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Clustering: an ill-posed problem

m We have seen how to perform and evaluate clustering. ..
® ...but we do not know what is a cluster

m Thus we have built something without defining it!

It is a serious problem

Impossible to provide guarantees on by-products of clustering (ex.: some user
decisions) since no guarantees on clustering itself is really available

x—>2:f(x)—>d@n:g(2)
—————

need guarantees
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Expected guarantees on clustering

z, [x, K, etc. are estimates of theoretical quantities z, u, K, etc.
It can be thus expected classical guarantees provided for any estimate in statistics

Typically: consistency, bias, variance

Examples:

p(K=K)=1 asn— oo
p(2 = z) for finite n

m In the previous lessons we were very far from such a requirement. ..

Key idea

Formalize the rigorous definition of a cluster
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The model-based clustering paradigm

a cluster <= a distribution

m It recasts all previous/next questions into model design/estimation/selection

m It takes benefits from all theoretical statistics environment

How to choose the best metric M,)?

How to choose the number K of clusters?
Clusters of different sizes are they well estimated?
How to choose the data unit?

How to select features?

How to deal with mixed data?

How to deal with missing data?

How to deal with outliers?
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What about empirical clustering?

Somewhere it works pretty well even if it has the previous mentioned limits
Interesting to understand why

Interesting to overcome their limits then

To go further

In fact many empirical methods are hidden model-based clustering ones!
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Reformulate K-means: the hidden Gaussian assumption

n K
W) = > zulixi — el
i=1 k=1
n K
1 1 1 ,
= Zkz Zik In e WGXP (—E(Xi—lik) I("i‘ﬂk)) + cst
=1 k=1 —~~
: Ng (k)
Model

d-variate Gaussian with variance matrix | and same cluster sample size (see later)
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Reformulate K-means: the hidden estimate choice

Wi(z) = —20c(pix,z)+cst
U
W __ H
o 2" = argmin, VVI(Z) = W = 3t
(2%, pte) = argmax(, ) Le(p; x, 2)

Estimate

Maximum of the so-called complete-likelihood (see later for its statistical properties)

/113



0/113

Need to formalize

Formalizing estimation

Formalizing selection

More advanced formalizing

MixtComp in MASSICCC

[@ To go further

utline




Need to formalize Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC

Parametric mixture model

m Parametric assumption:
Px(x1) = p(x1; k)

thus

K
p(x1) = p(x1;0) = > mep(x1; o)
k=1

m Mixture parameter:
0 = (7, &) with a = (e, . .., o)
m Model: it includes both the family p(-; ctx) and the number of groups K
m = {p(x1;60) : 6 € ©}
The number of free continuous parameters is given by

v =dim(©)

10/113
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The clustering process in mixtures

Estimation of @ by 0
Estimation of the conditional probability that x; € G,

i p(Xi; Guyc)

tiw(0) = p(Zi = 1|X; = x;;0) = =
p(xi; 0)

Estimation of z; by maximum a posteriori (MAP)

Zy =1

{k=argmaxp_1,__ x tin(6)}
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Geometric interpretation of X,

X - Dy - A, D]
~ ~~ =~

volume orientation shape

3y =

p - ~ [
O O | O
[ M) [ l]
8 \ A ~No AN e
(/J (,/’ k/ \J/‘ (\,) = (,/)&7
[y AB] [7(y A Bl [r(r)ABx| [ i) A B
— o~
o olooN|oN
~ N
[Ty AC [ M€ [ ACk] [y MeCil
s % oo O
o7 \|o o O
[m(y AD A D] [ (x) M D AR D) [m(kyADx ADy] 7y M D AD]
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Estimation of 8 by complete-likelihood

Maximize the complete-likelihood over (0, z)

n K
£c(0;x,2) = Z Zz,-k In{mp(xi; k) }

i=1 k=1

m Equivalent to traditional methods

Metric | M=1 Mfree My free
Gaussian model | [wAI]  [7AC]  [rACi]

Bias of 6: heavy if poor separated clusters
Associated optimization algorithm: CEM (see later)

CEM with [ Al] is strictly equivalent to K-means

CEM is simple et fast (convergence with few iterations)
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Estimation of @ by observe-likelihood

Maximize the observe-likelihood on @

£(0;x) = Z In p(x;; 0)
i=1

Convergence of 6, asymptotic efficiency, asymptotically unbiased
General algorithm for missing data: EM
EM is simple but slower than CEM

Interpretation: it is a kind of fuzzy clustering
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Principle of EM and

m Initialization: 6°
m lteration n°q:
m Step E: estimate probabilities t7 = {ty(67)}
m | Step C: classify by setting t9 = MAP({tx(07)})

m Step M: maximize 897 = arg maxg £.(0; x, t9)

m Stopping rule: iteration number or criterion stability

Properties
m @: simplicity, monotony, low memory requirement

m O: local maxima (depends on 6°), linear convergence (EM)
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n
L (5™, 0
el Z tik (6'9)x;

nk i=1
%(Zuk(e )i — )
nk i=1

Xj —
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Example of an EM in the univariate case

