N
N

N

HAL

open science

Towards the modelling of the Purkinje/ myocardium
coupled problem: A well-posedness analysis
Saloua Mani Aouadi, Wajih Mbarki, Nejib Zemzemi

» To cite this version:

Saloua Mani Aouadi, Wajih Mbarki, Nejib Zemzemi. Towards the modelling of the Purkinje/ my-
ocardium coupled problem: A well-posedness analysis. Journal of Computational and Applied Math-

ematics, 2019, 10.1016/j.cam.2018.10.024 . hal-01923779

HAL Id: hal-01923779
https://inria.hal.science/hal-01923779
Submitted on 15 Nov 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-01923779
https://hal.archives-ouvertes.fr

Towards the modelling of the Purkinje/ myocardium
coupled problem: A well-posedness analysis

Saloua Mani Aouadi®*, Wajih Mbarki®, Nejib Zemzemi®*

@ University Tunis El Manar. FST 2092 Tunis. Tunisia.
YINRIA Bordeausz Sud-Ouest, Carmen project, 200 rue de la vieille tour 33405 Talence
Cedex, France.

Abstract

The Purkinje network is the specialized conduction system in the heart. It
ensures the physiological spread of the electrical wave in the ventricles. In this
work, in an insulated heart framework, we model the free running Purkinje
system, using the monodomain equation. The intra-myocardium part of the
Purkinje fiber is coupled to the ventricular tissue using the bidomain equation.
The coupling is performed through the extracellular potential. We discretize
the problem in time using a semi-implicit scheme. Then, we write a variational
formulation of the semi discrete problem in a non standard weighted Sobolev
functional spaces. We prove the existence and uniqueness of the solution of
the Purkinje/myocardium semi-discretized problem. We discretize in space by
the finite element P, — Lagrange and conduct some numerical tests showing
the anterograde and retrograde propagation of the electrical wave between the
tissue and the Purkinje fibers.
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1. Introduction

Heartbeats are generated and controlled by the cardiac conduction system.
Each heartbeat is triggered automatically by the natural pacemaker of the heart
called the sinus node. The electrical signal generated in the sinus node extends
to the atria and causes their contraction. This allows to propel blood from atria
into the ventricles. The electrical pulse is then conducted to the atrioventricular
node (AV node) in the middle of the heart. Then, the electrical signal propagates
through a rapid conduction system (His/Purkinje network) and activates the
ventricles, which in turn contract and propel the blood either to the lungs or
to the rest of the body. The rapid conduction system is an ”electrical” network
consisting of cardiac cells that have specific properties for conductivity and
excitability. If the activity of this system is interrupted due to cardiac injury
or other pathology, the heart rate is disrupted. In this case, blood flow to
the brain and other parts of the body may be weakened. As it plays a very
important role in electrical activity, it is natural that it also has a role in some
pathological cases. It is the case of the Wolff-Parkinson-white syndrome [I],
the left and the right bundle branch block [2] [3], the ventricular fibrillation
and drug-induced torsades de pointes [4, B]. When the His/Purkinje System
is present, it is generally modeled with the monodomain model [6} [7), 8] [9] [10],
which does not take into account the extracellular parts of cardiac cells. The
propagation of the electric wave is described by a non-linear reaction diffusion
equations coupled to an ordinary differential equation modeling the ionic activity
in cardiac cells. For the modeling of the action potential, two approaches exist,
the physiological model [T}, 12| 13} 14}, 15, 16] and the phenomenological model
[1°7, (18] 19} 20, 21]. The literature about the His-Purkinje/myocardium coupling
is not abundant. In [22], this coupling is represented at the discrete level for
the bidomain equation. A mathematical analysis of this representation could
not be performed since the coupling conditions are not given in the continuous
level. In [I0], authors provide a representation of the coupling conditions at the

continuous level, the effect of the Purkinje on the myocardium is represented by
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Figure 1: Schematic representation of the specialized conduction system. The red line shows

the coupled part. The black line shows the insulated part.

a source term. Whereas, the counter effect is based on a robin-like boundary
condition on the terminals of the Purkinje network. The stability of this problem
discretized in time and space is the subject of [23].

In [24], the coupling of the Purkinje and the myocardium is performed us-
ing the bidomain model for both Purkinje and myocardium. In this paper,
we consider the coupling between the Purkinje system and the myocardium
with a monodomain/bidomain model and the coupling is carried out by the
extracellular potential. We model the extra-myocardium Purkinje fiber, also
called free running Purkinje system, using the monodomain equations. The
intra-myocardium Purkinje fiber is coupled to the ventricular tissue using the
bidomain equations. We write the associated mathematical model under the
form of reaction diffusion coupling problem and ordinary differential equations.
We discretize the obtained model in time by a semi-implicit Euler scheme. We
then prove the existence and uniqueness of the solution at each time step. We
make use of weighted Sobolev spaces as in [24] 25]. Then, we discretize in space
using the finite element method in a bidimensional framework. We perform

some numerical tests in order to assess the anterograde and retrograde propa-



gation of the electrical wave. The outline of the paper is as follow: The model
is described in section [2} In section [3] we prove the existence and uniqueness of
solution for the time semi-descritized problem. In section [} we conduct some

numerical simulations for the 1D/2D coupled problem.

