the presented definitions.

8.1 The coarsest level problem

The solution pg aie 0of (4.4) requests to solve a linear system with the number of unknowns given by the
number of interior vertices of the mesh 7y, which can be considered as negligible. Obtaining the actual
piecewise polynomial pg e as a function on the finest mesh 7, however, brings the algorithmic price to
the order of one geometric multigrid cycle without any smoothing. Note that the coarsest level solve (4.4)
is not necessary at all when the iterative solver itself is a geometric multigrid without any post-smoothing:
then pg a1 = 0 since any iterate uy, satisfies

(f,v0) — (Vup, Vug) = (rp,v9) =0 Yo € V. (8.1)

8.2 Efficient implementation of the proposed estimators

Let 9}, 1 <1 < dim(V}?), denote the basis functions of the Raviart-Thomas-Nédélec space VP = V7.

Then developing o, a1y = ?mll Vil )(Sh)npfl, the algebraic error estimator 7,, = ||o'4 alg|| from Theorem 7.1

takes the form
o atgll? = S{1 S, (8.2)

where the global mixed finite element matrix My, is given by (My, )i, := (¥, 9} ). For the coefficients Sy,
we see from (4.10) that

J
=3 > plse (8.3)

j=la€V;_1

with an appropriate prolongation matrix IE”}»] . These two operations are of optimal complexity, though the
passages over different mesh levels via the prolongation matrix ]P’JJ again bring the algorithmic price to the
order of one geometric multigrid cycle without any smoothing.

The main question is the cost of obtaining the local coefficients S¢. The key advantage of the prob-
lems (4.7), (4.11) which define S¢ is that they are local to the patch w$ ; and independent one from each
other, enabling a perfectly scalable parallelization. Unfortunately, in a direct implementation of (4.7), (4.11),
cf. [69, Appendix B], the size of the local matrices is not very small (for lowest-order finite elements p = 1
in two space dimensions for example, cf. Fig. 3, left, there are 179 degrees of freedom overall). Though the
operations for solving small dense systems are generally cheap on modern computers, it is wise to consider
more efficient implementations. In particular, the costs can be reduced importantly by noticing that:

e Using an equivalent implementation of (4.7), (4.11) via hybridization (see, e.g., [24, Sec. V.2]) reduces
the size of the local matrices; in the above example, there are 84 unknowns in place of 179. On the
other hand, the degrees of freedom S, of the algebraic residual H (div,Q)-lifting o, a1g still need to
be obtained to develop (8.2).
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MG | algebraic  eff. index total eff. index | discretization eff. index
p (Ni) iter error UB LB error UB LB error UB LB
1(3.5x10%) 1 1.2 1.11 1.037* 1.3 1.46 1.0571| 2.4x107* 5.85 —
2 [8.0x107% 1.13 1.047'|25x107! 1.35 1.057! 1.39 1.0871
3 |51x107% 1.15 1.067'|24x107' 1.06 1.037! 1.06 1.037!
2 (1.4x10%) 1 1.2 1.10 1.007* 1.2 1.48 1.007'| 29x107*  4.50x10® —
2 |1.1x107' 1.18 1.007' | 1.1x107%' 1.77 1.017*' 5.20x100 —
3 |28x107% 1.18 1.017'|4.1x107% 1.66 1.1971 210  4.2871
4 [9.6x107° 1.20 1.027'|2.9x107% 1.05 1.037' 1.05 1.0371
3(3.2x10°) 1 [59x107% 1.09 1.007'|59x107* 1.33 1.007'| 2.2x107° 2.36x10* —
3 [2.2x107% 1.19 1.007!'|22x107% 1.75 1.007! 1.42x10* —
5 |1.0x107° 1.19 1.017'|24x107° 1.44 1.3771 1.52 1.707!
6 |1.4x107% 1.18 1.017'|22x107° 1.08 1.127! 1.08 1.127¢
4 (5.6x10°) 1 [4.5x107% 1.08 1.007'|4.5x107" 1.39 1.007'| 1.5x107"  2.90x10°®  —
4 |1.2x107* 1.13 1.007'|1.2x107* 1.58 1.0071 9.64x102  —
7 16.4x1077 1.11 1.017'|6.5x1077 1.53 1.037! 5.21 —
10 | 8.3x107% 1.12 1.017'|1.5x1077 1.06 1.1671 1.06 1.1671

Table 1: Sinus problem, multigrid V-cycles: effectivity of the upper (UB) and lower (LB) error bounds

algebraic  eff. index total eff. index | discretization  eff. index
p (Np) error UB LB error UB LB error UB LB
1( )| 8.7x107* 1.03 1.017'|24x107' 1.04 1.037'| 24x107' 1.04 1.037!
2 (1.4x10°%) | 1.9x107° 1.10 1.017%|2.9x107* 1.02 1.027'| 29x10™%  1.02 1.027*
3 ( )
4 ( )

2.6x107% 1.08 1.007!|22x107% 1.12 1.137'| 22x107° 1.12 1.147!
51x107% 1.03 1.007!' [ 1.6x1077 1.29 1.387! 1.5x1077 1.32 1.477!

Table 2: Sinus problem, one full multigrid cycle: effectivity of the upper (UB) and lower (LB) error bounds

e The local matrices can be assembled and factorized only once in a preparatory step before the iterative
solver applied to (6.4) is started. In each iteration, the estimators are then evaluated by forward-
backward substitution. This, however, increases importantly the memory requirements.

e On a structured mesh, the local matrices associated with (4.7), (4.11) are the same for all interior
vertices. Also, on locally refined unstructured meshes as in [48] or in those created by newest-vertex
bisection, only a handful of different patch geometries and associated matrices exists, especially in two
space dimensions. One then, however, additionally needs to keep track of the different cases.

o Lowest-degree spaces V;?(w$ ;) can be used instead of V/(w$_) for all levels except of J. There is

no impact on the presented theory and no noticeable impact on numerical experiments, see [70] for
details. On the other hand, the cost on the level J is dominating.

The cost of obtaining o}, gis is, in turn, smaller since:

e Only the finest mesh 7; = 7; and its vertices from the set V, = V; are employed, there is no run
through all mesh levels.

e The sizes of the local matrices are much smaller (42 and 24 instead of the above 179 and 84, respectively,
for p = p' = 1), as the spaces V; (w®) and P? (w) of (4.13) associated with local problems (4.14)
are defined on the smaller patches of finest mesh elements only, cf. Fig. 3, right.

