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Well-posedness of general 1D Initial Boundary Value Problems
for scalar balance laws

Elena Rossi !

Abstract

We focus on the initial boundary value problem for a general scalar balance law in one
space dimension. Under rather general assumptions on the flux and source functions, we
prove the well-posedness of this problem and the stability of its solutions with respect to
variations in the flux and in the source terms. For both results, the initial and boundary
data are required to be bounded functions with bounded total variation. The existence
of solutions is obtained from the convergence of a Lax—Friedrichs type algorithm with
operator splitting. The stability result follows from an application of Kruzkov’s doubling
of variables technique, together with a careful treatment of the boundary terms.

2010 Mathematics Subject Classification: 35L04, 35L65, 65M12, 65N08

Keywords: Initial-boundary value problem for balance laws, Stability estimates, Laz—
Friedrichs scheme

1 Introduction

Consider the following general Initial-Boundary Value Problem (IBVP) for a one dimensional
scalar balance law on the bounded interval ]a,b[C R

u+dg f(t,,u) = g(t,x,u),  (t,x) € Ix]a,b],

u(0,x) = up(x), x €la,bl,
ult,a) = ug(t), tel, (1.1)
u(t,b) = up(t), tel,

where I =|0, T'[ for a positive 7' and we introduce the notation
dy f(t, @, u(t, ) = 0uf (t, w,u(t,x)) + Ouf (t,z,u(t,z)) Opu(t, ). (1.2)

Aim of the present work is to prove the well-posedness of (1)) and the stability of its
solutions with respect to variations in the flux and in the source functions.

IBVPs for balance laws in several space dimensions were originally studied by Bardos, le
Roux and Nédélec [I]. However, the existence and uniqueness result proved in [I] is limited
to rather smooth initial data, namely functions of class C2, while the boundary datum is
assumed to be zero. An extension of this result to more general, although smooth, boundary
data is carried out in [3]. Other contributions in the field are due to [12], see also [10,
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Chapter 2], and more recently [I4] and [I1I]. In particular, in this latter article, the author
proves the well-posedness of an IBVP for a multi-dimensional balance law with L*> data.
However, a restrictive hypothesis on the flux and the source functions is needed, in order to
get a maximum principle on the solution.

In all the above cited references, the vanishing viscosity technique is used to get the
existence of solutions. Here, existence is obtained by proving the convergence of a Lax—
Friedrichs type numerical scheme, together with operator splitting to account for the source
term. The idea of the proof comes from [7], [14]. It is remarkable how the L* and total
variation estimates on the solution obtained in the present work (see Theorem [2.4]) are more
accurate with respect to those presented in [3], allowing moreover for less regular data.

As far as it concerns the uniqueness, the Lipschitz continuous dependence on initial and
boundary data of solutions to general multiD IBVP, proved in [3, Theorem 4.3], applies to
the present setting. Indeed, this result is valid in a generality wider than that assumed to
prove existence of solutions in [3]: its proof follows directly form the definition of solution,
which requires initial and boundary data of class L N BV.

The investigation of stability results for IBVPs for balance laws has begun only recently.
At the present time, only partial results, namely considering particular classes of equations,
are available. For instance, in the multi-dimensional case, [5] presents a stability estimate for
a class of multiD linear conservation laws in a bounded domain, with homogeneous boundary
conditions and initial data of class LN BYV. In one space dimension, only conservation laws
with a flux function not explicitly dependent on the space variable x have been considered,
see [, [6]. Our result is more general: a stability estimate for 1D IBVPs for balance laws
with general flux and source functions. An adaptation of the doubling of variables technique
by Kruzkov, together with a careful treatment of the boundary terms, allows to obtain the
desired result.

The paper is organised as follows. Section 2] presents the assumptions needed throughout
the paper, the definitions of solution to problem (LI)) and the main analytic results, namely
the well-posedness of the problem and the stability estimate. Section Bl is devoted to the
introduction and analysis of the numerical scheme. The estimates necessary to prove its
convergence, as well as the convergence result, constitute the contribution of this section.
Finally, Section M contains the proofs of the main results.

2 Main Results
Throughout, we denote by I the time interval ]0, T, for a positive T, and we set
Y =[0,T]x]a, b[xR.

Following [11l, 14], we set

sgn’(s) = bifs >0, sgn (s) = 0 ifs=0, s = max{s, 0},
s 1o ifs<o, s -1 ifs<o, s~ = max{—s,0}.

In the rest of the paper, we will denote Z(r, s) = [min {r, s} ,max {r, s}|, for any r,s € R.
We require the following assumptions

(f) f € C%(S;R); 9, f, 02,f € L®(%;R).



(g) g € C*(%;R); dug € L°(E;R).
(D) u, € (L*NBV)(]a,b;R) and u,, up € (L NBV)([;R).
We introduce the constants

Lp(t) = 10ufllLoo (0, x [a,b) x R;E): Ly(t) = 110ugllLoo (0,0 x [a,b xR:R)- (2.1)

Concerning the definition of solution to problem (I.]), we refer below to the following
extension of [14], Definition 1] presented in [II] for the multi dimensional case.

Definition 2.1. An MV-solution to the IBVP (L)) on the interval [0,T[ is a map u €
L°>°([0,T[x]a,b[;R) such that, for all ¢ € CL(] — 0o, T[xR;RT) and k € R,

/ / { ) dyp(t, x) + sgn™ (u(t,z) — k) [f (t,z,u(t,x)) — f(t,x,k)} Orp(t, x)
+sgn® (u(t,z) — k) (g (t,z,u(t,x)) — O f (t,, kz)) o(t, ﬂ:)} dxdt
+ /ab (uo(z) — /<:)jE ©(0,2) dx (2.2)

T T
+ Ly (T) (/O (uq(t) — k) o(t, a) dt+/0 (up(t) — k‘)igo(t, b) dt) >0

where L¢(T) is as in (ZT).

We introduce a second definition of solution to problem (LIJ). This is an adaptation of
the definition of solution presented in [I] to the one dimensional case, where the domain is
an open bounded interval.

Definition 2.2. A BLN-solution to the IBVP (L) on the interval [0,T] is a map u €
(L*° N BV)([0,T[x]a,b[;R) such that, for all p € CL(] — oo, T[xR;RT) and k € R,

/OT /ab {‘u(t,x) — k|3t<p(t,x) + sgn (u(t,x) — k:) [f (t,x,u(t,x)) — f(t,x, k)} Orip(t, )
+sgn (u(t,z) — k) <g (t,z,u(t,x)) — 0. f (t,x, k:)) o(t, x)} dxdt
+ /ab |uo(x) — k| (0, 2) da (2.3)
+/0ngn (ua(t) — k) [f <t,a,u(t,a+)) — [ (t,a, k;)] o(t,a)dt
_ /ngn (up(t) — k) [f <t,b,u(t, b—)) — f(t,b, k)] o(t,b)dt > 0.
0

We remark that, for functions in (L°° N BV)([0,T[x]a,b[;R), Definition 2.1] and Defini-
tion [2Z2] are equivalent, see [13] for further details.

Remark 2.3. In Definition 2.2 to ensure that the traces of u at the boundary u(t,a™") and
u(t,b™) are well defined, we need the solution to be of bounded total variation. Moreover,
we recall the well-known BLN-boundary conditions ([I3, Lemma 5.6]), linking the boundary
data to the traces of the solution at the boundary:



e at x = a: for all k € R, for a.e. t €]0,T[
(sem(u(t,a®) = k) = sen(ua(t) = b)) (F(t.a,ult,a®)) = f(t,a.k)) <0,
or, equivalently, for all k € Z(u(t,a™),u,(t)) and a.e. t €]0, T
sen(u(t,a®) — ug(t)) (f(t,a,u(t,cﬁ)) — f(t,a, k)) < 0;
e at z =0b: for all k € R, for a.e. t €]0, T
(sem(u(t,b7) — k) = sgn(us(t) = k) (F(Ebou(t,b7)) = (b)) =0,
or, equivalently, for all k € Z(u(t,b™),up(t)) and a.e. t €]0,T[
sgn(u(t,b™) — up(t)) ( F(t,byu(t,b7)) — f(t,b, k)) > 0.
The following Theorem contains the existence and uniqueness result, as well as some a

priori estimates on the solution to the IBVP (ILT]).

Theorem 2.4. Let and@] hold. Then, for all T > 0, the IBVP (1) has a unique
MV-solution v € (L*° NBV)(]0,T[x]a,b[;R). Moreover, the following estimates hold: for
any t € [0, T[ and 7 €]0,¢],

()| e 0 oy < <max{”u0HL°°(]a,b[)7 [[tall oo o, ”ub”L‘X’([O,t])} +Ci(t) t) 20F (2.4)
TV (u(t)) < €O (TV (u) + TV (uq3 [0,4]) + TV (w; [0,2]) + Ka(t) t) , (2.5)

Jut) = ult = )| prgasy < 7 <Ct(t) + ”g”LOO([O,t]X[a,b]x[#d(t),bl(t)]) ; (2.6)

where Ci(t), Ca(t) are as in BY)-BI), Ka2(t) is as in B27) and Ci(t) is as in (B33)), with
@ = [|0uf [l (10,6 a,b] x [-ua(e), uey))» UE) being as in B.T).

