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Computing Stieltjes constants using complex integration

Fredrik Johansson
∗

Abstract

The Stieltjes constants γn are the coefficients appearing in the Laurent series of the
Riemann zeta function at s = 1. We give a simple and efficient method to compute
a p-bit approximation of γn with rigorous error bounds. Starting from an integral
representation due to Blagouchine, we shift the contour to eliminate cancellation. The
integral is then evaluated numerically in ball arithmetic using the Petras algorithm,
with the use of a Taylor expansion for bounds near the saddle point. This appears
to be the first algorithm for Stieltjes constants with uniformly low complexity with
respect to both n and p. An implementation is provided in the Arb library. We can,
for example, compute γn to 1000 digits in a minute for any n ≤ 10100.

1 Introduction

The Stieltjes constants are the real numbers γn defined by

ζ(s) =
1

s− 1
+

∞
∑

n=0

(−1)n

n!
γn(s − 1)n

where ζ(s) is the Riemann zeta function. Also known as generalized Euler constants, they
include the Euler-Mascheroni constant γ0 = γ ≈ 0.577216 as a special case.

The numbers γn with n ≤ 8 were computed to nine decimal places by Jensen in 1887.
Many authors have followed up on this work using an array of techniques. Fundamentally,
any method to compute ζ(s) can be adapted to γn by taking derivatives; for example, as
discussed by Liang and Todd [15], Jensen’s calculations were based on the limit formula

ζ(s) = lim
N→∞

N
∑

k=1

1

ks
− N1−s

1− s

(

γn = lim
N→∞

{

N
∑

k=1

(log(k))n

k
− (log(N))n+1

n+ 1

})

,

while Gram in 1895 expressed γn in terms of derivatives of the Riemann ξ-function which
he evaluated using integer zeta values. Liang and Todd themselves proposed comput-
ing γn via the Euler-Maclaurin summation formula for ζ(s), or as an alternative, via the
application of Euler’s series transformation to the alternating zeta function. Bohman and
Fröberg [4] later refined the limit formula technique.

Keiper [12] proposed an algorithm based on the approximate functional equation for
computing the Riemann ξ-function, which upon differentiation yields derivatives of ξ(s)
as integrals involving Jacobi theta functions. The Stieltjes constants are then recovered
by a power series transformation. Keiper’s algorithm is used for numerical evaluation of
Stieltjes constants in Mathematica [18].

Kreminski [14] used a version of the limit formula combined with Newton-Cotes
quadrature to estimate the resulting sums, and computed accurate values of γn up to

∗LFANT – INRIA – IMB, Bordeaux, France (fredrik.johansson@gmail.com)

1

fredrik.johansson@gmail.com


n = 3200. More recently, Johansson [7] combined the Euler-Maclaurin formula with fast
power series arithmetic, proved rigorous error bounds for this method, and performed the
most extensive computation of Stieltjes constants to date resulting in 10000-digit values
of γn for all n ≤ 105.

Even more recently, Adell and Lekuona [1] have used probability densities for binomial
processes to obtain new rapidly convergent series for γn in terms of Bernoulli numbers.

The drawback of all the methods mentioned so far is that the complexity to compute γn
is at least linear in n. In most cases, the complexity is actually at least quadratic in n
since the formulas tend to have a high degree of cancellation necessitating use of Ω(n)-
digit arithmetic. For the same reason, the space complexity is also usually quadratic in n,
at least in the most efficient forms of the algorithms.

The fast Euler-Maclaurin method [7] does allow computing the first n Stieltjes con-
stants simultaneously to precision p = Θ(n) in n2+o(1) time, which is quasi-optimal.
However, this is not ideal if we only need p = O(1) or a single γn.