2. Monodomain/bidomain model for the Purkinje/myocardium cou-

pling in the heart

2.1. Geometry

It is known that the conduction system is made of a set of insulating branches
and coupled branches. The insulating branches do not allow an action potential
propagation to the surrounding myocardial tissue. They are given by the black
lines in the Figure [l The coupled branches of the Purkinje fibers are given by
the red line. We consider a model that describes the propagation of the electrical
wave in both Purkinje and myocardium domains. We use a monodomain model
in the extra-myocardium Purkinje branches and in the intra-myocardium insu-
lated branches Ajs. We use a bidomain model in the intra-myocardium coupled
Purkinje branches Acpi. We suppose that the myocardium occupies a three-
dimensional domain € and that Purkinje fiber occupies a mono-dimensional
part A. Without loss of generality, we restrict our study on a segment con-
sisting of both intra- and extra-myocardium fibers as shown in Figure 2.1 We
assume that A = Ajg U Ay = {z € R® 2 = z(s) , s € [0,L]}, where
x : [0,L] — R? is a smooth parametrization of A. We suppose that the
intra-myocardium of Purkinje is Acp = {z € Q,2 = x(s),s € [s1, L]} and con-
sequently Aj = ([0, s1]), s1 being a fixed point in |0, L[. As in the 1D — 3D
coupling there is a concern to model the influence of the 1D body, it is appro-
priate to give some thickness to the fiber operating in 2. This thickness will
play the role of the extracellular environment in our model and makes it more
realistic.

We assume that the fiber radius R is a positive constant in time and space.

Then we introduce as in [24], the volume occupied by the intra-myocardium
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Figure 2: Schematic representation of a Purkinje branch containing both intra and extra

myocardium segments.

branch of Purkinje as the set of points in the following cylinder:
O ={z e R® s = wo(s,7.0), (s,7,0) € (s1,L) x [0, B) x [0,2m)}, (1)

We assume that There exists a positive constant Ry such that for 0 < R < Ry
we have Qff € Q. In what follows, we consider that R < Ry.

Since Acpl is compact, the projection from QF to A exists and the basic
assumption on the fiber geometry is that the projection from QF to Acp is
unique:

Vo e QF 0 Flzg € Ay ¢ dist(z, Acpl) = ||z — 20]|- (2)

As a consequence we have
dist(zo(s,r,0), Aept) =T V(s,r,0) € [s1,L] x [0, R) x [0,2m). (3)

We will note d(z) := dist(x, Acp1) for each x € Q. The averaging operator on
the cross section of a fiber of radius R, perpendicular to the line A¢pi, is denoted

by a bar:
B 1 2w R
u(s) :== W/o /0 u(s,r,0)rdrdf. (4)

2.2. Mathematical model

In [24], the system of equations in Q is reduced to one dimensional model in

two stages. First the three dimensional description of the intracellular current



is reduced to one dimension dependent on the curvilinear abscissa. Secondly,
an asymptotic expansion for small radius reduces the fiber to one dimension
body. Combining the monodomain model used in [I0] and the bidomain model
introduced in [24], the basic model we advocate writes:

Seek Vj,, V, ¢, W, W), such that

Ap(CoD Vi + Lionp (Ve W) = 25(052) + (055000 + Lappp on AX]0,T],
A(COV + Lign(V, W) = div(o;V(V + ¢)) + Lupp in Qx]0,T7,
—R2A,(Co0,Vy + Lion.p(Vpy Wp))ba.., — A(COV + Liyn(V, W)

= div(c.V¢.) in 2x]0,T],

oW, + gp(Vp, W) =0 on Ax]0,T7,

W +g(V,W) =0 in Qx]0, T,

cpl

with the following boundary conditions:

Do (0) =0, De(L)+ %=(L) =0 on]0,T],

% (51) = (125 ava N B%’”’t)(sl) on 10,71, -
(o;VV)-n=0 on 00x]0, T,

(0eVe)-n=0 on 00x]0, T,

and initial given conditions
V,(.,0), V(.,0), ¢c(.,0), W(.,0), W,(.,0). (7)

Above A (resp. Ap) defines the surface of membrane per unit volume in the
myocardium (resp. Purkinje), C' (resp. C)) represents the capacity per unit
of surface in the myocardium (resp. Purkinje), R is the radius fiber for the
Purkinje, o; is the intracellular conductivity in the myocardium, o, is the ex-
tracellular conductivity in the myocardium, V is the transmembrane voltage in
the myocardium, V,, is the transmembrane voltage in the Purkinje fiber, ¢, is the
average extracellular potential in the Purkinje defined by [4] ¢. the extracellular
potential in the myocardium, o, (resp. Iionp) is the total membrane current
per unit of surface in the myocardium (resp. Purkinje) and W (resp. W,,) is the

cell state variables in the myocardium (resp. Purkinje) and o = ac? with a =1



in Acpr, a = IJ%)\ in Aig, of being the intracellular conductivity of the Purkinje
fiber, A is a positive constant. In this study, the dynamics of W, W,,, I;on,, and
Loy, are described by the phenomenological two-variables model introduced by