The proof of Theorem [2.4] is postponed to Section [l
Remark 2.5. The L*> bound (2.4) provided in Theorem 2.4] is optimal.

e In the case f = f(u) and g = 0, we get Ci(t) = 0 and Ca(t) = 0, so (2.4)) reduces to the
well-known maximum principle, compare with [10, Chapter 2, Remark 7.33].

e The functions C;(t) and Ca(t) are clearly strictly related to the source term and to the
space dependent flux. Consider, for instance, problem (LI with u, = 0 and u, = 0,
f(t,z,u) = —x and g = 0. The solution is u(t,z) = ¢, and from (B.8) we obtain

Ci(t) =1, so that (24) now reads Hu(t)HLoo(]a o S

e Compare (2.4]) with the L* estimate on the solution presented in [3, Formula (2.5)]. At
a glance, one could notice that the present estimate is more accurate. Moreover, here
the boundary data should be of class L°*° N BV, thus they are not required to be as
regular as in [3, Theorem 2.7].



Consider, for instance, the following example:
f(u) = u(l - u)’ g(u) = 0’ ub(t) =0, uo(,l?) = 0’

and, as boundary datum in z = a, an increasing smooth function (at least of class C3,
as required by [3, Theorem 2.7]) such that

uq(0) = 0, uq(t) = 0.4 for t > 0.1.

Now compare the two L estimates at a time ¢ > 0.1. As already observed in the first
point of this remark, C;(t) = Ca(t) = 0, and the estimate (2.4]) reads

Hu(t)HLoo < luallyeo o) = 0-4-

On the other hand, with the notation of [3], ¢y =1, co =0, ¢35 = HagufHLw = 2, so that
the estimate [3, Formula (2.5)] reads

@l < (¢ lltallee + 19tallgoe + 2 [luallga) €22 + gy,
where all the norms on the right hand side of the inequality are evaluated on [0, ¢].

The following Theorem presents a stability estimate with respect to the flux and the source
functions. A particular case of the IBVP (I.]]) is considered, for instance, in [6], where a flux
function independent of the space variable is taken into account. There, a stability estimate
with respect to the flux function is provided.

Theorem 2.6. Let f1, fo satisfy g1, go satisfy (o, Ua, up) satisfy (D) Call uy
and ug the corresponding solutions to the IBVP ([IL1). Then, for allt € [0,T], the following
estimate holds

Hul(t) — U2(t)HL1(}a,b[)

< exp <75 min {Haugl||L°°([O,t]><[a,b]><U(t))’ Haug?HLDO([O,t}X[a,b}XU(t))})

t b
x (/0/ 102 (f2 = 11)(5,2, )| oo ey A s
t b
+/O/ 191 = 92)(5,2, )| oo () D 5
t
—i—/o Ha“(fZ_fl)(sa',')HLoo(]a,b[xU(s)) min{TV (u1(8)),TV (uz(S))}ds

t t
+2/0 (2 = 11)(s0,) | e oy ds+2/0 12 = 150, | e oy d5>,

where U(s) is as in ([E2).

The proof is postponed to Section [l



3 Existence of weak entropy solutions

Consider a space step Az such that b —a = NAxz, N € N, and a time step At subject
to a CFL condition which will be specified later. For j = 1,..., N, introduce the following
notation

yr = (k—1/2)Azx Ykt1/2 = kA for k € Z,

and let ;12 = a + jAx = a + y; 12 be the cells interfaces, for j = 0,..., N, and z; =
a+ (j —1/2)Ax = a + y; the cells centres, for j = 1,..., N. Moreover, set Ny = |T/At]
and, for n =0,..., Np, let t" = nAt be the time mesh. Set A\ = At/Ax and let @ > 1 be the
viscosity coefficient.

Approximate the initial datum w, and the boundary data as follows:

0 1 Lj+1/2
u; / Uo(x) dz j=1,...,N,
xT

J Az i1y
tn+1 tn+1
wi=gg [ w®d, w= g [ w®d, =0 N1,

Introduce moreover the notation uy = uy and uy,; = uy.
We define a piecewise constant approximate solution ua to (L)) as

n 4n+1 — _
ua(t,z) =u?  for { te e, where 000 Np =1, (3.1)

’ z € [xj—1/27xj+1/2[7 j=1,...,N,

through a Lax-Friedrichs type scheme together with operator splitting, in order to treat the
source term.
In particular, the algorithm is defined as follows:

Algorithm 3.1.

for n=0,...Np —1
for j=1,...,N

1 «
P i) = 5 [FE o) + FE wi )| = 5 (0 —uf)  (32)
+1/2
a2 X (B ) — FR o)) (3.3)
u}‘“ = u?H/Q +g (t", z;, u?+1/2> At (3.4)
end
end
We require, moreover, the following CFL condition:
> L(T) - (3.5)
o g .
A 3

The proof of the convergence of approximate solutions consists of several steps, whose aim is
to show that the sequence verifies the hypotheses of Helly’s compactness theorem.



3.1 L* bound

Lemma 3.2. Let[(f)] [(D)| and B3] hold. Then, for all t €]0,T[, ua in BI) defined
through Algorithm [Z1 satisfies

H“A(t’ ')HLoo(]a,b[) <Uuft) (3.6)
where
Ut) = (maX{HuOHLOO(]a,b[)’ [[tall e 0,4 HubHLDO([O,t])} + tCl(t)> 0 (37)
with
Cr(t) = (|02 £ C. s Ot o, japy F 19C O | oo 0.4 ) (3.8)
Ca(t) = ‘ 07, f ‘Lw([o,t]x[mb]xm + 110uglLoo (10,6 ¢ a,0]xR) (3.9)

Proof. Fix j between 1 and N, n between 0 and Np — 1, and rewrite (B.3]) as follows:

n+1/2
U

= U? —A [Fjﬂl/z(U?,U?+1) + ]ﬂuz(u;}au;}) + F]Zl/z(u?,u?) - Fﬁl/z(u?fl,u?)}

— (1= B} — ") ull + Bty + Ay — A (P‘]n+1/2(u?,u?) — F]n_l/z(uy,uy)) ., (3.10)

with
F]n71/2(u;?,u?) — F]n71/2(u;.‘71,u?) - .
n A T n if ul # uj_y,
87 = ul —ul g (3.11)
0 ifu? =y,

\
(

_)\F}nﬁtl/z(u?’ uivr) = Ffy pp(uf, uf)

if u?? #u?
V= ul ) —ult A (3.12)
0 ifu? =u”, .
L i j+1

Using the explicit expression of the numerical flux ([B.2)) and the hypotheses on f we

n n
observe that, whenever u] #* uy_q,

A

Bi = Tt —ur ) [f(t",wjfm,u?) = ft" i1y uf ) +a(uf — u?fl)}

;%
A
- 5 (8uf(tnaxjfl/27r;il/2) + Oé) )
with r;?_l /2 € A (u?_l, ugl) Similarly, whenever u? #* u? 1
n A n n n n n n
Y= — m [f(t a$j+1/2auj+1) - f(t ,$j+1/z,uj) - a(uj+1 — U )]

Jj+1 j

J

<a = Ouf (" wj41/2, 7’?+1/2)> ’



with 7, o €1 (ug‘,uyﬂ). By ([B.3) we get

g eog). -5 -pez (3.13)

Compute now

‘ _]+1/2 ]7 ] F‘n71/2(u]7u])‘
= ‘f t ’ijrl/Qauj) - f(tnaxjfl/%u?)‘
i (tn,jjau?) + azf(tn,j],())‘|$]+1/2 - xj—1/2|

< Az |0, f(t",2;,0)| + Az |u

Lo (([0,t] X [a,b] xR;R)

< Az ||0.f(-,-,0) )+ Az u

HL°°([0¢"} X [a,b] Lo (([0,t"] % [a,b] xR)

where Z; €|z;_1/9,Zj11/2[- Observe that, thanks to[(f)] we have H(? f - HLOO(Ot Ix[ablR) <
+oo for all t € I. Inserting the above estimate into (BI0) and exploiting the bounds (BI3))
on B]" and ;' we get

+1/2
< (U B ) | B[] o | A ) = B )

< (1= B =) " Ngmqagy + 87 max {[u" e o [}

o ma { " oo o g[8}
#3088 (0210l o o)+

e { o e o o1}

+ A0, f (-, 0)

n
J

uf

u

‘L“’([O,t"} x[a,b] ><]R)>

IN

Loo([0,¢7] % [a,b] ><]R)>

HLOO([O,t"} x[a,b])

IN

(maX{HunHLOO(}a,b[)v HuaHLw([Qtn]y |’ub”L°°([0,t"])}+AtHal’f(""O)HLOO([O,tn]X[a,b]))

x eXp < ‘Lw([o,t”]x[a,b]x]R)> '

