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Abstract

In this article we consider the stabilization problem by a relay control using non-quadratic Lyapunov functions. First, a general result
is proposed for the case of nonlinear systems. A full state relay feedback controller is designed in order to ensure the local asymptotic
stability of the closed-loop system. Then, the result is applied to the particular case of LTI systems. A constructive method based on LMI
conditions is given in order to design nonlinear switching surfaces and provide an estimation of a non-ellipsoidal domain of attraction.
In addition, the approach is extended to observer-based relay feedback. Both linear and nonlinear switching surfaces dependent on the
estimated state are designed while using a Luenberger observer. Finally, illustrative examples are proposed in order to show the efficiency
of the proposed methods and simulations are performed for a Buck converter structure.

Key words: relay control, linear time invariant systems, nonlinear switching surfaces, switched affine systems, local asymptotic

stabilization.

1 Introduction

Relay feedback systems present the simplest class of
switched control systems [33]. They are widely used in dif-
ferent application fields - see for instance [23], [34], [49],
[50]. They are motivated by their use in simple electrical
(DC-DC converters) [14], [15], electromechanical [3], [47],
and aerospace applications [18], [19]. They are also used
for quantization errors modelling in digital control [33],
[39], delta-sigma modulator design in signal processing
[44], and controllers auto-tuning [23].

Relay systems are known for being simple, efficient and ro-
bust [16], [26], [41]. However, they may present complex
phenomena which make their study very challenging : zeno
solutions, limit cycles, chattering or sliding modes (see for
instance [21], [28], [29], and [48]). They are related to hy-
brid systems and more particularly to switched affine sys-
tems [11], [13], [20], [24], [31]. Various approaches have
been proposed for relay feedback control design in the litera-
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ture, both in the space domain and in the frequency domain -
see for instance [9], [26], [40], and [41]. However, the prob-
lem of relay feedback control design is still widely open.
Recently, a convex embedding formalism has been used in
order to design a stabilizing switching law [26]. The design
procedure uses the existence of an exponentially globally
stabilizing state feedback controller as a reference control
to be emulated by a relay feedback controller.

The work in this paper is in the same spirit. We generalize
the approach in several directions. In [26] consideration is
given to the stabilization of linear systems by relay feed-
back controllers. Here, we propose a general framework for
the design of a relay feedback control in the case of non-
linear input-affine systems. The designed switching surfaces
in [26] are linear and local stabilization of the closed-loop
system is ensured in an ellipsoidal domain of attraction. In
this paper we propose a numerical method for the design
of nonlinear switching surfaces using non-quadratic Lur’e
type Lyapunov functions. Local stability of the closed-loop
system is guaranteed in a larger non-ellipsoidal domain of
attraction. Since the state variables in real systems are not
always fully available to measurements, the approach is gen-
eralized to observer-based control. To the best of our knowl-
edge, no observer-based relay control design method exists
in the literature. We also provide a separation principle for
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LTI systems with an observer-based relay controller while,
to the best of our knowledge, the separation principle exists
only for systems with continuous controller [43] and thus
can not be applied to relay systems. In order to illustrate
the efficiency of the proposed methods a numerical example
is used and simulations are performed for a Buck converter
structure.

The result can be related to the simplex method [7]. We use
numerical tools which are inspired from convex optimization
approaches employed for systems with saturated actuators
[8], [10], [45] and LMISs [1], [2], [35].

The paper is structured as follows: Section 2 gives some
preliminaries and exposes the problem under study. In Sec-
tion 3 we consider the case of full state relay feedback con-
trol design. The section is organized as follows : in the first
part a general result is given for the local asymptotic stabi-
lization of nonlinear affine systems with relay feedback. In
the second part, we propose an LMI based approach allow-
ing the design of nonlinear state-dependent switching laws
that ensure the stability of LTI systems and provide a non-
ellipsoidal estimation of the domain of attraction. In addi-
tion, a numerical example that illustrates the efficiency of
the proposed method is also provided in the same section.
Design methods of observer-based relay feedback controller
are proposed in Section 4. We consider both linear and non-
linear switching laws dependent on the estimated state using
a Luenberger observer. Computer simulations are performed
for a Buck converter structure in order to asses the effective-
ness of the proposed approaches. The paper is ended with a
brief conclusion.

1.1 Notations

In this paper we use the notation R to refer to the interval
[0,0). The transpose of a matrix M is denoted by M? and if
the matrix is symmetric the symmetric elements are denoted
by *. The notation M > 0 (resp. M < 0) means that the matrix
M is positive (resp. negative) semi-definite, and the notation
M > 0 (resp. M < 0) means that it is positive definite (resp.
negative definite). The identity matrix is denoted by I and
both notations eig,,;,(M) and eig,,, (M) are used to refer
to the minimum and maximum eigenvalue respectively of a
matrix M. The notations M(;) and M(; ;) refer respectively to
the i-th row of a matrix (or vector) M, and the element of
the i-th row and the j-th column of a matrix M.

For a positive integer N, we denote by .#y the set {1,...,N}.
By Ay we denote the unit simplex

Ba

N
Av=qB=| i | €RY: ¥y =1y = 0i€ Ay
i=1
B

A vector v € R™ is said to be strictly positive if for all i € .#,
V(i) > 0.

For a positive definite matrix P € R"*" and a positive scalar
¥, we denote by & (P,7) the ellipsoid

EPy)={xeR:x"Px <7}, )

and for all positive scalar r, we denote by %(0,r) the ball
of radius /r

BO0,r)=Er)={xeR" :xTx <r}. (3)

For a given set .7, the notation Conv{.”} indicates the con-
vex hull of the set, int{.#} its interior and .7 its closure. The
closed convex hull of the set .7 will be noted by Conv{.#}.
Finally, we denote by Vert{.#} the set of vertices of .. Let
& C R™ be a finite set of vectors. The minimum argument
of a given function f: . — R is noted by

argmin f(x) ={y € 7 : f(y) < f(2),Vz € }.

xes

2 Preliminaries
2.1 System description
Consider the linear system

X =Ax—+ Bu,

4
x(0) = xo € R", @

with x € R”, and an input u which takes values in the set
YV ={vi,...,on} CR". A € R"”" and B € R are the
matrices describing the system. In the sequel we assume that:

A-1 The pair (A,B) is stabilizable. This means that there
exists a matrix K such that the closed-loop matrix A.; =
A+ BK is Hurwitz.

A-2 The set int{ Conv{?¥'}} is nonempty and the null vector
is contained inside (0 € int{Conv{¥}}).

Note that for any finite set ¥ there exists a finite number #;
of vectors ; € RIX™ j ¢ #y, such that

Conv{7/}={uecR": u<l,Vie %,}. (5)
Note also that typical control sets ¥ are often of the form
¥V =Vert{ #(c)}, (6)

where the hyperrectangle &?(c), with ¢ a strictly positive
vector, is given by

eR™: ‘M(l)‘ SC(,’),VL'E I o (1)



However, we want to keep the problem formulation as gen-
eral as possible. Note that since A.2 holds, even for more
general sets ¥ there exists a vector ¢ € R such that the
hyperrectangle satisfies Z?(c) C Conv{¥}. In the sequel,
we will consider such a vector ¢ and use the notation (7) to
prove the results.