Start (L=-137.8566) Iteration 1 (L=-137.8566)| 0. | Vteration 2 (L=-44.9539)
0.2 - - L
2 2015 ;
7] 1]
g : § o1 ~
o 01 - a O
0.05
0 X < Y \A 0= Yasudsl
-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
X X
- 3 0.3
Iteration 3 (L=-44.1045) Iteration 4 (L=-43.5561) Iteration 5 (L=—-43.1698)
02 o K 0.2
= 2 202
[} %) ; 0
5 § 7 5
o0l 001 BN 001 B
o= Yawd 0 Y weal 0=z Y aoal
-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
X X X
0.3} Iteration 30 (L=-40.7652 0.3/ lteration 45 (L=-39.9684 0.3 | lteration 50 (L=-39.9684
> > >
g 02 G 02 % 02
2 2 2
8 / 8 AWEWE
0.1 y ] 0.1 ] foo) 0.1 ) A
REE0. AN 25\ PRV A A PYEEVS AN A
-4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8 -4 -2 0 2 4 6 8
X X X

Note : low at the beginning but increase of the log-likelihood
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Local maxima

0z

Sl
RN
SN

SN
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Formalizing estimation

Comparison EM-CEM in practice

n overlap! KL(0, 0) err(z,2)
EM | CEM EM CEM
low 0.2770 | 0.2771 0.3383 | 0.3217
20 middle 0.4916 | 0.3699 0.2050 | 0.1700
high 0.4108 | 0.3132 0.0983 | 0.0667
low 0.0209 | 0.0822 0.3342 | 0.3188
200 middle 0.0187 | 0.0425 0.1638 | 0.1587
high 0.0172 | 0.0209 0.0530 | 0.0500
low 0.0014 | 0.0454 0.3112 | 0.3113
2000 middle 0.0017 | 0.0246 0.1620 | 0.1619
high 0.0017 | 0.0059 0.0509 | 0.0510

Lhigh: 30%, middle: 15%, low:5%
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Categorical variables: latent class model

m Categorical variables: d variables with m; modalities each, xfl €{0,1}" and

x{:h =1 <« variable j of x; takes level h

m Conditional independence:

d mj

p(x;; k) HH a’h

and

o =p(x" =1z = 1)

with ap = (o j=1,...,dih=1,...,m;)

270/113
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Integer: Poisson mixture model

B integer variables: d variables X{ eN

m Intra conditional independence:

d o jyd .
p(xént; aint) _ H (ajk) e—ozjk
ol

Jj=1
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SPAM E-mail Database?

B n = 4601 e-mails composed by 1813 “spams” and 2788 "good e-mails”

m d = 48 + 6 = 54 continuous descriptors?
[ |

48 percentages that a given word appears in an e-mail (“make”, "you'...)
[ |

6 percentages that a given char appears in an e-mail (“;", “$"...

m Transformation of continuous descriptors into binary descriptors

o = 1 if word/char j appears in e-mail i
71 0 otherwise

2There are 3 other continuous descriptors we do not use

113 Shttps://archive.ics.uci.edu/ml/machine-learning-databases/spambase/
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An EM run with a binary data set

LR,

i

=
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An EM run with a binary data set
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An EM run with a binary data set

Iteration 2
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An EM run with a binary data set

Iteration 3
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An EM run with a binary data set

Iteration 4
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An EM run with a binary data set
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An EM run with a binary data set

Iteration 6
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An EM run with a binary data set
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An EM run with a binary data set

Iteration 8
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An EM run with a binary data set

Iteration 9
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An EM run with a binary data set

Iteration 10
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An EM run with a binary data set

Iteration 11
=
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An EM run with a binary data set
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An EM run with a binary data set

Iteration 13
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An EM run with a binary data set
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An EM run with a binary data set
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An EM run with a binary data set

230/113



Need to formalize Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC To go further

An EM run with a binary data set

Iteration 17
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An EM run with a binary data set
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An EM run with a binary data set

Iteration 19
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An EM run with a binary data set

Iteration 20
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An EM run with a binary data set

Final summary
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Mixed data: classical approaches

Usually, unify data type by transformation :
m Quantify continuous variables: loose some information
m MCA dof categorical variable: loose the meaning

Proposal

Model-based directly on raw data

45/113
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Mixed data: conditional independence everywhere

The aim is to combine continuous, categorical and integer data

cont _cat _int
X1:(X1 y X1 5 X1 )

The proposed solution is to mixed all types by inter-type conditional independence

cont cont) cat cat) mt int)

p(x1; o) = p(x{ x p(xf x p(x]

In addition, for symmetry between types, intra-type conditional independence

To go further

Only need to define the univariate pdf for each variable type!

m Continuous: Gaussian
m Categorical: multinomial

m Integer: Poisson
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Missing data: a seminal paper

Biometrika (1976), 63, 3, pp. 581-92 581
Printed in Great Britain

Inference and missing data

By DONALD B. RUBIN
Educational Testing Service, Princeton, New Jersey

SUMMARY

‘When making sampling distribution inferences about the parameter of the data, 8, it is
appropriate to ignore the process that causes missing data if the missing data are ‘missing
at random’ and the observed data are ‘observed at random’, but these inferences are
generally conditional on the observed pattern of missing data. When making direct-
likelihood or Bayesian inferences about 6, it is appropriate to ignore the process that causes
missing data if the missing data are missing at random and the parameter of the missing data
process is ‘distinct” from 0. These conditions are the weakest general conditions under which
ignoring the process that causes missing data always leads to correct inferences,

Some key words: Bayesian inference; Incomplete data; Likelihood inference; Missing at random;
Missing data; Missing values; Observed at random; Sampling distribution inference.
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Missing data: current solutions

X1 Xo X3

| Cluster

1.23 ? 3.42
? ? 4.10
453 150 5.35

? 5.67 ?