By (34)), since, thanks to Hg(-, "O)HLOO([O,t]x[a,b}) < +oo for all t € I, we have

ruf

uttl = n+1/2 + At < < x],un+1/2) +g (t",xj,0)>

J J

<

u?+1/2‘ AL u;@+1/2‘H

Ougllres (0.6 x bl xm) + AELIC 5 OV oo 0.0m 1ty

u;;+1/2‘ <1 + At HaugHLw([O,t"}x[a,b}xR)) + Atl|g s 0| L 0,40 a0

(

(1 (g Ptaleqonys Toolhieqoeny

<

;‘H—l/Q‘ + At”Q(H Y 0>”L°°([0,t"}><[a,b})> eXp <At HaugHLoo([O,t"]x[a,b]xR))

IN

u

IN

8



+At[|0: (-, "O)HLoo([o,tn}x[a,b}) + Atllg(-, -, O)HL‘X’([O,t”]X[a,b]))

X exp (At <(

An iterative argument yields the thesis. g

Loo([0,67] X [a,b] X R) + HaugHL‘”([O,t"}X[a,b}xR)>) :

3.2 BYV estimates

Proposition 3.3. (BV estimate in space) Let|(f)] [((D)] and BE) hold. Then, for n
between 1 and N, the following estimate holds

3 (u;.ql - u?‘ < C(t"), (3.14)
5=0

where

Ca(t") = 21" Z(]H u]\+i

m=1

u — m1\+z‘ub—ub Ui |

(3.15)
with Co(t") defined as in [B9) and KCo(t"™) defined as in (B.271).

Proof. For the sake of simplicity, introduce the space ¥, = [0,t"] X [a,b] x [-U(t™),U(t")],
with the notation introduced in (3.7)). By the definition of the scheme (B.4]), observe that, for
allj=1,...,N—1,

n+1 u”

_antl]
Wjt1 = Uj ‘—

S

n+1/2 n+1/2

< | - ‘ (1+At\|8ug||Loo(zn)) + AL Az [|029|lp,00(5,)

where H@ngLoo(En) is bounded, thanks to On the other hand, for j = 0 and 7 = N we
have respectively

ultt — uZH‘ = [T —untl 4 At (t",m,u?H/Z) +Atg (t"790170)'

1/2
Wt

IN

a1 + A0l s,

at 2] Al 0) g o gy

u?“ u’&“‘ = uZH/Q—u’]{[H—Atg (t",xN, il /z)iAtg( xN,O)'

n+1/2 n+1/2

1
< Jup ™2 — |+ Al s [+ ALl 9C O sy
Therefore,
N
1 1
> furtt =)
j=0



< At||8u9||Loo(En)Z n+1/2

;L+1/2‘ + At (b— a) [|029 oo s,

n+1/2 n+1 n+l/2 _ u'y !
+ |uy —ua+ ‘—F w, N ‘+2AtH9 o HL“(Ot"]X[“bD
2 At |Bul o ‘unﬂ/zH
10uglyoe (s, Lo ([a,b))

N
Al s, 5

7=1
AL (b= a) [0l pegss (8.16)

+ 2At (Hg(-, '7O)HL°°([O,t"}><[a,b}) + HaugHL‘X’(E n+1/2HL°°(ab])>
n+1/2 n+1/2

uliy " = : by [B.3]) we obtain

nt1/2 n+1/2
(O ‘ +|u

IN

+1/2 1
n/ (Tll+‘+

n+1/2 n+1
ub - uN

N-1
Focus first on » ;7

+1/2 +1/2
Uit g
= Ujy — Uy
Y [P}n—l—?’/z(u?—i-l’ Ujya) = Fiayp(ugs uisn) = F o (ugs i) + Fily (g, uy)}
Zl: )\F+3/2(U/J ,'LL]+1) Zl: )\F +1/2( ;‘Lfl;u?)
= u.?+1 — u_]
—A [P}n—l—?»/z(u?—i-l’ uiya) = il o (uff uiin) + Fh g jo (W, uf) = Fif g pn(uf,s u?“)}
- A {Fj‘n+3/2(“?7u?+1) = Fip (g, uf) + F g o (ufog,uff) — Fﬁrlﬁ(u?’u?“)}
— A7 — B,
where we set
Al = ufy —uf
- [FJ‘7L+3/2(U?+17U?+2) - Fyn+1/2(u?7u7+1) + F+1/2( j— 1’“?) - FJZ3/2(U?’U?+1) ’
B = Fjgpo(uj,ufyy) = Ffy (g, uff) + Fj0y o (ufo g, uf) = Ffy o (uff, uffyq)-

Rearrange A;L as follows:

n n n _ n n
A" = um n_y\ Fj+3/2(uj+1’“j+2) Fj+3/2(uj+17uj+1) n n
j = Ui T Y T u o —un Ujto — Ujt1
j+2 j+1
mn n n n n n
Fj+3/2(uj+1’ uj+1) B Fj+3/2(uj ) uj+1) n
u” —un J J
Jj+1 J
mn n n mn n n
il (g ugg) = FL Ly p(ufug) o .
+ A ulty, —ul
u L —u” J+ J
Jj+1 J
mn mn n n
Fy o, uf i) Fly pufoyug) o
+ A ul? —u
ur — J J
i Y1

10



= 05 (uj —uf 1) + 75 (ufe — i) + (1 — 75 — 634 0) (wf — uf),

where
F]ﬂH/z(uzP, u?) - P}n+1/2(ug‘z—1, U?)
o)A if uf # uj_y,
07 = ul —ul g (3.17)
0 if u? = u;»[l,

while 77 is as in (B.12]). It can be proven that ¢} € [0, 1/3]. Thus,

N-—1 N-2 N—-1

mn n n n n n
|+ 2 9 ‘uj+1 - uj‘ =20 ‘uj+1 - “j‘
N-—1

™

n n
i1 — U ‘

© Jut — ] — O ks — |+ fu — ] =7 [ — ] (318)

Focus now on B;‘:

1
B} = 5 [f(t",wj+3/z,u;‘) + f(", @j43/2, U 41)
— [t zjap0,u7) — (8", 25012, u70)
+ (tn,xj—l/Z’u] )+f(t yLj—1/25 ])
_f(tna Ljr1/2,Uj— 1) f(t axj+1/2auj):|
1 n n n n
=5 (f(t s Tjys/2,Ujyq) — f(¢ ,l“j+1/2,uj+1))
1 n n n n
t3 <f(t s Tj_1/2,u5—1) — f(t ’ijrl/Qaujfl))
1
+5 2 <f(t » L4372 _7) 2f(t » Lj41/2) ]) +f(t yLj—1/2,U _7))
Az Az n o~ m
= _8 f(t x]+1’ j+1) 2 arf(t ’x]"uj—l)
Az
+ <8 f(t x]Jrl’ ]) 8xf(tn’jjau?)>
Aw 2 n s~
= 7 (mj-‘rl - m])axxf(t 7xj+1/27 j-‘rl) + ( Ujyr — u )8 f(t 7xj7uj)
+ (Tj1 — 75) 3§xf(t”,fj+1/z,U?)),
where
Tjp1,Tj41 € |Tj41)2, Tjgs)2l; Tj,Tj € |xj_1/2,Tj11/2,
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Ti1/2 € 175, T4, Tjp1/2 € |25, Tj41],
~M n n
uj €T (uj_l,ujH) .

Notice that

‘fj+1 — fj‘ < 2 Az, ‘jj+1 — jj‘ < 2Az.
Hence,
Ax
2| 52 2
(Ax) ‘ a:m:f ‘LOO(E,L) + 7 a:vuf ‘LOO(E,L) u;'Lqu - U?A‘a
so that
N-1 A N-1
)\‘B” < —||0 ‘ ul? —un_‘+2At b—a‘
jgl ’ L (2y) j=1 s o ( ) Leo(Zn)
N-1
"= b— . 3.19
‘L"O(En) 2 |+ uj (b—a) Lo () (3.19)
7=0
Therefore, collecting together the estimates (BI8) and (3.19) we get:
— n+1/2 n+1/2
Z Uit
7j=1
N-1
< ujyg —u P lul = ug| = 0% |uly — ufeoq | + AR uh — ul| = A7 |us — ul|
j=1
N-1
At o2 ‘ ‘" - "( 2 At (b— . 3.20
+ f Lo (5 ]Z:% uiiq —uj |+ (b—a) L) (3.20)

Focus now on the terms involving the boundary data in ([B.16]). With the notation (B.11),

(312) and (B.I7)), we observe that
B (= ug) + A (Fgja(ut, uf) = Fij(uf,ut)
= Bl ) — Pl ) + Byt ul) = Filp(uf uf) & B, uf) |
= 07 (uf =) + A (Fp () = ol i)
Hence, from the definition of the scheme ([B.3]),we have

n+1/2 un
Uy Ug

= (1 =81 = )ul + Bl ug +1uy — A ( 570 (U, uy) — Ff/z(“’ﬂu?)) —ugtt £y

= g — )+ (1= Bl — ) + (™ = ) = X (Bl uf) — Fijo(uf,ul))

= (s — ) + (1= )} — ) + (= ug) = A (B, ) = Fjg(u,uf) )
(3.21)
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Since

3/2 (ug, uy) Fl/Z(ua’u1)>

|:f t »L3/2, U a +f(t 1.3/27“1) f(tnaxl/%ug)_f(tn7x1/27u?):|
[ O f(t", 1, upy) + Ax O, f (1", Ty, ul) £ Ax 0, f (", 21, ):I:Ax(?zf(t”,fl,O)]
t

A
A
2
Ara
2
A 2 2 n = -—n\,n n -~ n —
= 5 Q2 (m @) i + 02,07 T, W) uf + 0, (87, 51,0) + 0, f(17,71,0))
where T1,%1 €| /2,73)2[, Uy € Z(0,uy) and Uy € Z(0,u7), we conclude
N By ) = g )|
< A ( 2.