This paper deals with the stabilization of system (4). We
consider controllers described by

u(x) € argminI'(x,v), (8)
vey

where the mapping I' : R” x ¥ — R characterizes the
switching surfaces.

This formulation encompasses the classical sign function
in the classical relay feedback controller. Indeed, if ¥ =
{—v,v} with v > 0 and T'(x,v) = xT Wv for some ¥ € R,

we get
v, if ¥Tx<0,
u(x) = ) - )
—v, if WYx>0.

The interconnection (4), (8) can be rewritten as follows
X =Ax+Bu(x) = 2 (x). (10)

Note that this is a differential equation with a discontinuous
right hand side 2" (x) [12], [17] and thus we need an ap-
propriate formalism and specific tools to define the system’s
solutions and analyse their behaviour, in particular when
sliding dynamics occur.

Therefore, in order to take into account possible sliding mo-
tions, to the discontinuous closed-loop system (10) we as-
sociate the differential inclusion

x € F[X(x), (11

with .#[27](x) the set-valued map which can be computed
from the differential equation with a discontinuous right
hand side using the construction given by Filippov [17] (see
also [5], [12], and [42])

ZI2)W =) () Comv{2(Z(x,8)\ )}, VxeR",
§50(.7)=0
. (12)
where H(x,8) is the open ball centered on x with radius

\/g, and . is a set of measure (in the sense of Lebesgue)
u()=0.

System (10) is a subclass of the general class of time-varying

systems given by

x=2Z (t,x), x(t9) = xo, (13)

where & (t,x) is locally bounded and Lebesgue measurable
with respect to (¢,x) € [0,4o0) x R".

To this system we associate the following time-varying dif-
ferential inclusion

i€ Z[Z)(t,x), x(tg) = xo, (14)

(15)
The notion of solution of a differential inclusion was defined
in [17], and is recalled hereafter.

Definition 1 (Filippov solution) Consider the differential
inclusion (14). A Filippov solution of the discontinuous sys-
tem (13) over the interval [t,,tp] C [0,00) is an absolutely
continuous mapping ¢(t) : [tq,t,] — R” satisfying:

¢(r) e F[Z|(t,6(t)), foralmostall t€ [ty,tp], (16)

with F [ Z|(t,x) given by (15).

A differential inclusion has at least one solution if the set val-
ued map % [2](¢,x) is nonempty, locally bounded, closed,
convex, and .% is upper semicontinuous on x,¢ [4], [5], [12],
[17].

Definition 2 (Equilibrium point) x,, is said to be an equi-
librium point of the differential inclusion (14) (resp. of dif-
ferential inclusion (11)) if 0 € F[Z'|(t,Xeq) for allt > 19 >0
(resp. if 0 € F[Z | (Xeq))-

Hereafter the notions of stability which will be used are
introduced and we mathematically formalize the problem
under study.

Definition 3 (Stability concepts) The equilibrium point
x = 0 of the differential inclusion (14) is said to be :

(1) uniformly stable, if for any € > 0, there exists & > 0,
independent of ty, such that for all Filippov solutions
x(t) of (14), ||x(t0)|| < 6 = ||x(t)|| < &, Vet >15 >0,

(2) locally uniformly asymptotically stable, if it is uni-
formly stable and there exists a set 9cC R" 0e int{@},
such that for all Filippov solutions x(t) of (14) with
x(to) € D, x(t) — 0 when t — oo,

(3) locally uniformly exponentially stable with a decay
rate o (or locally uniformly a-stable), if there exist a
set 9 CR", 0 € int{ P}, and strictly positive scalars
K independent of ty, and o such that for all Filippov
solutions x(t) of (14) with x(t) € 9,

x(t)]] < xe™ ) |Ix(to) | V1 =19 > 0. (17)

Aset 7 satisfying one of these properties is usually called
an estimation of the domain of attraction.



For the case of time invariant systems (11) (or equivalently
(10), (8)) the stability properties do not depend on the time
variable ¢. Therefore, the uniformity property can be omitted
for this class of systems.

We recall (see [17], Chapter 3, page 153, Theorem 1) that
sufficient conditions for the local uniform asymptotic stabil-
ity of Filippov solutions in the case of systems modelled by
a differential equation with a discontinuous right hand side
x= % (t,x), are given by the existence of a strict Lyapunov
function V, V(z,0) =0, V(t,x) > 0, Vx #0, t > fo > 0 and
continuous positive definite functions Wy, W,, and W3 (i.e.
W;(0) =0 and W;(x) >0 for all x # 0 and i € {1,2,3}), such
that

Wl(x) SV(I,X) SWZ(X)v (18)

and

sup {a—v+a—vg}§W3(x),Vx€ 2\{0},vt >0,
ce(Zan L O Ox

(19)
for some domain 2 such that 0 € 2. For the case of local
uniform exponential stability, sufficient conditions can be
obtained from (18) and (19), by considering a particular
form of W5 such that Ws(x) > 20V (z,x), Vt > 0, where a
is a positive scalar.

In [17], Chapter 3, page 153, Theorem 1, it is also required
that the mapping .%[.27](¢,x) satisfies the basic conditions”
cited in [17], Chapter 2, page 76, point 2, in order to guaran-
tee the system’s local uniform asymptotic (or exponential)
stability. With the function 2 (¢,x) defining the system (13)
locally bounded and Lebesgue measurable, as we have as-
sumed, it has been shown in [17], Chapter 2, page 85, point

6, that the set-valued map .#[2'](¢,x) defined in (14)-(15)
satisfies those ’basic conditions”.

Using these notations and definitions, we are now able to
state the problem under study in this article.

2.2 Recent results and problem statement

In this paper we are interested in the study of the following
problem:

Problem 1. Given system (4) under Assumptions A-1, A-2
and the set 7, design a relay feedback controller (8) such that
the origin of the closed-loop system is locally asymptotically
stable.

In [25] a constructive method for a relay feedback controller
design is given. Assuming A-2 and

A-1" There exist a positive definite matrix Q and positive
scalars y and o such that

AQ+ QAT — ¥BBT < —2a0, (20)

it is proved that system (4) with a switching law (8) is locally
exponentially stable with a decay rate a. Note that A-1’
is equivalent to A-1. In [25], a linear switching function is
considered: I'(x,v) = —%xTHTv with H=—4BTQ~". An
ellipsoidal estimation of the domain of attraction is equally
given using a quadratic Lyapunov function V (x) = x Px with
P=Q!': &(Py) where v is computed such that &(P,7)
does not cross the convex hull

¢ (H)={xeR":[Hx<1\Vie .9,}, (21)

where [;,i € .#,, are vectors defined in (5), which leads to y <

min (LHQHTIT)~! . Nevertheless, considering a quadratic
€. 'y

Lyapunov function, linear switching surfaces and an ellip-
soidal estimation of the domain of attraction introduces some
conservatism in the proposed method [8].