?

?
?
-

To go further

Discarded solutions

m Suppress units and/or variables with missing data = loss of information

m Imputation of the missing data by the mean or more evolved methods =
uncertainty of the prediction not taken into account

Retained solution

Use an integrated approach which allows to take into account all the available

information to perform clustering
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Missing data: notations and MNAR assumption

O; C{1,...,d} the set of the observed variables from sample i
x,-o the observed data from sample i

M; the set of the missing variables for sample i

p$) the sub-vector of puy associated to index O; (the same for M;)

EI@,)(M the sub-matrix of X associated to row O; and columns M; (the same for
any other combination)

Assumption on the missingness mecanism

Missing At Randon (MAR): the probability that a variable is missing does not
depend on its own value given the observed variables.

40/113
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Missing data: maximum likelihood estimator

Observed log-likelihood. . .

n K K
2(6;x°) = Z log (Z wep(x2; ak)> =In Zwk /M p(x2, xM: a))dxM
k=1 k=1 i

i=1

MAR assumption

50/113
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EM and Gaussian case: E step

0 and 67 the parameters for two successive steps (idem for missing data)

T p(xP; k)

zf = P(Zu=1x2;0) = — 1T
k 1
' I ' St med(x0; )
" , ’ —1
' = E[XMx0,Zi=10] = ul + 3O (590) T (x° — ).

Interpretation
0

] z,.t: class posterior probability membership given the available information x;”.
M*

m x; : conditional imputation of the missing data given the cluster.
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EM and Gaussian case: M step

1 & 1 &
+ + ot + +
Tk T OF E :Zikv He = F Zik Xik
k i1 koi=1
1 n
+ et — Vet — Y +
= 7 >z [(xik B )X — )"+ Eik]
k i=1
+ + ot xP + op oM
— n — I — i i H
where n = >t Zip, Xy = ( M ) 3= ( oMo st ) with 0 the d x d
ik i ik

; MT _ $MO (320)\ 1 520M
null matrix, and Eik 72”( (Eik) Eik .

. t
Interpretation of X3!
Variance correction due to the under-estimation of variability caused by the

imputation of missing data.
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Missing data: SEM algorithm

A SEM algorithm to estimate @ by maximizing the observed-data log-likelihood

m Initialisation: 6(%)
m lteration nb g:
m E-step: compute conditional probabilities p(x", z|D; 8(%)
m S-step: draw (xM(@ ,(ZS;) from p(x™, z|x°; 8(9)
q

m M-step: maximize 6 = arg maxg Inp(x©, xM(@ 2(9). g)

m Stopping rule: iteration number

Properties: simpler than EM and interesting properties!
m Avoid possibly difficult E-step in an EM
m Classical M steps
m Avoids local maxima
m The mean of the sequence (9(‘7)) approximates 6

m The variance of the sequence (8(9)) gives confidence intervals
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Missing data: SE algorithm

A SE algorithm estimates then (xM, zM)

m lteration nb g:
m E-step: compute conditional probabilities p(xM,zM|D;é)
m S-step: draw (xM(@, M@y from p(x™, zM|D; §)

m Stopping rule: iteration number

To go further

Properties
m simplicity because of conditional independence
m the mean/mode of the sequence (xM(@), zM(9)) estimates (xM, zM)

m confidence intervals are also derived
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Missing data: illustration with the cancer data set (1/2)

m Strategy “mice* + mixture”: mixture on the dataset completed by mice

> data.imp=mice(data)
> data.comp.mice=complete(data.imp)

m Strategy “full mixture”: mixture on the observed (no completed) dataset

e /114 4http://cran4r-prc:>ject4c:>rg/weI;:/packages/mice/micepdf
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MMissing data: illustration with the cancer data set (2/2)

Strategy mice + mixture  full mixture
% misclassified 12.8 8.1

To go further

Avoid to complete missing data (imputation depends on the purpose)
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Keep in mind

George E.P. Box (1987)

“Essentially, all models are wrong, but some are useful”

m M = {m} will denote the set of competing models

m The true distribution p is not necessarily in M

m Density estimation: AIC, BIC
m Clustering: ICL, CL, NEC

58/113
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Importance of model selection: example

Model = number of clusters 4+ parametric structure of clusters

To go further

Too simple model: Too complex model: | variance

] ]
] ]
] ,
] ]

true borderline
= = = borderline with [ /]

