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Abstract. We consider systems of strict multivariate polynomial
inequalities over the reals. All polynomial coefficients are parameters
ranging over the reals, where for each coefficient we prescribe its sign.
We are interested in the existence of positive real solutions of our system
for all choices of coefficients subject to our sign conditions. We give a deci-
sion procedure for the existence of such solutions. In the positive case our
procedure yields a parametric positive solution as a rational function in
the coefficients. Our framework allows to reformulate heuristic subtrop-
ical approaches for non-parametric systems of polynomial inequalities
that have been recently used in qualitative biological network analysis
and, independently, in satisfiability modulo theory solving. We apply our
results to characterize the incompleteness of those methods.

1 Introduction

We investigate the problem of finding a parametric positive solution of a system
of signed parametric polynomial inequalities, if exists. We illustrate the problem
by means of two toy examples:

f(:c) = sz2 — 1% + ¢, g(x) = —czsc2 + c1x — cg,

where ¢, ¢1, g are parameters. An expression z(c) is called a parametric positive
solution of f(z) > 0 if for all ¢ > 0 we have z(c) > 0 and f(z(c)) > 0. One
easily verifies that z(c) = ¢l is a parametric positive solution of f (z). However,
g(z) > 0 does not have any parametric positive solution since g(z) > 0 has no
positive solution when, e.g., co = ¢; = ¢g = 1. Of course, we are interested in
tackling much larger cases with respect to numbers of variables, monomials, and
polynomials.

The problem is important as systems of polynomial inequalities often arise
in science and engineering applications, including, e.g., the qualitative analysis
of biological or chemical networks [7,20,21,40] or Satisfiability Modulo Theories
(SMT) solving [1,22,32]. In both these areas, one is indeed often interested in
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positive solutions. For instance, unknowns in the biological and chemical context
of [7,20,21,40] are positive concentrations of species or reaction rates, where
the direction of the reaction is known. In SMT solving, positivity is often not
required but, in the satisfiable case, benchmarks typically have also positive
solutions; comprehensive statistical data for several thousand benchmarks can
be found in [22]. In many areas systems have parameters and one desires to have
parametric solutions. Hence, an efficient and reliable tool for finding parametric
positive solutions can aid scientists and engineers in developing and investigating
their mathematical models.

The problem of finding parametric positive solutions is essentially that of
quantifier elimination over the first order theory of real closed fields. In 1930,
Tarski [38] showed that real quantifier elimination can be carried out algorith-
mically. Since then, there has been intensive research, producing profound the-
ories with dramatically improved asymptotic complexity, e.g., [5,10,14,24,33].
Practical complexity was improved as well, often in combination with highly
refined implementations, e.g., [2,8,11,13,17,23,25-28,30,35,36,41]. Today sev-
eral implementations of real quantifier elimination are available in well-supported
computer algebra software such as Maple [11,43], Mathematica [42, later editions
online], Qepcad B [9], or Reduce [18,28]. However, existing general quantifier
elimination software is still too inefficient for finding parametric positive solu-
tions with relevant problem sizes in our above-mentioned fields of applications.

The main contribution of this paper is to provide simple and practically effi-
cient algorithmic criteria for deciding whether or not a given signed parametric
system has a parametric positive solution. To be precise, we reduce the prob-
lem to SMT solving over quantifier-free linear real arithmetic (QF_LRA). In case
of existence we provide an explicit formula (rational function) for a parametric
positive solution. The main challenge was eliminating many universal quantifiers
in the problem statement. We tackled that challenge by, firstly, carefully approx-
imating/bounding polynomials by suitable multiple of monomials and, secondly,
tropicalizing, i.e., linearizing monomials by taking logarithms in the style of [39].
However, unlike standard tropicalization approaches, we determine sufficiently
large finite bases for our logarithms, in order to get an explicit formula for para-
metric positive solutions.

Our main result also shines a new light on recent heuristic subtropical meth-
ods [22,37]: We provide a precise characterization of their incompleteness in
terms of the existence of parametric positive solutions for the originally non-
parametric input problems considered there. Furthermore our approach is appli-
cable to generalized polynomials with real exponents. Such polynomials have
been studied for related but different questions, also in the context of chemical
reaction networks, in [31].

The paper is structured as follows. In Sect.2, we motivate and present a
compact and convenient notation for a system of multivariate polynomials, which
will be used throughout the paper. In Sect. 3, we precisely define the key notions
of signed parametric systems and parametric positive solutions. Then we present
and prove the main result of this paper, which shows how to check the existence
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of a parametric positive solution and, in the positive case, how to find one. In
Sect. 4, we apply our framework and our result to re-analyze and improve the
above-mentioned subtropical methods [22,37].

2 Notation

The principal mathematical object studied in this paper are systems of multi-
variate polynomials over the real numbers. In order to minimize cumbersome
indices, we are going to introduce some compact notations. Let us start with a
motivation by means of a simple example. We are going to use hat accents, like
f , for naming polynomials and systems with concrete coefficients in contrast to
parametric ones, which we will introduce and discuss in the next section.