Here we would like to provide a more general design pro-
cedure using non-quadratic Lyapunov functions to compute
nonlinear switching surfaces and non-ellipsoidal estimations
of the domain of attraction.

With the above definitions, in the next section, we start
by providing sufficient conditions for nonlinear input-affine
systems stabilization with a relay feedback controller. A con-
structive method based on LMI criteria is also provided for
the class of LTI systems. It allows the design of nonlinear
stabilizing state-dependent switching laws and provides a
larger estimation of the domain of attraction.

3 Full state relay feedback control design
3.1 A general theoretical result

Before considering the case of linear systems, here we pro-
vide a general result for nonlinear systems stabilization with
a relay controller.

The method uses the existence of a locally stabilizing con-
tinuous control to design the relay controller.

Consider the following nonlinear input-affine system

x=ft,x)+g(t,x)u(t,x) = 2 (t,x), (22)

where f: R x 2 — R", g: Ry X D — R"™"™ are Lips-
chitz functions in x on R} x 2 and piecewise continuous in
t, and where 2 C R" is a domain such that 0 € int{ Z}. The
input u takes values in the set ¥ = {v;,...,vv} C R™.

Using the above definitions we are now able to provide suf-
ficient conditions for the stabilization of the nonlinear time-
varying system (22) by relay controller.

Theorem 1 Consider the nonlinear system (22) and As-
sumption A-2. Assume that there exists a continuous con-

troller k(t,x) such that k(t,x) € Conv{¥'} and g(t,x)k(t,x)



is Lipschitz in x on Ry X 9 and piecewise continuous in t,
for all x € @ and for all t > 0. Assume that there exists a
continuously differentiable function V : Ry X Z — R such
that

wi ()C) < V(tax) < WQ(X), (23)
O V() 800K 0)) < —Wa(), V0 2 0¥ € 9,
(24)

where Wy, W, and W5 are continuous positive definite func-
tions on 9. Then, the origin of system (22) with the discon-
tinuous controller

u(t,x) = k%(,x) € argmin g—vg(t x)v,Vt>0,¥xe 2, (25)
ve?

is locally uniformly asymptotically stable. Moreover, the
set Ly(M)={xeR":V(t,x) <7N,Vt >0} C D with ) =
max{n > 0:.%4/(n) C D} is an estimation of the domain
of attraction.

Proof. We would like to prove that the origin of the closed-
loop system

%= £(t,2) + gt 0k (1,) (26)

is locally uniformly asymptotically stable when solutions are

understood in the sense of F111pp0V Since av and g(,x) are

continuous, then Conv{argmln S Volt, x)v} is upper semi-
eV

continuous. Therefore, we con51der the following differen-
tial inclusion [17], [22], [38]

e Z(tx), 27)

with
d. d _dV
F(t,x) =Conv s f(t,x)+g(t,x)u’ : u” € argmin =—g(t,x)v p.
vey ox
(28)
The origin of the differential inclusion (27) is locally uni-

formly asymptotically stable if for a given Lyapunov func-
tion V (¢,x) we have

av oV
e { ot *5‘5} <-Wi(x),Vt >0,vx€ 2. (29)

geZ(tx)

Thanks to the fact that k(¢,x) € Conv{¥'} for all # > 0 and
for all x € 2, there exist N scalars p;(7,x) > 0, i € Sy with
YN, pi(t,x) =1 such that

M=

k(t,x) =Y pi(t,x)v;. (30)

1

Considering (30) and replacing k(z,x) by YV, p;(¢,x)v;, in
(24) we obtain

av v

N
(91—5—8( £,x) +gtx§ >+W3(X)§0- 31

Then, using the fact that Y | p;(r,x) = 1, we get

O T 0+t + W) ) <0, (32)

(8V av

for all # > 0 and for all x € 4.

Let us define the function

av IV

F(t,x,vj)) = — P + = o (f(t,x)+g(t,x)vi) + W3(x). (33)

Since p;(t,x) > 0, Vi € Sy and from inequality (32), it can
be inferred that the inequality

F(t,x,vi) <0,¥x€ 2,¥t >0 (34)

holds at least for one index i(¢,x) € .#y. We can then define
the switching controller as follows

oV
kd(t,x) € argminF (¢,x,v) = argmin —g(¢,x)v.  (35)
vey vey Jx

Let us define the set of minimizers corresponding to the
controller (35) as follows

S (t,x) = {iEﬂN:a—Vg

o (t,x)(vjfvi) >0,Vje fN}

(36)
Consider the set valued map given by
Z (t,x) = Conv{f(t,x) +g(t,x)vi:i € FI(t,x)}. (37)

Since

argmin { a—Vg(z‘,x)v} Clviiie #(t,x)} (38)
vey dx

is satisfied, according to the definition of .#(¢,x) in (36),
one can show that

F(t,x) C Z(t,x), (39)
with .Z (t,x) defined in (28) and .% (t,x) defined in (37).

Considering the relation (39), in order to prove (29), it is
sufficient to show that

sup {8V + a—Vg} < —Ws(x), Vt >0,Vx € 2. (40)
P ot OJx

Let us define the following set of vectors

A( ) {ﬁEAN ﬁ() OVLEJN\f(Ix} 41)



‘We have then

Z(t,x) = Conv{f(t,x) +g(t,x)v;i:i€ F(t,x)}

N
— {f(t,x) +g(t,x) Zﬁ(i)vi : ﬁ S A(l‘,x)} ' 42)
i=1

Consequently, since A(z,x) is compact, we obtain

sup {8V 8_V€}< sup {8V+8Vg}
ceZ(tx) Jr  dx T ceF () Jr  ox

d av
= sup {a‘:+ o (f(t x)+g(t,x),

BeA(tx)

1=
=
=

N———

—

vV 9V
:ﬁlenAazx {E—Fa— (f(l x)+g(t x)

Therefore, to prove (29) it is sufficient to show that

v v Al
B?A?i;){at Tor (f(hx) +8(t,x) i; B([)W) } < Wi (x),
(44)

=
=
=

N———

——

(43)

for all > 0 and for all x € 2.
Let B € A(t,x). Since ;) =0 for all i € Sy \ Z(t,x), from

(33), (34) (which is verified at least for one i € .y, and then
for all i € #(¢,x)), and (36), we can deduce that

B )W)
1

Al av oV (45)
; { ax (f(t,X)+g(t,x)v,)}
< —Ws(x).

d av
Sy (f(t X)+(1.%)

™=

i

Therefore, (44) (and thus (29)) is satisfied, and the origin
of system (22) with the controller (25) is locally uniformly
asymptotically stable.

In addition, the level set £ (n) = {x e R": V(¢t,x) <n,Vt €
R, } of the Lyapunov function V can be considered as an
inner estimation of the domain of attraction if 1) is such that

fv(n) CY2. nm

The control principle given in Theorem 1 can be used to
provide constructive methods of relay feedback controllers
for linear systems. Using a non-quadratic Lyapunov func-
tion, a tractable LMI approach providing an estimation of
the domain of attraction and stabilizing nonlinear switching
surfaces is given in the following.