... borderline with [\, Ck]

true modgle: [ /]

too simple model: [wA/]

50/113
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Importance of model selection: bias/variance trade-off

m Partition error rate: err(zi,2z2) > 0 a distance-like between two partitions z;, z
m Gap between true and model partition:
0, = arg min err(z,z(0
= arg min ere(z,2(6))
m MLE:

Om = arg max £(0; D)
m Fundamental decomposition of err(z, z(0m)):

err(z,z(6m))
{err(z, 2(85)) — err(z, z)} + {err(z, 2(6m)) — err(z, 2(87, ))}

{biasm} + {varia ncem}
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Importance of model selection: illustration of the variance effect

30 samples from a bivariate mixture with two components

M1 = (07 0)/7 K2 = (272)l7 31 =3=I

w1 = m = 0.5,

M = {spherical, general}

n m err(z, Zm)
40 spherical 0.0967
general 0.1100
0.0840

200  spherical
general 0.0872
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Some heuristics entropy-based criteria: examples

m A fundamental decomposition of £(0; x): for any “fuzzy partition” ¢ = {ci}

n K n K
00;x) = > > cuIn{mp(xi;ou)} — > > cikInti(6)

i=1 k=1 i=1 k=1
£c(0;x,¢) +£(6;¢c)
= complete-data log-likelihood + entropy

m NEC criterion (Normalized Entropy Criterion): retain m minimizing

€Ok t(0k))

I Y S
NECk = q ¢(6k:x) — £(61;x)
1

ifK=1
m CL criterion (Completed Likelihood): retain m maximizing
CL=£c(;x,2) = £(6; x) - £(6;2)
SN—— N——
model adequacy partition evidence

m Behaviour: not completely satisfactory but something happens. ..
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2nd MCA axis

Formalizing selection

Some heuristics entropy-based criteria: NEC illustration

NEC criterion

05 T
1st MCA axis Components
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Some heuristics entropy-based criteria: CL illustration

Interpretation as a penalized within-cluster inertia criterion:

nd
CL([PX/],K) = —7 In(Wgk) — nin(K) + cst

3 1 ¢ T T T T T T T
80 ° o o ]|
. . . - ]
2 X | 00 R
120 ° 4
140 ]
1 1 -760 1
- ]
o 1 1 1s 2 25 3 35 s s s
K
- 1 o0 «
-means
1000 1
=
5 a0 1
o 1 g
£ 00 1
g wo N 1
" 1 £ °
. . . , \ \ , \ | 200 ° B
= Y o 1 2 3 s B G
f 15 2 25 3 35 s 5 s
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Theoretical model selection criteria

The most widespread principle

Criterion = maximum log-likelihood — | penalty
~—

to be maximized

model-data adequacy " cost” of the model

[ criterion ] penalty [ interpretation [ user purpose |

general criteria in statistics
| AIC | v | model complexity | prediction |
[ BIC | 0.5v In(n) | model complexity | identification |

specific criterion for the clustering aim
ICL 0.5v In(n) model complexity well-separated
— 2k Zik In ty(8) + partition entropy clusters
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BIC criterion: integrated likelihood

m Posterior likelihood of m:
p(m|D) o< p(Dm)  p(m)
———
prior on m
m |deal model in a Bayesian context:

m* € arg max p(m|D
& max p(m|D)
m Integrated likelihood: if p(m) = cst, it is equivalent to maximize

p(D|m) = /@ b(D;6,m) p(6lm) do

prior on 6

m Difficulties:

m Choose the prior p(6|m)
m Evaluate the integral
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BIC criterion: genesis

m Laplace-Metropolis approximation: under standard regularity conditions, we have
N v
Inp(D|m) =4(0; D) — 5 In(n) + Op(1)
m BIC criterion (Bayesian Information Criterion): retain m maximizing

Vm

BICm = £(6m; D) — > In(n)
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BIC criterion: consistency

m Consistency: BIC asymptotically selects the best
m* = arg inf KL(p, pg=
g inf KL(p,Poy)

m Theoretical illustration of consistengy: m; C my, m; being the true model,
Av =1y — vy, AL = {(02; D) — £(01; D), we have

2(BIC, — BIC;) + Avin(n) = 2A¢ %5 2,

With o = Av and 62 = 2Av the mean and the variance of XzAl/

< 2
= (&vin(n) — )y

n—oo

P(Xa, > Avin(n)) < p(Ixa, — ul > Avin(n) — p) — 0

by using the Chebyschev inequality. Thus, asymptotically, BIC will select m;

m Special case of K: be careful on the x? approximation validity. . .
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ICL criterion: genesis
m Revisiting the fundamental decomposition: if z known, retain m maximizing

Inp(x,Zm) = Inp(xim) +  Inp(zlx,m)
N—— N——

all data evidence data x evidence partition z evidence

Thus models leading to overlapping groups are more penalized (low z evidence)

m ICL criterion (Integrated Classification Likelihood): replace z by 2
ICL = In p(x,2|m)
m BIC-like approximation of ICL:

In p(x, z|m) = In p(x, 2; Bx.z|m) — g Inn+ 0,(1)