1

This leads to the question of whether we can compute γn quickly for any n; ideally,
in time depending only polynomially on log(n). If we assume that the precision p is
fixed, then any asymptotic formula γn ∼ G(n) where G(n) is an easily computed function
should do the job. Various asymptotic estimates and bounds for the Stieltjes constants
have been published, going back at least to Berndt [2], but the explicit computations by
Kreminski and others showed that these estimates were far from precise. A breakthrough
finally came in 2011 when Knessl and Coffey [13] obtained an asymptotic formula that
not only precisely describes the growth rate of γn but also explains the local oscillations
(and semi-regular sign changes). The Knessl-Coffey formula can be stated as

γn ∼ B√
n
enA cos(an+ b) (1)

in terms of the slowly varying functions

A =
1

2
log(u2 + v2)− u

u2 + v2
, B =

2
√
2π

√
u2 + v2

[(u+ 1)2 + v2]1/4
,

a = atan
(v

u

)

+
v

u2 + v2
, b = atan

(v

u

)

− 1

2

(

v

u+ 1

)

,

where v is the unique solution of 2π exp(v tan v) = n cos(v)/v with 0 < v < π/2, and
u = v tan(v). In (1), the “∼” symbol signifies asymptotic equality as long as the cosine
factor is bounded away from zero. More recently, Fekih-Ahmed [6] has given an alternative
asymptotic formula with similar accuracy to (1), and Paris [16] has extended (1) to an
asymptotic series with higher order correction terms, permitting the determination of
several digits of γn for moderately large n.

From a computational point of view, these formulas have three drawbacks. First,
being asymptotic in nature, they only provide a fixed level of accuracy for a fixed n, so a
different method must be used for small n and high precision p. Second, the high-order
terms in Paris’s expansion are quite complicated to compute. Third, explicit error bounds
are not currently known.

1It is of course also interesting to consider the complexity of computing a single γn value to variable
accuracy p. For n ≥ 1, the complexity is Ω(p2) with all known methods (although the fast Euler-Maclaurin
method amortizes this to p

1+o(1) per coefficient when computing n = Θ(p) values simultaneously). The
exception is γ0 which can be computed in time p1+o(1) by exploiting its role as a hypergeometric connection
constant [5].

2



In this work, we give an algorithm that permits computing γn to p-bit accuracy effi-
ciently for any combination of n and p. We also obtain rigorous error bounds, in the sense
of ball arithmetic [19]; that is, we compute a provably correct enclosure γn ∈ [m± r]. We
have implemented the algorithm in the Arb library [8] as the acb dirichlet stieltjes

method.
The Knessl-Coffey, Fekih-Ahmed and Paris formulas were derived using the standard

technique of applying saddle point analysis to a suitable contour integral. A natural
approach to construct an algorithm with the desired properties is to take a similar integral
representation and perform numerical integration instead of developing an asymptotic
expansion symbolically. The integral representations used in the aforementioned works
do not appear to be convenient for this purpose, since they involve nonsmooth functions
(periodic Bernoulli polynomials) or require a summation over several integrals. A better
starting point seems to be the Jensen-Franel formula (discussed by Blagouchine [3])

γn =
1

i

∫ ∞

0

dz

e2πz − 1

[

(log(1− iz))n

1− iz
− (log(1 + iz))n

1 + iz

]

, n ≥ 1 (2)

which essentially is a differentiated form of the Abel-Plana summation formula applied
to ζ(s). We will use the variant

γn = − π

2(n+ 1)

∫ ∞

−∞

(

log
(

1
2 + iz

))n+1

cosh2(πz)
dz (3)

given in [3], which is more convenient since there is no removable singularity at the origin
that needs to be analyzed.

The formula (2) has already used as the basis for a numerical implementation of Stielt-
jes constants in the mpmath library [10], but the algorithm as implemented in mpmath
loses accuracy for large n (for example, γ104 ≈ −2.21 · 106883 but mpmath 1.0 computes
−1.25·106800). In this work, we use an approximate steepest descent contour together with
validated integration in ball arithmetic to ensure that the computation is both accurate
(indeed, fully rigorous) and efficient for large n.