By the positivity of the coefficients involved in (3.2]]), we obtain

(2] + 12D+ 105 o Ol oy ) -

’Loo(zn)

A B BT B O [ B syt (3.22)
1 2 n n
Al <§‘ e ‘Lw(zn)(|ua| +[ut]) + Hazvf(""O)HLw([(J,t"JX[ayf’D)'

Similarly as before, compute
B (ufy —upy_1) + A ( 10Uy uy) — F17\Lr—1/2(uriihu7fv)>
= A PR ey ) = PRy o (1, uhe) + Fie o (0, )
- 1?/-1/2(“%“7&) + ij\lr+1/2(urfv—1,u7fv)
= 0N (uy —uf—1) + A ( Fg1 (U1, uf) — Fz@qp(“%-h“%)) :
Therefore, concerning the other boundary term, we have
wp =l = g (1= B = k) wk + B R
N (B (s ) = Pl o, )
= (up™ —up) + (1= AR) (uf —ul) + B (ufy — uR_1)
X (Bl oo, u) = Fi_y (s ufe)
= (gt —up) + (1= AR (uf — ul) + 0% (ufy — ufy_y) (3.23)
X (B o (v ) = Fley o () (3.24)
Observing that

A (Pl o (s e = Ry o0, )

A

=3 [f(tn7 Tyy1/2, uN—1) T fE N0, un) — FE oN 12, un_y) — (T 2N 12, U%)]
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al

2
At 2 n ~n n 2 n —__ =—n n n n —

= 2 (&vuf(t ,xN’uNfl)uNfl_}'azuf(t ’xN’uN)uN+axf(t ’xN’0)+aIf(t ’xN’O))’

Az O f(t", TN, uf_1) + Az O, f (1", TN, uly) £ Az 0, f(1",Zn,0) £ Az 0, f (1", T, 0)]

where Tn, TN €]Tn_1/2, Tn1/2], Un_q € T(0,uR,_;) and Uy € Z(0,u};), we conclude
A ‘F]%+1/2(unN717 uy) — FJT\L/71/2(U%717 UnN)‘
1
< At —‘ o ‘

By the positivity of the coefficients involved in (3:23)-(B.24]), we obtain

zn)(‘unN*’ + [ulf]) + 1|02 "O)HLOO([O,t"}X[avbD> '

uptl — unN+1/2‘ < Jup ™ — w4 (1= yp)|up — ul| + O luly — ul_y| (3.25)
1
#00 (G02ut] o 0811+ D) + 1027 Oy )
Insert (3.20), (322) and (B.25]) into (3.16):
N
i} — |
=0

— a

< Pt 1Pudllioo o) [M — |+ (1= 0 |uf — ul| + |ul ™ —

1 2 n n
A (5 OuF e, 11+ 0D+ 021 "O)HLw[o,tn}x[a,bD)
N-—1
3 ey — | 0 — ] — O e — | R [ — ] = [ —
j=1
N-—1
At(aQ ‘ no_unl oAb — ‘02 ‘
+ xuf Lo (5n) pard u]-l—l uj + ( a) a:a:f Loo(3,)
g — ] 4 (= AR)laf — ]+ SR — uy |
1 2 n n
+ At (5 axuf ’LOO(E,L)(|UN_1| + |uN|) + Hazf(, 'ao){’Loo([07tn]X[a7b])>]
+ AL (b = @) 9r e, + 2890 Ol o gy 2D 10l [
N
< (A 10ualhieis, [ruz“ SCARAAERIRY CRN] TN WD DI e

n 1 n 2
R () At 5 (3UE) + gl e o, ) 02,1

‘ At]
Leo(3n)
+ At (b - a)Ha’rgHLDO(En) + QAtHQ('a K O)HLOO([Oin]X[a’b]) +2At HaugHLOO(Zn) u(tn)a

where

9t

Ki(t) =2 (Hal,f(., ., o)HLM([O,MX[QJ)D +(b—a) ( ‘Lw(zn) : (3.26)
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Setting

Ka(t) = 2C1(t) + (b — a) <2 Lo (%)

+% <3u(t) + HuaHLoo([o,t])) ‘

; Haxgumom)

Pt

(3.27)

oy A7+ 20190l U0,

with U(t) as in B.7), X = [0,t] x [a,b] x [-U(t),U(t)] and C;(t) as in ([B.8)), we deduce by a

standard iterative procedure the following estimate

Z‘ uffyy = | <) Z‘ i1 —

n
—u?flhztub—ub ek |
m=1

where actually the norms appearing in C(t) in ([B.9) can now be computed on ¥; instead of
on [0,t] X [a,b] x R. O

Corollary 3.4. (BV estimate in space and time) Let [(T)] [(D)] and B3) hold.
Then, for n between 1 and N, the following estimate holds

n—1 N n—1 N+1
SN atfury -+ 303 Awfurtt - | < cutt), (3.28)
m=0 j=0 m=0 j=0
where Cyt (™) is given by (3.33)).
Proof. By Proposition [3.3] we have
n—1 N
DI ‘u;»er - u;n( < n ALC, (™). (3.29)
m=0 j=0

By the definition of the scheme [B.3)-(@B.4), for m € {0,...,n—1} and j € {1,..., N}, we

have

‘u;.”“ - uzn‘ < ‘um“ m+1/2‘ + ‘ TH/Q - u;”‘ (3.30)

In particular, the first term on the r.h.s. of (3.30]) can be estimated as follows

‘% T / ‘ < At|gllgee (0,m]x a5 x [-u(Em), tEm)]) (3.31)

and the norm of g appearing above is bounded thanks to Concerning the second term

on the r.h.s. of (330), by 32) and [B.3]), we obtain

o7 =

Ao
< 53 (o =+ oy =)

A
Ty ‘f(tm79”j+1/2au§n) + [t 0 uit) — FE @1y, uity) — fFOE™ 2510, uf")

Ao m m
B3 \“Hl M - Ui 1(

IN
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o3

+|0, (tm,@,uﬁl)(m +

af( x_]’]

uf (", Tj— 1/25 j— 1/2)H —UJ 1‘

m ~1mm m m
W f (t axj71/2auj+1/2)Huj+1_uj ‘:|

< 5 (04 + HaufHLoo([o,tM]x[a,b]x}u(m),u(m)])) (‘uﬁl - u;n‘ + ‘u;n - u;n—lD
+ AL |0z fll 00 (0,m] x [a,b] x[

>

—U(Em), u@m)l)’

where T;,T; €T;_1/2,7j41/2[, U i € Z(ujy,uj") and Uy o € Z(uj*,u’ ). Remark that,
by the norm of d, f appearing above is bounded. Therefore, by Proposition [B.3],

N
Z Ax ‘u}nﬂ/z —u
j=1

}”‘ < At (04 + Hauf”LOO([O,tm}x[a,b}x[—u(tm),u(tm)])) EN: ‘uﬁ-l - “;'n‘
=0

+ AL (b = a) [0z f oo ((0,6m) ¢ [a,6] x [—2a(tm), uem)

= ALC,(t™), (3.32)

where we set

C(r) = (o + 10u e 0.t tatrrtacoy ) Co(T) + (0= @) 192 F Il oe (0,71 bl [2a(r) i)
(3.33)
Exploiting (3.30), (331) and (B3.32), we obtain
N+1
ZAm‘u}’”l—uﬂ: = Az |u ‘ m+1—ub‘+ZAaﬂ‘ mtl um‘
=0

IN

Az |u

—}—Ax‘ m+1 ub‘

+ At (Ct(tm) + ”gHLoo([O,tm}X[a,b}x[fu(tm),u(tm)])> ;

which, summed over m =0 n — 1, yields
n—1 N+1 1
ZZAx‘m+l_um‘<AxZ<uzn+l ‘m+1_ub‘>
m=0 j=0 m=0

(3.34)
+n At <Ct(tn) + HgHL“’([O,t”]X[a,b]x[#d(t”),bl(t”)})) :

Summing ([3.29) and ([B.34]) we obtain the desired estimate (3.28]), with
Cor(t") = n AL (14 o+ [|0uf oo (0,6 [, x [-te(tm), ueny))) Ca (E7)

+n At ((b = @) [|0z 00 (0,61 x 0,5 x [~ ), uen))) T+ 191 Lo (0,67 x b x =2 em, 4 n)}))

n—1
# 80 3 (furt =t <), 555
m=0
concluding the proof. O
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3.3 Discrete entropy inequality
We introduce the following notation: for j=1,...,N,n=0,...,Np — 1, k € R,

'y jou,v) = B {f(t s Tjg1/2,u) + (2 a%’ﬂ/%”)] -5 (v—u),

2
(an+1/2(v7 z) — F’ll/z(u,v)) ,
F+1/2(u/\k: vAk)— +1/2(k k),
Taja(ky k) = Ffy g jp(uV ko VE).