3.2 Relay feedback control design for LTI systems using
nonlinear switching surfaces

As follows we particularise the result of Theorem 1 to the
case of linear systems. Our objective is to enlarge the do-

main of attraction with respect to the result provided in [25]
by using non-quadratic Lyapunov functions. We provide nu-
merical tools for nonlinear switching surfaces design using
Lur’e Lyapunov functions of the form

oo rHGx
Vix)=x"Px—2Y) /0 "0 (9)Qds,  (46)
=1

with P € R"™" a symmetric positive definite function, Q
a diagonal positive definite matrix, and ¢ : R" — R”
a nonlinear function defined for all y € R™ as ¢(y) =

T
[¢(1)(y(1))a cos Pm) (y(m))} € R”, with
C(i) —0o if o > C(i)v
9@ (0) =1 0 if —c;y<o<cy, VoeR. A7)

—Ci) — o if o< —C(i)-

This Lyapunov class of functions has been used for various
nonlinearity types (see for instance [10], [32], [45] and ref-
erences therein). They have the following properties.

Lemma 1 [46] Consider wi € R™ and w, € R™. If (w) —
wy) € P(c), with P(c) defined in (7), then

O(w1) M(@(w1) +w2) <0, (48)
for any diagonal positive definite matrix M € R™*™,

Lemma 2 [27] The Lur’e function (46) satisfies the in-
equality

X Px<V(x) <x"(P+HTQH)x,YxcR".  (49)

Lemma 3 For any y € R™, y+ ¢(y) € Z(c), with P(c)
defined in (7).

Proof. See the Appendix. m

The Lur’e type Lyapunov function (46) is a particular class
of the general Lyapunov function provided in Theorem 1.
In this section we are interested in providing a constructive
method based on LMIs allowing the design of the control
law, along with an estimation of the domain of attraction for
LTI systems.

Considering the properties provided above we are now able
to develop the following result.

Theorem 2 Consider system (4) and assume that A-1’ (or
equivalently A-1) and A-2 hold. If there exists a symmetric
positive definite matrix P € R"™" two diagonal positive defi-
nite matrices Q € R™™ and M € R™ "™, a matrix Y € R™*",
and a strictly positive vector T € R™ such that

AlP+PA; PB-Y'—ATHTQ

<0 (50)
* —2M — QHB — (QHB)"



and

P Mo HEL =T,
VOO - 0vie Sy, (5D
MinHa = Yo T

where H = —%BTQ’1 and A;; = A+ BH, then the origin of
system (4) with the switching law
u € argmin(x’ P — ¢ (Hx)" QH)Bv (52)
vey

is locally asymptotically stable.
An estimation of the domain of attraction is given by

L H={xeR":VEx) <r'}, (53)

with V a Lur’e candidate Lyapunov function given by

m H(-)x
V(x):xTPfoZ/O ! ¢ (0); jydo, (54)
j=1

and r > max ( > 0.
B ieﬂm{’”(z >}

Proof. The idea of the proof is to show that if A-1" and
A-2 hold and the LMIs (50) and (51) are feasible then the
decay of the function V in the domain .% (r~!) is ensured
by switching among the elements of the set 7. This will be
shown in three steps. In the first step, we associate a differ-
ential inclusion to system (4), (8) and provide some suffi-
cient conditions for local asymptotic stability of the origin.
In the second step, we show that the feasibility of LMI (50)
ensures the decay of the Lyapunov function in a domain &
around the origin. Finally, we will show that if the LMI (51)
is feasible then the Lyapunov function decreases in the pos-
itive invariant domain % (r~') C & which constitutes an
inner estimation of the domain of attraction.

From Lemma 2, one can see that the Lur’e candidate Lya-
punov function V is positive definite.

In order to prove the local asymptotic stability of system (4),
(52) in the domain ,iﬂv(r’l ), it is sufficient to demonstrate
that

S 0}, (55)
L 5 )\ (0}

where .7 [ 2] (x) is defined in (12) and % (r~!) in (53). We
follow here the same steps of the proof of Theorem 1.

g<0Vxe.$V(

Let us define for all x € R" the set of indexes .#(x) corre-
sponding to the set of minimizers in which the controller
(52) takes values:

I(x)={iec Iy:(x" P—¢(Hx)TQH)B B(vj—v;) >0,Vj € In}.
(56)

We associate to this set of indexes the set A(x) of vectors
defined for all x € R" as

Alx) ={BeAyN:By=

Using (56) and (57) the set valued map #[Z
satisfies

0,vie v\ LX)} (57

J(x) in (12)

F[X)(x) € F[2](x), (58)
with

F[%)(x) = Conv {Ax+ Bvi}

i€ (x) (59)
={Ax+Bv(B): B € A(x)},

where v(B) = X, B

From (58) and (59), and using the fact that A(x) is compact,
we have

IV
sup a—GS Sup - 576
ceZZ|w) 9* T e F2)(x) OF

Thus, in order to show (55), it is sufficient to prove that we
have

max {g—‘; {Ax—f—Bv(ﬁ)}} <0,Vxe L (r )\ {0}. (61)

BeA(x)
The LMI (50) is equivalent to

ALP+PA PB—YT —ATHTQ
T l Cl Cl Z<07

B'P-Y—-QHA, —2M — QHB — (QHB)"

(62)
for all z € R"\ {0}.

Considering the vector z/ = |xT ¢(Hx)7} and G=M"'Y,

inequality (62) leads to

x" ((A+BH)"P+P(A+BH))x

+¢(Hx)" (B"P—MG—QH(A+BH))x
+x" (PB—G'"M" — (A+BH)"H" Q) ¢ (Hx
+¢(Hx)" (—2M — QHB—B"H" Q) ¢(Hx)
<0,Vx € R"\ {0}.

) (63)

Let us consider the notation k(x) = Hx+ ¢ (Hx). Accord-
ing to Lemma 3, for any x € R", we have k(x) € &(c) C



Conv{?'}. Therefore, there exist N positive scalars p;(x),
):y:] pj(x) =1 such that

k(x) =Hx+¢(Hx)= ) p;(x)v;. (64)

=

j=1

Using this property in (63), we obtain

N
2x" P(Ax+B Z pi(x)vj)
=1

N
—2¢(Hx)"QH(Ax+B Y pj(x)v;) (63)

—2¢(Hx)"M (¢ (Hx) +2c) <0,vx € R"\ {0}.
From (56), for any x € R” and i € .# (x) we have
(x"P—¢(Hx)" QH)B(v;—v;) > 0,Vj € Iy. (66)
Then, for any 8 € A(x) we get
(x"P—¢(Hx)"QH)B(v;—v(B)) > 0,Vj € Fy.  (67)

By adding and subtracting the term ZZ,yzlpj(x)(xTP—
¢ (Hx)"QH)B(v; —v(B)) to (65), we obtain

2x" P(Ax+ Bv(B)
—2¢(Hx )TQH(Ax—i—Bv(ﬁ))
72¢(Hx) M(¢(Hx)+ Gx)

+22Pj(
=1

<0,vx € R"\ {0}.