In case of the right model m: éx,z 22 9* and éx 2 g%, Thus, for n large
enough, GAXYZ ~ O,. Then, we take 2 = MAP(éX) (or also z = t(éx)). It gives

ICLbic = Inp(x,i;éx)—glnn
= BIC — £(6x; 2)

= CL—Elnn
2

60/113
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ICL criterion: robustness to model misspecification

m A bivariate mixture of a uniform and a Gaussian cluster:
m non-Gaussian component: 7 = 0.5, p;(x1) = 0.25 l[_lyl](xl) I[_l,ll(xz)
m Gaussian component: m = 0.5, po = (3.3,0)', 2, = |

m 50 simulated data sets of size n = 200

K 1 2 3 4 5
BIC . 60 . 32 8
ICLbic . 100

70/113
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ICL criterion: consistency?

m Assumption: true model with two groups and parameter 6

m Theoretical result:

m Preliminaries: 6, = n(6; — 65°)'J(65)(65 — 6,"), J(65) the Fisher matrix for a data
unit calculated with the true parameter 8, and 6,” its projected value on the parameter
subspace associated to the one component case, p1, = E[xa, (5,)] = Av + §,,

o2 = Var[x4, (6,)] = 2(Av + 6,)
m Asymptotically: by Chebishev inequality, with ©, — Avinn —2nIn2 >0

0_2

p(choose wrong model) = p(ICLbic, < ICLbic;) < G —bomn ;’1 “onina)

Thus it goes towards 0 for well-separated groups

m Experimental result: 100 samples from a univariate Gaussian mixture

m =72, =0, pr=A~Ap, o

iy 2.9 3.0 31 32 33
n BIC ICL BIC ICL BIC ICL BIC ICL BIC ICL
100 94 23 06 31 97 44 95 45 97 60
400 100 9 100 21 100 48 100 70 100 85
700 100 8 100 15 100 39 100 72 100 96
1000 100 6 100 16 100 56 100 75 100 91
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Formalizing selection

Large n: BIC behaviour (1/2)

More advanced formalizing MixtComp in MASSICCC

m The mixture density is wrong (as all models)

n frequence

Niveaux de gris

m Mixtures allow to estimate any distribution by increasing the number of
components (high flexibility)

Densite

Niveau de gris

To go further
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Large n: BIC behaviour (2/2)

To go further

Since BIC is consistent, as n grows, it adds components for improving the true
density estimation

Real example

FH5k, K=4 fqr n=625

Marketing context :
Looking for classes of customers

" It was only d=2
It was only n<10000 °

in this example
in this example s 7

| Cwsmmee "7
Reality is even worst:customers, m1'xed,

1 day computer for 20 classes, more than 40 classes!
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Missing data: illustration with the cancer data set (1/2)

m Strategy “mice® + mixture”: mixture on the dataset completed by mice

> data.imp=mice(data)
> data.comp.mice=complete(data.imp)

m Strategy “full mixture”: mixture on the observed (no completed) dataset

/113 5http://cran4r-prc:>ject4c:>rg/weI;:/packages/mice/micepdf
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Missing data: illustration with the cancer data set (2/2)

s

g ]
3
g
g
. 3
§ |
;

g
g
3 g 3 '
g4 |
8
g
g | ;
2

T T T T T T T L T T T T T T

1 2 3 4 5 6 7 1 2 3 4 5 6 7

K K
mice + mixture full mixture
K=7 K=2

... may lose some cluster information when imputation before clustering
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CAUTION

Impossible to use BIC/ICL for kernel/spectral clustering (data set has changed. ..)

76/113



Need to formalize Formalizing estimation Formalizing selection Vlore advanced formalizing VixtComp in MASSICCC To go further

Reformulate K-means: elbow as a slope heuristics (1/3)

m SH (Slope Heuristics) criterion: retain m maximizing
SHum = £(Bm; D) — 2variancem
m Estimating the penalty: optimal penalty is linear in vm
ZVmem = KUm.

and also

variancem = 2{e(ém; D) — p(D)} + 2{p(D) — (O D)}

RKVm bias~ cst for too complex models

thus, for complex enough models, E(ém;D) behaves linearly with v, and the
corresponding slope is /2

m cAPUSHE® (CAlibrated Penalty Using Slope HEuristics): /2 can be estimated by
a linear regression of E(ém;D) on %Vm

112 Shttp://cran.r-project.org/web/packages/capushe/
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Reformulate K-means: elbow as a slope heuristics (2/3)

o o
-sd0- ]
3 ]

5 560 o ]

°

I}
2r B £ -seo 1

T

=
T -s00f 1

it -
= 6201 1

] 15

* ]
or 4 % 640 4
2 60 1

-1b ]
6801 ]
-2 i 700} ]
1
= = - + 4 3 n : Niimher nf comnnnents
ot
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Formalizing estimation

Reformulate K-means: elbow as a slope heuristics (2/3)