Mitchell and Schaeffer [19]. V™' = V14, Vi"* = V, 14, and n stands for the

isl? cpl

outward unit normal on 2. The definition of I;op, Iion,p, g and g, are given as

follows:

w |4 W, Vi
Lion (V. W) = 7‘/2(‘/ -1+ ) Iion,p(vpva) = AprZ(Vp -1+ £

Tin Tout Tin Tout
(8)

W -1 W, —
if V S Vgate - if ‘/p S ‘/gate

Topen — Topen

gV, W) = V& Ip(Vp, Wp) = VVP

- if V> Vgate - P if Vp > ‘/gate

close close

(9)
where the values of the parameters Tin, Tout, Topen, Teloses Vgate are provided in

table 1 [I9]. We note that o, 0. are independent of time.

3. Mathematical analysis of the coupled problem

8.1. Functional spaces

In the system [5| a measure term appears in the fourth equation and an av-
eraging operator appears in the second equation which significantly complicate
the theoretical and numerical analysis . In particular, the measure term 4y, is
known not to be in the dual space of H!(Acp1), and therefore standard existence
and uniqueness results based on this space do not hold for this problem. We
will use the functionnal framework proposed in [25]. We suppose that Q is a

connected smooth open domain and for a € (—1,1), we denote by L%(Q) the

space of measurable functions u such that

/ u(x)?d** (z)dx < oc.

Q

where d is the distance defined by [2| This means that u € L2(Q) if and only if
d“u belongs to L?(Q2). Equipped with the scalar product

(u,0) 12 0y = /Q w(w)v(w)d? (x)de,



L2(Q) is a Hilbert space. We define the weighted Sobolev space H1(f2) by:
Ho (Q) = {u € L3(Q) : Vu € (L5 (2))*},
provided with it’s scalar product

(u,0) 3 @) = (U, 0)12(0) + (Vi Vo) 12 (0))2-

We recall from [26] that for v € (—1, 1), the density of smooth functions, Rellich-

Kondriatev theorem and Poincaré inequalities hold true in H}.

Remark 1. As Q is bounded, we have the following injections for a € (0, 1).

1. H! (Q) is continuously embedded in L?(Q), since for v € H: _(Q) we

have

/uzdx:/uzdfzad%‘dxg (diam(92))?||ul|3 - @) (10)
Q Q -

2. H! () is continuously embedded in HZ((), since for u € HL () we

have

[lullZ2 (@) =/Qu2d2adx=/9u2d‘2°‘d4“dw < (diam(Q)*[JullZ2 (q)-

(11)
Remark 2. We define an auxiliary distance d from d by :
. d in QF,
d(xz) = min{d, R} = (12)
R elsewhere,
d is a Lipschitz function and it is equivalent to the distance d in the sense
(i)d<J<d on Q. (13)
diam(Q)’ —  —
For any subset A C 2, we define an auxiliary norm by
172 ay == |f[Pd** da. (14)
“ A
Of course || f|2 qr) = [|fllr2 (o) and [|.]|z2 (o), |]|22 () are equivalent:
Ra
WHﬂhi(Q) < flzz @) < fllez@)- (15)



Finally, the extracellular potential ¢, in the myocardium having a null average

in ©, we introduce for o €]0, 1] the subsets

Vi={uec H:Q): /Qu(x)dx =0} (16)
Vo= {ue H(Q): /Qu(x)dx — 0} (17)

As it is classical for the weighted Sobolev spaces, we have the following lemma.

Lemma 1. The spaces Vi, Vo are two Hilbert spaces when endowed with the

norms of H:(Q), HL(Q) respectively. Moreover we have:
vllai@) < GpllVolliz@),  VoeW (18)

and

ol ) < CpllVYllL2 (o) Vo € Vo (19)

where cp, is the Poincaré constant which depends only on the connected domain

Q.
PRrROOF. From [I(] we have
| / 2)da] < (mes @)} [ull 2oy < (mes )% [ull g,

So the function ¢ defined on H! () by ¢(u) = [, u(x)dz is continuous and
Vo = ¢ 1({0}) is closed in H: (). For Vl, we decompose the integral and
have in one hand
| u(z)dz| = | u(z)d*d™“dz| < R™%(mes Q)%HUHLZ(Q).
Q\QR Q\QR “

In another hand, we have

27
I/ z)dr| = I/ / / w(zo(r, s,0))r* T3 r T3 drdsdd)|
2r L R . (R .
< / / (/ u2r20‘+1d1")5(/ r=2etldr) 2 dsdf (20)
0o Jsi Jo 0



R7a+1 2 L R 9 o 1
LI *+1dr)2 dsdf
2—204/0 »/sl(/O u'r r)2ds

a m(L —s
< RTHY %Hu\hg(my

Which concludes the proof of the first part. The proof of the Poincaré’s

inequalities is the classical one based on the Rellich theorem [27].