(68)
(" P — ¢(Hx)" QH)B(v; —v(B))

Applying Lemma 1, with w; = Hx and wy =
the definition of Z(c) in (7), we have

Gx, and using

¢ (Hx)" M(¢(Hx) + Gx) <0,Vx € o, (69)
with

o ={xeR": |(Hy —Gy)x| <cp)Vie I} (70)

Note that ‘3—‘; =2x"P—2¢(Hx)T QH. Therefore, taking this
into account, as well as (67) and (68), we deduce that

max { ‘;‘; (Ax+ Bv(B))}

BeA(x)

8_V X v — xT X X
gﬁg&){ Ay (ﬁ))} 20(Hx) T M(9(Hx) + G)

#2 Y. py (0! P 0" QH)B(; ()

<0,vx € o\ {0}.
(71)

In order to show (61) (and thus (55)), we will now prove

that & (r~ ') C .
o . I 0
By multiplying (51) from both sides by . and
M)~
considering again G = M~!Y, we obtain
P H—G
T o = 0,Yie Ip. (72)
Hiy =Gy 32 -<y

Mgy

Considering a scalar r > m}x{ 20 } >0, from (72), we
€Im (zz

obtain

- GT.
D] =0,Vi € 7. (73)

for all x € R" and for all i € .%,,.

This means in particular that for any x € &(P,r~!), one has

X (Hiy =G ()™ (Hiy — Gy)x < LVi€ S, (75)
which is equivalent to
|(H(iy — G(iy)x| < ¢y, Vi € I, (76)
and thus x € &/ according to (70).
Therefore, equation (74) leads to the inclusion
EPr)Cd. (77
Applying Lemma 2, we also have
xTPx<V(x) <x"(P+HTQH)x, (78)
which leads to the double inclusion
EP+H'QH r YK Hcewr). (79
Thus, from (79) and (77) we obtain
Ly(rh) . (80)

Therefore, using (80) and (71), we have shown that (61)
holds, and thus (55) is verified, which ends the proof. m



Remark 1 Note that inequalities (50) and (51) are affine in
the matrix A. Then, the approach can be directly extended to
the case of LTV systems with A varying in a convex polytope.
In this case the condition should only be checked on the
vertices of the polytope.

3.3 Illustrative example

In order to illustrate the performance of the proposed control
method, we consider the linear system (4) with matrices

A=

01 0 1 .
and B = , and the controller u which
10 —10.5

takes values in the set
25

25 —25 —25
/V = ) ) )

{ 25 [—25} [ 25 ] |:—25
the open-loop linear system is unstable (the eigenvalues of
the matrix A are —1 and 1). Choosing a decay rate @@ = 2.5,
we design the linear switching law proposed in [25] in order

to stabilize the system to the origin. We obtain the following
solutions of (20)

}. One can verify that

0.101 0.073
= (8D
0.073 0.172
and y = 1.6. We deduce then
—4.56.2
H= (82)
-84 1.4

with an estimation of the ellipsoidal domain of attraction
&(P,y) where y=109.2 and P = Q~'. Based on Theorem
2, we design a nonlinear switching law by solving LMIs
(50) and (51) for P = Q’1 and H as given in (81)-(82) and a
vector ¢ satisfying (7) such that ¢(1) = ¢(2) = 25. We obtain

09 0
Q= l ] and ! =2.05 x 103. As we can see from
0 4.34

Figure 1, the obtained trajectories starting in the domain
of attraction %, (r~!) converge to the origin. We can also
note that, the domain of attraction % (r~!) is larger than
the ellipsoidal domain of attraction &(P,y) obtained by the
method proposed in [25]. The nonlinear switching surfaces
and the convex hull 6, (H) defined in (21), which limits the
domain of attraction in the approach in [25], are equally
represented.

The evolution of the system’s state starting from initial con-
dition x(0) = [6, 6.2]” (corresponding to the top right red
star point in Figure 1) is presented in Figure 2, along with
the evolution of the switching law’s mode. This figure high-
lights both simple mode switching (at # ~ 0.06) and sliding

b~ — — — — 3\

L~ - — —/~

BN,

— L

A A

—_ =~ =]
i

Fig. 1. Phase plot
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Fig. 2. Evolution of the system’s state (top), and evolution
of the switching law’s mode (bottom), for initial condition
x(0) =6, 6.2]7

mode (starting at ¢ ~ 0.26), which can also be seen in Figure
1.

Assume now that the state matrix is affected by polytopic
uncertainties :

A(t) € Conv{A,Az}, Vt >0, (83)

01.5 01
and Ay = .
0 10.5

First, considering o = 1.5 and the method in [25], we solve
the LMI (20) to obtain a common quadratic Lyapunov func-
tion for both subsystems 1 and 2. We obtain the following

8.66 0.22
0.22 10.8|

with A| =

parameters of the linear switching law : Q = l



—0.064 2.52

—3.1 —1.194

the ellipsoidal domain of attraction is given by & (Q’l,y)
with ¥y = 6.23.

x =54.25, and H = l . An estimation of

Next we solve the LMIs (50) and (51) for the same matrices
P=Q"!', H and ¢(;) = c(2) = 25. Then, we compute a Lur’e
Lyapunov function for the subsystems 1 and 2 (A; and Aj3).
We design the nonlinear switching law (52) with

0.11 0
0 0.18]

An estimation of the domain of attraction (53) is obtained
with r~! = 42.72. For our simulations we consider

sin(x(y) () +x() (1)) + 1
- m—

sin(x(l)(t) +X(2)(l‘)) +1
()

A1) =

Figure 3 shows the trajectories of the closed-loop system in
the phase plot for different initial conditions together with
the non-ellipsoidal domain of attraction %y (r~!) including
the domain &(P,y) obtained with the method proposed in
[25].

BN

NN

Fig. 3. Phase plot

We have proposed a constructive LMI-based method to de-
sign nonlinear state-dependent switching laws stabilizing the
LTI system to the origin when the state variables are fully
available to measurements. A larger non-ellipsoidal estima-
tion of the domain of attraction has also been provided.

The following will now focus on the case where the system’s
state is not fully available to measurements.
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4 Observer-based relay feedback control design for LTI
systems

In this section, we consider the case where only a part of
the state is measured. The output is defined as

y=0Cx. (84)
For linear systems with continuous controller, it has been
proved in the literature that the separation principle holds
[43]. This result can not be applied to relay systems due to
the discontinuous nature of the control. In this section, we
provide a separation principle to relay systems. We also pro-
vide a constructive method based on LMIs for the design
of an observer-based relay controller. Both linear and non-
linear switching surfaces dependent on the estimated state
are designed. Using quadratic and non-quadratic Lyapunov
functions, we also provide estimations of the domain of at-
traction.

We assume that A-1 and A-2 hold and also

A-3 The pair (A,C) is detectable. This means that there
exists a matrix L such that A, = A+ LC is Hurwitz.

In this case we provide a method for the stabilization of
system (4) by an observer based relay feedback controller
given by
u(f) € argminT(£,v). (85)
vey
The estimated state £ € R" is computed by the full-order
Luenberger state observer [36], [37]

{)?:A)E—l—Bu—i-L()?—y), 6)

y=Cx%.
Our objective is to provide conditions which guarantee the
existence of a mapping ['(£,v) (which characterizes the
switching surfaces of the control law) and a matrix L (the

observer gain) as well as a constructive method to design an
observer-based controller such that the closed-loop system

: [

with the control law (85) is locally asymptotically stable.