&

-1416.5

Formalizing selection

More advanced formalizing MixtComp in MASSICCC

1417

14175}

1418}

-1418.5

1419

-1419.5

-1420

-1420.5'

slope = 1.75

-1416.5
-1417

# -1417.5

=

g

=

=

o
|
i
[

-1418
-1418.5
-1419
-1419.5
-1420
-1420.5
-1421

06 07 08 0.9
D/n

rl

-1421.5

D/n

To go further
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Outliers: Two possibilities

m “After’: exclude data outside the confidence area of clusters

“outlier"
I/

95% confidence area

m “During”: model outliers as a particular cluster in the mixture

K

p(x1:0) = > mp(x1; o) + mop(x1; o)
k=1

81/113



Need to formalize Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC

82/113

Outliers: “during” example with acoustic emission control

m Data: n =2 061 event locations in a rectangle of R? representing the vessel
m Model: Diagonal Gaussian mixture + uniform (noise)

m Groups: sound locations = vessel defects

To go further

x10* Critere ICL x10° Critere BIC
-2 -2.04
T T T T
-2.06
-21 ao 1
-2.08
o B
-212
-21
wf B
-214 12
2k B
216 214 o | 1
-2.16 b |
-2.18
-2.18 aol B
-22
-22 ool 1
-222 -222 P . . . .
o 5 10 15 20 0 5 10 15 20 Yo =0 o E) )
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Units: changing the data units

m Principle of data units transformation u:

u: X =4xi — av
x=x4=id(x) > x"=u(x)

u is a bijective mapping to preserve the whole data set information quantity
We denote by u~? the reciprocal of u, sou=tou =id

Thus, id is only a particular unit u

Often a meaningful restriction” on u: it proceeds lines by lines and rows by rows

u(x) = (u(x1),...,u(xp)) with u(x;) = (u1(xi1),- -, ug(xiq))

m Advantage to respect the variable definition, transforming only its unit
m u(x;) means that u applied to the data set x;, restricted to the single individual i
m u;j corresponds to the specific (bijective) transformation unit associated to variable j

7Possibi|ity to relax this restriction, including for instance linear transformations involved in PCA (principal

02 /113 component analysis). But the variable definition is no longer respected.
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Units: revisiting units as a modelling component

m Explicitly exhibiting the “canonical” unit id in the model

Pm={€X—=p(0):0€Ont={€x¥—>p(0):0cOn}=pd

m Thus the variable space and the probability measure are embedded
m As the standard probability theory: a couple (variable space,probability measure)!
m Changing id into u, while preserving m, is expected to produce a new modelling

pm={€x"—p(0):0¢c Om}.

A model should be systematically defined by a couple (u,m), denoted by p¥,

84/113
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Units: interpretation and identifiability of pp,

m Standard probability theory (again): there exists a measure u—!(m) s.t.8

u~l(m) € {m’ € M: pid, = piy}

m’

m There exists two alternative interpretations of strictly the same model:
m pp,: data measured with unit u arise from measure m;
m p9 , : data measured with unit id arise from measure u~*(m)
u=1(m)

m Two points of view:

To go further

Statistician

The model p}, is not identifiable over the couple (m,u)

Practitioner

Freedom to choose the interpretation which is the most meaningful for him

8This set is usually restricted to a single element
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Units: opportunity for designing new models

Great opportunity to build easily numerous new meaningful models p},!

m Just combine a standard model family {m} with a standard unit family {u}
m New family can be huge! Combinatorial problems can occur. ..

m Some model stability can exist in some (specific) cases: m = u~!(m)

86/113
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Units: model selection

As any model, possible to choose between p"ml1 and p"mQ2

However, caution when using likelihood-based model selection criteria (as BIC)

m Prohibited to compare my in unit u; and my in unit up
m But allowed after transforming in identical unit id
m Thus compare their equivalent expression: p"Ll and p"Ll
u; (my) uy “(my)

m Example for abs. continuous x and differentiable u, the density transform in id is:
P 1y = £+ € X = p(u(-); 0) x [3“()| : 6 € Om}

with JY(-) the Jacobian associated to the transformation u

87/113
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Units: prostate cancer data (1/2)

m Individuals: 506 patients with prostatic cancer grouped on clinical criteria into
two Stages 3 and 4 of the disease
m Variables: d = 12 pre-trial variates were measured on each patient, composed by
m Eight continuous variables (age, weight, systolic blood pressure, diastolic blood
pressure, serum haemoglobin, size of primary tumour “SZ”, index of tumour stage and
histolic grade, serum prostatic acid phosphatase “AP")
m Two ordinal variables (performance rating, cardiovascular disease history)
m Two categorical variables with various numbers of levels (electrocardiogram code, bone
metastases)

Some missing data: 62 missing values (=~ 1%)
m Two historical units for performing the clustering task:
m Raw units id: o

m Transformed data u: since SZ and AP are skewed, 10 propose

usz = v/~ and ugp = In(-)

9McParland, D. and Gormley, |. C. (2015). Model based clustering for mixed data: clustmd. arXiv preprint
arXiv:1511.01720.
10Jorgensen, M. and Hunt, L. (1996). Mixture model clustering of data sets with categorical and continuous

oe /113 variables. In Proceedings of the Conference ISIS, volume 96, pages 375-384.
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Units: prostate cancer data (2/2)

m Model m: full mixed data x = (x°", xat xordi xint yrank) (missing data are

allowed also) are simply modeled by inter conditional independence
p(x; Oék) — p(xcont; a;:(ont) % p(xcat; a;:(at) % p(xordi; airdi) N