H}'(u,v,2) =
j+1/2( ,U)
n,k
Lg+1/2(u7”)

Observe that, due to the definition of the scheme, u}”l/z = H}(uj_j,u},u} ;). Notice

moreover that the following equivalences hold true: (s—k)™ = sAk—k and (s—k)™ = k—sVk.

Lemma 3.5. Let|(f)] [(D)] and BX) hold. Then the approzimate solution ua in (BI),
defined through Algorithm [31), satisfies the following discrete entropy inequalities: for j =

. N,n=0,....Nyr—1, k€ R,

(gt =kt = (= R)T A (G o) = Gy ()
A sgnt (Wi = k) (F( 25000, k) = F(E 2500, )) (3.36)

—At sgn ( n+1 k:)g(tn U ;1+1/2> <0,
and
(= k)™ = (= BT A (L5 ) = L3 ()
A sgn (@ = k) (F( 250000 k) = F(E 2502 )) (3.37)

—At sgrf(u;-‘+1 - k)g(t" Tj,u ?H/Q) <0.

Proof. Consider the map (u,v,z) — HJ'(u,v,2). By the CFL condition (8.5), it holds

oH?} A n

8u] (u,v,2) = 5 (5uf(t ,Tj_1/2,1) +04) >0,

8’Uj (’LL,’U,Z) =1-Aa-— 5 <8uf(t ,.%'j+1/2,’l)) - auf(t 7'%']'71/27(0)) > 07
oH? A N

8; (u,v,z) = 5 (OZ - auf(t ,$j+1/2,2)) = 0.

Notice that
H (kb k) = b= A (F( 25072 0) = (2517, K))

By the monotonicity properties obtained above, we have

H;-L(u?,l Nk, u Ak qu NEk) — H]”(]{;7 k, k)
> Hj (uj_y,uff ufyy) AHJ (K, k k) — H (K, k. k)

+
= (H} (g} ) = H (kK ) )
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+
= <U?+1/2 —k+A <f(tna$j+1/2, k) — f(t", xj_1/2, kf)))

Jr
n n n+1/2 n n
= < ]+1 k— Atg(t y Lj, U ]+ / ) + A <f(t ,1’j+1/2,k) — f(t 71.]'1/27]{))) . (338)
Moreover, we also have

HI(uj_y Nk,uf ANkufyy ANk) — H (kK k)

= (uj Nk) =k
—A [FJ+1/2(U ANk ufg NE) = Fiby o (ufoy Ak uf ANK) = F2Ry o (R k) + FiLy o (R, k)
n n,k n,k n n
= (W~ k)T - (GJH/Q(UJ ully) = GE )) . (3.39)

Hence, by (m) and (m)a
(uf —k)t =X (G;L-fl/z(u]’uﬁrl) G;‘Lfl/?(u?*l’u?))

+1/2 *
<7+1 k= Atg(t, a0 )+A(f(t",xj+1/2,k>—f(t",xj1/2,k>))

Y

= sgn’" < n k- At9<tn Zj, U ;LH/Q) ( f@" 2410, k) — f(tn79€j1/27/€)>>
n n n+1/2 n
X < ]Jrl k— Atg<t y Lj, U J+ / ) )‘(f(t ,.%']+1/2,k)—f(t 7xj—1/27k))>

+
(u;”rl - k> — At sgn* < n > g(t" Tj, u ;Hl/z)

+ A sgnt (u;‘+1 — k:) (f(t s i1/, k) — f(E" ,xj71/2,k)) )

v

proving (3.36]), while (837 is proven in an entirely similar way. O

3.4 Convergence towards an entropy weak solution

The uniform L*-bound provided by Lemma and the total variation estimate in Corol-
lary B.4] allow to apply Helly’s compactness theorem, ensuring the existence of a subsequence
of ua, still denoted by ua, converging in L1 to a function u € L°°([0, T'[x]a, b[), for all T' > 0.
We need to prove that this limit function is indeed an MV-solution to the IBVP (L)), in the
sense of Definition 2.1]

Lemma 3.6. Let @ﬂ and B5) hold. Then the piecewise constant approzimate
solutions ua resulting from Algorithm [31] converge, as Ax — 0, towards an MV-solution of
the IBVP (LL1)).

Proof. We consider the discrete entropy inequality (B.36]), for the positive semi-entropy, and
we follow [7], see also [I4]. The proof for the negative semi-entropy is done analogously. Add

and subtract G u, u?) in ([8.36]) and rearrange it as follows

]+1/2( Jo j)

n n n,k
0 Z (u]+1_k)+_(u] —kj) + A\ <G]+1/2(’LLJ,’U,]+1) Gj+1/2(u]’uj ))
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n,k: n n n+1/2
+A <GJ+1/2(uj ,uj) — Gj71/2(u] 1, U j)> At sgn ( +1 k:)g(t x],u]+ / >
+ A sgn (U?Jrl —k) (f(tn,ﬂfj+1/2, kouiiyg) = F", 25 12, k,U?A/z)) :

Let ¢ € CL([0,T[x[a,b); RT) for some T > 0, multiply the inequality above by Az p(t",z;)

and sumover j =1,...,Nand n=0,..., Ny — 1, so to get
Nr—1 N
0>Ar Y Z[ ) - (ul — k)ﬂ o(t", ;) (3.40)
n=0 j=1
Np—1 N
n,k n .n
NS> [( R ) — GjH/Q(uj,uj)) (3.41)
n=0 j=1
n,k n n n,k n
- <Gj_1/2(uj71,uj) - Gj+1/2(u],u] )>:| p(t axj) (3.42)
Nr—1 N
— Ax At Z ngn "H )g(t" Tj,u ?H/Q) o(t", z;) (3.43)
n=0 j=1
Nr—1 N
+ At Z ngn n+1 )(f(t",xj+1/2,k,u?+1/2)—f(t",xj_1/2,k,u?_1/2)> gD(tn,,I])
n=0 j=1
(3.44)
Consider each term separately. Summing by parts, we obtain
- gl plt",z;) — ("))
_ + + J i
((40)] = —AxZ(uj — k)" p(0,25) — Az At Z Z — k) Ar
j=1 n=1 j=1
’ k)t
Ag)+_/a( o) — k)T (0,2 dﬂ:—/ / (t,z) — k)" Opp(t,x)dxdt,
Nr—1 N
n n n+1/2 n
(@3] = — AcAt Y Y sent @ = k) g (¢ 00y ) e, ay)
n=0 j=1
u(t,z) — k t t t dz dt
A:BHO"’ / / sgn™ x) )g(,x,u(,x)) o(t,z)dxdt,
Np—1 N
f@ zjy0,k) — f(E" 2512, k)
Az At utt — I/ 2 o
(B44)] = Ax nzo jzlsgn k) s o(t", z;)
ult, Ouf(t, 2, k) o, z) dx dt
o st o . ptt ) o
by the Dominated Convergence Theorem. Concerning (3.41)—([B.42]), we get
Nr—1 N
n,k n o,n n
(@0 — @) = At Y0 3 (G ) = G o)) (e )
n=0 j=1
Nr—1N-1
n,k n n n
— At Z Z < jr1/2 (uf, ujig) — Gj+3/2(uj+1’uj+1)> p(t", xj41)
n=0 7=0
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Nr—1N-1

= At Z Z |:(an1/2 wisujyy) = anl/g(upuj)) o(t", ;)

n=0 j=1
— (G ) = G (1) ) ot 40)
JH1/23V7050 T+ j+3/2 U415 Uip1) | P Tt
Np—1
+ At Z [(GnNil/z(“N’“b) GnNﬁ—l/z(uN’uN)) o™, zN)
n=0
- (Gt~ Gt ) (e o)
— Tint + Tb — T,
where we set
Np—1N-1
in n,k n
Tt — At Z Z [( 4172 (uf,ufiy) — G]._H/z(uj,u])) o(t", ;)
n=0 j=1
n,k n,k n n n
o <G]+1/2(uj’uj+1) Gj+3/2(uj+1’uj+1)> o(t a$j+1)] )
Nr—1
n,k n n,k n n n
=AY, [(GN+1/2(UN’ub) GN+1/2(UN7UN)> p(t" xN)
n=0

- (Grht ) = GGt a)) (o).