Even with the above considerations, the costs may still be important. Thus, avoiding the solutions of
the local patchwise problems following [70] that we describe further is appealing.

8.3 Equivalent explicit version without local patchwise problems

Following [38], [59], [85, Sec. 4.3.3], the proof of [18, Theorem 7], [42], or [45, Sec. 6], there are ways to
replace the minimizations (4.9), (4.11), and (4.14) by a simplification obtained by a run through the patch
of the elements sharing the given vertex, avoiding the solutions of the local (high-order) mixed patchwise
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PCG | algebraic  eff. index total eff. index | discretization eff. index
p (Np) iter error UB LB error UB LB error UB LB
1(3.5%x10%) 3 |6.4x1072 1.01 1.007'|2.5x107' 1.26 1.067'| 2.4x107* 1.28  1.0771
6 |1.3x107% 1.01 1.007']|24x107' 1.09 1.037! 1.09 1.0371
2 (1.4x10°) 5 [5.2x1072 1.01 1.007'|5.2x1072 1.09 1.007'| 29x107° 7.88 —
10 |5.6x107% 1.00 1.007'|6.3x107% 1.36 1.137! 2.23 —
15 [1.2x107* 1.01 1.007!|29x107% 1.05 1.027! 1.05 1.0271
3 (3.2x10°) 11 |4.2x107% 1.00 1.007'|4.2x107% 1.05 1.007'| 22x107° 6.11x10® —
22 |6.3x107% 1.00 1.007'|6.3x107® 1.05 1.007* 9.46x10"  —
33 |6.7x107° 1.01 1.007'|7.0x107° 1.29 1.057' 2.76 —
44 |8.0x1077 1.00 1.007'|2.2x107% 1.04 1.107! 1.04 1.107*
4 (5.6x10°) 15 [2.6x1072 1.00 1.007'|2.6x1072 1.05 1.007'| 1.5x1077  5.52x10* —
30 |7.0x107* 1.01 1.007!'|7.0x10"* 1.08 1.007! 1.88x10%  —
45 |9.1x1077 1.00 1.007!' [9.3x10”7 1.16 1.017! 3.80 —
60 |2.5%x107°% 1.01 1.007!'|1.5x10°7 1.02 1.157! 1.02 1.157¢

Table 3: Sinus problem, PCG iterations: effectivity of the upper (UB) and lower (LB) error bounds

problems, while still maintaining all the results of Sec. 7, in particular the guaranteed constant-free bounds,
efficiency, and p-robustness. We present these modifications in detail in [70]; an almost indistinguishable
accuracy of the bounds is observed, with an importantly reduced cost. Similar ideas apply to the linear
systems (5.5) and (5.8) following [45, Sec. 5], avoiding the solutions of the local high-order primal patchwise
problems, with in particular Theorem 7.2 still holding true.

9 Numerical results

We illustrate in this section the performance of our a posteriori error estimates and of the corresponding
adaptive stopping criteria from Secs. 6 and 7. We consider the model problem (6.1) with three different
choices of the domain  C R? and of the exact solution wu:

Q= (-1,1)%, u(z,y) := sin(2nz) sin(27y) sinus,
Q:=(0,1)2, w(z,y) = x(x — Dy(y — 1) exp (—100((3: — %)2—( — 11071070)2)) peak,
Q:=(=1,1)2\[0,1] x [-1,0], u(r,6) :=r>/3sin(260/3) L-shape.

In the last case, we impose an inhomogeneous Dirichlet boundary condition corresponding to the prescribed
exact solution. The additional boundary approximation error is neglected since it is of higher order with
respect to the H'/2(9Q)-norm compared to the H'(2)-seminorm on the domain.

We counsider the finite element method (6.3) with the polynomial degrees p = 1,...,4. For each test prob-
lem, we start from an initial Delaunay triangulation of the domain 2 and consider four uniform refinement
steps, so that J = 4. In each step, each triangle is decomposed into four congruent subtriangles. The arising
algebraic systems (6.4) are solved iteratively by three different solvers: 1) a geometric multigrid method
(MG) with V(5,0)-cycles, employing 5 Gauss—Seidel pre-smoothing iterations and no post-smoothing; 2) a
full multigrid (FMG) method using a single V(3,3)-cycle on each level, with 3 Gauss—Seidel pre- and post-
smoothing iterations; 3) a preconditioned conjugate gradient method (PCG) with an incomplete Cholesky
preconditioner with the relative drop-off tolerance 10~% (see, e.g., [78, Sec. 10.4]). The multigrid transfer
operators are the canonical ones, exploiting the nestedness of the finite element spaces associated with the
different mesh levels.

For this work, we use the standard Lagrange bases and mesh-based nestedness only, we do not employ
the p-multigrid techniques of, e.g., Pasquetti and Rapetti [71] or Sundar et al. [81], or hierarchical bases,
see, e.g., Vassilevski [82] and the references therein. Our starting iterate is the zero vector, and we use the
stopping criterion (7.13a) with the parameter v = 0.1, except for the FMG method with V(3,3)-cycle, for
which one single iteration is performed. For the multigrid iteration using V(5,0)-cycles, all our iterates satisfy
(up to possible round-off errors in the direct solver on the coarsest level) the coarsest-level orthogonality
property (8.1) so that the coarsest level solve (4.4) is not required. This is not the case for the FMG method
and the PCG solver. Here, after each iteration, we solve the coarsest-level defect problem (4.4) to construct
the Riesz representer pg alg € Vop . The algebraic residual H (div, 2)-lifting o, a1, and the discretization flux
reconstruction o, gis are constructed by Definitions 4.3 and 4.5, respectively, with p’ = p, and the algebraic
and total residual liftings py, a1l and py ior are obtained by Definitions 5.1 and 5.3, respectively.
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MG | algebraic  eff. index total eff. index | discretization eff. index
p (Ni) iter error UB LB error UB LB error UB LB
1(9.3x10%) 1 [6.1x107% 1.13 1.027'[6.9x107% 1.61 1.167'| 3.3x1073 2.84 —
2 [1.9x107* 1.13 1.037!'|3.3x107% 1.10 1.037! 1.10 1.0371
2 (3.8x10%) 1 |7.5x107® 1.13 1.007'|7.5x107® 1.61 1.007*| 1.1x107* 853x10% —
2 |4.5%x107* 1.17 1.017'|4.6x107* 1.76 1.0471 6.13 —
3 [81x107°% 1.17 1.017'|1.1x107* 1.10 1.037! 1.10 1.037¢
3(85x10%) 1 [4.9x107% 1.10 1.007'|4.9x107% 1.40 1.007'| 2.9x107%  1.68x10° —
3 [1.3x107% 1.18 1.007'|1.3x107® 1.75 1.037! 6.66 —
5 | 7.8x107° 1.17 1.007'|29x107°% 1.01 1.117* 1.01 1.1171
4 (1.5x10°) 1 |4.4x107% 1.09 1.007'|4.4x107% 1.44 1.007'| 6.3x107%  7.28x10* —
3 [1.8x107° 1.15 1.007!'|1.8x107° 1.67 1.007! 3.72x102 —
5 |24x107% 1.11 1.007'|6.8x107% 1.34 1.3571 1.38 1.4971
6 |1.1x107° 1.11 1.007!'|6.3x107% 1.02 1.157! 1.02 1157t