In addition, for symmetry between types, intra conditional independence for each
m Results:

m New units usz and usp are selected by ICL
m New units allow to select two groups and provides a lower error rate

2 rawdata
EH ©  new units

IcL

! “NbClusters "
clusters clusters
-1 2 -1 2
287 5 270 22
52 162 23 191
Table : Raw units: 11% misclassified Table : New units: 9% misclassified

80/113



00/113

More advanced formalizing

Variable selection for Gaussians!!
Definition

K
p(x1;0) = {Zwkp(xf;uk,ﬁlk)} X {p(xij;a + xFb, C)} X {p(x'{v;u,v)}
k=1

- - redundant variables independent variables
clustering variables

where
m all parts are Gaussians
m S: set of variables useful for clustering
m U: set of redondant clustering variables, expressed with R C S

m W: set of variables independent of clustering

Trick
Variable selection is recasted as a particular model selected by BIC

1 Raftery and Dean (2006), Maugis et al. (09a), Maugis et al. (09b)
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MASSICCC?

MASSICCC platform

« Target: clustering, scoring
« Data: continuous and/or categorical

« Target: clustering, scoring, imputation
« Data: full mixed, missing, uncertain

BlockCluster software

« Target: co-clustering
« Data: continuous or categorical or counting j

MixtComp in MASSICCC

A high quality and easy to use web platform

towards (non academic) professionals

where are transfered mature research clustering (and more) software
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Here is the computer you need!

03/113
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Prostate cancer datal?

m Individuals: 506 patients with prostatic cancer grouped on clinical criteria into
two Stages 3 and 4 of the disease

m Variables: d = 12 pre-trial variates were measured on each patient, composed by
eight continuous variables (age, weight, systolic blood pressure, diastolic blood
pressure, serum haemoglobin, size of primary tumour, index of tumour stage and
histolic grade, serum prostatic acid phosphatase) and four categorical variables
with various numbers of levels (performance rating, cardiovascular disease history,
electrocardiogram code, bone metastases)

m Some missing data: 62 missing values (=~ 1%)

We forget the classes (Stages of the desease) for performing clustering

Questions
m How many clusters?
m Which partition?

0n/113 1szar DP, Green SB (1980): Bulletin Cancer, Paris 67:477-488
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Need to formalize Formalizing estimation Formalizing selection

Enter into MASSICCC

massiccc.lille.inria.fr

Massive Clustering with €loud Comgu‘

Clustering of heterogeneous data with missing values. '
Hosted in the cloud. No installation or configuration required.

Upload your data, and get results straight away. a9
¥

" i 9y

To go further

Developed by é&z&&,—
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INPUTS

Formalizing estimation

MASSICCC

Formalizing selection

More advanced formalizing

MixtComp in MASSICCC

Data upload without preprocessing

Dashboard  Help
Age
Contit

Preview
Age
o 7
17
2w
3 e
4

wt

Conti

76

118

102

PF

Categ

HX

HX

Catez

E:

SBP

Contir

D3P

Contit

EKG

138

14¢

134

EXG

Categ

14142

53852

64807

17321

10000

HG

Contil

SG

P

sz

rofile

Cortii 7

10986

24845

19455

10986

23975

Logout

SG

Cont1

BM

To go further
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Run clustering analysis

MASSICCC ~ Dashboard  Help Profile  Logout

INPUTS

Parameters.

Title | Rundemoon cancer dataset

DataFile MixtComp-Example.csv

Package @ MixMod | @ MixtComp = €% BlockCluster

Function Cluster i
Labels Column L
Cluster Groups 17 ()

07/113
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It is running on the (Inria) cloud. ..

MASSICCC ~ Dashboard ~ Help Profie  Logou:

RESULTS

Select a job execution from the list below

INPUTS 03 @ Run DemoOn Cancer Data Set SFeb1659 gy
MixtComp-Examplecsv.

02 @ MictComp Cluster L1915

Functional-Example.csv

Escai Prostate Vendredi Soir 3Fek 19:03
01 ® MixtComp-Example csv. v

08/113
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ovERvEn

meurs

Formalizing estimation

Formalizing selection

MASSICCC  Dasibomrd Help

® Outputs
Vaishes 12

Vodels

Mode! Gitaren NoCisters
Dt ez Bet2152) 2
Deratt I 1226C4) BC121953) 3
Deatt (C 122606 BC-122082) 4
Derat ICLH123081) B L2254 5
Deat ICLH25730 BCH122687) 6
Derait Icl-22427 Bl 7
Deratt 28361 BCL25451) 1

lertropy  ClassEniropy  Para

CrteronPlot | VaisleSiniaies  CassSmirte

ICL value / Nb of Clusters

o /
123k /
Fnm /
§ua
L

-1k

1255k
' H 3 B s 5 7

Rurmber of Clusters

More advanced formalizing

MixtComp in MASSICCC

Pfie logt

Noerrar
Noerzr
Noerar
Noerr
Noerr
Noerror

Noerer

Several quick result overviews. . . without post-processing

L Dourlcai Resls

To go further



Need to formalize Formalizing estimation Formalizing selection More advanced formalizing MixtComp in MASSICCC To go further