Define N
— _ Az At i ZG3+1/2 num) o(t" ,xjﬂi; (", x;)
NT:O = (3.45)
—aAt Y <(UZ — k)T ot a) + (uy — k)T o(t", b)) :
n=0

Observe that
n,k n n n n
Gj+1/2(uj auj) Fj+1/2(uj A k‘auj Nk) — j+1/2(kak)
= f(", mjq10,uf Nk) — fF(t", 254019, k)
= sgn’ (u} — k) (f(t”wm/z,u;‘) — f(t" w010, k)) .

It follows then easily that

A 0+ / / sen’ (u(t, ) — k) (f(t,m,u— f(t,x,k)) Opip(t, z) da dt

T
—a(/’wan—k> @ﬂwu+/’wuw—kﬁmedQ.
0 0

Let us rewrite S in (3.45]) as follows:

Nr—1 N

= — At Z ZG]—H/Z 3o J ( (" a$j+1)—¢(tna$j)

n=0 j=1
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Np—1

—adt Y (=) et a) + (g — k) e(t", b))

n=0
Np—1 N-1
= At Z ZGJ+1/2 5 ]) t x]+1 G]+3/2 j+1’u?+1)90(tn,xj+1)
n=0 7j=1 7=0
Np—1
—adt Y (= k) e, a) + (uf — k) (7, b))
n=0
Nr—1N-1
n,k n n,k n n n
= — At Z Z <G]+1/2 uj, j) G]+3/2( j—l—lauj—i-l)) (p(t ,1’j+1)
n=0 j=1
Np—1
n,k n nk, n n n
— A Y (G o ) (" iy 41) — Gy, ul) (¢, 2))
n=0
Np—1
—a At Y (g = k) (e, a) + (g — k) (D))
n=0
— Sint+sb,
where we set
Np—1N-1
in n n,k n n n
sM= — At Z Z( ]+1/2 uj,uj) = Gj+3/2(“j+1’“j+1)> P(t" 1),
n=0 j=1
Np—1
n,k n n n n,k n
Sb: — At Z (GN+1/2(UN7UN) @(t ,.%'N+1) _G3/2(u17u1)) (p(t 7'%'1))
n=0
Np—1
—a At Y (= k)T et @) + (i — k) e, b))
n=0
Focus on S™: by adding and subtracting G i /2( ,ugl) in the first brackets, we can rewrite
this term as
Np—1N-1
in n,k n ., n n
St — At Z Z ( 412 (uj, ujyy) — Gj+1/2(uj?uj)> (", zj41)
n=0 j=1
Np—1N-1
n,k n n n
— At Z Z ( 412 (uf, ujyy) — Gj+3/2(uj+1?uj+1)) P(t" 1)
n=0 j=1

We evaluate now the distance between T and S:

Nr—1N-1

in in n,k u
‘T f- S| < At Z Z ‘G]+1/2 (s ujtr) = Gy o (ugs ug)

o(t",wjq1) — <P(tna9€j)|-

Observe that

n,k n,k
‘G3+1/2(uj Y U1) — Gj+1/2(u] yu)
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:‘ (W Akl AK) = FT o (ul Akl /\k(
=3 ‘f(t”,xjﬂ/%u? ANE) + f(t" 21 0, ufpg AK)

—zf(tn795j+1/2augl/\k)—oz(u;ﬁrl/\k—u?/\k:)‘
= % ‘f(f",wjﬂ/w?ﬂ ANk) = f(t" 212, uf NK)

—a(uly, /\k:—u?/\k)‘

1
< (L") +a) (uy+1 Ak—uym(
< a‘u;‘_ﬂ —uj|.
Therefore,
' A Nr—1N-1
‘Tmt—Smt < a Az At]|0z¢|1, Z Z ‘uyﬂ—uy‘
n=0 j=1
<alAzT o T t") = O(A :
< a Az T[|Ospllpee | max TV (ua(t?)) = O(Az), (3.46)

thanks to the uniform BV estimate (3.14]). Pass now to the terms 7% and S°:

Np—1

SP—Th = — At > (G (uk ul) ot ) — Gy (ul, ul)) (", 21)
o / /
Np—1
—adt 3 (B et @) + (6 — )T elt"D))
n=0
Np—1
- At Z <Gxi1/2(“N’“b) GnNi1/2(uN’uN)) e(t", zN)
n=0
Npr—1
+Ar Y (Grhunuf) - Giut,uf)) ol o)
n=0
Nr—1
Aty (G’f/;(u ) (1" 1) — a (ul — k)T @(t",a)) (3.47)
n=0
Np—1
— At Y (alup =BT et b) + G (R u) 9t aen))  (348)
n=0
Np—1
— At Z GN+1/2 (U, uR) (™, zn+1) — ot 2N)) - (3.49)
Observe that
OF}! 1/2 1 1
L2 (u,0) = 5 (0uf (" 5002,0) + @) 2 5 (L") +0) 2 0,
OF" 1 )
+1/2 n "
jaT/(%U) =5 (3uf(t s Tjr1)/2,0) — a) < 3 (Lf(t") —a) <0,
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meaning that the numerical flux is increasing with respect to the first variable and decreasing
with respect to the second one. Thus,

n,k n n
G (w,v) = Fy p(u Nk, o Nk) = Flyy o (K K)

i+1/2
> P (ko AK) = FTy (ko)
1
=3 <f(t"a$j+1/27v Nk) = f(t", 25110, k) —a(v Ak — k))
> L) +e
B 2
> —a(w—k)*t

lv Ak — |

and
n,k n n
Gj+1/2(u,v) = Flp(unkoNk) = Ffyy ok k)
< Fjrzrl/z(u Nk, k) — jn+1/2(ka k)
1
=3 (f(tn,xj+1/2,u Nk) = f(t", 24170, k) —alk —u A k))
Ls(t"
< w lu Ak — k|
<a(u-—k)T.
Hence,
Np—1
(BID)] = At Y GYs(ug,uf) (p(t",21) — o(t", )
n=0
Np—1
+Aar Y (G@’;(ug,ul) a(ul — k)+> St )
n=0
Np—1
< aT Az ||0zp|gee sup  (ull —k)T+a At Z <(ug — k)t — (u — k)+) o(t",a)
ne O,NTfl} n=0
< aT Az ||0ppll e [uallpes (o,17) = O(Ax),
Np—1
@ID)] = — At > (aluy — k) + GG (ks up)) (e, 0)
n=0
Nr—1
— At Y GV k) (9t o) — o(t", D)
n=0
Np—1
< —adt > (=R (= R)Y) et 0) + a T Az 0upllpe sup (uf —k)*
n=0 nE[O,NTfl}
< aT Az [|0ppllye usll Lo 0,77y = O(Az),
Np—1
(BID] = At Y G ol uk) (" 2v i) — ot 2))
n=0
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Np—1

n,k n o .n
< At Az [|0xpl| oo Z GN+1/2(UN7U’N)
n=0
Np—1
= ALAT 0l Y [l ol Akl A R) = FR ()
n=0
Np—1
— At AIE ||aISDHLoo Z f(t",xN_,_l/Q,ur]{, A\ ]C) — f(tn,fEN+1/2, ]C)‘
n=0
Np—1
< Ly(T) At Az [|0ppllpe Y July Ak — k]
n=0
Np—1
= Li(T) At Az (|00l Y (ufy — k)T
n=0
S Lp(T) T Az || 0ppllyee  sup  [[u"||p = O(Ax),
0<n<Np—1

thanks to the uniform L> estimate (3.8). Hence, S® — T? < O(Ax), so that we finally get

0> [@B40). .. (3.44)]
= [(BA0)] + [B4D]+T+S
> [(BAD)] + [(B4D] + S — O(Ax),
concluding the proof. O

3.5 Uniqueness

The uniqueness of the solution to the IBVP (1)) follows from the Lipschitz continuous de-
pendence of the solution on initial and boundary data, proved for the multidimensional case
in [3, Theorem 4.3].

Proposition 3.7. (Lipschitz continuous dependence on initial and boundary data)

Let and hold. Let (ug, tug, up) and (vo, Vg, vp) Satisfy @ﬂ Call uw and v the corre-
sponding solutions to the IBVP (LL1l). Then, for all t > 0, the following estimate holds

[u(®) = 0|1 oy <€ [ lto— vollpagasy + Ls(®) (||Ua— Vallpao,q)+ lus— vaLl([O,t})>:| ;

where L¢(t) and Ly(t) are defined in (2.1)).