2 Contour

We denote the integrand in (3) by

f(z) =
(

log
(

1
2 + iz

))n+1
sech2(πz). (4)

Due to symmetry, we only need to evaluate the half of the integral In =
∫∞
0 f(z)dz,

giving γn = −πRe [In] /(n+1). We approximate In by the truncated integral
∫ N
0 f(z)dz.

If N ≥ 4 and N ≥ n ≥ 1, then the tail TN =
∫∞
N f(z)dz satisfies the bound

|TN | ≤
∫ ∞

N
4e−2πz

∣

∣log
(

1
2 + iz

)
∣

∣

n+1
dz

≤ 4e−2πN

∫ ∞

0
e−2πz logn+1(2N + 2z)dz

≤ 4e−2πN logn+1(2N)

∫ ∞

0
e−2πz

(

1 +
log(2N + 2z)− log(2N)

log(2N)

)n+1

dz

≤ 4e−2πN logn+1(2N)

∫ ∞

0
e−2πz

(

1 +
log (1 + z/N)

log(2N)

)n+1

dz
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≤ 4e−2πN logn+1(2N)

∫ ∞

0
e−2πz

(

1 +
z

N log(2N)

)n+1

dz

≤ 4e−2πN logn+1(2N)

∫ ∞

0
exp

(

−2πz +
n+ 1

2N
z

)

dz

≤ e−2πN logn+1(2N).

We used N ≥ n ≥ 1 in the last line and N ≥ 4 in the line prior.
We can select N by starting with N = max(n, 4) and repeatedly doubling N until

|TN |≤ 2−p−20, say. This bound does not need to be tight since the integration algorithm,
described later, discards negligible segments cheaply through bisection.

For small n, we can integrate
∫ N
0 f(z)dz directly using a precision of about p bits.

For large n, the integrand oscillates on the real line and a higher working precision must
be used due to cancellation. The amount of cancellation can be calculated accurately by
computing the maximum value of |f(z)| on [0, n] numerically and comparing this to the
asymptotic formula (1). For example, we need about 30 extra bits for n = 103, 1740 bits
when n = 106, and 4 · 105 bits when n = 109.

For n larger than about 103 where the extra precision would start to become a concern,
we avoid the cancellation by shifting the main part of the integral to a horizontal line
segment in the lower half plane. That is, we compute four segments

∫ N

0
f(z)dz =

[
∫ M

0
+

∫ M+Ci

M
+

∫ N+Ci

M+Ci
+

∫ N

N+Ci

]

f(z)dz

where C < 0 is chosen to approximately minimize the peak magnitude of f(t + Ci) on
M ≤ t ≤ N . The left point M > 0 just serves to avoid the poles of the integrand on the
imaginary axis; we can for instance take M = 10.

The point C is determined by C = Im(ω) where ω is an approximation of the saddle
point of f(z) in the fourth quadrant. To this end, we write the integrand as

f(z) = exp (g(z)) h(z) (5)

where
g(z) = (n + 1) log

(

log
(

1
2 + iz

))

− 2πz (6)

and
h(z) = (1 + tanh(πz))2. (7)

The saddle point equation g′(ω) = 0 is equivalent to

(n+ 1) + 2πi
(

1
2 + iω

)

log
(

1
2 + iω

)

= 0

which can be solved in closed form using the Lambert W function, giving

ω =
i

2

(

1− 2u

W0(u)

)

, u =
(n+ 1)i

2π
.

Numerical tests confirm that the principal branch W0 of the Lambert W function gives
the correct saddle point and that there is essentially no cancellation with this contour. The
path does not exactly pass through the saddle point of f(z), but since h(z) is exponentially
close to a constant, the perturbation is negligible. The deviation between the straight-line
path through the saddle point and the actual steepest descent contour also has negligible
impact on the numerical stability.

