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Abstract We propose a chemical-mechanical model of

myosin heads in sarcomeres, within the classical de-

scription of rigid sliding filaments. In our case, myosin

heads have two mechanical degrees-of-freedom (dofs) –

one of which associated with the so-called power stroke

– and two possible chemical states, i.e. bound to an

actin site or not. Our major motivations are twofold:

(1) to derive a multiscale coupled chemical-mechanical

model, and (2) to thus account – at the macroscopic

scale – for mechanical phenomena that are out of reach

for classical muscle models. This model is first written

in the form of Langevin stochastic equations, and we are

then able to obtain the corresponding Fokker-Planck

partial differential equations governing the probabil-

ity density functions associated with the mechanical

dofs and chemical states. This second form is impor-

tant, as it allows to monitor muscle energetics, and

also to compare our model with classical ones, such as

the Huxley’57 model to which our equations are shown

to reduce under two different types of simplifying as-

sumptions. This provides insight, and gives a Langevin

form for Huxley’57. We then show how we can calibrate

our model based on experimental data – taken here for

skeletal muscles – and numerical simulations demon-

strate the adequacy of the model to represent complex

physiological phenomena, in particular the fast isomet-
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ric transients in which the power stroke is known to

have a crucial role, thus circumventing a limitation of

many classical models.
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ment; cross-bridge; power stroke; Langevin equations;

Fokker-Planck equations

1 Introduction

Muscle contraction occurs at the nanoscale of a hierar-

chical multi-scale structure with the attachment of so-

called cross-bridges within sarcomeres, namely, the cre-

ation of chemical bonds between myosin heads and spe-

cific sites on actin filaments, under the influence of other

chemical species, namely, calcium ions and ATP, in par-

ticular (Alberts et al 2014). Furthermore, to allow for

possibly large and fast muscle length variations concur-

rent with active tension, the actin and myosin filaments

slide along each other, while the myosin heads unbind

and rebind at different actin sites (Huxley 1957). At a

finer level of detail, it has been established that this

binding-unbinding cycle has in fact four main stages,

with two distinct stages associated with different an-

gular configurations of the myosin head in each of the

bound-unbound states (Lymn and Taylor 1971). The

transition between the two angular positions in the

bound state is called the power stroke, as it is accom-

panied by a surge in the active force developed in the

cross-bridge.

In order to carry over this nanoscale behavior to

the macroscale for muscle modeling purposes, an ade-

quate multiscale approach must be undertaken. A clas-

sical strategy consists in using a statistical framework

to describe the population of myosin heads, with prob-

ability densities associated with variables that repre-
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sent the state of individual myosins. These probabilities

are then used to average microscopic quantities, hence

to obtain the desired macroscopic physical quantities

such as forces, energies, etc.. In so doing, various sim-

plifying modeling assumptions can be introduced to ob-

tain more tractable descriptions of the probability den-

sities and/or direct expressions governing the macro-

scopic quantities. A very common assumption consists

in considering the actin and myosin filaments as rigid,

with sliding allowed by the deformation of myosin heads

themselves – in addition to binding-unbinding – and

with a periodic spacing of available actin sites along

the actin filaments (Huxley 1957). Additional assump-

tions made in the pioneering Huxley’57 model consist

in modeling an active cross-bridge as a linear spring,

with chemical rates of binding and unbinding only de-

pendent on the distance to the nearest actin site. The

relevant remaining probability is then that for a myosin

located at a given distance s to the nearest actin site to

be actually attached, in which case the induced force is

in an affine relation with s. Note that this description

does not include a concept of power stroke per se, since

the deformation of a bound myosin head varies linearly

during filament sliding. Nevertheless, this muscle model

has proven to be quite amenable to numerical simula-

tions, in particular when considering the moments of

the probability – namely, integrals of this probability

weighed by powers of s – the first two moments being

directly related to the overall active stiffness and stress

induced at the macroscopic level by the cross-bridges.

Closed-form evolution equations for these moments can

be obtained by resorting to adequate closure relations

(Zahalak 1981), or with specific choices of binding and

unbinding rates (Chen and Hill 1974; Hill and Chen

1974; Bestel et al 2001; Guérin et al 2011). Further-

more, extensions have been proposed to incorporate this

type of model into a general 3D continuum mechanics

formalism compatible with large strains and complex

anisotropic constitutive behaviors, with the motivation

of enabling the modeling of the heart (Sainte-Marie et al

2006; Chapelle et al 2012). We also refer to (Peskin

1975) for a variant of the Huxley’57 equations, with

a view to a comprehensive description of the cardiac

behavior.

Moreover, experimental validations have been ob-

tained for this same model (Hill et al 1975; Zahalak and

Ma 1990; Lecarpentier et al 1998; Caruel et al 2014),

in addition to detailed validations achieved with clini-

cal data for heart models representing physiological or

pathological conditions (Chabiniok et al 2012).

However, the above-noted shortcoming of the Hux-

ley’57 type models regarding the absence of power stroke

is not without consequence, as has been observed for

some decades, including by Huxley himself with cowork-

ers (Huxley and Simmons 1971). In particular, these

models cannot account for the transient behaviors as-

sociated with time scales smaller than the time constant

of a power stroke – i.e. about 1 ms. Such phenomena

are displayed e.g. when submitting pre-activated mus-

cle fibers to very fast load steps by prescribing a sudden

change in applied force or extension (Ford et al 1977;

Piazzesi et al 2002). This is why a model with two pos-

sible chemical states – corresponding to the pre- and

post- power stroke configurations of the myosin head

engaged in a cross-bridge – was proposed in (Huxley

and Simmons 1971), combined with the same elastic

component as before to represent the deformations of

the cross-bridge in each state. While physical consid-

erations have shown that such a model with only two

chemical states and an independent elastic element can-

not have the right time constant for the power stroke

– leading to the introduction of a number of necessary

intermediate chemical states (Smith et al 2008; Smith

and Mijailovich 2008; Caremani et al 2015) – Eisen-

berg and Hill have proposed a theory by which two

chemical states interact with each other, and with one

mechanical degree-of-freedom (dof) embedded in each

chemical state (Eisenberg and Hill 1978). The free en-

ergy associated with each state is then parametrized

by this mechanical dof (Hill 2004), but – unlike in the

approach initiated in Huxley-Simmons’71 – it is not

written as the sum of a purely chemical potential (in-

dependent of the dof) and of a mechanical strain energy.