4 Proofs of Theorem [2.4 and Theorem

Proof of Theorem [2.4l. The existence of a unique solution to the IBVP (1)) is ensured by
the results presented in Section Bl see in particular § B4l and § B35l

The estimates on the solution to the IBVP ([LI]) are obtained by passing to the limit in
the corresponding discrete estimates, namely ([B.6) for the L>*~bound, (8.14) for the bound
on the total variation, and [B.30)-(3.32)) for the Lipschitz continuity in time. O
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Proof of Theorem By Lemma we have, for all ¢ > 0
Hul(t)HLoo(]a,b[) < Us(t), Hu2(t)HL°°(]a,b[) < Us(t), (4.1)

the definition of U;(t), i = 1,2, following from (B.7). Introduce, moreover, the following
notation: for all ¢t > 0

Ul(t) = [—Ui(t), L{Z(t)], 1=1,2 U(t) = Ul(t) U UQ(t). (4.2)

We apply the doubling of variables method introduced by Kruzkov [9], following also [3,
proof of Theorem 4.3]. Let ¢ € CL(J0, T[xR;R™) be a test function as in Definition 2.2 with

o(t,x) =0 for all t €]0,T[ and x € [a,a + hi] U [b — hy, b] (4.3)

for a positive h,. Clearly, ¢(0,2) = 0 for all z € R.
Let Y € C¥(R;R™) be such that

Y(-2)=Y(2), Y(z) =0 for |z| > 1, /RY(Z) dz =

and define, for h €]0,h.[, Yi(2) = +Y (£). Clearly, ¥}, € CX(R;RY), Y, (—2) = Yj(2),
Yi(z) =0 for |z| > h and fR Yh )dz = 1. Moreover, Y, — dg as h — 0, dp being the Dirac
delta in 0. Define

t+s z+vy
2 72

onltss0) =0 ) T Vi - ),

For the sake of simplicity, introduce the space IIr =]0,T[ x |a,b]. Since u; = wu;(¢,x) and
ug = usa(s,y) are solutions to the IBVPs (ILT]), we derive the following entropy inequalities

//// {|u1(t,m) — UZ(Say)‘atwh(t,x,s,y)
7 x 7 + sgn (u1(t, ) — ua(s,y)) [fl (t,z,ui(t,z)) — fr (t,x,uQ(s,y))} Ot (t, ., 5,%)

+sgn (ul(t’x) - u2(5’y)) <gl (t,x,ul(t,x)) - a:I:fI (t,$,u2(5’y))) wh(t’x’say)}

x dzdtdyds
b
+ /// |u0($) - UQ(S,y)"l/Jh(O,l',S,y) dx dyds >0
IIr ¢

//// {‘“2(&9) —uy(t, )| 0sn(t, z, 5,y)

I xIIp
+ sgn (ua(s,y) — ui(t, z)) |:f2 (5,9,u2(s,9)) — fo (s,y,ul(t,x))} Oytn(t,x,s,y)

+sgn (ua(s,y) — ui(t, z)) <gg (5,9, u2(s,y)) — Oy fo (s,y,ul(t,x))) Y (t, z, s,y)}
x dedtdyds
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—{—///ab|u0(y) iy (b, 2)|Yn(t, 2,0, ) dy dzzdt > 0.
IIr

Now combine the two inequalities above and rearrange the terms therein: setting v, =
Y (t, x, s,y), we obtain

//// {‘ul(t’ x) = ua(s,y)| (Obn + Osthn)

IIp xIIp
+ sgn (u1(t, ) — ua(s, y)) [fl (t.zw(t,z) - f (S’y’u2(8’y))] (Outin + Oyvn)
+ sgn (u1(t, ) — ua(s, y))

X [(fl (s,,u2(s,9)) — f (t,m,ug(s,y))) Outhn, — O f1 (t, ,u2(s,y)) Un

+ <f2 (s,y,u1(t, @) — fo (t,iﬂ,ul(taﬁﬂ))) Aytbn + Oy fa (s,y, u1(t, z)) T,Z)h}
+ sgn (ul(t,x) - u2(s,y)) (f1 (s,y,u2(s,y)) - f1 (t,ﬂ:,ul(t,x))

+fo (t,z,ui(t,2)) — fo (87y7u2(37?/))> Oyt
+ sgn (ul(t,x) — u2(s,y)) (91 (t,x,ul(t,x)) — gl(s,y,u2(s,y))> U

+ sgn (ul(t,x) - u2(s,y)) (gl(s,y,u2(s,y)) — g0 (s,y,u2(s,y))> ¢h} dz dtdyds

—l—///ab‘u(,(x) — ua(s,y)|¥n(0,z,5,y) de dy ds

// ‘uo —ultxwhtxOy)dydxdt

////ZI dxdtdyds—i—/// J1dxdyds+/// Jodydxdt > 0, (4.4)

HTXHT _1

where
= |u1(t’ :C) - u2(5a y)‘ (8257;Z)h + a37/)/1) 5 (4.5)
I, = sgn (ul(t,x) - ug(s,y)) [fl (t,x,ul(t,x)) - N (s,y,ug(s,y))} (axzph + 8y1/1h) , (4.6)
I3 = sgn (ui(t, @) — ua(s,y))
x [(fl (5,9, us(5,)) = fu (0, u2(s,9) ) Daton — Oufi (b, ua(s,y) (4.7)
+ (f2 s,y,u1(t, ) — fo (t7967u1(t790))) Oybn + Oy fa (s,y, ui(t, z)) Tlfh] ;
Iy = sgn (wi(t,z) — us(s,y)) <f1 (s,y,u2(s,y)) — f1 (t, 2, ui(t, 2)) (4.8)

+f2 (t,z,ui(t, @) — fo (Sayau2(s’y))) Oy,
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I5 = sgn (ul(t,x) — uy(s, y)) <91 (t,x,ul(t,x)) — gl(s,y,uz(s,y))) Up, (4.9)
Is = sgn (ur(t,x) = ua(s,)) (91059, u2(s,9)) = g2 (5.9, u2(s.)) ) ¥, (4.10)
Ji = |uo(x) — ua(s,y)|vn(0, 2, s,y), (4.11)
T = [uo(y) = (t,2) [ (t.2,0,). (112)

Now we let h go to 0 in (44]). The integrals of J; (@11l and Jo (£I12)), are treated exactly as
in [3, proof of Theorem 4.3]:

b b
lim /// Jydz dyd5+/// Jodydxdt | =0. (4.13)
h—0 a a
Ty Ty

The integral of I + I + I, see (@A), (6] and (£L9), is treated exactly as in [9, Theorem 1],
leading to

lim ////{Il + Iy + Is}dedtdyds
h—0

HT XHT

= // {{ul(t,x) — u2(t,ﬂ:){(9tg0(t,x) (4.14)
It

+ sgn (ul(t,x) - ug(t,x)) <f1 (t,x,ul(t,x)) i (t,x,uz(t,x))) Opip(t, )
+sgn (u1(t, z) — ua(t, x)) <91 (t,z,u1(t,2)) — g (t,x,uz(t,x))) cp(t,x)} dzdt.

The integral of I3 (471 can be as well treated as in [9, Theorem 1], bearing in mind that now
we have two different fluxes, namely fi and fy. Nevertheless, this does not constitute an issue

in the proof. Thus we have
lim //// Isdzdtdyds = 0. (4.15)
h—0

HT XHT
Consider now the integral of I (4.8]):

][ masarayas

HTXHT

— ////sgn (u1(t,z) — ua(s,y))

HTXHT

|: f2) (S y,ug(s y)) (fl f2) (taxaul(tax))} 5y¢h(t790737y) dz dt dyds

= //// sgn (u1(t, z) — ua(s,y)) (4.16)

HTXHT

X [(fl — fa2) (s,y,ug(s,y)) —(f1— f2) (t,x,ul(t,x))] } Yp(t,z,s,y)dedtdyds.
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Recall that for a Lipschitz function h and an L N BV function z it holds dy h(y, 2(y)) =
Oyh(y, 2(y))+0.h(y, 2(y)) 2’ (y), where we apply the chain rule. There, 2’(y) is a finite measure,
see [2, Lemma A2.1] and also [8, Lemma 4.1]. Thus, the integral in (£I6]) splits in two parts.
Let us analyse them in detail. The first part involves the partial derivative with respect to y:

tim [ [ [ sen (un(t,2) ~ wals.) 04F2 = 1) (590 0a(5.9) (b5, d dedy ds

h—0
I xIIp
< im [[[[ 1022~ 1) (s.v.ua(.9) | 0t .5.9) d dtdyas
I xIIp
= [[ |t = 505205, | 5. a s (1.17)
IIr

Concerning the second part, the function

H(tv‘ra‘s?y?ul?u?) - Sgn(ul - uQ) [(fZ - fl) ($7y7u2) - (f2 - fl) (t7x7u1)]

is clearly Lipschitz with respect to us, with Lipschitz constant H(?u(fQ — f1)(s,y, ')HLOO(UQ(S) ,

with the notation introduced in (£Z). We can thus apply [2, Lemma A2.1], see also [8,
Lemma 4.1], to get

au2}I (taxaS,yaul(t’x)a'l@(‘s’y)) ayu2(say)‘ S Hau(f2 - fl)(saya ‘)HLOO(UQ(S)) {ayu2(5,y){-

Therefore we obtain

i

HT XHT

< // 10u(f2 = )| ooy |Os02(t )] 0(t, ) dE . (4.18)
Iy

8u2H(ta$a5,?/,U1(75,33)au2(5,?/)) ayu2(85y)‘ T/Jh(t,l“,say) dz dtdyds

As far as the integral of I ([4.I0) is concerned, we obtain
//// Isdxdtdyds < // ‘(gl - gg)(t,x,m(t,x))‘w(t,w) dadt. (4.19)
HTXHT HT

Therefore, in the limit A — 0, collecting together ([AI3), (£14), (EI5), (EI7), EIR)
and (4.19), we obtain that (£4]) becomes

// {|u1(t,m) — ug(t, x)|Orp(t, x)
HT +sgn (ua(t, ) — ua(t, 7)) (f1 (t,2,u1(t, 7)) — fi (t,x,uz(t,m))) Bpp(t, )
+sgn (un (@) = ua(t, @) (g1 (2w (t,2)) = ga(t,2,ua(t,2)) (t, @)
0u(f2 = f1) (b3, ua(t, ) | o(t, ) (4.20)
+ |0u(f2 — fl)(t,ﬂf)HLoo(UQ(t)) |Opusz(t, z)| o(t, x)

_l’_
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+‘(91 - 92)(75,33,@(1?,33))‘ go(t,x)} dxz dt > 0.