Table 4: Peak problem, multigrid V-cycles: effectivity of the upper (UB) and lower (LB) error bounds

algebraic  eff. index total eff. index | discretization  eff. index
p (Ny) error UB LB error UB LB error UB LB
1(9.3x10%) | 1.8x107° 1.02 1.007'|3.3x107% 1.04 1.037'| 3.3x107%®  1.04 1.037!
2 (3.8x10%) [ 1.9x10™7 1.07 1.007'|1.1x10"* 1.01 1.017'| 1.1x10™* 1.01 1.017*
3 (8.5x10%) | 2.2x1077 1.08 1.007' |29x107% 1.08 1.127'| 29x107® 1.08 1.137!
4 (1.5x10%) | 9.1x107° 1.05 1.007' |6.4x107% 1.14 1.257'| 6.3x107®  1.15 1.267'

Table 5: Peak problem, one full multigrid cycle: effectivity of the upper (UB) and lower (LB) error bounds

Tables 1-8 show the values of the total, algebraic, and discretization errors and the effectivity indices of
the upper and lower bounds of the estimators 77, 7,14, Tais» 1 Dog? and Myie of Theorems 7.1 and 7.2 and of

Corollary 7.3, at specified iterations of the multigrid and conjugate gradient solvers. The effectivity indices
for the different terms are computed by

bound

error '

effectivity index :=

As for estimating the discretization error, the lower bound 7 1y, 1s not computable in the iterations where the
algebraic error is the dominating component of the total one; here the condition 7,,, < 1 of Corollary 7.3
is not satisfied. Actually, while the algebraic error is the dominating factor, the upper bound 74, may not
provide a relevant information about the discretization error. Deriving a bound on the discretization error
that provides an accurate estimate also for approximations with dominating algebraic error is, to the best
of our knowledge, an unresolved issue. However, when the stopping criterion (7.13a) is satisfied, all our
upper and lower bounds on all the algebraic, total, and discretization errors are very precise, with effectivity
indices always below 1.7. Note finally that in the full multigrid case, the algebraic error is typically reduced
to the discretization error within one step. In addition to the presented results, we also tested the accuracy
of the approximate discretization error estimator 7qis, see (7.1b). In our experiments it actually bounds the
discretization error from above and is always smaller than the guaranteed discretization error upper bound
Tais given in Corollary 7.3, although we have no theoretical proof for this.

In Fig. 5, we plot the discretization and algebraic errors as well as their guaranteed upper and lower
bounds, together with the (non-guaranteed) estimator 7jqis = ||Vup, + o, 4ais||, for the multigrid V-cycles/con-
jugate gradient solvers applied to the L-shape problem as in Tables 7 and 9. We highlight there by an
arrow the iterations where respectively the safe stopping criterion (7.9) and the alternative stopping cri-
terion (7.13a) stop the iterations. In these examples, there is no important difference, but the rather
important over-estimation of the discretization error by 7jg;s in the first iterations throws a shadow of a
doubt on (7.13a). For completeness, the total errors together with their guaranteed upper and lower bounds
are plotted in Fig. 6.

The upper bounds (7.1b) and (7.1a) allow estimating the local distribution of the algebraic and total
errors. In the numerical experiments, we observe that nx := 7ais, x + Talg,k T Tosc, K and Talg, K show
an excellent agreement for the local error distribution of the total and algebraic errors, respectively, see
Figures 7-12. Note that the local distribution of the algebraic and discretization errors can be very different
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PCG | algebraic eff. index total eff. index | discretization eff. index
p (Ny) iter error UB LB error UB LB error UB LB
1(9.3x10%) 2 | 1.0x10™%* 1.01 1.007'|3.5x107% 1.29 1.097'| 3.3x1073 .32 11071
4 |9.1x107° 1.02 1.007!|3.3x107% 1.07 1.037! 1.07  1.037!
2 (3.8x10%*) 4 | 6.1x107* 1.01 1.007'|6.2x107* 1.20 1.027'| 1.1x107* 3.81 —
8 | 32x107% 1.01 1.007'|1.1x107* 1.04 1.0171 1.04  1.017¢
3 (85x10%) 7 | 1.1x107% 1.00 1.007'|1.1x107%* 1.04 1.007'| 2.9x107°  1.00x10?
14 | 2.2x107° 1.02 1.007'|22x107° 1.22 1.017! 5.41 —
21 | 4.8x107% 1.01 1.007'|29x107% 1.02 1.117! 1.02 1.1171
4 (1.5x10°) 7 | 1.1x107* 1.00 1.007'|1.1x107% 1.06 1.007'| 6.3x107%  5.82x10°
14 | 49x107° 1.01 1.007'|4.9x107° 1.11 1.007* 3.81x102  —
21 | 2.0x1077 1.01 1.007'|2.1x1077 1.28 1.057* 2.81 —
28 [1.9%x107'° 1.01 1.007'|6.3x10°% 1.01 1.157! 1.01 1.157¢

Table 6: Peak problem, PCG iterations: effectivity of the upper (UB) and lower (LB) error bounds