This means that the energy landscape is much less con-

strained, in particular for adjusting the energy barriers

associated with the transitions between the two states

for any given value of the mechanical dof.

An alternative path was proposed in (Marcucci and

Truskinovsky 2010a; Caruel et al 2013), where an en-

semble of discrete configurations are interpreted as lo-

cal minima of a rugged multidimensional continuous

energy landscape. The dynamics of the system is then

modeled by a Langevin-type stochastic evolution of an

internal mechanical dof on this landscape, rather than

by a discrete jump process with prescribed transition

functions. Figure 1 displays the corresponding two-dofs

model of a myosin head, with Xt denoting the overall

extension and Y t the internal dof, and with the internal

energy landscape visualized in Fig. 1(b). The necessity

of defining a large set of rate functions is then replaced

by an adequate parametrization of the landscape. This

purely mechanical approach was first used to model

the power-stroke-type transition (Marcucci and Truski-

novsky 2010a; Caruel et al 2013), and also extended

to the active ATP-linked attachment-detachment pro-

cess by adding a correlated (colored) noise to the un-
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correlated thermal fluctuations of the Langevin equa-

tion (Marcucci and Truskinovsky 2010b; Sheshka and

Truskinovsky 2014), see also (Caruel and Truskinovsky

2017) for a review.

In this work, we propose to follow an intermedi-

ate strategy by retaining the two-dofs model of (Mar-

cucci and Truskinovsky 2010a; Caruel et al 2013) of

a myosin head with the bi-stable component account-

ing for the power stroke mechanism, albeit while using

the mechano-chemical formalism of (Hill 2004) to cou-

ple this model with the chemistry of binding-unbinding

phenomena. On the one hand, the motivation of mechano-

chemical coupling at this level is very straightforward,

as it naturally provides a connection with electrophys-

iology (calcium) and with energy inputs (ATP), while

allowing to use well-established chemical rates for which

calibrated values can be found in the literature. On

the other hand, the case for a mechanical vision of the

myosin head with two dofs – rather than two (or more)

different chemical states – mainly lies in the ability to

account for two significantly different values of stiffness

parameters experimentally measured for different time

constants, namely, before and after power stroke can oc-

cur. We point out that a similar strategy was recently

proposed in (Marcucci et al 2016), see also (Washio et al

2018). Beyond a few technical differences in the micro-

scopic modeling assumptions – three local minima for

the power stroke dof in (Marcucci et al 2016) instead

of two in our case, and chemical transition within the

unbound state instead of mechanical – our main fun-

damental contribution lies in carrying over the agent-

based Langevin dynamics to Fokker-Planck type equa-

tions describing the evolution of probability densities.

Therefore, we are able to describe the behavior of the

overall population of myosin heads, which thus repre-

sents a macroscopic model of active contraction in stri-

ated muscles. This has major advantages, and in par-

ticular it allows us to derive a macroscopic energy bal-

ance equation. Furthermore, at this macroscopic level

we can rather directly compare our model with previous

mechano-chemical models. In particular, we are able to

retrieve the Huxley’57 model equations under two types

of simplifying assumptions – which provides Langevin

counterparts to these historical equations, a novel con-

tribution in itself to our best knowledge: (1) by simply

canceling the mechanical dof associated with the power

stroke, but also (2) by assuming that the time constant

of the macroscopic behavior in consideration is long

enough for this internal dof to be at thermal equilibrium

within the population. In addition, as we demonstrate

in this paper, this thermal equilibrium model proves

to be instrumental in order to carefully calibrate the

modeling components compatible with the underlying

time constant assumption, before fine-tuning the spe-

cific parts relevant in faster phenomena.

We emphasize that this paper is focused on the me-

chanics of myosin heads engaging in cross-bridges, and

on the resulting behavior at the sarcomere level. In

particular, we consider actin filaments to be fully ac-

tivated by calcium, i.e. we do not address the kinetics

of force generation associated with calcium activation,

which has been quite abundantly discussed – see e.g.

(Hunter et al 1998) and references therein – although

some open questions are still debated by physiologists

(de Tombe et al 2010; Sequeira and Velden 2017). Like-

wise, we do not consider length-dependence effects in

the sarcomere, which in cardiac physiology result in the

well-known Frank-Starling mechanism, see (Chapelle

et al 2012) for a strategy to incorporate this effect in a

Huxley’57 type model. All this is justified by the facts

that these effects can be incorporated separately, and

that physiologists are able to perform experiments in

which these effects are discarded, see e.g. (Caremani

et al 2016).

The outline of the paper is as follows. In the next

section, we introduce our proposed model, first in the

form of Langevin stochastic equations describing the

dynamics for the dofs of a myosin head, with jumps

associated with binding-unbinding chemical reactions.

This is followed by a derivation of Fokker-Planck equa-

tions governing the related probability density func-

tions associated with the same dofs and chemical states.

Then, in Section 3 we use these Fokker-Planck equa-

tions to address thermodynamics considerations, i.e. we

write the equation for the evolution of free energy –

including the mechanical contributions – and discuss

how the chemical rates should be chosen to satisfy the

second principle. Next, in Section 4 we show how our

model can be transformed based on several simplifying

assumptions, which allows a detailed comparison with

models of the Huxley’57 type, in particular. The follow-

ing Section 5 addresses the detailed calibration of the

various model components, based on experimental data

available in the literature, and provides some detailed

simulation results of the model. Then Section 6 dis-

cusses various questions and findings arising from the

results. Finally we provide some concluding remarks in

Section 7.

2 Stochastic model

Our model of myosin heads in sarcomeres is formu-

lated within the classical assumption of rigid sliding

filaments, in which myosin heads anchored to so-called

thick filaments can bind to specific actin sites located

on the thin filaments, see e.g. (Tortora and Derrikson



4 Matthieu Caruel, Philippe Moireau, Dominique Chapelle

2009) for a physiological description, and the pioneering

paper (Huxley 1957) formalizing the Huxley’57 model

in this framework. In our case, we will increase the mod-

eling complexity – compared to Huxley’57 – by intro-

ducing an additional mechanical dof to incorporate the

power stroke phenomenon.

2.1 Model of myosin II

(a)
myosin

ue

Xt

uα

ηy

ηx

Y t

actin
s
k−

k+ ẋc

(b)
myosin

ue

uα

Xt

Y t

actin
s
k−

k+ ẋc

Fig. 1 Kinematical and mechanical model of an individual
myosin head, characterized by the position of the tip Xt

and the internal conformational variable Y t used to account
for the power stroke. (a) Schematic representing all the me-
chanical elements of the cross-bridge rheology. (b) Simplified
schematic omitting the damping elements and showing the
double-well energy landscape uα associated with the power
stroke.