Following the proof of [3, Theorem 4.3], introduce a function ®. € C?(R;[0,1]) such that

O.(a) =P.(b) =1, P (z) =0forx € [a+¢e,b—¢] and H<I>,’3HLOO <1/e. Let ¥ € C%(]0, T[;R™),

with U(0) = 0. For any ¢ > 0 sufficiently small, the function

‘Pe(t7x) = \I/(t) (1 - q)e(x))

satisfies (4.3)), being thus an admissible test function. Use it in (£.20) and pass to the limit
as € goes to 0: we get

// {\ul(t,x) — up(t, )| V'(t)
Iy

+ sgn (u1 (¢, @) — ua(t, 7)) <91 (t,z,wi(t,z)) — gl(t,:c,UQ(t,x))) U(t)

+[0nfe = £0) (t.2wa(t,2)) | w0 (421)

10z = S8 | gy 1002 8,2) [ R CE) + (91 = 92) (8 2,z (k)| \11(75)} da dt
+ /OT sgn (ul(t,a+) — uy(t, a+)) <f1 (t, a,u (t, a+)) i <t,a,uQ(t,a+)>> U(t)dt
— /OT sgn (ul(t, b7) — us(t, b*)) <f1 (t, b (t, b*)) —h (t, b, us(t, b))) U(t)dt >0,

where we used [3, Lemma A.6 and Lemma A.4], recalling that the exterior normal in a has
negative sign.
Introduce 7, t such that 0 < 7 <t < T. Define, for £ > 0, the map

Up(s) =au(s—7—0) —ap(s —t —¥£), with ay(&) = /_Z Yy(¢)dC.

This function is clearly in CZ(]0, T[; R*) and such that ¥,(0) = 0. Moreover, ¥, — Xir g and
U, — 6, — 0y as £ tends to 0. Substitute ¥y in (€2I]) and pass to the limit £ — 0:

0< Lb\ul(T,x)—uQ(T,x)mm—/ab\ul(t,x)—uQ(t,x)mm (4.22)
+ /Tt /ab 18ug1(5, 2, )| Lo (1 o) |11 (8, @) = ua(s, )| dz ds (4.23)
+/Tt /ab By (fo —fl)(s,x,uz(s,x))‘dxds (4.24)
+/Tt 10u(f2 = f1 (55 )| oo qa by TV (u2(s)) ds (4.25)

(91 — gg)(s,x,uQ(s,x))‘dx ds (4.26)

t b
o
T Ja
t

+/ sgn (ul(s,a+) — uQ(s,a+)) <f1 (s,a,ul(s,a+)> -1 (s,a,uQ(s,a+))> ds (4.27)

T
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_LZ@(m@mj—ux&wn<ﬁ(&am@mj>—ﬁ(&am@mi0>m.(4%)

Now we aim to find an estimate for ([£27) and (4.28]). Focus in particular on (£.28)), the
procedure being analogous for ({27). The only contribution from this term come from the
negative part of its argument, that is

B = |sgn (ul(s,b_) - ug(s,b_)> <f1 <s,b,u1(s,b_)> - N (s,b, uz(s,b_)>>] . (4.29)

Fix s € [r,t]. To ease readability, in the following we will denote u; = wui(s,b7), ug =
ua(s,b7), up = up(s) and fi(z) = fi(s,b, z), i = 1,2. We have the following

(f1(w1) = fi(uz)) if up > o,

B =
(f1(u1) — fl(UZ))Jr if up < uo.

Before analysing each case, recall the BLN-boundary conditions (see Remark 2.3)):

Vk € T (up,uq) : sgn(ug — up) (fl(ul) - fl(k))

0, (4.30)
VEk € T (up,ug) : sgn(ug — up) (f2(uz) — fa(k)) > 0.

A\VARLY}

Case uq1 > us. In this case we have

B= (filw1) = filu2))” = (fi(u1) — foluz) + foluz) — fi(uz))”
< (faluz) = fi(w) " + 12 = filliowae)):

We have three sub-cases:

1) up < uz < uy. The BLN-—condition (£30) now reads fi(ui) > fi(k) for all k €
[up, u1] . The choice k = ugy is admissible: fi(u1) > fi(ug2). Thus

fa(uz) = fi(u1) < fa(uz) — fi(uz) < |f2 = fill Loy (s))-
2) ug < up < uy. The BLN—conditions (4.30)—(£3T]) now reads

Vk € [up, uq] : Ji(ur) > fi(k),
Vk € [ug, up| : Jo(uz) < fa(k).

In both cases, the choice k = wy, is admissible, yielding fi(u1) > fi(up) and fo(uz) < fo(up).
Thus

fa(ug) = fi(ur) < fa(up) — fi(us)-

3) uz < u3 < up. The BLN—condition (@3] now reads fa(uz) < fo(k) for all k €
[ug, up] . The choice k = u; is admissible: fo(us) < fa(uy). Thus

fo(uz) = fi(ur) < fo(ur) — fi(ur) < 1fo = fill Lo, (s))-
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Case u; < ug. The proof is done in a similar way.

We can thus conclude that, for s € [7,t], B <2 H(fQ — f1)(s, b, ')HLOO(U(s))’ where U(s) is
as in ([42)), so that, going back to (£.28]),

' t
_/ Bdsg/ 2|[(£2 = £1)(5:6,) | oo sy A5

Similarly, we obtain

@20 < [ 2]/ = )60 ey -

T

Therefore, we get the following estimate for (4.22)—(4.28)):
b
/ |u1(t,m) — uz(t,m)‘ dz
ab t b
< / |u1(7',x) — up(7, )| dx+/ / |Ougr (s, , ')HLoo(U(s))‘ul(S,ﬂf) —uQ(s,x)|dxds
‘ t b e . b
+/ / Ham(f2—fl)(S,x,-)HLoo(U2(8)) dmds+/ / H(gl—92)(3790,-)“L00(U2(8)) dzds
t
+ / Hau(fQ - fl)(37 K .)HLOO(](I,IJ[XUQ(S)) TV (UQ(S)) ds
¢ t
+ 2/ |(f2 = f1)(s,a, .)HLOO(U(S)) ds + 2/ 1(f2 = f1)(s,0, ')HLoo(U(S)) ds
Let now 7 go to 0, recalling that the initial datum is the same, and apply Gronwall lemma:
b
/ lur (t, @) — ug(t, z)| da
taa torb
< el arsw ( [ ontt = s s
t rb
+A / H(gl _92)(S’x’.)HL°°(U2(s)) dzds
t
+ A Hau(fQ - fl)(sa K .)HLOO(]CL,b[XUQ(s)) TV (UQ(S)) ds
¢ t
+2/0 1(F2 = f1)(5, 0| poo 0y ds—|—2/0 102 = £1)(5:5:) | e oy ds) .

Exchanging the role w1 and we, and thus that of f1, g1 and fo, go, we get a symmetric
estimate. Therefore, recalling the definition of U(t) (£2]), the final estimate reads

b
/ |uy (t, ) — u2(t,x){ dz

< exp (t min{HauglHLOO([O,t}X[a,b}XU(t))’ ||<9u92\|Loo([o,t]x[a,b]xU(t))})
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t b
X (/0 /a Hax(fZ—fl)(sama ')HLOO(U(s)) dzds

t b
+/0/H(Ql—92)(8,$,')HLOO(U(S))dxds

+ /0 H(?u(fg — f1)(s, -, ')HLOO(}a,b[xU(s)) min {TV (u1(s)), TV (u2(5))} ds

t t
+2/0 | (f2 —fl)(S,a,-)HLoo(U(s)) d5+2/0 | (f2 _fl)(s’b")HLoo(U(s)) ds) ‘
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