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1D Diffusion problem

1D Diffusion problem

8>>>>>>>>><>>>>>>>>>:

@tf(t; y) = @y (D(y)@yf(t; y)) ;

f(t; �) weakly����!
t!0

�;

For reflecting BC at �L and L: D(�L)@yf(t; �L) = D(L)@yf(t; L) = 0;

For periodic BC: f(t; �L) = f(t; L);

For reflecting BC at �L and absorbing BC at L:

{
D(�L)@yf(t; �L) = 0
f(t; L) = 0

:

with D the diffusion coefficient, assumed homogeneous in time.

Motivation: to solve this problem using particle tracking techniques.

Settings:

I The particles are initially distributed according to the measure �,
I At time t, they are distributed with the density f(t; �),
I The positions of the particles are defined by the paths of a stochastic process

(Xt)t�0 on the probability space (Ω; F ; P),
I Linear equation ) the particles move independently.

Validation approaches for multiscale porous media models July 16th, 2018 - 3







Constant time steps SBM algorithms

Case of a finite medium when D is discontinuous

Interface layer [�X1; X2] with X1 = d�
p

2 D� dt and X2 = d�
p

2 D+ dt,
with d� = 4 so that if x =2 [�X1; X2], the next step has very small chance (0:006%) to
reach the interface layer.

Outside the interface layer and outside the boundary layers: classical step
X(t + dt) = x + �c�

p
2 D� dt on the left x 2 [�L + X1; �X1]

X(t + dt) = x + �c�
p

2 D+ dt on the right x 2 [X2; L � X2]

Inside the interface layer Scaling: �(x) = xp
2D(x)

X(t + dt) = ��1(Y(dt)) with x 2 [�X1; X2], with Y(dt) a Skew Brownian motion
with parameter �, at time dt, starting from Y(0) = �(x)
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Constant time steps SBM algorithms

Two steps methods - Numerical simulation of the first hitting time �

Brownian bridge

The Brownian path (Wt)t2[0;dt] between x = W0 and y = Wdt is the Brownian bridge.
When x < 0, there are two cases: y > 0 and y < 0.

When the bridge crosses the interface: x < 0 and y > 0

The path hits the interface at time � given by
� = dt�=(1 + �) with � � IG(�x=y; x2=dt), inverse Gaussian distribution
The time � can be approximated by a linear interpolation when dt is small:
� ≃ dtjxj=(jxj + jyj)

When the bridge does not cross the interface: x < 0 and y < 0

The path may cross the interface with the probability Pc = exp(�2xy=dt)
If such, again, the first hitting time is given by an inverse Gaussian distribution
Else it does not cross the interface and � = dt
The time � can be approximated by � = dt because the probability Pc is small
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Benchmark test cases

Three kinds of zones

Boundary
layer

Interface
layer

Constant
di�usivity D �

Constant
di�usivity D +

0 d�
p

2D � �t x I � d�
p

2D � �t x I + d�
p

2D + �t

x I

Algorithms in the boundary layer

I absorbing BC: the hitting time may be computed either exactly or with a linear
approximation

I periodic BC: reinject the particle into the medium in a periodic way.

I reflecting BC: perform a reflection around the boundary point.
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