We consider a single myosin head anchored to the

thick filament. The variables describing the myosin head

are (see Fig. 1):

– s: location of the nearest binding site (relative to

myosin);

– Xt: location of the head tip (Xt = s when the head

is attached to the binding site);

– Y t: internal degree of freedom associated with the

angular orientation of the head with respect to the

filament axis;

– αt: attachment state, i.e. a discrete variable that

may take one of the two values αt = 1 when the

head is attached to the binding site, and αt = 0

otherwise.

The actual values of these variables at any given time

t will be denoted with t as a superscript.

We assume the actin and myosin filaments to be

rigid, so that ṡ = ẋc, which represents the relative ve-

locity of the actin filament with respect to the myosin

filament. The quantity Y t represents the internal degree

of freedom of the molecular motors that, in the case of

myosin II, accounts for the conformational change re-

sponsible for the power stroke (Howard 2001). With

these notations, the head switches from pre- to post-

power stroke when Y t increases, and the extension of

the base component – directly anchored to the myosin

filament – of the head is given by Xt + Y t. We assume

– as in (Huxley and Simmons 1971) – this base com-

ponent to be modeled by a quadratic energy ue (linear

spring), while the power stroke component associated

with Y t is modeled by a bistable element whose energy

is denoted by uα to allow for different expressions ac-

cording to whether the head is attached or detached,

see Fig. 1. Note that both parts of this figure represent

our two-dof model of a myosin head, albeit Fig. 1(b) is

intended to be more easily interpretable with the rep-

resentation of the bistable potential, whereas it does

not allow the visualization of the damping components.

The corresponding total energy landscape is then a

function of (Xt, Y t), and we denote this function by

wα(x, y) = uα(y) + ue(x+ y).

The attachment-detachment process can be viewed

as a jump process associated with the discrete variable

αt. We introduce the rate functions k+ and k− that

represent the probability of switching from detached to

attached state and vice-versa, per unit of time. We con-

sider that the attachment function depends on the val-

ues of Xt and Y t before the event and on the position

of the nearest binding site s(t). As for the detachment

rate, it only depends on Y t and s(t), since Xt = s(t)

when the head is attached. When an attachment oc-

curs, the value of the variable Xt must be adjusted to

ensure Xt = s(t) after the switch. We consider that,

during an attachment event, Xt jumps instantaneously

from its previous (unattached) position to the position

of the binding site s(t), whereas the orientation of the

head parametrized by Y t does not change. By contrast,

we suppose that a detachment event occurs without

changing the values of Xt and Y t.

Note that, in our model, the power stroke is not as-

sociated with a change of chemical states, but is instead

modeled as a purely mechanical phenomenon (Marcucci

and Truskinovsky 2010a). For consistency, the power

stroke recocking is also represented by a purely me-

chanical event.

In this framework, the dynamics of the mechanical

variables are given by the following stochastic differen-

tial equations (SDEs) of Langevin type

ηxdX
t =

[
αtηxẋc −

(
1− αt

)
∂xwα(Xt, Y t)

]
dt

+ ηxδ(t− ts)[s(t)−Xt]dt

+
(
1− αt

)√
2ηxkBT dB

t
x

ηydY
t =

[
−∂ywα(Xt, Y t)

]
dt+

√
2ηykBT dB

t
y

(1a)

(1b)

where ηx and ηy are the drag coefficients representing

the viscous damping due to the surrounding fluid, while

dBtx and dBty are independent increments of two Wiener

processes characterized by E (dBtx) = E
(
dBty

)
= 0 and
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Var(dBtx) = Var(dBty) = dt, kB denotes the Boltzmann

constant, and T is the absolute temperature. Note that

the value of αt at any time t can only be 0 or 1, hence

the nature of (1a) is drastically different according to

the chemical state. In the attached state (αt = 1), it

simplifies into dXt = ẋc dt – meaning that the myosin

head is constrained to follow the actin filament – whereas

we have an actual stochastic dynamical equation when

αt = 0. The term containing the Dirac delta function

accounts for a jump at time ts, where the degree of free-

dom Xt will instantaneously switch at t = ts from its

value before attachment denoted by Xts to s(ts). Note

indeed that time integration of (1a) between times ts
– just before the jump – and t+ – after the jump and

while the head remains attached – gives

Xt+ = Xts +
(
s(ts)−Xts

)
+ ẋc (t+ − ts) = s(t+).

For simplicity we will assume that ηx = ηy = η.

Introducing the quantity

D =
kBT

η
, (2)

which can be interpreted as a diffusion coefficient ac-

cording to Einstein’s law of diffusion, we can rewrite

System (1) as

dXt =
[
αtẋc −

(
1− αt

)
η−1∂xwα(Xt, Y t)

]
dt

+ δ(t− ts)[s(t)−Xt]dt

+
(
1− αt

)√
2DdBtx

dY t =
[
−η−1∂ywα(Xt, Y t)

]
dt+

√
2DdBty

(3a)

(3b)

In addition to the Langevin equations (3), we define

the probabilities of transitions between the attached

and detached states,{
P
[
αt+dt = 1|αt = 0

]
= k+(Xt, Y t, s, t) dt

P
[
αt+dt = 0|αt = 1

]
= k−(Y t, s, t) dt

(4a)

(4b)

2.2 Mesoscale model

We refer here to the mesoscale as a scale at which the

population of myosin heads is sufficiently large for its

effects to be satisfactorily represented by a statistical

description, namely, typically the myofibril scale where

the density of molecular motors is about 300× 103 units

per half-sarcomere (Reconditi 2006; Alberts et al 2014).

We define, for the population considered:

– Pα(s, t) the probability for a head located at dis-

tance s of the nearest binding site at time t to be

in the attached/detached state, with the following

normalization condition

P1(s, t) + P0(s, t) = 1. (5)

– p(x, y, α; s, t) dxdy the probability for a head – again,

located at distance s of the nearest binding site at

time t – to be in the state α, and between x and

x+ dx and between y and y + dy.

We emphasize that all the previous densities must be

understood as quantities pertaining to heads located at

a given distance s of the binding site, i.e. s plays the

role of a deterministic variable – like time t – not a

probabilistic one like x and y.