3.2. Weak formulation

Multiplying each one of the equations [5| by a test function, applying the
Green formula and using the boundary conditions [6] we obtain the following
variational formulation for our problem
Find, for each t €]0,T[, (V,,V, ¢e, W, W) € HY(A) x HL(Q) x V1 x L*(A) x
L?(Q), such that

OWp + gp(Vp, Wp) =0 on A,
OW 4+ g(V,W) =0 in Q,

Ap(cp/ 8tva+/ Iion,p(vpva)w) _/Iapp,pw
A A A

ol [ 000
AU Jds 0Os ACPIU O0s 0Os

A(C/@tV¢+/Iwn(V7W)¢) 7/10171311[)
Q Q Q
+/oivv-vw+/oiv¢e-vw —0 Ve HL (@),
Q Q
_kp(cp/A 8tv;7£+/A Iion,p(v}pr)f) +/Q(Ue+0¢)V¢e-V§

+/Qaivv-vg—/91appg=o vgev2,< |
21

=0 Ywe H'(A),

cpl

Vo, V, ¢ey W, W, given at t =0 , k, = TR*A,

We discretize the system [2I]in time using a semi implicit scheme that linearizes
our problem. At each time step, we have to solve, the following semi-discrete

system: Find (V' 1, Vit gptdt ittt wntl) e HY(A)x H) () x Vi x L*(A) x

10



L?(Q), such that

Wt =W — Atg(V", W) in Q,
Wyt =W — Atg, (V) W) in A,
AP(CP/[\(VZJTL+1 V”)w—i—At/ zonp(Vn Wn-H) )—At/ I"+1

app,p

AR P dw .
—|—At(/A 83 8s+/ 10 P g)_o Yw e H (A),

A(c/(v"+1 —V”)¢+At/ Lion (V" W™ H)y) fAt/ Loy ¥
Q Q Q
+At/ U,an+1.w+m/ o Vortt.vy =0 Vo e H',(Q),
Q Q

(O / (Vytt — V”)§+At/
Acpl Acpl

+At/ (e + 03) VIt VE — At/ e =0 VE e Va,
Q
(22)

Lionp(V, WphE) + At /Q o, VvV ve

V), VO ), WO, W) given.

Remark 3. The two first equations of [22| define explicitly W™+ and W}, so

that these two unknowns appear in the second member in the rest of equations.

The problem [22] writes :
find (V' 1, Vit gptt) € HY(A) x HL(Q) x V4, such that:

a(Vyrh Vil opth) (w,4,6)) = Lw, 9,€) - V(w.9,€) € HY(A)xHL (Q)x V3,
(23)

where

a((VITL Vg (w4, 6)) = Cy(Ap / vty g / vitle)  (24)
cpl

avn-i-l
+At / O +AC / Vil At / (0et0) Vo T VE+AL / o, VvV Lve
A (98 (9 O Q

n+1
o O
0s 85

+At/ U¢VV”+1~V1/J+A15/ U¢V¢Z+1~V¢+At/
Q Q A

cpl

L(w, 9, &) = A,C, /V"w WRQ/ V3 6)—AtA / ionp(Vy', Wy Hw (25)

11



+atk, [
A

Iio’ﬂ,p(‘/;;nu W;H_l)f + AC/ Viip — AtA/ Iion(V"7W”+1)¢
Q Q

cpl
1 1 1
+At/ nh §+At/ nh z/)—I—At/ il w.
Q Q A
In the next section, we show that a solution exists and is unique at each time-

step for the time- discrete equations

3.8. Ezistence and uniqueness of solution

The basic tools for the proof of our existence are the Necas theorem [28] and

the trace theorem proved in [25] recalled below.

Theorem 2. (Neéas) Let G1 and Go be two Hilbert spaces, F € G4 be a

bounded linear functional on Go and a(.,.) be a bilinear form on G1 X Ga such

that
la(u,v)| < Ci|ulle,|v]la. V(u,v) € Gy x G, (26)
sup a(u,v) >0 Yv € Gg,v # 0, (27)
ueGy
sup a(u,v) > Collulla, Vu € Gq, (28)
[lvlle, <1

where C'y and Cy are positive constants. Then there is a unique u € Gy such
that
a(u,v) = F(v) Vv € Ga,

which depends linearly and continuously on F:

1
lulles < &1IFlles.