A 0
LC A+LC

X
(87)

A

X

Using the augmented state

=LA

where e = £ — x is the estimation error, the interconnection

(88)



(4), (86) can be written as the augmented closed-loop system

. [a Ic B .
- = 0A+LC - M 9 (89)
y = [c —cl&,
which leads to
£ =AE+Biu(§) =2 (&), ©0)

y = —c]¢

- B
B= , and
0

a(&) :u([l 0} é) =u(f) € argminr({l O} é,v) . 9D

vey

A LC
0A+LC|

where A =

In a similar way as in the full state feedback case we asso-
ciate a differential inclusion
Ee 7 [71©), (92)

to the system (90), (91) with the set valued map .Z[Z|(€)
designed as

ZIZNE =) () Comv{Z(BE.5)\ ).V R,
d>0u()=0
) (93)
where %(&,0)) is the open ball centred on & with radius
\/3, and . is a set of measure (in the sense of Lebesgue)
u()=0.

The problem considered in the previous section becomes:

Problem 2. Considering system (4), (84) and given a set 7/,
Assumptions A-1, A-2 and A-3, design an observer-based
relay feedback controller such that the origin of the closed-
loop system is asymptotically stable.

In [30] we studied the existence of a mapping I (character-
izing the switching surface) and of an observer gain L such
that system (90), (91) (or equivalently (4), (84), (85), (86))
is locally exponentially stable. The result is reported in the
following.

Theorem 3 [30] Assume that A.1, A.2, and A.3 hold. Then
there exists a mapping T'(%,v) = £TWy (characterizing the
switching hyperplanes) and a matrix L (the observer gain)
such that the origin of system (90), (91) (or equivalently
of the closed-loop system (4), (84), (85), (86)) is locally
exponentially stable.

11

This result has a qualitative nature. Here we are interested
in finding a constructive procedure providing a mapping I"
and an observer gain L such that the origin of the closed-
loop system (90), (91) (or equivalently (4),(84), (85), (86)) is
locally exponentially stable. We would also like to provide
an estimation of the domain of attraction. In what follows,
a numerical approach to deal with the design problem is
given. An LMI solution is proposed hereafter.

For J# € R™?", let us define the set €, () as follows

Go(H)={E R L HE <1 NiE I}, (94)

where /; is given in (5).

Theorem 4 Assume that A.1, A.2, and A.3 hold. Consider
a tuning parameter o, > 0.

(1) If there exist positive definite matrices Q1 € R™" and
P, € R"™ " and scalars 0; > 0 and 6, > 0 such that

0i1AT +AQ1 - 6:BB" < —2a0i,  (95)

ATP 4+ PA—6,CTC < —2aP, (96)

then, the origin of system (4), (84), (86) with the switch-
ing law

u(®) € argmin £’ W,

vey
is locally a-stable with ¥ = Q| 'Band L= — %P{ IcT,

o7

(2) If in addition we consider A > 0 such that
ALP + P A, +2aP PLC <0
x AATP +PA, +2aP)| —
(98)

withA,g =A— %BBTQI’1 andA, =A+LC, then an es-
timation of the domain of attraction is given by & (P,7)
o' 0 ]

with P =
0 AP

y < min (LP~ ' TI,

tef,,l

99)

and 7€ = {H 0} with H = —%BTQI’I.

If there exist positive definite matrices Py € R, Q, €
R"™ " and positive scalars 0y and 0, such that the LMIs
(95), (96) are feasible for some o > 0, and if there exist
two symmetric positive definite matrices P, € R™" and
P, € R™" two diagonal positive definite matrices Q¢
R™™ and M € R™"™, a matrix Y € R™" and a strictly
positive vector T € R™ such that

(3)

ALP +PA,  PLC PB-YT —ATHTQ
% ATB, + PA, —CTLTHTO <0
* * —2M — QHB — (QHB)T
(100)



and
~ o~ T T
P M(i,i)H(i) _Y(i> =0,Vi € 4, (10D)
~ 9 -
* T
with L= —%$P;'CT, Ag = A— $BBTQ!, H =

f%BTQf], and A, = A+ LC, then the origin of
system (4), (84), (86) with the switching law

u(®) € argmin(£” Py — ¢ (H%)" QH)Bv
vey

(102)

is locally asymptotically stable.
An estimation of the domain of attraction is given by

L HY={EeR™:V(E)<n'},  (103)

with

‘7?/(/)‘5

§'PE - ZZ / Q)

£ - PO
g=1"1,p=1"
e 0 Pz
Proof. 1. Consider positive definite matrices Q;, P, and

positive scalars 61,8, such that (95), (96) hold. Then, we
want to prove that the origin of the closed-loop system (90),

(97), with ¥ = Q7 'Band L= — %P{ ! T is locally -stable
in some domain 2 C R?",

V(€)= do, (104)

,andn >}£§X{ML}.

We can remark that the feasibility of (95) implies that the
inequality
AP +PAy < —2aP (105)

is verified with P, = Qfl ,and A,y =A— 62‘ BBTQI’l (see for

instance [10]).

Similarly, the feasibility of LMI (96) implies that the in-
equality

AP+ PA, < —20aP, (106)

~%p7ICT and A, = A+ LC. Let us
consider the quadratic Lyapunov function V(&) = ETPE,

is verified with L =
-1
0
with P = 2 and A > 0.
0 AP

Recall the differential inclusion (92) associated to the closed-
loop system (90), (91). In order to show the local a-stability
of the closed-loop system at the origin, it is sufficient to
prove that

sup g < =2aV (&),

ceF| T

85 (107)

in some domain & around the origin.
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First let us define for each £ € R” the set of minimizers in
which the controller (97) takes values. Since we have

I )
Ty — TP By = &7 H [1 o} PBv,  (108)

and since

I < -
ET l 1 [1 o] PBv—=ETPBy (109)
0
is satisfied thanks to the particular structure of B and P, this
set of minimizers can be defined for all z € R?" as follows
() ={ic Iy : ' PB(vj—v)) >0,¥jec Iy} (110)
To this set of indexes, we associate the set A(z) of vectors
defined for all z € R*" by

( {ﬁEAN ﬁ() OVlEfN\f( } (111)
Using (110) and (111), the set valued map . [.Z |(€) in (92)
satisfies ~ o

FI2NE) C#[Z2(&) (112)
with

F[Z(E) =Conv{AE +Bv;:ic .7 (&)} (113)

={AS+Bv(B): B )},
where v() = f»V:IB(i)v,

From (112) and (113) and using the fact that A(&) is com-
pact, we have

sup =5¢<  sup =%
e 1216 9% cer1IE 06

Thus, in order to show (107), it is sufficient to prove that we
have

max
BeA(é

{ JE {A§ +Bv(ﬁ)}} < =2aV (&), (115)

in some domain Z around the origin.