4



We note that the complex Lambert W function can be computed rigorously using the
methods described in [9]. However, it is not actually necessary to compute ω rigorously
for this application since the integration follows a connected path and ball arithmetic
will account for the actual cancellation; it is sufficient to use a floating-point approxima-
tion for ω with heuristic accuracy of about log2(n) bits. For example, 53-bit machine
arithmetic is sufficient up to about n = 1015.

3 Integration and bounds near the saddle point

The main task of integrating f(z) along one or four segments in the plane is not diffi-
cult in principle, since f(z) is analytic (and non-oscillatory) in a neighborhood of each
segment. Constructing a reliable and fast algorithm, in particular for extremely large n,
does nevertheless require some attention to detail.

A first important observation is that the computations must be done with a working
precision of about p+log2(n) bits for p-bit accuracy, due to the sensitivity of the integrand.
In other words, we lose about log2(n) bits to the exponents of the floating-point numbers
when evaluating exponentials.

To obtain rigorous error bounds and ensure rapid convergence with a minimum of man-
ual analysis, we use the self-validating Petras algorithm [17] which was recently adapted
for arbitrary-precision ball arithmetic and implemented in the Arb library [11]. The
Petras algorithm combines Gauss-Legendre quadrature with adaptive bisection. Given
a segment [α, β], the algorithm first evaluates the direct enclosure (β − α)f([α, β]) and
uses this if the error is negligible (which in this application always occurs near the tail
ends of the integral when p ≪ n). Otherwise, it bounds the error of d-point quadrature
∫ β
α f(z)dz ≈ ∑d

k=1wkf(zk) in terms of the magnitude |f(z)| on a Bernstein ellipse E
around [α, β]: if f(z) is analytic on E with maxz∈E |f(z)|≤ V , the error is bounded by
V c/ρd where c and ρ only depend on E and [α, β]. If f(z) has poles or branch cuts on
E or if the quadrature degree d determined by this bound would have to be larger than
O(p) to ensure a relative error smaller than 2−p, the segment [α, β] is bisected and the
same procedure is applied recursively.

The pointwise evaluations wkf(zk) pose no problem: here we simply evaluate (4)
in ball arithmetic as written. The remaining problem is to bound f(z) on wide intervals
representing z, which is needed both for the direct enclosures on subintervals f([α, β]) and
for the bounds on ellipses. We remark that the complex ball arithmetic in Arb actually
uses rectangles with midpoint-radius real and imaginary parts rather than complex disks,
so ellipses will always be represented by enclosing rectangles (with up to a factor

√
2

overestimation), but this detail is immaterial to the principle of the algorithm.
We can bound the integrand on wide ellipses (or enclosing rectangles) by evaluating (4)

or (5)–(7) directly in interval or ball arithmetic. However, used alone, this results at best
in n1/2+o(1) complexity as n → ∞.2 The explanation for this phenomenon is that f(z) is
a quotient of two functions f1(z) = (log(12 + iz))n+1, f2(z) = cosh2(πz) that individually
vary rapidly near the saddle point, i.e.

f1(z + ε)

f1(z)
∼ f2(z + ε)

f2(z)
∼ e2πε (8)

while f1/f2 is nearly constant. Direct evaluation fails to account for this correlation
(which is an example of the dependency problem in interval arithmetic). Although f(z) is

2In fact, the complexity becomes n1+o(1) when using ball arithmetic with a fixed precision for the radii
(30 bits in Arb). The n

1/2+o(1) estimate holds when the endpoints are tracked accurately.
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nearly constant close to the saddle point, direct upper bounds for |f(z)| are exponentially
sensitive to the width of input intervals, and this forces the integration algorithm to
bisect down to subsegments of width O(1) around the saddle point. Since the peak of
the integrand around the saddle point has an effective width of O(n1/2), the integration
algorithm has to bisect down to O(n1/2) subsegments before converging.

To improve the bound and reduce the complexity, we use the standard trick of Taylor
expanding with respect to a symbolic perturbation ε.