Theorem 3. Let 0 < a < 1. There exists a unique linear continuous map

Vaem * HEG(Q) = L2 (Acp1)

12



such that Yo, ¢ = @|a.,, for each smooth function ¢ € C*(2). In particular,

there exists a positive number Ci_,, = Ca_,,(«) such that

B2 (Acp) < CaellBllar () Vo € HL ()

We will apply the theorem [2] in different functional frames. We decompose the
bilinear and linear forms defined in in four parts and we set

ANV w) = A,C, /A Vit 4+ At /A oVV .V, (29)
A2Vt ) = AC /Q Vit + At /Q oV vy, (30)
A9 = At [ (00 + o) Vet ve, (31)
ALV g ) = [ AR

_kpcp/
A

Bl(CU) =< Bl,w >L2(A): Apcp/AVpnw_AtAp/AIion,p(‘/pnaW;+1)W+At/AIapp,pwa
(33)

Ve + At / oVt Vi + At / o, VV . Ve,
Q Q

cpl

B*(1) :==< B*,¢) >p2(0)= AC/ V"w—AtA/ Imn(V",W"+1)w+At/ I,
Q Q Q
(34)

B(€) =< B,€ > 2= —kyC, /A Vet Atk /A Lion (V2 W4 At /Q e

(35)

cpl

Removing the indices n, noting u = (V,,V,¢.),v = (w,¥,€) and using the
notations 29H35] we have:

a(u,v) = ANV, w) + A2(V,9p) + A%(9e, &) + AP (V), V. desw, 4, €)  (36)

13



L(v) = B'(w) + B*(v) + B*(€). (37)

It’s clear that A! is continuous and coercive on H(A) x H'(A). To treat the

terms with A% and A3, we recall from [25] the following technical lemma.

Lemma 4. Leta* € (0,1) andu € HL(Q) be given, with 0 < a < a*. Consider
the 6-Fourier expansions in local coordinates given by
u(s,r,0) = Z Ak (r,s)e™ in QF, (38)
keZ

Furthermore, we define

R )
U(r,y;,u) = 120 L A0 (¢ o)) dt in QF,

U(a) = W(au) (rysu) = [, (t,) (30)
0 elsewhere,

where y can be either the s or the ¢ local variable, depending on the subdomain

of QF x belongs to. There are positive constants Cy,Co, C3, dependent only on

*

a*, such that the following estimates hold for each a € (0, a*]:
llu = A%z (am) < C1lVull 22 (9, (40)
W22 () < Callullrz ), (41)
||d2a_1qu + VU ‘Lia(QR) < (| |Vu||La(QR). (42)

Following [25], we have the following lemma that will serve to treat the coupling

term

Lemma 5. Let o € (—1,1); the linear mapping K : u — u from H(Q) to

L?(Acp1) is bounded and ||K|| < R—\;;.

Proposition 1. Let o; € L*°(Q)) and assume that there exists a positive con-

stant 0y min Such that oy > 04 min in Q. Let B be a continuous linear operator

14



on H (). For a < min (a*, %) , there exists a unique V € H}(Q)

satisfying
A2(V,9) = B(¢), Y e HL,(Q) (43)

where A2 is defined by . Moreover there is a positive number Cy such that

Va1 < Cil|B]]. (44)

PROOF. The form A? is continuous on H.(Q) x H! (), since we have
|A%2(V, )| < |AC/ Vipdx| + |At/ o;VV - Vdz|
Q Q
< m1|/ Vd*d~*ypdzx| + m2|/ d*VV - d™*Vipdz|
Q Q

<mal[VI[zz [[9llzz  +malVVIz @IVl o

< max(mq, ma)||V|

mllYllm (),

where my = AC, mg = At||oy|| (o). For positivity, let ¢ € HL_(Q),1 # 0.
As for a >0, H () C HL(Q), we have
sup  A*(V,9) > A%(¢,9) > min(my, Atma)(|[¢[72(0) + [|VY[[72(0)) > 0,
VeHL(Q)
(45)
where m3 = 04 min is the lower bound for the conductive term o;. Looking now
for the infsup condition Let a* € (0,1),a € (0,a*] and let V € HL(Q).

The main idea is to take the test function as following
Y(z) = d(z)*V (z) + 229 (z), (46)

where d is defined in [12]and ¥ = U(x,V) is the auxiliary function introduced
in lemma [ Thanks to and the Cauchy Schwarz inequality, we have for
each a € (0, a*]:

1Yllzz @) < IVIlLz@) +2/[¥]lcz (@) < mallVIzz (@), (47)

15



where my = 1+ 2C3(a*). Moreover, since
Vip = d?*VV + 2a(VV + d>*~1VVd),

observing that d = d on QF, ¥ =0, V¥ = Vd = 0 on Q\QF, and using we

obtain
IV¢llz2 @) <IIVVIlLz @) +2IVE + d** 'V V|| 2 (or) < ms||VV]|L2(0),

where ms = 1+2C5(a*), C and C are the constants in estimates hence

Wl ) < CallVI|H1(9), (48)

where Cy = /(m3 + m2).