Ezxample 1. Consider the following system of three polynomials in two variables:
fi = —ad + 4a2xy — 202 + 2
fg = 67 + 2329 + 723 — 323
f3 = 4x§’ + x%xz — 296% — 5:103.

We rewrite those polynomials by aligning their signs, coefficients, and monomial
support:

fi=-11 twy + —1-2- 292 +
fo= 1-6-2%23+1-1-2%323 + 1.7 232§ + —
1-4 2rd + 2 rixd +

fs

where signs are represented by —1, 0, and 1. Note that we are writing 0 coeffi-
cients as 0-1 for notational uniformity. Rewriting this in matrix-vector notation,
we have

fi ~11-10 1 14211 227,
fo| = 111 -10/0(61731 3zl |,
s 11-1-10| [41251]/ |23

where o is the component-wise Hadamard product. Pushing this even further,
we finally obtain

50
~ 21
N1 -11-101 142117\ [%g]
Ll=1l111-10|0|61731 {1} 02l
fs 11-1-10] [41251|)L"

This concludes our example.
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In general, a system f € R[xy,...,24]" of multivariate polynomials over the
reals will be written compactly as
f=(so0é)xf,
where
bil $11 7+ S1v ¢11 ++ Cp
f = E b S = ) é = )
fu Sul *** Suw éul T éuv
Z1 €1 €11 "+ €1d
xr = s e = =
Td =) €yl " €ud

We call s € {—1,0,1}**" the sign matriz, ¢ € R} the coefficient matriz, and

e € Nv*? the exponent matriz of f . The rows of the exponent matrix are named
€1,..., €Ey.

3 Main Result

Definition 2 (Signed Parametric Systems). A signed parametric system is
given by
f=(soc)x®

where the sign matrix s € {—1,0,1}**¥ and the exponent matrix e € NV*4 are
specified but the coefficient matrix ¢ is unspecified in the sense that it is left
parametric. Formally, ¢ is a u X v-matrix of pairwise different indeterminates.

When names of parameters and indeterminates are not important, signed
parametric systems are uniquely determined by the sign matrix s and the expo-
nent matrix e.

Ezxample 3. The following is a signed parametric system derived from the system
in Example 1:

50
21
f -11-101 C11 C12 C13 C14 C15 2 |:% g‘|
fo] = 1 11 —10|o0 |car o2 co3 Caq o5 [scl} 024
fs 1 1-1-10] |51 csz csscsacas] ) W2

This corresponds to

5 2 2 2
J1 = —c112] + c1207T2 — €1377 + €157
5 2 2 3
fo= co12] + Co2x7T2 + C23T] — Co4Th

5 2 2 3
fa = c31%] + C3227T2 — C33T] — C34T5.
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Definition 4 (Parametric Positive Solutions). Consider a signed paramet-
ric system f = (soc¢)a®. A parametric positive solution of f(x) > 0 is a function
z: Rﬁ_x” — Rff_ that maps each possible specification of the coefficient matrix ¢
to a solution of the corresponding non-parametric system, i.e.,

C‘ZO f(z(e)) >0

Theorem 5 (Main). Let f = (s oc¢)z® be a signed parametric system. Let
/\ /\ \/ —ep)n > 1.
i 8:<0 5;5>0

Then the following are equivalent:

(i) f(x) > 0 has a parametric positive solution.
(ii) C(n) has a solution n € R?.
(i4) C(n) has a solution n € Z°.

In the positive case, the following function z is a parametric positive solution of

flx) > 0:

s
z(c) =t", where t=1+ Zik |
Cij
535>0
sik<0
In fact, we even have ¥V VY r™) > 0.
f c>0 r>t f( )
Proof. We first show that (i) implies (ii):
(i) < V 3 (soc)z®*>0
c>0 >0
= Vv 3 ST ot > Y cpatk
c>0 >0 /Z\ s”>0 “ sk <0
= 4 /\ > oa% > Y 2vx®, by instantiating c
z>0 i Sq‘,j>0 sk <0
= 3 /\ v max % > max 2uzx®*
x>0 . 5i_7‘>0 Sk <0
1
— 1 /\ max % > max 2z°*
x>0 . Sij>0 sik<0
3
€, €L
= 3 A NV 9>
7 $;ik<0  54;>0
6'78)c
= 3 /\ AV iTer > 9
;<0 54;>0
= 3 A A VAN k) logy > 1
i $;k<0  54;>0
= neRd /\ /\ \/ ej —eg)n > 1, using log, : Ry < R
i 5;k<0  545>0
= (ii).
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Assume now that (ii) holds. The existence of solutions n € R% and n € Q? of
C(n) coincides due to the Linear Tarski Principle: Ordered fields admit quantifier
elimination for linear formulas, and therefore QQ is an elementary substructure of
R with respect to linear sentences [29]. Given a solution n € Q?, we can use the

243

principal denominator § > 1 of all coordinates of n to obtain a solution én € Z<.
Hence (iii) holds.
We finally show that (iii) implies (i):

(i)

=

—

!