MG | algebraic  eff. index total eff. index | discretization eff. index
p (Np) iter error UB LB error UB LB error UB LB
1(2.5x10%) 1 1.4 1.14 1.037* 1.4 1.61 1.037'| 2.2x1072  831x10* —
2 6.7x1072 1.14 1.047'|7.0x1072 1.61 1.107! 4.22 —
3 [4.3x107% 1.16 1.077'|23x107%2 1.37 1.167! 1.38 11771
4 |4.1%x107* 1.17 1.097'|2.2x1072 1.22 1.1371 1.22 1.1371
2 (1.0x10°) 1 2.6 1.19 1.017* 2.6 1.78 1.017'| 8.9x1073®  4.31x10> —
2 [89x1072% 1.19 1.017!'|89x1072 1.79 1.017! 1.49x10*  —
3 |2.2x107% 1.18 1.017']9.2x107% 1.55 1.4271 1.58 1.5071
4 |86x107° 1.19 1.027'|89x107% 1.32 1297 1.32 1.2971
3 (2.3x10%) 1 2.4 1.19 1.007* 2.4 1.72 1.007'| 53x107*  6.29x10> —
2 |1.1x107! 1.20 1.007'|1.1x107' 1.76 1.007* 2.92x10*  —
3 [36x107% 1.18 1.007'|6.4x107% 1.89 1.47* 2.19 6.4471
4 |1.8x107* 1.17 1.017'|5.3x107% 1.48 1.4271 1.48 1.4271
4 (4.0x10%) 1 2.6 1.18 1.007* 2.6 1.68 1.0071| 3.8x107%  9.43x10?
2 |1.3x107! 1.18 1.007'|1.3x107! 1.71 1.007! 4.93x100 —
3 [6.0x107% 1.16 1.007!|7.1x107% 1.87 1.187! 3.13 —
4 [35%x107* 1.13 1.007'|3.8x107% 1.57 1.667* 1.57 1.6771

Table 7: L-shape problem, multigrid V-cycles: effectivity of the upper (UB) and lower (LB) error bounds

(cf. [68]), see in particular Figures 11-12, where the discretization error is concentrated in the re-entrant
corner, whereas the algebraic error is increased in other parts of the domain 2. Especially in such situations,
the local stopping criteria (7.11) and (7.13b) may be very much relevant not to let the total error be locally
dominated by the algebraic one, even if the globally measured algebraic error is small, see the discussion
in [68, 69].
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algebraic  eff. index total eff. index | discretization  eff. index
p (Np) error UB LB error UB LB error UB LB
1( )| 44x107* 1.11 1.017'|2.2x107% 1.22 1.137'| 2.2x1072  1.22 1.137!
2 (1.0x10°%) | 8.0x107° 1.12 1.017%|8.9x107® 1.32 1.287'| 89x107% 1.32 1.287*
3 ( )
4 ( )

55x107°% 1.09 1.007! [5.3x107% 1.45 1.427'| 53x107% 1.45 14271
7.2x107% 1.08 1.007' [3.8x107% 1.49 1.627'| 3.8x107% 1.49 1.627!

Table 8: L-shape problem, one full multigrid cycle: effectivity of the upper (UB) and lower (LB) error
bounds

PCG | algebraic  eff. index total eff. index | discretization eff. index
p (Nn) iter error UB LB error UB LB error UB LB
1(2.5x10%) 4 |89x107% 1.02 1.007'|9.1x107% 1.26 1.037'| 2.2x1072 3.35 —
8 |3.8x107* 1.01 1.007'|22x1072 1.22 1.127! 1.22 1.1271
2 (1.0x10%) 4 |6.2x107' 1.01 1.007'|6.2x107' 1.07 1.007'| 89x10™*  2.61x10' —
8 |6.0x107% 1.01 1.007'|1.1x107% 1.65 1.58°! 1.88 2.8671
12 | 1.9x107% 1.01 1.007!'|89x107% 1.33 1.28°! 1.33 1.2871
3(2.3x10%) 7 1.0 1.00 1.007* 1.0 1.05 1.007'| 5.3x107*  6.29x100  —
14 |3.1x1072 1.01 1.007'|3.1x1072 1.24 1.017! 4.48 —
21 |1.7x107% 1.00 1.007'|5.6x1073 1.68 1.487* 1.74 1.5971
28 |9.6x107° 1.00 1.007!'|5.3x107% 1.46 1.41°! 1.46 1.4171
4 (4.0x10%) 7 1.2 1.01 1.007* 1.2 1.08 1.007'| 3.8x1073®  1.30x10?
14 |5.0x1072 1.01 1.007!|51x107% 1.14 1.007! 7.34 —
21 |3.4x107® 1.00 1.007!|5.0x107% 1.77 1.507! 2.19 —
28 |1.8x107% 1.01 1.007'|3.8x1073 1.52 1.607* 1.52 1.607*

Table 9: L-shape problem, PCG iterations: effectivity of the upper (UB) and lower (LB) error bounds

Discretization and algebraic errors and their bounds Discretization and algebraic errors and their bounds
q e lis. erTOr { > s (1S, €TTOT
dis. error UB 100 i dis. error UB |4
—— dis. error LB —#— dis. error LB
=== |V, + o ass]| ———= [V, + onais|
alg. error g alg. error
«ereeeenalg. error UB 10'1 A N N alg. error UB [
alg. error LB alg. error LB
102 =
103 ¢ : E
QY stop. crit. (7.13a)
L Y | T . g
10 both stop. criteria (7.9) and (7.13a) satisfied at iteration 10
satisfied at iteration 4 104t safe stop. crit. (7.9) |
N satisfied at iteration 11 .
1 2 3 4 5 2 4 6 8 10 12 14
MG iteration PCG iteration

Figure 5: L-shape problem, p = 2: discretization and algebraic errors and their upper (UB) and lower (LB)
bounds for multigrid V-cycles (left) and PCG (right)
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Total error and its bounds Total error and its bounds
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Figure 6: L-shape problem, p = 2: total errors and their upper (UB) and lower (LB) bounds for multigrid
V-cycles (left) and PCG (right)

Total error on elements x107° Total error indicators x107°
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Figure 7: Sinus problem, p = 2: elementwise distribution of the total energy error ||V (u — up)| x (left) and
the of local error indicators ng (right) after one full multigrid cycle
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Figure 8: Sinus problem, p = 2: elementwise distribution of the algebraic energy error ||V (u$* —up)||x
(left) and of the local error indicators 7,,, i (right) after one full multigrid cycle