On another hand, we have

R

A2(V, %) > min(my, Atms) U V2d2adx+/ VV|2d2adl‘:| +2a/ VUdz
Q Q Q

+2a [ VV (VU +d**'VVd)da
QR

Using the Cauchy Schwarz inequality, we obtain

A(V,y) > min(ma, Atmg) [|[VI, o + IV

i2(Q) L2(Q) }

—204HVVH£3(QR)||V‘I’ +d?- IVVdHiga(QR) - 204HVHE3(QR)||‘I’Higa(QR)~

(49)
Then, using the the inequalities in Lemma[4 we have
A(V,g) = minma, Atmg) [[IVIE2, o) + IVVIE, o] = 20(CallVVIE, g,
> (min(my, Atms) — 2amaz(Cs, Cs)) [|IVI2, o) + IVVIE2, o |
= (min(my, Atms) — 2amaxz(Csy, Cs5)) ||V||Hl @
(50)
Using the equivalence between norms [I5 we have
A%2(V,4p) > (min(my, Atms) — 2a max(Caq, C3)) %HVHW ©-
(51)

The third condition in the Necas theorem holds if

(min(my, Atms) — 2a max(Cs, C3)) > 0.
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This is true if

i At
a<min(*rmn<mhm3>>.

9 max(Ca, C3)

The three conditions of the Nec¢as theorem are now satisfied, then there exist a
unique V € H}(Q) solution of (43).

Let’s denote by M; = (min(mq, Atms) — 2a max(Cs, Cs)) %, using the
linearity of the operator B and the inequality 7 we have

Cy
V10 < EHBH (52)

Proposition 2. Let 0. € L>®(Q), 0; € L™() and assume that there exist a

positive constants Oc min aNd Oi min Such that oc > Oc min and 05 > 0 min 0

Q. Let B be a continuous linear operator on Vo. Then, there is a constant

02 € (0,1) such that for each « € (0,62), there exists a unique ¢, € Vy satisfying

A% (e, &) = B(§), VeV, (53)

where A3 is defined by . Moreover there is a positive number Cy such that

llpellvy < Ca|B]| (54)

PRrROOF. The continuity of A% on Vi x V; is trivial since, if we note m = ||o. +

gi||Lm(Q), we have
A3 (¢, €) = IAt/Q(Ue + o)Vt Vel < Tml| Vel Lz @I VElL2 (o
< T |Be v, |1€]] vz -

For positivity, we notice that Vo C V; and then for £ # 0

S A (B, &) > AXE, &) > At(0emin + Timin)[VEI32(0) > 0.
e€Vy

For the inf sup condition, we take again the test function given by [46] but

modified so that it has zero mean. We take for a given ¢. € V; as in [46]

€ = d**¢. +2a0,

17



and

- 1
fmtm s | @ (55)

We have from VE=VE € L? (Q) and similarly to the proof of lemma ,
fe L? (). So € € V5 and by the Poincaré inequality [19] we have

1122 ) < CollVElL2 (- (56)
Through and [56| we have, for any a €]0, o*[, o* fixed in |0, 1]:
||§~||Hia(n) < Cllgellm (o) (57)

where C depends only on the Poincaré constant C, and on a*. Using now é as

test function, we get
Ag(d)eag) = At/(ae + Ui)V(be : vé
Q

= At [ (004 )[Vo PP+ 20 [ (004 00V, (VO -+ 310,V d)do
Q

QR

> AthqueH%g @ 2aAtmc?,||v¢e||%i @")

> At(m — 20‘m03)”v¢e||2i3(9)' (58)
R2a
2diam ()2 (
R2a ) L 9
2diam(Q)2 min(1, C, %)l ¢ellv, s

where m = 0¢ min + 0imin is the lower bound for the conductive term o + o;.

> At(m — 2amCs) IVoelliz o) + Cp 166l 2 (o))

> At(m — 2amCs)

Defining for a* fixed in ]0, 1] the following a-independent quantity

m

02 = min(ax, m)
we have for 0 < a < d9
A(e,€) > Mal|de| 71 (0 (59)
where
o R2a . 9
MQ = At(m - 20[7TLC3)W Hlln(l, Cp )

18



From [57] and [59] we get the inf sup condition of the Necas theorem. This com-
pleted the proof of the theorem with

Cy
[|@ellvy < E'BHVW (60)

Now, we come to the main theorem, we introduce the Hilbert spaces
E=H'(A) x HL(Q) x V1,

F=H"A) x H: (Q) x V.

Theorem 6. We assume that for eacht € [0,T), Iopp and Loy p are respectively
in L?(Q) and L*(A). We suppose that o; and o. are in L>=(Q) and there exist
two positive constants o; min ANd Oc min such that 0; > 0y min and 0e > O min
in Q. Also assume that the previous data in time are well posed. Then there is

0 €(0,1) , such that if a € (0,9), there exists an unique u € E such that
a(u,v) = L(v) Vve F.