!

P—

<~

V 3 (soc)z®>0
c>0 >0
v 3 /\ DTt > > cipact
c>0 >0 5,50 sip <0
3 /\ max ¢;; x4 > > ¢k | max x*
c>0 >0 i 5;5>0 J 8,07 <0 $ik<0
T N R VAP (A
c>0 x>0 . 5.7 <0
2 5:£<0  s;;>0 ik
ANV s x
c>0 x>0 . 5., <0 Cij
i 5ik<0  54;>0 ik! J
- C*/k:/
Y 3 /\ /\ \/ x97% >t wheret=1+ Y -~
c>0 >0 . sy />0 C’L'j/
i 5:£<0  5;;>0
S/k/<0
LA AV ez
c>0 >0 ( k) St -
sik<0  si5>0
E| /\ /\ \/ ej —eg)n > 1, using log, : Ry < R
i 5;<0  5;;>0
A AV oz
d
”EZ i sik<0 5,50
(iii).

In the proof of the implication from (iii) to (i) we have applied log, so that

n = log, v and, accordingly, x = ¢", where ¢ is as stated in the theorem. Notice

that any larger choice r > t would work there as well.

Ezample 6. Consider {f ;} with fi, fo taken from Example 3:

_ 5 2 2 2
fi = —cuix] + craxiT2 — c1377 + ci57;

5 2 2
fo = ea12] + cooxix2 + Co377

This gives us

[-11-101
f=1111 =10

} and e=

3
— C24T5.

50
21
20].
03
02

a
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(set-option :produce-models true)

(set-logic QF_LRA)

(declare-const nl Real)

(declare-const n2 Real)

(assert (or (>= (+ (x (- 3) n1) (* 1 n2)) 1)
(>= (+ (*x (- 5) n1) (*x 2 n2)) 1)))

(assert (or (>= (+ (x 0 n1) (x 1 n2)) 1)
(= (+ (x (- 2) n1) (x 2 12)) 1))

(assert (or (>= (+ (* 5 n1) (x (- 3) n2)) 1)
(= (+ (x2 n1) (*x (- 2) n2)) 1)
(>= (+ (x 2 n1) (x (- 3) n2)) 1)))

(check-sat)

(get-model)

Fig.1. An SMT-LIB input file for Example 6

We obtain C(n) as follows:
((21] =[p0])n=1v([02] = [50])n>1) A
((21] = [20])n=1Vv ([02] = [20])n>1) A
(([p0] = [03])n=1Vv([21] —[03

S~—
\%
—_
<

—
[\)

=)

—
jen)
W

(B

~—
S
V
=

~—

which simplifies to
([—3 l]nz 1v [—5 Q]n > 1)/\([0 1}11 >1vVv [—2 Q]nz HA
([5 —3]71 >1vVv [2 —2]71 >1vVv [2 —3]n >1).
This straightforwardly yields the input file shown in Fig. 1. It uses the stan-
dardized SMT-LIB language [4] so that it can be directly processed by highly
optimized SMT solvers like CVC4 [3], MathSat [12], SMT-RAT [15], Yices [19],

or Z3 [16]. All these tools certify satisfiability and give a possible solution for n,
which is called a model in the SMT world:

_5
— |72
" [_2} |
Hence (s o ¢)z® > 0 has a parametric positive solution, e.g.,

5
t72 C11 C13 C13 C24 C24 C24
2c)= "5, where t=1+ AL LG8 a8 o4, O O
t c12 €15 C2 €15 C21 Ca2  C23

With this solution, in particular the non-parametric subsystem [;1} of
2

Examplel is feasible. If ¢ denotes the coefficient matrix there, then we can

compute t = % and

1568 0.0015|"

7841/20132
2(6) = [3716949159] ~ {0.0003}
516961

Fig. 2 illustrates the situation.
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8 1a, 8 ¥, 8 ¥,
7 7 7
6 6 6
5 5 5
4 4 4
3 3 3
2 2 2
1 1 1
X1 X1 X1
1 2 3 4 1 2 3 4 1 2 3 4
(a) f1and fo (b) fi and fs (c) fi and fs

Fig. 2. Implicit plots of varieties of polynomials from Examples6 and 7. (a) Both
polynomials are positive in the region containing (0.0003,0.0015). Since this point is
an instance of a parametric positive solution, there will be a suitable point under all
modifications of absolute values of coefficients of the polynomials. (b) Both polynomials
are positive in the region containing (1.5,1.5). (c) After modifying the absolute value
of the leading coefficient of fl the polynomials are not simultaneously positive in the
first quadrant anymore.