Variable significance on global partition

all Variable Q = ik
Importance

AP 1
Discrim: 0.591
Similarities with SG: 0.5544

This chart represents the

discriminating level of 0.8
each variable. A high value

(close to one) means that 0.6
the variable is highly

discriminating. A low value 0.4
(close to zero) means that

the variable is poorly 0.2
discriminating. Click on

one of the bars to display o

the distribution of this
variable and, to also
display the similarities Variables
between this variable and

all the others. The color of

the bars reflects the

similarities between all the

variables and the selected

variable.

R N - S S

Read more @

Sort Variables: 1T

+ similarity between variables
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Variable “Age" difference between clusters

/& Variable Boxplot of the distribution per class for Age
Parameters
This chart summarizes the
distribution of the selected 2 I
variable
w
)
&
o
Age ©
|
1 |
RO % s ° > %

Age (Gaussian)
¥ Hide model parameters
Class 1 Class 2
mean: 71.534, sigma: 6.760 mean: 71.313, sigma: 7.463

101/113

To go further
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Variable “SG" difference between clusters

/ Variable Boxplot of the distribution per class for SG
Parameters

This chart summarizes the
distribution of the selected 2
variable

Classes

SG

SG (Gaussian)
W Hide model parameters
Class 1 Class 2
mean: 8.940, sigma: 1.154 mean: 12.087, sigma: 1.405

102/113
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Variable “BM" difference between clusters

/& Variable Mode and 95% CI per class for BM
Parameters
M class1

This chart summarizes the M class2

distribution of the selected

variable .
3
@
8
BM &

modality

BM (Multinomial)
¥ Hide model parameters
Class 1 Class 2
scatter: [0.993,0.007] scatter: [0.633,0.367]

103/113
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Individual cluster separation (with the cluster weight)

Classes  Criterion  Probabiliti Advanced
all Class i,
Proportions
This chart shows the 05 Similarities with Class 2: 0.0561
proportion of individuals
in each class. Click on one 0.4
of the classes to also
display similarities 0.3
between this class and all
the others 0.2
Read mor
ad more € o1
0
0
Class 2 %ﬁ(
%

Variables
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Scoring cancer data following the clustering task

MASSICCC  Dishboard ~ Help Prole Logo
OVERVEW INPUTS
s Paramesers
ws The | scorgfolowng the dusterng tack
it OuaFle | MiComp-Eiangieciy
Pacage | @ MixViod ‘ ® MdComp | 4 BlockClster
Fincton | |

Casteaionvodd e D sz
w

MixiComp-Bxam

02 Micom 370105

Function

Essal Frosiate Vendredi Sir 3501903
MixiComp-Example v -

0

2
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Curve “cookies” data set

The Kneading dataset comes from Danone Vitapole Paris Research Center and
concerns the quality of cookies and the relationship with the flour kneading process!3.
There are 115 different flours for which the dough resistance is measured during the
kneading process for 480 seconds. One obtains 115 kneading curves observed at 241
equispaced instants of time in the interval [0; 480]. The 115 flours produce cookies of
different quality: 50 of them have produced cookies of good quality, 25 produced
medium quality and 40 low quality.

600
L

400
L

Dough resistance

200

0 50 100 150 200 250

Kneading time (s)

13 ¢véder et al, 04
106/113
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Upload curves data

MASSICCC  Dastboxd  Help

Fuss

Uploadafie withalist o datates foreach colimn @
mRuTS [ Chaisssez an fitier  Aucun fchie choisi
REuTS Fution

Furctons!

Preview

Functon
o 0251.2262021695942257 41097125343 426375,
1 0241.129520478291.2245 716080727369 AT015.
2 (0:192.07004416218 2195 01313166268 4:197 95¢.
3 137.021447956417 2154 435389504923 -7 5%
4 0244 190150204111 2245 £27052897653.4347.15.
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Run a clustering task with three clusters

MASSICCC  Dastboad  Hep Frofie  Logaut
oveRw. INPUTS

FLES Parameters

TS THe | Clhsteringofcookiesintothrescliters

DaaFle | Functisralxzmplecsy

pickage | @ Micod | @ MitComp | @ BoiCluster

functon | Claster
LaslsColormn °
ClusterCrops | 2 | o

VoribleParans 4
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Overview of the three clusters of cookies

Mean and 85°% CI curves per class for Function

100/113
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Curve “cookies” result

Using a basis functional model-based design for functional data'*

Kneading data (3 groups)

200
I

times

14
107113 Jacques and Preda (2013)
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Some remaining questions

More on dependent data (like times series)
High-dimensional data
Missing not at random data (MNAR)
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Next lesson

Introduction to cluster analysis and classification:
Bi-clustering and co-clustering
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