Here, we have the following normalization condition

∑
α=0,1

∫∫
p(x, y, α; s, t) dxdy = 1, (6)

and the relation between Pα and p

Pα(s, t) =

∫∫
p(x, y, α; s, t) dxdy. (7)

Moreover, when a head is attached we have Xt = s, so

that we can write a more specific expression for p in the

attached state

p(x, y, 1; s, t) = δ(x− s) p(y; s, t). (8)

Note that with this definition p is not – strictly speaking

– a probability density since
∫
p(y; s, t) dy = P1(s, t) 6=

1.

Our goal is now to derive a set of equations describ-

ing the evolution of these probability densities – namely,

so-called Fokker-Planck equations – based on the SDEs

of Section 2.1. To that purpose we follow a classical

path for this type of statistical mechanics model – see

e.g. (Le Bris and Lelièvre 2009, Section 4.1) for more

detail – with in our case the addition of jump terms.

Let φ(x, y, α) be a test function, on which we will ap-

ply the Itô formula on the stochastic trajectory. For a

particle initially in state αt = 0 – at the beginning of a

time increment dt – the variation of φ(Xt, Y t, αt) gives

dφ
∣∣
αt=0

=
[
− η−1∂xw0(Xt, Y t) ∂xφ(Xt, Y t, 0)

− η−1∂yw0(Xt, Y t) ∂yφ(Xt, Y t, 0)

+D∂2xφ(Xt, Y t, 0) +D∂2yφ(Xt, Y t, 0)
]
dt

+
[
φ(s, Y t, 1)− φ(Xt, Y t, 0)

]
δ(t− ts) dt

+
√

2D∂xφ(Xt, Y t, 0) dBtx

+
√

2D∂yφ(Xt, Y t, 0) dBty,

(9)

where we have introduced the fact that during a binding

event (jump to state 1)Xt switches to s instantaneously

at time ts.

As for a particle initially in state 1, we have to take

into account that, since Xt = s, the stochastic part of
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the evolution of Xt is cancelled and dXt = ẋc dt, see

(3). In addition, the jump to state 0 – if any – occurs at

fixed X and Y . Therefore, the variation of φ(Xt, Y t, αt)

reads

dφ
∣∣
αt=1

=
[
ẋc ∂xφ(Xt, Y t, 1)

− η−1∂yw1(Xt, Y t) ∂yφ(Xt, Y t, 1)

+D∂2yφ(Xt, Y t, 0)
]
dt

+
[
φ(Xt, Y t, 0)− φ(Xt, Y t, 1)

]
δ(t− ts) dt

+
√

2D∂yφ(Xt, Y t, 0) dBty.

(10)

The expectation variation is then computed by sum-

ming the contributions from the 2 types of trajectories

and integrating over x and y against the probability

density p defined above. We obtain, after integrating

by parts and dividing by dt,

d

dt
Eφ(Xt, Y t, αt)

=

∫∫
φ(x, y, 0)

[
∂x
(
η−1∂xw0(x, y)p(x, y, 0; s, t)

+D∂xp(x, y, 0; s, t)
)

+ ∂y
(
η−1∂yw0(x, y)p(x, y, 0; s, t)

+D∂yp(x, y, 0; s, t)
)]
dxdy

+

∫∫ (
φ(s, y, 1)− φ(x, y, 0)

)
k+(x, y, s) p(x, y, 0; s, t) dxdy

+

∫∫
φ(x, y, 1)

[
∂x
(
−ẋc p(x, y, 1; s, t)

)
+ ∂y

(
η−1∂yw1(x, y)p(x, y, 1; s, t)

+D∂yp(x, y, 1; s, t)
)]
dxdy

+

∫∫ (
φ(x, y, 0)− φ(x, y, 1)

)
k−(y, s) p(x, y, 1; s, t) dxdy.

(11)

On the other hand, the expectation is also obtained by

direct integration of the density, i.e.

Eφ(Xt, Y t, αt)

=
∑
α=0,1

{∫∫
φ(x, y, α)p(x, y, α; s, t) dxdy

}
, (12)

which yields by time-differentiating

d

dt
Eφ(Xt, Y t, αt)

=
∑
α=0,1

{∫∫
φ(x, y, α)

d

dt
p(x, y, α; s, t) dxdy

}
, (13)

where the material derivative notation d/dt pertains to

time variations of quantities when following a popula-

tion associated with a given value of s at time t, i.e.

d

dt
p(x, y, α; s, t) = ∂tp(x, y, α; s, t) + ẋc∂sp(x, y, α; s, t).

As the test function is arbitrary, we can identify its

coefficients between Eqs. (11) and (13), which yields



d

dt
p(x, y, 0; s, t)

= ∂x
(
η−1∂xw0(x, y)p(x, y, 0; s, t)

+D∂xp(x, y, 0; s, t)
)

+ ∂y
(
η−1∂yw0(x, y)p(x, y, 0; s, t)

+D∂yp(x, y, 0; s, t)
)

+ k−(y, s) p(x, y, 1; s, t)

− k+(x, y, s) p(x, y, 0; s, t)

d

dt
p(x, y, 1; s, t)

= ∂x (−ẋc p(x, y, 1; s, t))

+ ∂y
(
η−1∂yw1(x, y)p(x, y, 1; s, t)

+D∂yp(x, y, 1; s, t)
)

+ δ(x− s)
∫
k+(x̃, y, s) p(x̃, y, 0; s, t) dx̃

− k−(y, s) p(x, y, 1; s, t)

(14a)

(14b)

where we have used the identity

∫∫
φ(s, y, 1) k+(x, y, s) p(x, y, 0; s, t) dxdy =∫

φ(x, y, 1)δ(x−s)
∫∫

k+(x̃, y, s)p(x̃, y, 0; s, t) dx̃dxdy,

to deal with the non-standard test function term φ(s, y, 1)

present in (11). Now we further develop the time deriva-

tives, also incorporating (8), into



d

dt
p(x, y, 0; s, t) = ∂tp(x, y, 0; s, t)

+ ẋc ∂sp(x, y, 0; s, t)

d

dt
p(x, y, 1; s, t) = δ(x− s)

(
∂tp(y; s, t)

+ ẋc ∂sp(y; s, t)
)

− δ′(x− s) ẋc p(y; s, t)

(15a)

(15b)
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This leads to our final Fokker-Planck equations

∂tp(x, y, 0; s, t) + ẋc ∂sp(x, y, 0; s, t)