25



Total error on elements %10 Total error indicators x107

15

0.5

Figure 9: Peak problem, p = 1: elementwise distribution of the total energy error ||V(u — up)||x (left) and
of the local error indicators ng (right) after 2 iterations of the multigrid V-cycle
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Figure 10: Peak problem, p = 1: elementwise distribution of the algebraic energy error ||V (uf* — us)| &
(left) and of the local error indicators 7,), x (right) after 2 iterations of the multigrid V-cycle
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Figure 11: L-shape problem, p = 3: elementwise distribution of the total energy error ||V (u — up)| x (left)
and of the local error indicators ngx (right) after 28 PCG iterations. We plot in both figures the part
[-0.1,0.1] x [—0.1,0.1] of the discretization domain Q
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Figure 12: L-shape problem, p = 3: elementwise distribution of the algebraic energy error ||V (uf* — us)| &
(left) and of the local error indicators 7,), x (right) after 28 PCG iterations
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10 Conclusion

In the present contribution, we have proposed H (div) and H! liftings of given piecewise polynomials over a
hierarchy of simplicial meshes, based on a global solve on the coarsest mesh and on local solves on patches
of mesh elements around vertices on subsequent mesh levels. In connection with approaches lifting the
total residual, two important application arise. First, we were able to design a posteriori error estimators
that enable to monitor both the algebraic and the total errors (and consequently also the discretization
one) in each iteration of an arbitrary algebraic solver for finite element discretizations of the model Poisson
problem. Excellent effectivity indices in numerical experiments are observed, including cases where some
classical estimators fail. Second, the H (div, 2)-liftings allow to recover mass balance for any problem, any
numerical discretization, and any situation.

Several new perspectives are opened by the presented developments. First, our unknown-constant-
free approach can significantly reduce the overall cost of iterative solutions of large algebraic systems.
Even though a non-negligible effort is spent on the evaluation of the estimators, no (unknown) “safety
multiplicative factor” is necessary to ensure reaching the given precision and typically many additional
iteration steps and mesh refinements can be saved. Second, as the liftings/reconstructions are independent
of both the numerical scheme and the algebraic solver, they open the way for a rigorous “fault control”.
Note that it is namely immediate to check, for the constructed fields o a1 and o, qis, Whether the crucial
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property (4.15b) is satisfied exactly/compute the misfit in it. Then even rounding errors and numerical
stability issues connected with the computation of the approximate solution u, can be addressed: indeed,
except for the coarse solve, computing the estimators only involves elementwise evaluations of norms of
polynomials, whose exactness or confidence interval inclusion can be ensured. In a more distant future, the
developed methodology prones for development of integrated solvers with all adaptive algebraic operations
like multigrid restriction, prolongation, cycling, and relaxation; with justified stopping criteria; and coupling
with adaptive hp refinement on the discretization side (here some first results are presented in [36]).

The derivation of the present estimates allows for several simplifications. In particular, it is possible to
avoid the solutions of the local (high-order) patchwise problems, while still maintaining all the theoretical
results of Sec. 7; this is addressed in [70]. Further simplifications entirely avoiding the liftings /reconstructions
and leading in particular to fully algebraic version of the estimates on the algebraic error are likewise possible.
They typically introduce various (known) multiplicative constants and decrease the precision of the estimates
(sometimes even the guaranteed character is lost), but they bring further radical cuts in the cost of the
evaluation of the estimates. Moreover, such estimates are in the form analogous to the estimators based on
the stable splittings, which opens door to study their mutual relationships. These developments, which are
out of scope of the present manuscript, will be described in detail in a forthcoming contribution.

A Proof of efficiency of the upper algebraic estimate

We show here the efficiency of the upper algebraic estimate 7,, = || a1¢|| as stated in Theorem 7.4. Recall
that o a1g is constructed following Definition 4.3 with A = I for 7, € P} given elementwise by (6.7).

Proof of Theorem 7.4. The proof proceeds in six steps.
Step 1. Tt follows immediately from the definition (4.10) of & a1z by summing up the local contributions
o g and from the Cauchy-Schwarz inequality, since any simplex has (d + 1) vertices, that

J
lonagll® < J@+1)D " D llofagllie - (A1)
j=la€cV;_1
Step 2. We prove that
o7 agllwe < Pwa CoprCeq [T (rnt)§ — Vpo a1 VUG ) lwg (A.2a)
and
105 agllws | < huwe | CoprCeq|ITI7(Id = II7_ ) (rat)f_y)lwe_,, 1 <j < J, (A.2b)

where hw;-‘,l is the diameter of the patch wiq and the (computable) constants Crpr and Ceq are identified
below.

For a fixed 1 < j < J and @ € V1 and A = I, take in (4.7) or in (4.11) the test functions v; = o),
and ¢; = 7§ and sum the two equations to get, using again the compact notation 5 =0,

o aglZe | = (Ad = TE_)(rnf s — Vooare VIS5 1), 75 e, - (A.3)

We will next use the postprocessing by Arnold and Brezzi [9] and Arbogast and Chen [6] of v¢ € P} (w$ ),
a piecewise polynomial of degree p on the mesh 7; of the patch subdomain wf_;, to a higher-order piecewise
polynomial 77 on the mesh 7; of the patch subdomain wf ; such that

Uer (10)75 |0 =5 | K VK € Tj Cwi_y,
HrrN, (k) (=VA)| K = 050K VK eTj Cwiy,

where RTN,(K) := [PP(K)]¢ + PP(K)z is the Raviart-Thomas-Nédélec space on the element K. Then
equations (4.7a) and (4.11a) imply that the jumps of %[k over the interior and Dirichlet boundary faces
are orthogonal to face polynomials of degree p, see [9, Section 2] and [6, Section 2]. Note also that ¥ is of
mean value zero on wj_; for interior vertices and it vanishes in mean on dwj_; N <2 for boundary vertices.
Then the broken Poincaré-Friedrichs inequality (see Brenner [23] or Vohralik [83]) gives

17 llus, < s, Coprl V2L (A4)

a
i—1’
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where the constant Cppr only depends on the shape regularity 7 of the mesh 7; and the space dimension
d; its computable upper bound (for interior vertices @ € V;_1) is given in [83, Theorem 8.1]. We will also
use the norm equivalence result of [84, Lemma 5.4]

”V:)/?wa

-1 —

< Ceqllos

373182”“’?71’

(A.5)

where the constant Coq only depends on the shape regularity x7 of 7T;, the space dimension d, and the
polynomial degree p; Coq = 1 for p = 0, and its computable upper bound for p > 1 can be obtained
as in [44, Section 3.3]. The Cauchy—Schwarz inequality in (A.3) with a subsequent application of (A.4)
and (A.5) leads to (A.2).