We use the decomposition (5)–(7). The function h(z) is easy to bound: for example,
if Re(z) ≥ 1, then |h(z)|< 4.015. We now turn to bounding exp(g(z)). Given z contained
in a complex ball with midpoint m and radius r, we seek to bound the absolute value of

exp (g(m+ ε)) = exp (g(m)) exp

(

g′(m)ε+

∫ ε

0
g′′(m+ t)(ε− t)dt

)

(9)

for all |ε|≤ r. This gives us

|f(z)|< 4.015 |exp (g(m))| exp
(

|g′(m)|r + 1
2Gr2

)

(10)

where max|u−m|≤r|g′′(u)|≤ G. To evaluate the bound (10), we compute g(m) and g′(m)
explicitly, using

g′(m) =
i(n + 1)

(1/2 + im) log(1/2 + im)
− 2π.

The behavior near the saddle point is now captured precisely by the cancellation in
g′(m). At least log2(n) bits of precision must be used to evaluate exp(g(m)) (to ensure
that the magnitude of the integrand near the peak is approximated accurately) and also
to evaluate g′(m) (to ensure that the remainder after the catastrophic cancellation is
evaluated accurately). Finally, to compute G, we evaluate

g′′(z) =
(n + 1)

(

1 + 1
log(t)

)

t2 log(t)
, t =

1

2
+ iz

directly over the complex ball representing z (as a minor optimization, we can compute
lower bounds for |t| and |log(t)|). This completes the algorithm.

3.1 Final complexity

If the precision goal p is fixed (or grows sufficiently slowly compared to n), then we can
argue heuristically that the bit complexity of computing γn to p-bit accuracy with this
algorithm is log2+o(1) n. This estimate accounts for the bisection depth around the saddle
point as well as the extra precision of log2(n) bits necessary to manipulate exponents and
evaluate the integrand accurately. The logarithmic complexity agrees well with the actual
timings (presented in the next section).

We stop short of attempting a formal complexity analysis, which would require more
detailed calculations and careful accounting for the accuracy of the enclosures in ball
arithmetic as well as details about the integration algorithm. We have deliberately del-
egated as much work as possible to a general-purpose integration algorithm in order to
minimize the analysis necessary for a complete implementation. However, in future work,
it would be interesting to pursue such analysis not just for this specific problem, but more
generally for evaluating classes of parametric integrals using the combination of saddle
point analysis and numerical integration.
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If we on the other hand fix n and consider varying p, then the asymptotic bit complex-
ity is of course p2+o(1) since Gaussian quadrature uses O(p) evaluations of the integrand
on a fixed segment and O(log(p)) segments are sufficient.

A minor technical point is that we cannot make any a priori statements about the
relative error of γn since we do not have lower bounds for |γn|. However, it is reasonable to
consider the accuracy goal B√

n
enA2−p with respect to the nonoscillatory envelope ignoring

the cosine factor in (1). In our algorithm, the local oscillation corresponding to the cosine
factor appears when extracting the imaginary part after performing the integration.

4 Benchmark results

Table 1 shows the time in seconds to evaluate γn at a precision p of 64 bits (about
18 digits), 333 bits (about 100 digits) and 3333 bits (just more than 1000 digits) on an
Intel Core i5-4300U CPU. The implementation automatically chooses the internal working
precision so that the ball computed for γn is accurate to about p bits.

Table 1: Time in seconds to compute γn to p-bit accuracy.

n p = 64 p = 333 p = 3333
1 0.0011 0.0089 2.7
10 0.0020 0.032 6.6
102 0.0032 0.030 3.5
103 0.0064 0.10 7.5
104 0.0043 0.045 19.8
105 0.0043 0.026 27.8
106 0.0066 0.026 18.1
1010 0.0087 0.031 32.6
1015 0.014 0.061 7.0
1030 0.087 0.22 16.7
1060 0.26 0.86 30.9
10100 0.76 1.5 57.2

As expected, the running time only depends weakly on n. The performance is also
reasonable for large p. The timings fluctuate slightly rather than increasing monotonically
with n; this is just an artifact of the adaptive integration algorithm.