Ezxample 7. We slightly modify Example 6 and consider the subsystem [g} of

Example 3:
fi= —01136? + 01296%3?2 - 013$% + 01596%
f3 = 03136? + 0321'?.’52 — 033x% — 03413.
That is
50
L {111 0 1] i
11-1-10 03
02

Computing C(n) and generating SMT-LIB input analogously to Example6,
SMT solvers will return “unsat,” which means that C'(n) does not have a solu-
tion n € R2. Hence (soc)x® > 0, i.e. fi > 0, f3 > 0, does not have a parametric
positive solution.

Nevertheless, with the concrete instantiations f1, f3 from Example 1 the cor-
responding system f1 > 0, fg > 0 of inequalities is feasible in R2 One possible

solution is [ ]

N[ N
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However, if we change the absolute value of the leading coefficient of f1 from 1
to 4 yielding f1 = —429 + 42229 — 222 + 23, then f1 >0, f3 > 0 is infeasible in
R2 . Figure 2 illustrates the situation.

4 A Re-analysis of Subtropical Methods

For non-parametric systems of real polynomial inequalities, heuristic Newton
polytope-based subtropical methods [22,37] have been successfully applied in
two quite different areas: Firstly, qualitative analysis of biological and chemical
networks and, secondly, SMT solving.

In the first area, a positive solution of a very large single inequality could
be computed. The left hand side polynomial there has more than 8 - 10° mono-
mials in 10 variables with individual degrees up to 10. This computation was
the hard step in finding an exact positive solution of the corresponding equation
using a known positive point with negative value of the polynomial and apply-
ing the intermediate value theorem. To give a very rough idea of the biological
background: The polynomial is a Hurwitz determinant originating from a sys-
tem of ordinary differential equations modeling mitogen-activated protein kinase
(MAPK) in the metabolism of a frog. Positive zeros of the Hurwitz determinant
point at Hopf bifurcations, which are in turn indicators for possible oscillation
of the corresponding reaction network. For further details see [21].

In the second area, a subtropical approach for systems of several polynomial
inequalities has been integrated with the SMT solver veriT [6]. That incomplete
combination could solve a surprisingly large percentage of SMT benchmarks very
fast and thus establishes an interesting heuristic preprocessing step for SMT
solving over quantifier-free nonlinear arithmetic (QF_NRA). For detailed statistics
see [22].

The goal of this section is to make precise the connections between subtropical
methods and our main result here, to use these connections to improve the
subtropical methods, and to precisely characterize their incompleteness.

4.1 Subtropical Real Root Finding

In [37] we have studied an incomplete method for heuristically finding a posi-
tive solution for a single multivariate polynomial inequality with fixed integer
coefficients:

fi] = (soé)a® where se{—1,0,1}"*", eez*¥, eeNX
+

The method considers the positive and the negative support, which in terms of
our notions is given by

+:{ej|51j>0}a ST ={er|s1x <0}
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Then [37, Lemma 4] essentially states that fi(x) > 0 has a positive solution if

=V oAk | b= A leuf]so

e; €St er€STUST
epF#e;

Unfortunately, in [37, Lemma 4] vectors ¢; = [0 e O] corresponding to absolute
summands are treated specially. We have noted already in [22, p. 192] that an
inspection of the proof shows that this is not necessary. Therefore we discuss here
a slightly improved and simpler version without that special treatment, which
has been explicitly stated as [22, Lemma 2].

The proof of the loop invariant (Iy) in[37, Theorem 5(ii)] shows that the
positive support need not be considered in the conjunction:

/ ) n . n o
¢ =\ N 1]M§1A /\7[@@ 1]M§ 1
e_j€S+ e €S

Starting with Fourier—-Motzkin elimination [34, Sect. 12.2] of ~, we obtain

C = \/ 3 /\ (ex, —ej)n < =2

e;€EST ners er€ES™
= 3 ;- >1
Vi A o
e; €St er€ES—
= | ;- >1
G VoA e
ej€S+ erES—
< 3  max(e;n) > max (egn +1)
neR? e;eSt eLES—
= | - >1
A AV e
er€S™ e;EST
<~ 3 Cn
b (n),

with C'(n) as in Theorem 5.

Corollary 8. Let f € L]z, ..., z4], say, f= (soé)x®, where s € {—1,0,1}1*?,
¢ € Zlfv, e € N"X4, Let f = (s oc)x®, where ¢ is a 1 x v-matriz of pairwise
different indeterminates. Then the following are equivalent:

(i) The algorithm find-positive [37, Algorithm 1] does not fail, and thus
finds a rational solution off > 0 with positive coordinates.

(i) There is a row e; of e with si1; > 0 such that the following LP problem has
a solution n € Q%:

/\ (ej —ex)n > 1.

81, <0
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(i1i) f > 0 has a parametric positive solution.

In the positive case, f(r”) >0 forallr>1+v > ¢k
51, <0

Proof. The equivalence between (i), (ii), and (iii) has been derived above.
According to Theorem 5, a solution for f > 0 can be obtained by plugging ¢

into the parametric positive solution z(¢) = t™ for f. Since we have positive
integer coefficients, we can bound ¢ from above as follows.