= ∂x
(
η−1∂xw0(x, y) p(x, y, 0; s, t)

+D∂xp(x, y, 0; s, t)
)

+ ∂y
(
η−1∂yw0(x, y) p(x, y, 0; s, t)

+D∂yp(x, y, 0; s, t)
)

+ k−(y, s) δ(x− s) p(y; s, t)

− k+(x, y, s) p(x, y, 0; s, t)

∂tp(y; s, t) + ẋc∂sp(y; s, t)

= ∂y
(
η−1∂yw1(s, y) p(y; s, t)

+D∂yp(y; s, t)
)

+

∫
k+(x, y, s) p(x, y, 0; s, t) dx

− k−(y, s) p(y; s, t)

(16a)

(16b)

Note that for P1(s, t) =
∫∫

p(x, y, 1; s, t) dxdy =∫
p(y; s, t) dy – namely, the overall probability for a

head at distance s and time t to be attached – a di-

rect integration of (16b) gives

∂tP1(s, t) + ẋc ∂sP1(s, t)

=

∫∫
k+(x, y, s) p(x, y, 0; s, t) dxdy

−
∫
k−(y, s) p(y; s, t) dy. (17)

Likewise, for the overall probability of the detached

state P0(s, t) =
∫∫

p(x, y, 0; s, t) dxdy, we have using

(16a)

∂tP0(s, t) + ẋc ∂sP0(s, t)

=

∫
k−(y, s) p(y; s, t) dy

−
∫∫

k+(x, y, s) p(x, y, 0; s, t) dxdy, (18)

so that we verify d
dtP1 + d

dtP0 = 0 as expected from the

normalization identity (5). We can then rewrite (17) as

∂tP1(s, t) + ẋc ∂sP1(s, t)

= f(s, t)
(
1− P1(s, t)

)
− g(s, t)P1(s, t), (19)

where the attachment and detachment functions f and

g are given by

f(s, t) =

∫∫
k+(x, y, s)

p(x, y, 0; s, t)

1− P1(s, t)
dxdy, (20)

g(s, t) =

∫
k−(y, s)

p(y; s, t)

P1(s, t)
dy, (21)

and we recognize in (19) the fundamental equation of

the Huxley’57 model (Huxley 1957), but here f and g

are ad hoc since they depend on P1 itself, in particular.

3 Thermodynamics considerations

We follow (Hill 2004) and define the chemical potentials

of the two states as

µ0(x, y; s, t) = w0(x, y) + kBT ln [p (x, y, 0; s, t)] , (22)

µ1(y; s, t) = w1(s, y) + kBT ln [p (y; s, t)] . (23)

Note that these potentials incorporate the mechanical

energies wα discussed in Section 2.1. The free energy is

then given by the overall mean value of chemical po-

tential, i.e.

F (s, t) =

∫∫
µ0(x, y; s, t) p(x, y, 0; s, t) dxdy

+

∫
µ1(y; s, t) p(y; s, t) dy. (24)

We now proceed to compute the total time derivative

of this free energy, namely,

d

dt
F (s, t) = ∂tF (s, t) + ẋc ∂sF (s, t)

=

∫∫ (
∂tp(x, y, 0; s, t) + ẋc ∂sp(x, y, 0; s, t)

)
×
(
w0(x, y) + kBT (ln[p(x, y, 0; s, t)] + 1)

)
dxdy

+

∫ (
∂tp(y; s, t) + ẋc ∂sp(y; s, t)

)
(
w1(s, y) + kBT (ln[p(y; s, t)] + 1)

)
dy

+ẋc

∫
∂sw1(s, y) p(y; s, t) dy.

We denote

τc =

∫
∂sw1(s, y) p(y; s, t) dy, (25)

which represents by definition the average value of the

active tension developed in attached myosin heads. Us-

ing the above Fokker-Planck equations (16) and recall-

ing that kBT = ηD, we then obtain after some straight-

forward manipulations

d

dt
F (s, t) = τc ẋc

−
∫∫

η−1p(x, y, 0; s, t)

×
[
(∂xµ0(x, y; s, t))2 + (∂yµ0(x, y; s, t))2

]
dxdy

−
∫
η−1p(y; s, t) (∂yµ1(y; s, t))2dy

+

∫∫
k+(x, y, s) p(x, y, 0; s, t)

×
[
µ1(y; s, t)− µ0(x, y; s, t)

]
dxdy

+

∫
k−(y, s) p(y, s)

[
µ0(s, y; s, t)− µ1(y; s, t)

]
dy.
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In fact, in order to obtain more insight from this bal-

ance, we need to take into account the fact that de-

tachment involves some energy input due to the con-

sumption of one ATP in each reaction. We will here

make the simplifying assumption that detachment only

occurs within the chemical reaction involving ATP, in-

deed, see also Section 6 for a related discussion on the

fundamental point concerning direct and inverse reac-

tions. Denoting by µT the chemical potential of ATP

in the solution – note that ATP concentration is kept

stable in physiological conditions – and by J
0

1 the flux

of the detachment reaction, i.e.

J
0

1 =

∫
k−(y, s) p(y; s, t) dy, (26)

we then rewrite the equation as

d

dt
F (s, t) = τc ẋc + J

0

1µT

−
∫∫

η−1p(x, y, 0; s, t)

×
[
(∂xµ0(x, y; s, t))2 + (∂yµ0(x, y; s, t))2

]
dxdy

−
∫
η−1p(y; s, t) (∂yµ1(y; s, t))2dy

+

∫∫
k+(x, y, s) p(x, y, 0; s, t)

×
[
µ1(y; s, t)− µ0(x, y; s, t)

]
dxdy

+

∫
k−(y, s) p(y, s)

×
[
µ0(s, y; s, t)− (µ1(y; s, t) + µT )

]
dy. (27)

This is an energy balance equation, which can be inter-

preted as

d

dt
F (s, t) = Pext + J

0

1µT − T Ṡprod, (28)

where Pext = τcẋc denotes the power of external forces,

J
0

1µT the influx of chemical potential provided by ATP,

and Ṡprod the entropy production rate given by

Ṡprod = T−1
[∫∫

η−1p(x, y, 0; s, t)
[
(∂xµ0(x, y; s, t))2

+(∂yµ0(x, y; s, t))2
]
dxdy

+

∫
η−1p(y; s, t) (∂yµ1(y; s, t))2dy

+

∫∫
k+(x, y, s) p(x, y, 0; s, t)

×
[
µ0(x, y; s, t)− µ1(y; s, t)

]
dxdy

+

∫
k−(y, s) p(y, s)

×
[
µ1(y; s, t) + µT − µ0(s, y; s, t)

]
dy

]
.