Where a and L are defined respectively by and [25.  Moreover, there is a
number C such that:

lulle < ClIL||F-

PRrOOF. 1. Continuity. The bilinear terms A*, k = 1,2, 3 are respectively
continuous on H!(A) x H*(A), HL(Q) x H: () and V; x V. To see

that the remaining coupling term is continuous on E x F, we remark that

e D
P _ ( ¢ ), and make use of lemma |5| to obtain
0Os 0Os
0de Ow —
st [ o o< Mol il Bl o el (61
R*Oé
< Atllo Lo ) llel s @ llwl[m1(a)-

3
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We have also using the theorem
Gy [ Vitl < ColWillzzlnslizna: (62
cpl

< kGl Vol (1) Coem (D€l 25
and
|At/QoNV~V§| < Atlloill L@ IVIlar@llElla - (63)

Finally, we have
8t [ 09000l < Atllillim @10l llollm o (64
So by grouping and [64] we obtain

APV, V, ¢e;w, 1, £) < max (At]|o;|| = (0), kpCpCa (65)

epl?
R—Oé
NG Atllo ||z an) Iall2lVI]F

and AP is continuous on E x F.
. Non degeneracy. Let v = (w,9,&) € F. Thanks to the proposition
and the obvious continuity and coercivity of A! on H'(A), we can choose

u = (V,,V,¢.) € E such that V,, V, ¢. are respectively solution of

A Vo) = @)y Vo€ H'(A) (66)
AQ(‘/? U) = (wvv)Hia(Q) Vv e Hia(Q% (67)
A (¢, 0) = (£, 0) 1 _(q) Vv € Va. (68)
So, we have
A, v) = AN (Vp,w) + A2(V,9) + A% (6, €) (69)

= |l a) + 18117y + lIElIT,
and

[Vpllaray < Ballwllm1ay, (70)
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WVlmy < Cilldlla ) (71)

l[@ell 1) < Coll¢]lvs- (72)

Then we have
R—CK
AP (Vp, V, ey w, 1, 8) < (Fﬂtl|<7||Lw<Acpl)Cz+kpCpCAcp152)||§|\H1a(n>|IW||H1(A)

+A o3l L) (Co + CO)IEl @) [¥lla ()

SO
a(u,v) > (1= 0)||v[[g,
where
0 = max ( At||0'||L°°(ACp1)C2 + kpCpCACp1ﬂ27 At”O'Z'HLoo(Q) (02 + 01))

e
Knowing that ||o||Le(a,,,) and ||oi[|L (o) are generally small [24] and by
choosing At and R sufficiently small so that 8 < 1, we conclude that the
bilinear form a is non-degenerate.

. The inf-sup condition. Now let u = (V,,V,¢.) € E and consider
v = (Vp, v, ¥) € F where ) and 1) are defined respectively by |39 and

There exist two constant my, ms, both independent of «, such that
[Ivl[e < max(1, Cy)llullg,  A(u,v) > min(M;, Mz, 5)||u||§,
so, we have
a(u,v) > (min(My, My, B2) — 0 max(1,Cy))||u||%.

As we have taken the initial data such as the linear form defined by
is continuous on F, Netas theorem applies with « € (0, min(dy, d2)), o; >

Oi,min, Oe > Oe,min and

B max(1,Cy)
o min(Ml, Mg, ﬁg) — Omax(l, C4) '
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Remark 4. In the theorem [6] we add the hypothesis saying that the previous
data in time is well posed in order to ensure the continuity of the linear term

L. This continuity is assured if:

1. I, and Iy, , are respectively in L2(2) and L?(A) for each ¢ € [0, 77,
2. Tipn (VI WIH1) € L2(A),
3. Lion(V™, W) € L2(Q).

The second condition is assured if (V,), W) € H'(A) x L?(A) and using Sobolev
injection H'(A) € C°(A). The third condition is assured if (V,),V?,¢2) €
HY(A) x H2(Q) x H2(Q). The proof of this could be performed by induction.
Indeed, if we suppose that up to the order n we have (V', V", ¢¢) € HY(A) x
HZ () x H2(2), then the solution (V! V! ¢r+!) exists and is in H'(A) x
HZ(2) x V1. To show that (V't1, V"t ¢itl)y € HY(A) x H2(Q) x HZ(), it

is enough to come back to equations [5] discretized in time.

4. Numerical approximation

We perform numerical tests in a two-dimensional framework. The my-
ocardium domain is represented by a square. We assume that Q (resp. A)
is covered by a regular partition 7 (resp. 7,) of simplexes (resp. edges) of max-
imal diameter h (resp. h,), with N (resp. Np) nodes, noted z1 to xn (resp.
Tp1 to xp N, ). The fiber domain Acp is discretized by extracting edges from

the two-dimensional mesh of €. It is then a collection I}, of edges I} of triangles

in 7, Aep1 = U I;. Consider the space P} (resp. P,}p) of continuous linear
Ixely

finite elements on 7 (resp. 7,) and the usual basis functions ®%, ..., ®% (resp.