Note that, since A-2 holds, then there exists a neighbourhood
of the origin &(P,y) C R?", with y > 0 such that for all
& € &(P,y), we have

HE € Conv{V'}, (116)



with 7% — [H 0}.

Therefore, for all & € &(P,y) there exist scalars p;(&), j €
Iy such that Z?’ZI pj(&)=1and

N
HE=) pi(&)v;. (117)
j=1
From (110), for all i € .# (&) we have
ETPB(v; —v;) >0,Vj € Iy. (118)
Then, for any B € A(&), we have
E"PB(v;—v(B)) > 0,Vj € . (119)

Then, considering (117), and multiplying the last inequalities
by p;(§) and summing the N elements we obtain
E"PB(AE —v(B)) > 0. (120)

Adding this to the left part of (115), it comes

v .
s | 5 (4 50} )
< max {Z‘g'TP (Aé +l§v(ﬁ)) +2.TPB(E fv(ﬁ))}
BeA(E)
=2ETPAE+BE)=2ETP Ad LC] E:=2ETPALE,

(121)
forall & € &(P,y), with Ay =A+BH and A, = A+ LC.

Thus, in order to show (107), it is sufficient to prove that
287PAE < —2aV(§) = 208" PEVE € £(Py). (122)

This last inequality holds if

ALP+PA, < —2aP (123)
is satisfied.
Note that
ALP+PA,+2aP =
ALP + P A, +2aP P LC (124)
(LC)T P, AATP + PA, +2aPy) |

Applying the Schur complement, the matrix (124) is negative
if and only if

ATPy+ PyA, +20P, < 0 (125)
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and

(ALP + PlA, +20P)

| e (26)
— IP]LC[Z(XPQ +A0P2+P2A0] (LC) P <0.

Since (105) and (106) are satisfied, it is clear that if we
take A large enough both inequalities (125) and (126) are
verified. Therefore, we have shown that there exist a Lya-
punov function V such that (107) holds for any & in a
positive invariant set &(P,y), and thus there exist a linear
mapping ['(£,v) = £7¥v = 70, ' Bv and an observer gain
L= %%P{ 'CT such that the origin of system (90), (97) (and
equivalently (4), (84), (97), (86)) is locally o-stable in some
domain of attraction &(P, ).

2. It is now required to estimate the domain of attraction
for system (90) with the switching law (97). Thus, we want
to determine a scalar ¥ characterizing the ellipsoid & (P,7)
such that

wp W< aav()vEespy. (2]
se717E) 9%

For a given decay rate o and if LMIs (95) and (96) are
feasible, then from the result above, there exist at least one
scalar A satisfying the inequality (98).

Considering such a scalar A, our objective here is to provide
an estimation & (P,¥) of the domain of attraction such that

E(PY) C6,(), (128)
with %,(42) defined in (94). Note that, if the set &(P,7)
satisfies (128), then according to (5), one will have that for

all &€ € &(P,¥), °E € Conv{ ¥}, and the set will satisfy
the condition (117) assumed in the first part of the proof.

For this inclusion to hold it is both necessary and sufficient
that none of the hyperplanes [;728 = 1,i € .%,, crosses the
level set &(P,7). Note that for any i € ., , the minimum of
V along the hyperplane {& € R?" : [;s#& = 1} is given as
(see [10])

. T . —1 0T T\—1
P = P AL . 129
y i " Pe = min (4 ) (129)

We can remark that by taking ¥ as
y< min ETPE = (LLP TN, (130)

LA#E=1

the inclusion (128) is verified and & (P, ¥) is thus an estima-
tion of the domain of attraction.

3. The aim here is to show that if there exist positive definite
matrices Q, P>, and positive scalars 8; and 6, satisfying



(95) and (96) and the LMIs (100) and (101) are feasible
with H = —%BTQI’1 and L = —%P{lCT, then the origin
of the closed-loop system (4), (84), (86), (102) is locally
asymptotically stable in the domain of attraction %, (n~").

Recall that we associate to the closed-loop system (90), (102)
the differential inclusion (92), which is locally asymptoti-
cally stable at the origin in the domain % (n~') if

av
sup

a—g < O,Vé S gv(
ce7 7)) 95

nH\{o}. (3D

Thanks to the particular structure of the matrices P =

Ao . |B
, = [H 0} ,and B = , we can show that
0P 0

(TP — ¢ (HR)QH)Bv = (ETP — ¢(#°E) Q) Bv.
(132)
Let us first define for all { € R?" the set of minimizers in

which the controller (102) takes values:

F(§)={ieIn:

(TP () VB, —v) =00 € ).

To this set of indexes, we associate the set of vectors A({)
defined for all { € R*" as

A(C) ={B € An: B

Using (133) and (134) we obtain that the set valued map
F[Z(&) satisfies the following relation

=0,Yie Zy\I(L)}.  (134)

FZ)E) < FIZ(&), (135)
with
FIFNE) =Com{AE + Buizic s ()} Lo
={AL+Bv(B): B €A},
where v(B) = S| B;vi. Thus, using the same argument as

in the first part of proof we can show that to prove (131) it
is sufficient to show that

{55 (38 +B(B) b <0.9 v (n )\ o),

max
BeA(L
137)
Considering the particular structure of matrices 7 =
- | O| . |B .
[HO},PZ |, B= ,and@:[Yo},wecan
0P 0

show that (100) is equivalent to

AlP+PA,
* —2M — QB —

—GT _ALATQ

~ .| =0
(Qu#B)T

(138)
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From (138) we have for all Z € R?"*\ {0}

AT D DA DD T
o [ALP+PA, PB-F
* —2M - QB —

AL ATO
(QAB)T

—_
)
—

E<0.

(139)

Considering E = [ 1 with & € R?*\ {0} and & =

¢(HE)
M=%, (139) leads to

(28"P—29(HE)" QA)((A+ BH)E + Bo(AE))
—20(8) M(9(HE) +98)
<0,Y€ e R¥\ {0}.

(140)

Let us consider the notation k(&) = & + ¢ (). Accord-
ing to Lemma 3, for any § € R”, we have k(§) € Z(c) C
Conv{¥}. Therefore, there exist N positive scalars p;(&),

):y:] p;(&) =1 such that

k(§) =AE+9(HE) =

ZP/

(141)
Using this property in (140), we get

N
(28TP—20(AE)" QA )AE+BY pi(E)v))
j=1
- (142)
—20(HG) M(9(HE)+48)
<0,VE e R?"\ {0}.
From (133), for all i € .# (&) we have
(ETP—¢(AHE) QA)B(vj—vi) >0,¥j€ Iy. (143)
Thus, for all § € A(&) we obtain
(§TP—9(HE) QA)B(vj—v(B)) > 0,¥)j € Fy. (144)
Therefore, by adding and subtracting the term

2Y 1 pi(E)ETP — (A E) QA )B(v; —v(B)) to (142),

we obtam

(287P—2¢( )" Q) (AL + Bv(B))
—2¢(%€)Tﬂ7i( () +98)

+ZPJ

< o,v.»; e R\ {0}.