Here, as usual, satisfying the second principle of ther-

modynamics requires reaction rates to be defined so

that the last two terms always give a positive contribu-

tion (Hill 2004).

We finally point out that all the above quantities –

and balances, in particular – have been considered for

specific values of s, i.e. they pertain to heads located

at a distance s from their nearest possible binding site.

Therefore, in order to obtain the corresponding global

quantities we should integrate over all possible values

of s – typically, s ∈ [s−, s− + da] where da denotes the

spacing between two adjacent available binding sites on

the actin filaments, with a uniform distribution of s over

this interval.

4 Model simplifications and comparisons

The objective in this section is to investigate models

that can be derived from our above-proposed model

equations under various simplifying assumptions, in or-

der to place our model in a larger perspective and to

allow inter-model comparisons, both in their structures

and the results they can provide. In particular, we will

see that we can obtain model equations similar to Hux-

ley’57 under two different types of assumptions, associ-

ated with the following subsections.

4.1 Direct simplification of kinematical assumptions

We consider (19)–(21), and we assume as in Huxley’57

that there is only one degree of freedom in a myosin

head – namely, Xt – which is equivalent to assuming

that Y t has a fixed value Y t = 0, hence,

p(y; s, t) = P1(s, t)δ(y),

p(x, y, 0; s, t) = p̂(x; s, t)δ(y).

(29a)

(29b)

We also follow Huxley’57 in assuming that the proba-

bility of attachment does not depend on Xt, i.e.

k+(x, 0, s) = f(s), (30)

which is consistent with (20) since∫∫
p(x, y, 0; s, t) dxdy =

∫
p̂(x; s, t) dx

= P0(s, t) = 1 − P1(s, t).

Moreover, (21) yields

g(s, t) = k−(0, s) = g(s), (31)

and we recover the original Huxley equation

∂tP1(s, t) + ẋc ∂sP1(s, t)

= f(s)
(
1− P1(s, t)

)
− g(s)P1(s, t), (32)
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with f and g creation and destruction rates that now

only depend on s. Note that, although this result was

to be expected, this derivation shows that there is a

Langevin form for the Huxley’57 model.

4.2 Thermal equilibrium model

When considering phenomena associated with time con-

stants over which thermal equilibrium can be assumed

to hold for the mechanical degrees of freedom – namely,

typically larger than 10 ms (Hill 1974, 1976) – the prob-

ability density functions can be computed based on the

canonical distributions associated with the energy land-

scape in each state. Namely, we then have

p(x, y, 0; s, t) = pth0 (x, y)P0(s, t),

p(y; s, t) = pth1 (y; s)P1(s, t),

(33a)

(33b)

with

pth0 (x, y) = Z−10 exp
[
−w0(x, y)

kBT

]
,

pth1 (y; s) = Z1(s)−1 exp
[
−w1(s, y)

kBT

]
,

(34a)

(34b)

where the partition functions Z0 and Z1(s) are given

by

Z0 =

∫∫
exp
[
−w0(x, y)

kBT

]
dxdy,

Z1(s) =

∫
exp
[
−w1(s, y)

kBT

]
dy.

(35a)

(35b)

In this case, (20) and (21) simplify into

f th(s) =

∫∫
k+(x, y, s)pth0 (x, y) dxdy,

gth(s) =

∫
k−(y, s)pth1 (y; s) dy,

(36a)

(36b)

and this provides a full justification of the Huxley equa-

tion (19) with reaction rates (f, g) = (f th, gth) now

independent of the ratio of currently attached bridges

P1(s, t). Note that a similar simplification has also been

considered in the case of discrete attached states in (Za-

halak 2000). We emphasize that our justification holds

here in the framework of more complex modeling as-

sumptions than in Huxley’57, since in our case myosin

heads are associated with two mechanical degrees of

freedom. In the rest of this paper, we will call the simpli-

fied model obtained here the thermal equilibrium model,

by which we mean that the degrees of freedom associ-

ated with the myosin heads are distributed according to

the probabilities (34) in each of the attachment states.

4.3 Derivation of macroscopic model equations

It is very valuable – to reduce complexity and gain

insight – to obtain completely macroscopic equations

describing the muscle behavior, i.e. relations govern-

ing macroscopic physical quantities such as stresses and

strains. We now show how this can be achieved starting

from Huxley’57 equations, and we will use the results

as comparisons in our interpretations and discussions

of our stochastic model below. We assume here that

the deformations of all the half-sarcomeres constitut-

ing a myofibril are identical, see e.g. (Givli 2010) and

references therein for modeling the effect of local inho-

mogeneities of sarcomeres in muscle contraction.

As proposed in (Zahalak 1981), we can introduce

the moment quantities

Mp(t) =
1

da

∫ s−+da

s=s−

spP1(s, t) ds,

with da the spacing between two adjacent available

binding sites on the actin filaments. Note that it is

reasonable to assume that the span of myosin heads

is much smaller than da, hence P1(s, t) tends to zero

when s tends to the ends of the interval [s−, s− + da].

We point out that M0 represents the overall ratio of

actually created cross-bridges among all myosin heads,

while M1/M0 is the average extension (value of X = s)

in the active cross-bridges. Then we infer from (32), for

p ≥ 1 and using an integration by parts,

Ṁp = p ẋcMp−1 + fp

− 1

da

∫ s−+da

s=s−

(
f(s) + g(s)

)
spP1(s, t) ds, (37)

with

fp(s) =
1

da

∫ s−+da

s=s−

spf(s) ds.

In order to use this sequence of dynamical equations

to solve for the moments Mp, the main difficulty con-

sists in dealing with the integral term that still contains

P1(s, t), as the factor f(s)+g(s) may in essence involve

a large number of monomials sq – leading to coupling

with many moments – for a correct representation. Var-

ious approaches have been proposed to tackle this prob-

lem, in particular by considering specific shapes of the

function P1(s, t) (Zahalak 1981).