1k .
E ER <l+4w E Clk- O
C
51;>0 1y 51;>0 51, <0
91k<0 81 <0

In simple words the equivalence between (i) and (iii) in the corollary states
the following: The incomplete heuristic [37, Algorithm 1] succeeds if and only
if not only the inequality for the input polynomial has a solution as required,
but also the inequality for all polynomials with the same monomials and signs
of coefficients as the input polynomial.

We have added (ii) to the corollary, because we consider this form optimal
for algorithmic purposes. Our special case of one single inequality allows to
transform the conjunctive normal form provided by Theorem 5 into an equivalent
disjunctive normal form without increasing size. This way, a decision procedure
can use finitely many LP solving steps [34] instead of employing more general
methods like SMT solving [32].

Finally notice that the brute force search for a suitable ¢ in
find-positive [37, Algorithm 1, 1.10-12] is not necessary anymore. Our corol-
lary computes a suitable number from the coefficients.

4.2 Subtropical Satisfiability Checking

Subsequent work [22] takes an entirely geometric approach to generalize the
work in [37] from one polynomial inequality to finitely many such inequalities.
Consider a system with fixed integer coefficients in our notation:

h

= (s0é&)z®, where s€{—1,0,1}"*", ¢eZ¥", eeN

~
|

fu
Then [22, Theorem 12] derives essentially the following sufficient condition for
the existence of a positive solution of f > 0:

u
" = 3 /\ Voemn+r>0)n J\ enty<0
neRa 1€R 'YuER i=1 51>0 $ik <0
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After an equivalence transformation, we can once more apply Fourier-Motzkin
elimination [34, Sect. 12.2]:

" = 3

~.

\/ ’YElelR (ejn—|—%->0/\ /\ ekn+’yz'<0>
5;5>0 ‘

d
nER =1 sk <0
u
= 2 A VA e
nERT ] 530 si<0
u
—= 3 /\ max e;n > max exn
neRd . 57,]>0 $; k<0
=1
u
= 3 A A Vs
MERT 1 6k<0 81,50
u
= 3 A AV Goanz
MERT 1 6k<0 8,50
— 3 C(n),
neR

with C(n) as in Theorem 5.

Corollary 9. Let f € Zlz1, ..., xq]", say, f= (soé)x®, where s € {—1,0,1}"*",
ceZy, ec NvXd, Let f = (soc)x®, where c is a u X v-matriz of pairwise
different indeterminates. Then the following are equivalent:

(i) The incomplete subtropical satisfiability checking method for several inequal-
ities over QF_NRA (quantifier-free nonlinear real arithmetic) introduced
in [22] succeeds on f > 0.

(ii) The following SMT problem with unknowns n is satisfiable over QF-LRA
(quantifier-free linear real arithmetic):

A A Vo -am>1

i=1 s;x<0 s;;>0
(i5i) f > 0 has a parametric positive solution.

In the positive case, f(r”) >0 foralr>1+v >, éi.
8ik<0

Proof. The equivalence between (i), (ii), and (iii) has been derived above. About
the solution r see the proof of Corollary 8. O

The equivalence between (i) and (iii) in the corollary states the following;:
The procedure in [22] yields “sat” in contrast to “unknown” if and only if not
only the input system is satisfiable, but that system with all real choices of
coefficients with the same signs as in the input system. While there are no
formal algorithms in [22], the work has been implemented within a combination
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of the veriT solver [6] with the library STROPSAT [22]. Our characterization
applies in particular to the completeness of this software.

We have added (ii) to the corollary, because we consider this form optimal for
algorithmic purposes. Like the original input C” used in [22] this is a conjunctive
normal form, which is ideal for DPLL-based SMT solvers [32]. Recall that w is
the number of inequalities in the input, and d is the number of variables. Let
¢ and k be the numbers of positive and negative coefficients, respectively. Then
compared to [22] we have reduced d + u variables to d variables, and we have
reduced ux clauses with ¢ atoms each plus u unit clauses to some different ux
clauses with + atoms each but without any additional unit clauses.

With the :produce-models option the SMT-LIB standard [4] supports the
computation of a suitable n in (ii), from which one can compute r" using the
bound at the end of the corollary. The work in [22] does not address the com-
putation of solutions. It only mentions that sufficiently large r will work, which
implicitly suggests a brute-force search like the one in [37, Algorithm 1, 1.10-12].

Acknowledgments. This work has been supported by the European Union’s Horizon
2020 research and innovation program under grant agreement No. H2020-FETOPEN-
2015-CSA 712689 SC-SQUARE and by the bilateral project ANR-17-CE40-0036 and
DFG-391322026 SYMBIONT. The second author would like to thank Georg Regens-
burger for his hospitality and an interesting week of inspiring discussions around the
topic, and Dima Grigoriev for getting him started on the subject.