We show the computed values of a few large Stieltjes constants. The following signif-
icands are correctly rounded to 100 digits (with at most 0.5 ulp error):

γ105 ≈ 1.9919273063125410956582272431568589205211659777533113258
75975525936171259272227176914320666190965225 · 1083432

γ1010 ≈ 7.5883621237131051948224033799125486921750410324509700470
54093338492423974783927914992046654518550779 · 1012397849705

γ1015 ≈ 1.8441017255847322907032695598351364885675746553315587921
86085948502542608627721779023071573732022221 · 101452992510427658

γ10100 ≈ 3.1874314187023992799974164699271166513943099108838469225
07106265983048934155937559668288022632306095 · 10e,

e = 2346394292277254080949367838399091160903447689869837
3852057791115792156640521582344171254175433483694
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As a sanity check, γ105 agrees with the previous record Euler-Maclaurin computa-
tion [7], and the first 3-4 digits in all cases agree with the Knessl-Coffey formula (1).

A quick comparison with the existing Euler-Maclaurin implementation in Arb shows
that computing a single γn value using integration is faster than computing γ0, . . . , γn
simultaneously using the Euler-Maclaurin formula roughly when n > max(100, p/2).
(In fact, the method acb dirichlet stieltjes automatically switches to the Euler-
Maclaurin formula when this is faster, but we disabled this feature for the timings so
that only numerical integration was tested.) At this point, we do not have an optimized
implementation of the Euler-Maclaurin algorithm for a single γn value, which would be
useful for n from about 10 to 103.

A few possible optimizations of the integration algorithm are worth pointing out:

• For evaluating a range of values γn with A ≤ n ≤ B simultaneously, one could
perform a single vector-valued integration and recycle the evaluations of log(1/2+iz)
and sech2(πz). In the range up to about B = 105, it would be interesting to compare
this approach to simultaneous evaluation with the Euler-Maclaurin formula.

• Parallelization of a single γn computation is trivial by splitting the d evaluations
in Gaussian quadrature into d/r evaluations for each of the r worker threads. This
should give a nearly linear speedup when r ≪ d. We did not try to implement this
technique for the present computations since only a dual-core machine was available.

• The adaptive integration strategy in Arb can probably be improved, which should
give a small constant factor speedup. The working precision could also likely be
reduced by a preliminary rescaling near the saddle point.

5 Discussion

This study was done for two purposes: first, to develop working code for Stieltjes constants
as part of the collection of rigorous special function routines in the Arb library, and
second, to test the integration algorithm [17, 11] for a family of integrals involving large
parameters. We do not have a concrete application in mind for the code, but the Stieltjes
constants are potentially useful in various types of analytic computations involving the
Riemann zeta function, and large-n evaluation can be useful for testing the accuracy of
asymptotic formulas for Stieltjes constants and related quantities.

The technique of evaluating parametric integrals by integrating along a steepest de-
scent contour is, of course, well established in the literature on computational methods
for special functions. The main contribution of this work is the humble observation that
the particular integral (3) with a simple saddle point analysis leads to a complete and
efficient algorithm for Stieltjes constants. The heavy lifting can be done by the integra-
tion algorithm, requiring only an elementary pen-and-paper analysis of the integrand.
The same technique should be effective for many other number sequences and special
functions given by similar integral representations.

An immediate continuation of this work would be to compute the generalized Stieltjes
constants γn(a) appearing in the Laurent expansion of the Hurwitz zeta function ζ(s, a) =
∑∞

k=0(a+ k)−s at s = 1, for instance via the formula

γn(a) =

(

1

2a
− log(a)

n+ 1

)

logn(a)− i

∫ ∞

0

dz

e2πz − 1

[

logn(a− iz)

a− iz
− logn(a+ iz)

a+ iz

]

.

We would need some more analysis to remove the singularity at z = 0, and further analysis
would be needed to optimize the algorithm as the parameter a varies.
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