Step 3. For any finest mesh element K € Tj, = T, let wi := Ugey,, acok wj denote the domain of all
elements sharing a node with K. We prove that

hicllralle < CIIV (Ui —un)llwx VK € T, (A.6)

where the constant C only depends on the shape regularity x7 of the mesh 7, on the polynomial degree p,
and on the space dimension d.

For this purpose, consider a fixed K € Ty, and let the set Z(K) contain the indices [ of all Lagrange basis
functions ¢} of the space V} non-vanishing on K. Then from (6.7), we see

hlk = Z (Pr)m¥n' s (A.7a)
meZ(K)
g = G 'R, (A.7b)
K
(RK)Z = (Rh)l|7|la l e I(K), (A.?C)
|supp 7,
(GK)lm = (wirznvwgz)l{v l,me I(K)v (A7d)
Iral% = ®xGr®x = Rk Gy Ric. (A.7e)

Here G is the usual mass matrix of finite elements on the single simplex K, and the vector Ry represents
the right-hand sides in (6.7), regrouping the contributions of the finest-level algebraic residual vector Ry, to
m

the element K. Note that wg corresponds to the union of the supports of the basis functions ¢}, m € Z(K).
Let us introduce the extension 7, and the scaled extension 7, of 74|k to the element patch wy by

P € Ve NHy(wi), = Y (PK)m¥p, (A.8a)
meZ(K)

. ) K .

in € VPlue NHy(wk), frni= Y (Px) K] i (A.8D)

T o Uk
meZ(K) [supp 57|

Then, using (A.7a), (6.7), (6.3), and (A.8b), we see

K]

”"’h”%(: Z ((I)K)m(rhﬂ/)?)f(: Z (@K)m(V(U2X_uh)7V¢;T)me

meZ(K) meI(K)
= (Vg = un), Vin)wge < V(U5 = un)llog VAR lwr < ChE IV (U5 = wn) [l [Pl

where we have also employed the Cauchy—Schwarz and inverse inequalities; here C' is a generic constant
only depending on the shape regularity x5 of Tp, p, and d. Let G, be the mass matrix of finite elements
on the patch wg, in extension of (A.7d),

(GwK)lm = (7/};:1711)2)&);(3 l,m e I(K)a

and let (N, )u := |K|/|supp ¢! | be the diagonal matrix with the scalings |K|/|supp !} |. Then, by a basis
change via the matrix N, and by comparison of the patch mass matrix G, to the element mass matrix
G, we have

7012, = PxNuy GuNuy @ < C19%Gy Pk = C1||F4 12, < C2®CGr®x = Callral%,

with constants C, Cy depending k7, p, and d. Thus (A.6) follows.
Step 4. We combine (A.2b) and (A.6) to get, for any 1 < j < J,

S 110fglBa, < CorCZ 3 B2a lIralZe, < CIV G — u)P. (A.9)

aEVj71 GEijl
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where the constant C' only depends on the shape regularity k7 and refinement strength ¢ of the mesh
hierarchy {7, }o<;<s, on the polynomial degree p, on the space dimension d, and on the number of mesh
levels J.

Step 5. We combine (A.2a) and (A.6), giving

Z H‘Tialgnig < 2C§PFCezq Z {hig(H?"hHig + ||V¢g||§o,wg||Vpo7a1g||ig)}
ac)ly a€Vy (A].O)

< OV (ui* —un)?,

where C' again only depends on k7, t7, p, d, and J; indeed, for the term hf)gHthf)g we proceed as above

in step 4, whereas for hig||V¢8||go,wg||Vpo’a1g||ig we use || Vg ||oo,ws < Ch;(% and

S IV p0ailg = (d+ DIV poaigll® = (d+ DT — ), Vpoaig) < (d-+ DIV —w)? (A1)
acVy

from (4.4) and (6.8).
Step 6. Combining (A.1) with (A.9) and (A.11) leads to the assertion.
O

B Proofs of global and local efficiencies of the upper total esti-
mate

We collect in this appendix the proofs of Theorems 7.6 and 7.7, while also including Remarks 7.9 and 7.10.
Let

HY(wf) == {v e H (w); (v, e = 0}, ac v, (B.1a)
HY(w) :=={ve H (wd); v=0o0n dwd N}, ac V. (B.1b)

Standard scaling arguments and the Poincaré—Friedrichs inequality yield
IV (@50) kg < Ceont,prllVullug Vo € Hi(wf), (B.2)

where the constant Ceont pr only depends on the shape regularity x5 of the mesh 7y, see, e.g., [28, Theo-
rem 3.1], [18, Sec. 3], or [44, proof of Lemma 3.12]. A crucial result that we rely on is the stability of the
mixed finite element problem (4.14) in the sense that

105 Vun + o gisllwg < Cat sup {(f = rn ¥R 0)wg — (Vup, V(§R0))wg | (B.3)
veEHL (wf), HVU”wﬁzl

for (f —rn)Yp € IP’Zl and A = I. This result has been proven, in two space dimensions, in Braess et al. [18,
Theorem 7], and extension to three space dimensions is given in [45, Corollaries 3.3 and 3.6]. Importantly,
the constant Cg > 0 only depends on the shape regularity x7 of the mesh 7j; a computable upper bound
on Cy is given in [44, Corollary 3.16 and Lemma 3.23].