References

1. Abrahém, E.: SC? satisfiability checking meets symbolic computation. In:
Kohlhase, M., Johansson, M., Miller, B., de Moura, L., Tompa, F. (eds.) CICM
2016. LNCS (LNAI), vol. 9791, pp. 28-43. Springer, Cham (2016). https://doi.org/
10.1007/978-3-319-42547-4_3

2. Arnon, D.S.: Algorithms for the geometry of semi-algebraic sets. Ph.D. thesis.
Technical report 436, Computer Science Department, University of Wisconsin-
Madison (1981)

3. Barrett, C., et al.: CVC4. In: Gopalakrishnan, G., Qadeer, S. (eds.) CAV 2011.
LNCS, vol. 6806, pp. 171-177. Springer, Heidelberg (2011). https://doi.org/10.
1007/978-3-642-22110-1_14

4. Barrett, C., Fontaine, P., Tinelli, C.: The SMT-LIB standard: version 2.6. Technical
report, Department of Computer Science, The University of Iowa (2017)

5. Basu, S., Pollack, R., Roy, M.F.: On the combinatorial and algebraic complexity of
quantifier elimination. JACM 43(6), 1002-1045 (1996). https://doi.org/10.1145/
235809.235813

6. Bouton, T., Caminha B. de Oliveira, D., Déharbe, D., Fontaine, P.: veriT: an open,
trustable and efficient SMT-solver. In: Schmidt, R.A. (ed.) CADE 2009. LNCS
(LNAI), vol. 5663, pp. 151-156. Springer, Heidelberg (2009). https://doi.org/10.
1007/978-3-642-02959-2_12

7. Bradford, R.: A case study on the parametric occurrence of multiple steady states.
In: Burr, M. (ed.) Proceedings of the ISSAC 2017, pp. 45-52. ACM, New York
(2017). https://doi.org/10.1145/3087604.3087622


https://doi.org/10.1007/978-3-319-42547-4_3
https://doi.org/10.1007/978-3-319-42547-4_3
https://doi.org/10.1007/978-3-642-22110-1_14
https://doi.org/10.1007/978-3-642-22110-1_14
https://doi.org/10.1145/235809.235813
https://doi.org/10.1145/235809.235813
https://doi.org/10.1007/978-3-642-02959-2_12
https://doi.org/10.1007/978-3-642-02959-2_12
https://doi.org/10.1145/3087604.3087622

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

Positive Solutions of Systems of Signed Parametric Polynomial Inequalities 251

Brown, C.W.: Improved projection for CAD’s of R®. In: Traverso, C. (ed.) Pro-
ceedings of the ISSAC 2000, pp. 48-53. ACM, New York (2000). https://doi.org/
10.1145/345542.345575

Brown, C.W.: QEPCAD B: a program for computing with semi-algebraic sets
using CADs. ACM SIGSAM Bull. 37(4), 97-108 (2003). https://doi.org/10.1145/
968708.968710

Canny, J.: Some algebraic and geometric computations in PSPACE. In: Simon,
J. (ed.) Proceedings of the STOC 1988, pp. 460-467. ACM, New York (1988).
https://doi.org/10.1145/62212.62257

Chen, C., Davenport, J.H., May, J.P., Moreno Maza, M., Xia, B., Xiao, R.: Trian-
gular decomposition of semi-algebraic systems. J. Symb. Comput. 49, 3-26 (2013).
https://doi.org/10.1016/j.jsc.2011.12.014

Cimatti, A., Griggio, A., Schaafsma, B.J., Sebastiani, R.: The MathSAT5 SMT
solver. In: Piterman, N., Smolka, S.A. (eds.) TACAS 2013. LNCS, vol. 7795, pp.
93-107. Springer, Heidelberg (2013). https://doi.org/10.1007/978-3-642-36742-7_7
Collins, G.E., Hong, H.: Partial cylindrical algebraic decomposition for quantifier
elimination. J. Symb. Comput. 12(3), 299-328 (1991). https://doi.org/10.1016/
S0747-7171(08)80152-6

Collins, G.E.: Quantifier elimination for real closed fields by cylindrical algebraic
decompostion. In: Brakhage, H. (ed.) GI-Fachtagung 1975. LNCS, vol. 33, pp.
134-183. Springer, Heidelberg (1975). https://doi.org/10.1007/3-540-07407-4-17
Corzilius, F., Kremer, G., Junges, S., Schupp, S., A’bmhém7 E.: SMT-RAT: an open
source C++ toolbox for strategic and parallel SMT solving. In: Heule, M., Weaver,
S. (eds.) SAT 2015. LNCS, vol. 9340, pp. 360-368. Springer, Cham (2015). https://
doi.org/10.1007/978-3-319-24318-4_26

de Moura, L., Bjgrner, N.: Z3: an efficient SMT solver. In: Ramakrishnan, C.R.,
Rehof, J. (eds.) TACAS 2008. LNCS, vol. 4963, pp. 337-340. Springer, Heidelberg
(2008). https://doi.org/10.1007/978-3-540-78800-3_24