<I>§”P7..,7<I>}]L\;’p) attached to the nodes x1,...,xn (resp. xp1,...,2pn,). The hat

functions associated to the nodes of A, are assumed to be the restriction of the
two-dimensional basis functions onto Acp. Following [24], a function, denoted

by ra,, k— 1L ke {N,—m+1,..Ny} and | € {1,..., N}, is defined that

cpl

maps each one-dimensional node index to the corresponding two-dimensional
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one:
. _ h _ e
Vke {N,—m+1,..,N,}: Try (k) = Tmk and (I)TAcpl(k) =07 on Ag.

Using 74,,,, we define the extension matrix, Ry, € RV*™, such that

1 ifl= TACPI(/C),

(RBAep )kt =
0 otherwise.

(73)

In other hand, we define another function denoted by 7a., : k — j, k €
{N, —m+1,..,N,} and j € {1, ..., N, }, that maps each one-dimensional node

in A¢pr index to the corresponding one-dimensional one in A:

hp
TAep (k

Vk € {Np -—m+ 1, ...,Np} : :E;:Acpl(k) =Tjk and ) = (I)ZP on Acpl

Using 7z, (k) we define the extension matrix, Ra., € RV»*™ such that

cpl

~ L oif =7, (k)

(Racp)kt = (74)

0 otherwise.
After such discretization, the system [23]| becomes a linear system of equations
that can be expressed in matrix form. Let Vpk = (Vp{’,fp,..., p]j;fp’k), v
(Vhl’k, cny Vh{v’k) and ¢, = ((;Si’fl, cey qbi\_[,’lk) be the coefficients of the approximate

solution at the time step k. Then, in matrix form, the finite element problem

reads, for each time step, as

AtK, + CLA, M, 0 AtRy, K, A
0 AtK; + ACM AtK; yrtl
_kpCpRAcpljw\pf{};Cpl AtK; At(K, + K;) P!
CprApM, 0 0 vr
- 0 ACM 0 1% (75)
—kpCpRa, MR 0 0 g

AtM, (1751 — ApLion (V' W;“))

app,p
+ AtM(IZHY — ALy (VP W)
AEMIZEY + AtA, R My Lion » (Vi Wit )R
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where the block of the matrix are given by

(o= [ 22, BI= 0Ny (79
(Kp)y = /A laag)gpazgpds k=0,...,m;l=0,...,N, (77)
(M) :/A¢2P¢7pds kol =0, N, (78)
(M,),, _/Acp1 ol ol ds kl=0,..,m, (79)
(M) = /Q PR k,1=0,..,N, (80)
(K :/QaiVCI>2~V<I>fdQ k,1=0,..,N, (81)
(Ko)w :/Qaqu)Z-Vq){LdQ k,1=0,...,N. (82)

The block matrices in consist of stiffness and mass matrices calculated
on the two-dimensional and one-dimensional meshes, and a matrix @ that
contains the averaging operator . In our tests, {2 is the square (1 cm x 1 cm)
and A is a 1 cm segment. We use a uniform time and space discretization with
At = 107! ms and h = 2 x 1072 cm. We add a segment in the top right of
the myocardium, the coupling is performed using the same conditions as for the
first segment A . We stimulate the first segment at its left free extremity.

In Figure [4] we present the results. After 3ms we see the propagation in
the Purkinje fiber (panel (a) ). In panel (b), we see how the fiber activates the
myocardium in the down left coupling region. The electrical wave propagates
through the myocardium (panels (c,d)). When the electrical wave arrives at the
top right corner, it activates the second segment of the Purkinje (panel (e)). In
Figure we show the plateau phase in panel (a) and the repolarization in panels
(b), (¢), (d) and (e). In Figure 4} we see the propagation of the extracellular

potential in the myocardium at both depolarization and repolarization phase.
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A W

(a) 3ms (b) 10 ms

.

(c) 15 ms (d) 22 ms

9.632e-01
B, Eo.a

“06

04

E:o.z
0.000e+00

(e) 30 ms

Figure 3: Snapshots of the depolarization phase of the electrical wave showing the anterograde

and retrograde circulation of the electrical wave between Purkinje and myocardium.
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(a) 260 ms (b) 350 ms

(c) 370 ms (d) 380 ms
9.632¢-01

Eo.e

c06

_§0.4

Eo.z
0.000e+00

(e) 400 ms

Figure 4: Snapshots of the electrical potential at the plateau phase (panel (a)) and at the

repolarization phase (panels (b,c,d,e)).



(c) 11 ms (d) 19 ms

(e) 60 ms (f) 350 ms
4.792e-01
Eo.35147
~0.22373
10096002
E-a. 173e-02

(g) 380 ms

Figure 5: Snapshots of the extracellular potential at the different phase: depolarization and

repolarization.

27



5. Conclusion

In this paper, we have shown the existence and uniqueness of a solution for a
monodomain/bidomain coupling problem that models the Purkinje/myocardium
conduction system. We realized numerical tests in a two-dimensional framework.
The calculation should be extended to the more realistic three-dimensional

framework and the physiological ionic model.
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