Now, if we assume as in (Bestel et al 2001; Guérin

et al 2011; Chapelle et al 2012) that the combination

f(s)+g(s) does not depend on s, but only on quantities

that are homogeneous at the sarcomere level – such as
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xc or various chemical concentrations – we have the

simplification

Ṁp = p ẋcMp−1 − (f + g)Mp + fp. (38)

For p = 0 we directly have

Ṁ0 = −(f + g)M0 + f0. (39)

Furthermore, a straightforward derivation of the active

force can be obtained when considering as in (Bestel

et al 2001; Chapelle et al 2012) a quadratic internal

elastic energy of the form (attached state)

w1(x) = we(x) =
κm
2

(x+ s0)2, (40)

where κm denotes the individual stiffness of the myosin

head, and −s0 represents the equilibrium position of

this linear spring. Then the tension generated in the

tissue per unit area of fiber cross-section (in the refer-

ence configuration) is given by the sum of the individual

myosin contributions, that we can compute e.g. by con-

sidering a half-sarcomere – of length `hs in the reference

configuration – as

Tc =
1

da

∫ s−+da

s=s−

ρm`hsκm(s+ s0)P1(s, t) ds,

where ρm denotes the number of myosin heads per unit

volume in the reference configuration, and therefore

Tc = `hskvol(s0M0 +M1),

with kvol = ρmκm. Defining now the macroscopic stiff-

ness quantity

Kc = `2hskvolM0,

the direct application of (38)-(39) gives
K̇c = −(f + g)Kc + f0K∞

Ṫc = −(f + g)Tc +Kcėc +
s0f0 + f1

`hs
K∞

(41a)

(41b)

with K∞ = `2hskvol and ėc = ẋc/`hs. Note that K∞ cor-

responds to the (virtual) tangent stiffness that would be

associated with all cross-bridges attached at the same

time. This type of model has the major advantage that

only the above system of ordinary differential equations

needs to be solved to fully describe the macroscopic me-

chanical behavior, not the partial differential equation

governing P1(s, t).

In isometric condition, the steady state stiffness and

tension are then given by

Ǩc =
f0K∞
f + g

, Ťc =
s0 + f1/f0

`hs
Ǩc.

One crucial capability of striated muscles is also that

they must be able to sustain significant deformation

rates, and in particular substantial shortening rates with-

out drastic drop in the active tension due to the tangent

stiffness of attached cross-bridges. One should note – in-

deed – that there are competing effects in this stiffness-

related tension variation versus the ability of cross-

bridges to detach and reattach at a different location

to reinforce active tension. In order to illustrate this,

we can directly infer from (41a)-(41b) the steady-state

active tension obtained under constant strain rate as

Tc = Ťc +
Ǩc

f + g
ėc. (42)

Therefore, the efficiency is maximized in shortening when

the tangent stiffness K0 is low and the reaction rates

are high. This also shows that this type of model can

be quite directly calibrated based on measurements of

the isometric tension, and of the variations of the active

tension in sliding – such as in force-velocity curves. We

will further discuss stiffness considerations in the final

discussion section.

5 Model calibration and results

In this section we demonstrate how the model can be

consistently calibrated using published values of some

directly measured parameters, and data from single fiber

experiments. Note that we will only consider situations

in which we can neglect the purely passive contribu-

tion compared to the active force in the overall mea-

sured tension. For calibration purposes we will abun-

dantly use as an intermediate step the simplification of

our model introduced in Section 4.2 – i.e. the thermal

equilibrium model – before performing complete simu-

lations of our stochastic model for validation.

5.1 Physical requirements

The calibration procedure of these parameters is ex-

plained in the next subsections, except when the val-

ues are taken directly from the existing literature. We

will start with the mechanical parameters (energy land-

scapes), before considering the reaction rates.

5.1.1 Energy landscapes

The energy landscape associated with the power stroke

is modeled by a bistable potential, which we represent

by the piecewise parabolic functions uα(y) – for α = 0

or 1 – shown in Fig. 2(a) as proposed in (Marcucci

and Truskinovsky 2010a) for the attached state, see
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Table 1 Parameters of the model calibrated using data from single fiber experiments found in (Edman and Hwang 1977;
Ford et al 1977; Linari et al 2009)

Parameter Symbol Value Unit

Power stroke potentials

Power stroke characteristic length a 11 nm
Bistable element in attached state (α = 1)

u1(y) =

{
(κ1pre/2) y2 + v1 if y ≤ `1
(κ1post/2) (y − a)2 otherwize

κ1pre 2.72 pN nm−1

κ1post 1.54 pN nm−1

`1 2.2 nm
v1 = (κ1post/2) (`1 − a)2 − (κ1pre/2) `21 v1 53 zJ

Bistable element in detached state (α = 0)

u0(y) =

{
(κ0pre/2) y2 + v0 if y ≤ `0
(κ0post/2) (y − a0)2 otherwize

a0 7.7 nm
κ0pre 2.72 pN nm−1

κ0post 0.41 pN nm−1

`0 3.3 nm
v0 = (κ0post/2) (`0 − a0)2 − (κ0pre/2) `20 v0 -10.9 zJ

Energy landscapes wα(x, y) = uα(y) + ue(x+ y) (Fig.2)

uα(y) = uα(y + sα) κ 2.72 pN nm−1

ue(x+ y) = (κ/2)(x+ y)2 s0 0 nm
s1 1.9 nm

Stochastic dynamics

Drag coefficient η 0.99 ms pN nm−1

Microscopic timescale γ = η/κ 0.36 ms

Attachment / detachment rates (Figs.3-4)

k+(s, y) = ψ0pre (y) k+(s)
k−(s, y) = ψ1pre (y) k−pre (s, y) + ψ1post (y) k−post (s, y)
ψαpre(y) = 1/2 {1 + tanh [λ1 (`α − y − sα)]} , ψαpost = 1− ψ0α λ1 7.3 nm−1

k+(s) = k1 exp
[
−λ2s6

]
k−post (s, y) = kmin + (k0/2) {1− tanh [λ3 (s+ y − `−)]}
k−pre (s, y) = kmin + k1 exp[λ4 (s+ y − `+)]

k1 48.9 s−1

k0 1378 s−1

λ2 62× 10−6 nm−6

kmin 11 s−1

λ3 318 nm−1

`+ 5.0 nm
λ4 2.3 nm−1

`− -1.7 nm

Scaling parameters

Maximum number of cross-bridges per myosin filament N 300
Reference length of a half sarcomere `hs 1 µm
Density of thick filament in the muscle cross section ρsarc 5× 1014 m−2

Myofilaments compliance Cm 13 nm MPa−1

also their detailed definitions and associated parame-

ters in Table 1. The myosin head is thus characterized

by 7 parameters, namely, a, the power stroke charac-

teristic length, καpre and καpost the stiffnesses of the

pre-and post-power stroke conformations, respectively,

and `α, the position of the energy barriers between the

states. Note that the intrinsic energy difference between

the pre- and post-power stroke states vα is then con-

strained to preserve continuity of the energy functional.