Dolzmann, A., Seidl, A., Sturm, T.: Efficient projection orders for CAD. In: Gutier-
rez, J. (ed.) Proceedings of the ISSAC 2004, pp. 111-118. ACM, New York (2004).
https://doi.org/10.1145/1005285.1005303

Dolzmann, A.; Sturm, T.: REDLOG: computer algebra meets computer logic. ACM
SIGSAM Bull. 31(2), 2-9 (1997). https://doi.org/10.1145/261320.261324
Dutertre, B.: Yices 2.2. In: Biere, A., Bloem, R. (eds.) CAV 2014. LNCS, vol. 8559,
pp. 737-744. Springer, Cham (2014). https://doi.org/10.1007/978-3-319-08867-
949

England, M., Errami, H., Grigoriev, D., Radulescu, O., Sturm, T., Weber, A.:
Symbolic versus numerical computation and visualization of parameter regions for
multistationarity of biological networks. In: Gerdt, V.P., Koepf, W., Seiler, W.M.,
Vorozhtsov, E.V. (eds.) CASC 2017. LNCS, vol. 10490, pp. 93-108. Springer, Cham
(2017). https://doi.org/10.1007/978-3-319-66320-3_8

Errami, H., Eiswirth, M., Grigoriev, D., Seiler, W.M., Sturm, T., Weber, A.: Detec-
tion of Hopf bifurcations in chemical reaction networks using convex coordinates.
J. Comput. Phys. 291, 279-302 (2015). https://doi.org/10.1016/j.jcp.2015.02.050
Fontaine, P., Ogawa, M., Sturm, T., Vu, X.T.: Subtropical satisfiability. In: Dixon,
C., Finger, M. (eds.) FroCoS 2017. LNCS (LNAI), vol. 10483, pp. 189-206.
Springer, Cham (2017). https://doi.org/10.1007/978-3-319-66167-4_11


https://doi.org/10.1145/345542.345575
https://doi.org/10.1145/345542.345575
https://doi.org/10.1145/968708.968710
https://doi.org/10.1145/968708.968710
https://doi.org/10.1145/62212.62257
https://doi.org/10.1016/j.jsc.2011.12.014
https://doi.org/10.1007/978-3-642-36742-7_7
https://doi.org/10.1016/S0747-7171(08)80152-6
https://doi.org/10.1016/S0747-7171(08)80152-6
https://doi.org/10.1007/3-540-07407-4_17
https://doi.org/10.1007/978-3-319-24318-4_26
https://doi.org/10.1007/978-3-319-24318-4_26
https://doi.org/10.1007/978-3-540-78800-3_24
https://doi.org/10.1145/1005285.1005303
https://doi.org/10.1145/261320.261324
https://doi.org/10.1007/978-3-319-08867-9_49
https://doi.org/10.1007/978-3-319-08867-9_49
https://doi.org/10.1007/978-3-319-66320-3_8
https://doi.org/10.1016/j.jcp.2015.02.050
https://doi.org/10.1007/978-3-319-66167-4_11

252

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

H. Hong and T. Sturm

Gonzdlez-Vega, L.: A combinatorial algorithm solving some quantifier elimina-
tion problems. In: Caviness, B.F., Johnson, J.R. (eds.) Quantifier Elimination and
Cylindrical Algebraic Decomposition. Texts and Monographs in Symbolic Compu-
tation, pp. 365-375. Springer, Vienna (1998). https://doi.org/10.1007/978-3-7091-
9459-1_19

Grigoriev, D., Vorobjov, N.: Solving systems of polynomial inequalities in subex-
ponential time. J. Symb. Comput. 5(1-2), 37-64 (1988). https://doi.org/10.1016/
S0747-7171(88)80005-1

Hong, H.: An improvement of the projection operator in cylindrical algebraic
decomposition. In: Watanabe, S., Nagata, M. (eds.) Proceedings of the ISSAC
1990, pp. 261-264. ACM, New York (1990). https://doi.org/10.1145/96877.96943
Hong, H.: Improvements in CAD-based quantifier elimination. Ph.D. thesis, The
Ohio State University (1990)

Hong, H., Din, M.S.E.: Variant quantifier elimination. J. Symb. Comput. 47(7),
883-901 (2012). https://doi.org/10.1016/j.jsc.2011.05.014

Kosta, M.: New concepts for real quantifier elimination by virtual substitution.
Doctoral dissertation, Saarland University, Germany (2016). https://doi.org/10.
22028/D291-26679

Loos, R., Weispfenning, V.: Applying linear quantifier elimination. Comput. J.
36(5), 450-462 (1993). https://doi.org/10.1093 /comjnl/36.5.450

McCallum, S.: An improved projection operator for cylindrical algebraic decom-
position. Ph.D. thesis, University of Wisconsin-Madison (1984)