We start with local efficiency:

Proof of Theorem 7.7, including Remarks 7.9 and 7.10. Let element K € 7T, be fixed. Definition 1qgis, x =
\Vup, + op ais|| i, Definition 4.5 of o, qis, the partition of unity on the simplex K by the hat functions
associated with its vertices, and the triangle inequality yield

Taioie = IV +onailc = | 3 @iVatorg)| < Y wEVun+ofpler. (B4
acVy,aCOK acVy,aCOK

Now, for any vertex a of the simplex K, using the assumptions on the polynomial degree p’ = p+ 1, on the
datum f € P}, and crucially the stability bound (B.3),

1R Vun + o7 gisllwg < Cot sup ((V(u—=un), VR0))wg + (h,atg: V(ERV))ug) -

veHL (), [Vullup =1

Here we have also employed the weak formulation (6.2), the divergence property V-0, a1 = 1, of Lemma 4.4,
and the Green theorem, since o, ., € H(div,w?) and (¢2v) € H}(w®). Thus, the Cauchy-Schwarz and
triangle inequalities together with (B.2) give

195 Vun + o digllug < CatCeont pr(IV (v = un)lug + llon aiglluz)- (B.5)
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The stopping criterion (7.11) and the bound [|[Vpf i [lws < Ceont,pF||V (2 — up)|lwe which immediately
follows from Definition 5.3 as in [69, proof of Theorem 8] imply
YK

WHV(U—WL)H% < kl[V(u —up)l|ws- (B.6)

o, agllwg <

Consequently, (B.5) gives
||¢iaLvuh + O'}Czl,dis”wﬁ <(1+ 'YK)Csthont,PFHV(U - Uh)||w¢h%7

and the claim follows from (B.4), (o aigllxc < [|oh,aigllws, (B.6), and the fact that Cs¢ > 1, Ceont,pr > 1.
Let us also consider the local stopping criterion (7.13b) of Remark 7.9. Since, by assumption, we have
Nose = 0, (7.13b) implies

Ndis, K + Tag k. < (L +75)Ndis,x = (L+75)[|Vun + onaisl (B.7)
and
Z loh,allwe = Z Naigwe < (d+ 1)VrcTdis, i
acVy,aCOK acVy,aCoK

since any simplex has (d + 1) vertices. Using (B.4), (B.5), and the above inequalities, we infer

(1 +vx)7dis, ik < (1 + 7K )CstCeont, PF ( > IV = up)llwp + (d+ 1)7K77dis,K>-
acVp,aCoK

Consequently, the requirement on g (7.14b) yields

(1+v6)Tais & <201+ 7K)CotCeont.pr 3, IV (1w — un)lluwsg,
a€Vy,aCoK

and we conclude (7.12) by (B.7).

Finally, for the sake of completeness, consider Remark 7.10 where o, qis of Definition 4.5 is constructed
with the smaller polynomial degree p' = p. If f € P2717 then fi € P¥, but a trouble arises from the fact
that rp® ¢ PP, Then, in (B.3), there appears the term

sup (H:}DL(wi?rh)vv)wg~
veEHL (W), va“wgzl

Let v € H}(wf?) with ||[Vo|ue =1 be fixed. Then

(I, (Whrn), v)we < TG ()l llvllue < ClYRTRllwahog [ VOllue < ClIIV-Onagllughos < Cllonagllug,

where the constant C' arises from a Poincaré inequality on wj* but also from an inverse inequality, so that
it depends on the polynomial degree p. Now (B.6) can be applied and the proof follows. O

Global efficiency is then shown as follows:

Proof of Theorem 7.6, including Remarks 7.9 and 7.10. The proof follows that of Theorem 7.7. The overlap
in the construction of o, 4is by O'Z,dis leads to

IVun + onaisl® < (d+1) Y 67V + o gill2e.

acVy

whence (B.5) results in

2
IVun + onaisl® < (d+ DCEConepr Y (IV(w = un)ug + lon,aglog) s
acVy

so that
Mais = [[Vun + onais|| < (d+ 1) Cot Ceont,pr(|V (e — un)|| + [lohagl])- (B.8)
It is immediate, see the discussion in [69, Sec. 6.3], that the safe criterion (7.9) is equivalent to 7j,, <
~v/(1+ 72)%Q with 7 the guaranteed total error lower bound of Theorem 7.2. Thus, using (7.5b),

v

Tt IVl <AV -l (B.9)

Nalg = onagll <

N|=
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and, in combination with (B.8),
Ndis = ||Vun + ondis|| < (1 +7)(d 4+ 1)CstCeont,pr ||V (u — up)||,

so that the assertion follows by (B.9).
For the case of Remark 7.9, using the global stopping criterion (7.13a), 7osc = 0, and (B.8),

ﬁdis + ﬁalg S (1 + ’Y)ﬁdis S (1 + 7)(d + 1)Cstccont,PF(||V(u - Uh)” + 'Yﬁdis)a
and finally (7.14a) leads to
(1 + P)/)ﬁdis S 2(]- + 7)(d + ]-)Cstccont,PF”v(u - uh)”

and consequently to the assertion.
Finally, p = p of Remark 7.10 can be treated as in the proof of Theorem 7.7. O

C Recovering mass balance in a two-phase porous media flow

As we have announced in the introduction, the tools that we develop in Section 4 for the purpose of
a posteriori error estimation can actually serve to recover mass balance in any situation. We illustrate this
here on the example of finite volume discretizations of immiscible incompressible two-phase flow in porous
media.

C.1 Immiscible incompressible two-phase flow in porous media

Let an open bounded polygonal domain 2 C R? and a time interval (0,7), T > 0, be given. We consider
in this appendix an immiscible incompressible two-phase flow in porous media [30, 40, 86] in the form: find
the phase saturations s, and the phase pressures p,, o € {n, w}, such that

Ot (psq) — V- (kr"l(jW)K(Vpa + pag)> = (a a € {n,w}, (C.1a)
S+ sw =1, (Clb)
Pn — Pw = pc<sw)- (ClC)

Here the porosity ¢, the phase viscosities i, the phase densities p,, and the gravity field g are for simplicity
constants, whereas the permeability tensor K and the phase sources ¢,, a € {n,w}, are piecewise constant
with respect to both spatial and temporal meshes; moreover, k; o, @ € {n,w}, and p. are given nonlinear
functions R — R. Define the phase mobilities A, o (Sw) := kr o (Sw)/la; @ € {n,w}. Keeping py, and s, as
unknowns while expressing s, as a function of sy, from (C.1b) and p, as a function of py, and s, from (C.1c),
we arrive at the following equivalent form of (C.1): find (py, Sw) such that

at(¢sw) - V'(/\r,w(sw)K(va + ng)) = Gw; (CQa)
*8t(¢5w) - v'(/\r,n(SW)K(v(pW +pC(SW)) + png)) = Gn- (C2b)