(145)

JEP— () QA ) (v; —v(B))

Applying Lemma 1 with w; = J2&, wy, = 9 and using the
definition of Z(c) in (7), we have

QAE)M(P(AHE)+GE)<OVEESL,  (146)



with

o ={E ER™: |(Hy — G| < ey Vi I} (147)

Note that g‘é/ =28TP —2¢(#E)T Q. Therefore, taking

this into account, as well as (145) and (146), we obtain

{5 Gz mip) |

BeA(s)

<ﬁrgAaX {35 ( €+Bv(ﬁ))}

—2¢(%5) MI(9(HE) +FE) (148)
+zp, J(EP— 9(AHE) QAN (v, —v(B))

<0,V§ €.

In order to show (137) (and thus (131)), we will now prove
that % (n~") C o7.

Considering the same arguments as in Theorem 2 we can
show that (101) is equivalent to

Py HT —GT
@ , D1 = 0,Vi € .4, (149)
Hp =G e
Applying the Schur complement to (149), we obtain
P G () (Hy — Gry) = 0.¥i € 4,
F*( 1) —G@w) ()™ (Hy—Gp) = 0,Vi€ I,
(150)

Since P, > 0 and n > 0 then (150) leads to

B Hy=CG )T () Y (Hy—Giy) 0
(Hiy = G))" (cg) ™ (Hiy = Gp) . | movics,

T
(151)

Py
e
0

F
for all i € .%,.

Forall &€ € R¥ and ¥ = M~ ' = [G 0}, (152) leads to

éT ] §-&h (A (i))T(C%,‘))il(e?ﬁ[) *g@))é >0,Vie Ip.

(153)
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From this we obtain the inclusion

EP@n)Cd. (154)
In addition, according to Lemma 2, we have
ETPE <V (§) < &P, (155)
. |P+HTQH 0
where P = 1 -
0 P
This leads to
sPn S HmHCEPNT). (156
Thus, from (156) and (154), we have
L(n o (157)

From this and using (148) we have shown that (137) holds
and we get

sup
ceF|Z

(Aé+Bv(ﬁ))}
H\ {0},

< < mos | 5
agg—ﬁ@ FE
<0,VE€e A (n~

(158)

which ends the proof. m

Remark 2 We can observe that (95), (96) do not share cross
variables, thus they can be solved separately. Therefore, the
control law matrix ¥ and the observer gain L can be de-
signed independently, which shows that the separation prin-
ciple holds in the case of relay systems.

Remark 3 The feasibility of the set of conditions (95)-(96)
allows the design of the matrix Y for the switching law and
the observer gain L separately, and equations (98) and (99)
provide an estimation & (P,Y) of the domain of attraction
such that any solution of the closed-loop system (90), (91)
starting in the domain of attraction & (P,¥) converges to the
origin exponentially with a decay rate Q.

The numerical implementation can be done in two steps.
First, LMIs (95)-(96) are solved to find the matrices Py, 6,
Py, 0, L, and P. In the second step, A is computed from
(98) and then the estimation of the domain of attraction can
be computed using the equation (99). An optimization of the
domain of attraction can be done by using recursive LMI
algorithms.

In addition the feasibility of LMIs (100), (101) allows the
design of nonlinear switching laws dependent on the esti-
mated states ensuring the local asymptotic stability of the
origin in a larger non-ellipsoidal domain of attraction.
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Fig. 4. Buck converter

Remark 4 The feasibility of the LMIs (95)-(96) is guaran-
teed for a sufficiently small o since Assumptions A.1 and
A.3 hold. Thus, for a sufficiently small decay rate Q, since
system (4) is stabilizable, there exist a gain H such that
A+ BH is Hurwitz and a symmetric positive definite matrix
P = Q7! satisfying (95). Likewise, since system (4) is de-
tectable then there exist a gain L such that A+ LC is Hurwitz
and a symmetric positive definite matrix P> verifying (96)
for a sufficiently small decay rate Q.

4.1 Numerical example: Buck converter

Let us consider the buck converter [6] shown in Figure 4.
T

(ir
the inductor current and v, the capacitor voltage) is described
by :

The state-space model for the state vector X = [iL Vc}

X =A%+ Bii (159)

with

_ o 1] _
C. RC

Here we consider the numerical values L = 2mH, C, =
470uF, E =15V, and R = 10Q2. One can note that the eigen-
values of the open loop system are purely imaginary (£10° x
1.037). Here we want to stabilize the system to the equi-
librium point ¥, = fﬁ’léﬁeq which correspond to i; =
0.16uA and v, = 7.5V. Using the transformation from [24]
and the change of coordinates x = ¥ — X4, system (159) be-
comes

1 _
[(L)l ,andia € ¥ ={0,E}.

X = Ax+ Bu,
y=Cx (160)
E
withA:A,uE:{fé,%},C: [0 1},and3: [(L) We

can remark that system (160) satisfies Assumptions A-1, A-
2 and A-3. Therefore, we can design an observer based re-
lay feedback controller. Considering a decay rate o0 = 2.55,

1.33 7.79}

LMIs (95)-(96) are feasible with Q; =
—7.79 55.81
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Fig. 5. Evolution of the state variables and their estimates

0.005 —0.002
—0.002 0.0015

], 6, =20.1, 6, = 4.6 x 10°, ¥ =

, [205 , [-3378
103 x ,L=10%x ,and H = [70.6 0.98}.
0.3 -7

Considering the obtained matrices H and L and ¢ = 1, we can
design a nonlinear switching law depending in the estimated

1.47 021 |

states (102). We obtain : P = , P =108 x
0.21 0.037

541 -2.07
—2.07 5.27

1.11 x 102, % = 1.24 with an estimation of the domain of
attraction (103) given by n~! = 9.94 x 103. Simulations

] . 0=035T=102x [—0.72 1.075} M=

T
are performed for the initial conditions £ = [0 0} and

T
X = {1 15} . The results are reported in Figure 5, which

shows that the estimated state converges to the real state and
they both converge to the equilibrium point.

5 Conclusion

This article presents a new approach for the design of re-
lay feedback controllers. In the case of linear systems, non-
quadratic Lyapunov functions are used to develop a method
allowing the computation of nonlinear switching surfaces
and the enlargement of the domain of attraction. LMI cri-
teria are given in order to design the controller and provide
an estimation of a non-ellipsoidal domain of attraction. The
problem of observer-based relay feedback controllers design
is also considered to ensure local asymptotic stability of the
origin of LTI systems. A Luenberger observer is used to de-
sign both linear and nonlinear switching surfaces dependent



on the estimated state. LMI conditions are proposed in order
to allow a numerical implementation of the results. The pro-
posed approaches are also extended to the case of stabiliza-
tion of nonlinear input-affine systems by a relay feedback
controller.
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A Appendix

Proof of Lemma 3. Let y € R™ and i € .%,. Three cases
arise:

(1) If Yi) > € then Yo+ ¢(,’) (y(l-)) = ()

18

(2) Tf —c() < (i) < ¢y then yiy + 0 (i) = y(i)-
(3) Iy < —cgp)» then yy + @iy (i) = —¢(p)-

Therefore, for any i € 7, |y + 0 (vi))| < (), and thus
y+o(y)e Z(c). m