Miiller, S., Feliu, E., Regensburger, G., Conradi, C., Shiu, A., Dickenstein, A.:
Sign conditions for injectivity of generalized polynomial maps with applications to
chemical reaction networks and real algebraic geometry. Found. Comput. Math.
16(1), 66-97 (2016). https://doi.org/10.1007/s10208-014-9239-3

Nieuwenhuis, R., Oliveras, A., Tinelli, C.: Solving SAT and SAT modulo theo-
ries: from an abstract Davis—Putnam-Logemann—Loveland procedure to DPLL(T).
JACM 53(6), 937-977 (2006). https://doi.org/10.1145/1217856.1217859
Renegar, J.: On the computational complexity and geometry of the first-order the-
ory of the reals. Part II: the general decision problem. Preliminaries for quantifier
elimination. J. Symb. Comput. 13(3), 301-328 (1992). https://doi.org/10.1016/
S0747-7171(10)80004-5

Schrijver, A.: Theory of Linear and Integer Programming. Wiley, Chichester (1986)
Strzebonski, A.: Cylindrical algebraic decomposition using validated numerics. J.
Symb. Comput. 41(9), 1021-1038 (2006). https://doi.org/10.1016/j.jsc.2006.06.
004

Sturm, T.: Real quantifier elimination in geometry. Doctoral dissertation, Univer-
sity of Passau, Germany (1999)

Sturm, T.: Subtropical real root finding. In: Yokoyama, K., Linton, S., Robertz,
D. (eds.) Proceedings of the ISSAC 2015, pp. 347-354. ACM, New York (2015).
https://doi.org/10.1145/2755996.2756677

Tarski, A.: The Completeness of Elementary Algebra and Geometry. Institute
Blaise Pascal, Paris (1930). Reprinted by CNRS 1967

Viro, O.: Dequantization of real algebraic geometry on logarithmic paper. CoRR
arXivi:math /0005163 (2000)

Weber, A., Sturm, T., Abdel-Rahman, E.O.: Algorithmic global criteria for exclud-
ing oscillations. Bull. Math. Biol. 73(4), 899-916 (2011). https://doi.org/10.1007/
$11538-010-9618-0


https://doi.org/10.1007/978-3-7091-9459-1_19
https://doi.org/10.1007/978-3-7091-9459-1_19
https://doi.org/10.1016/S0747-7171(88)80005-1
https://doi.org/10.1016/S0747-7171(88)80005-1
https://doi.org/10.1145/96877.96943
https://doi.org/10.1016/j.jsc.2011.05.014
https://doi.org/10.22028/D291-26679
https://doi.org/10.22028/D291-26679
https://doi.org/10.1093/comjnl/36.5.450
https://doi.org/10.1007/s10208-014-9239-3
https://doi.org/10.1145/1217856.1217859
https://doi.org/10.1016/S0747-7171(10)80004-5
https://doi.org/10.1016/S0747-7171(10)80004-5
https://doi.org/10.1016/j.jsc.2006.06.004
https://doi.org/10.1016/j.jsc.2006.06.004
https://doi.org/10.1145/2755996.2756677
http://arxiv.org/abs/math/0005163
https://doi.org/10.1007/s11538-010-9618-0
https://doi.org/10.1007/s11538-010-9618-0

Positive Solutions of Systems of Signed Parametric Polynomial Inequalities 253

41. Weispfenning, V.: A new approach to quantifier elimination for real algebra. In:
Caviness, B.F., Johnson, J.R. (eds.) Quantifier Elimination and Cylindrical Alge-
braic Decomposition. Texts and Monographs in Symbolic Computation, pp. 376—
392. Springer, Vienna (1998). https://doi.org/10.1007/978-3-7091-9459-1_20

42. Wolfram, S.: The Mathematica Book, 5th edn. Cambridge University Press, Cam-
bridge (2003)

43. Yanami, H., Anai, H.: SyYNRAC: a Maple toolbox for solving real algebraic con-
straints. In: Dolzmann, A., Seidl, A., Sturm, T. (eds.) Proceedings of the A3L 2005,
pp. 275-279. BoD, Norderstedt (2005)

Open Access This chapter is licensed under the terms of the Creative Commons
Attribution 4.0 International License (http://creativecommons.org/licenses/by/4.0/),
which permits use, sharing, adaptation, distribution and reproduction in any medium
or format, as long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license and indicate if changes were
made.

The images or other third party material in this chapter are included in the chapter’s
Creative Commons license, unless indicated otherwise in a credit line to the material. If
material is not included in the chapter’s Creative Commons license and your intended
use is not permitted by statutory regulation or exceeds the permitted use, you will
need to obtain permission directly from the copyright holder.


https://doi.org/10.1007/978-3-7091-9459-1_20
http://creativecommons.org/licenses/by/4.0/

	Positive Solutions of Systems of Signed Parametric Polynomial Inequalities
	1 Introduction
	2 Notation
	3 Main Result
	4 A Re-analysis of Subtropical Methods
	4.1 Subtropical Real Root Finding
	4.2 Subtropical Satisfiability Checking

	References