C.2 Fully implicit discretizations

Consider a fully implicit cell-centered finite volume discretization of the immiscible incompressible two-phase
flow (C.1). After a spatial and temporal discretization, problem (C.1), or, equivalently, (C.2), leads on each
time step n to a system of nonlinear algebraic equations of the form, cf. [56] or [86, Section 4.1] and the
references therein: find vectors Sy, and P such that

Ss  SP™ st \ [ Dn
(SS{; SPQ)(PJ;)(D;;)' (C3)

A system of linear algebraic equations is then obtained on each linearization step k: find vectors S™* and
P™* such that
SS”’kil S]P;n,ktfl Sn,k‘ Dn,kfl
k-1 k-1 k| = T (C.4)
SS; SP Py Dy
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The point is now that even though cell-centered finite volumes are a locally conservative method, local
conservation is not present unless (C.3) or at least (C.4) are solved ezactly. This is hardly achievable in
practice, where instead inexact solutions are employed. On each step ¢ of an arbitrary iterative linear solver
applied to (C.4), one finally disposes of vectors S and P™*? such that

SSn,kfl Spn,kfl Sn,k,i Dn,kfl Rn,k,i
Sgn,kfl S]P)n,kfl Pk = Drk—1 - Rk ’ <C5)
n n w n n
where R™Fi and R are known algebraic residual vectors that can immediately be associated with
piecewise constant functions TZ‘]:]Z, rZ’]If’l in the present setting.

Applying Concept 4.1, with the lowest polynomial degree p =0, one obtams Raviart-Thomas-Nédélec

n,k,z n,k,i n,k,t n,k,z n,k,i n,k ,z
vector-valued fields o, ale,w and O alen such that V.o, alg,w = Thiw and V.o, alen = Thin In the present

finite volume setting, we do not need to employ Concept 4.2 and merely combine UZ’:I’;W,O'Z’;’; with

the finite volume fluxes directly available from (C.5) to obtain lowest-order Raviart-Thomas-Nédélec total
n,k,i n,k,i

phase fluxes o and o such that

h,tot,w h,tot,n
ki ki
O (D5 ) +V-Ohigia =da @€ {n,w} (C.6)
is satisﬁed pointwise; indeed the availability of UZ”:I’;W and U;;::l’gi’n such that V.o" sléw = TZ";Z and
V'O'Z::f; TZI]f " is the only condition in [86], see equation (4.7) therein, to obtain (C.6), see [86, equa-

tion (4.8)]. This is a discrete version of (C.1a) on each temporal step n, each mesh Ty, each linearization
step k, and each algebraic solver step 7, and it fully remedies on the local mass conservation issue of (C.5).
Fig. 13 illustrates this for the example of [86, Section 6.1].

Remark C.1 (General meshes and reconstruction of the face fluxes only). We would like to stress that
Concept 4.1 is not limited to simplicial meshes and can be in the same way used on meshes composed of
rectangular parallelepipeds. If one is only interested in the finite volume face fluxes, then, instead of step 2c
in Concept 4.1, the same finite volume solver as that used for the discretization (C.3) can be employed for
the local problems. This only yields the face fluzes corresponding to the algebraic residual H (div, Q)-liftings
o, :1; w and o)) :1; s consequently, one only obtains an integral balance in each cell instead of the pointwise
expression (C. 6) More generally, any locally conservative solver applicable to the given mesh (possibly
composed of general polytopes, cf. the recent surveys in Droniou et al. [41], Beirdo da Veiga et al. [17],
Cangiani et al. [27], Cockburn et al. [32], and the references therein) can be used. Then, there is no need
to have at disposal an implementation of the Raviart—Thomas—Nédélec spaces, nor one has to construct
H (div, Q)-conforming vector-valued piecewise polynomial fluzes.

C.3 Iterative coupling/implicit pressure—explicit saturation discretizations

Another popular approach to numerical discretizations of (C.2) consists in keeping (C.2a) and replac-
ing (C.2b) by the sum of (C.2a) and (C.2b), while using a fixed point (Picard) linearization around an
available discrete saturation s"]fl ! One then arrives at the “iterative coupling” or possibly “implicit

pressure—explicit saturation” formulation of (C.1): find py, such that

_v'((Ar,W(STv?/,]}c;l) + Arn (s e 1))K(pr + ng))

C.7
_v_()\r’n( n,k— 1) (vpc( nk 1)+png ng)) = o+ da ( )

This is a steady linear elliptic problem for the single unknown py on each time step n and iterative coupling
step k, with a given symmetric and positive definite diffusion tensor A™*~! depending on s?v’)’fl_l. In the
context of the vertex-centered spatial discretization, cf. [86, Section 5.1], where p = 1, this gives rise to the
system of linear algebraic equations (2.2) on each time step n and iterative coupling step k. Applying any
iterative solver to (2.2), we have

N ()

on each step ¢, and any local mass conservation is lost. Fortunately, applying Concepts 4.1 and 4.2 (or
more generally their extensions of Remark C.1) again enables to restore full local mass balance on each step
n, k,1, see Fig. 14.
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Figure Recovering mass balance each step combined tempo-
ral/spatlal/hnearlzatlon/algebralc algorithm for numerlcal approx1mat10n of (C.l). Data and setting
of [86, Section 6.1], 45 x 45 uniform mesh, time step 260 (time 2.6 - 10%s), first Newton linearization,
iteration 195 of GMRes solver with diagonal preconditioning, adaptive stopping criterion [86, (4.13a)] with
Yalg = 0.001. Original mass balance misfit in each computational cell in m?s™! (left), corrected mass
balance misfit in m?s~1 (right). Water phase (w, top), oil phase (n, bottom). Please note the difference in
the scales.

N

-

Figure 14: Recovering mass balance on each step (C.8) of a combined tempo-
ral/spatial/linearization/algebraic algorithm for numerical approximation of (C.1). Data and setting

f [86, Section 6.2], 45 x 45 uniform mesh, time step 260 (time 2.6 - 10%), first iterative coupling lin-
earization, iteration 171 of the conjugate gradient solver with diagonal preconditioning, adaptive stopping
criterion [86, (4.13a)] with 7, = 0.001. Original mass balance misfit in each computational cell in m?s™!
(left), corrected mass balance misfit in m?s~! (right). Please note the difference in the scales.
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