The existence of the two conformations, which was first

postulated in (Huxley and Simmons 1971), was con-

firmed by X-ray crystallography in (Dominguez et al

1998; Rayment et al 1993). The power stroke was shown

to correspond to a rotation of about 70° of the lever arm

present in the myosin head, leading to a displacement

of its tip of about 11 nm, hence we associate this value

with our characteristic length a. The calibration of the

other parameters characterizing the energy landscape

is explained in Section 5.2.

5.1.2 Energy of a cross-bridge

To take into account the intrinsic elasticity of the myosin

head, the bistable element is associated in series with

an elastic element with energy ue which we consider as

linear elastic with the stiffness κ, so that the overall

energy of a single cross-bridge is given by wα(x, y) =
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Fig. 2 (a) Representation of the bistable potential in the attached (u1) and detached (u0) states; the detached state is shown
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uα(y) + ue(x + y) = uα(y + sα) + (κ/2)(x + y)2. Here

we introduced a reference length sα, which amounts for

the attached state to an average pre-strain in isomet-

ric conditions, see Section 5.2.2, for the details of the

calibration. The level sets of the total cross-bridge en-

ergy are represented in Figs. 2(b)-(c). Notice that the

energy landscape appears as a function of x and y in

the detached state [see (b)], and as a function of s and

y in the attached state [see (c)], since x = s when the

myosin head is bound to the actin filament, thus form-

ing a cross-bridge. The energy of a cross-bridge w1 and

the equilibrium distribution pth1 are represented as func-

tions of the power-stroke variable y for different values

of s in Figs. 2(d)-(f). At large s, the landscape is biased

towards the pre-power stroke state [see (d)]. Around

s = 0, both pre- and post-power stroke states are ac-

cessible [see (e)], whereas at further shortening only the

post-power stroke conformation is populated [see (f)].

5.1.3 Attachment and detachment rates

The dynamics of the coordinate α, describing attach-

ment and detachment, is controlled by the transition

rates k+ and k−, which were introduced in (4). These

transition rates are functions of the mechanical degrees

of freedom (x, y), and also of s, which provides a large

leeway of choices. In this paper, we will provide a form –

by no means unique – fulfilling essential and consensual

criteria. One goal of our model is to reproduce the four

steps of the Lymn-Taylor cycle, namely, (i) the myosin

head attaches in a pre-power stroke position, (ii) the

cross-bridge executes the power stroke while attached,

(iii) the cross-bridge detaches after the power stroke is

completed, in such a way to prevent the motor to be

counterproductive, and (iv) the detached head returns

to its original pre-power stroke conformation before it

can attach again.

One can see that the most basic requirement is that

the rates depend on the conformation of the cross-bridge,

i.e. on the position of the power stroke variable y with

respect to the location of the energy barrier between the

states, `α. Therefore, we introduce the “logic” functions

ψαpre(y) and ψαpost(y) shown in Fig. 3(a).

We then prescribe that the attachment can only oc-

cur when the myosin head is in the vicinity of an actin

attachment site. As the distance between the head and

the nearest binding site is given by s, we introduce the

function k+(s) displayed in Fig. 3(b), and we define the

attachment rate as k+(s, y) = ψ0pre(y) k+(s), which im-

plies that the attachment occurs only when the myosin

head is detached in its pre-power-stroke conformation
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Fig. 3 Attachment and detachment functions. (a) Indicator functions ψαpre and ψαpost, designating the pre-and post-power
stroke configuration, respectively in the detached (top) and attached (bottom) states. (b) Attachment function from the pre-
power stroke state. (c) Detachment functions from the pre- (dashed) and the post- (solid) power stroke states with rectangular
area zoomed in inset.

(function ψ0pre) and sufficiently close to a binding site

(function k+).

The detachment rate function is known to increase

with the compressive force borne by the cross-bridge,

resulting in a catch bond-type behavior (Duke 2000;

Caremani et al 2015; Guo and Guilford 2006; Erdmann

and Schwarz 2012; Veigel et al 2003; Akalp and Vernerey

2016). Similarly, the head detaches when it is pulled to-

wards rupture of the bond. In our model, the force ap-

plied on a myosin head is proportional to the variable

s+ y, so we define two functions of this variable, k−pre

and k−post describing the detachment rates in pre- and

in post-power stroke, respectively, see Fig.3(c). Finally,

the detachment rate is given by

k−(s, y) = ψ1pre (y) k−pre (s+ y)

+ ψ1post (y) k−post (s+ y) .

The attachment and detachment rates k+ and k−
are visualized in the (s, y) plane in Figs. 4(a)-(b), to-

gether with the contour lines of the energy landscape

in the detached and attached states, respectively. When

the fiber shortens, the value of s decreases and eventu-

ally enters the interval around s = 0 where the attach-

ment rate is highest, and this also corresponds to the

region of the relaxed configuration for the pre-power

stroke detached head, see label 1 in Fig. 4(a). When

the cross-bridge is attached, force is produced as long

as the cross-bridge is in tension, i.e. s+ y > 0.

During shortening, the system is driven by the gra-

dient of the energy landscape – in the y direction – to-

wards the post-power stroke state, see 2 3 in Fig. 4(b).

When s < −a (here a = 11nm), the gradient of the en-

ergy landscape is such that the cross-bridge becomes

compressed and therefore counterproductive, hence the

rapidly increasing detachment rate. Similarly when the

muscle is lengthened, the cross-bridge should rapidly

detach to allow the force to relax.

In Fig. 4(c) we represent the rates introduced in

(36), which integrate all possibilities of attachment and

detachment, i.e. from all possible values of the power

stroke variable y, assumed to be distributed according

to its equilibrium probability density at fixed s, namely

pth1 , see (34).

5.2 Parameter calibration based on the thermal

equilibrium model

In this section, we will calibrate all the remaining pa-

rameters – except for the drag coefficient η that will be

dealt with in Section 5.3.2 – based on the thermal equi-

librium model and manipulations thereof to determine

the effect of the parameters, and using experimental

data for isometric contraction, quick recovery of force

in fast isometric transients, and force-velocity relation.

5.2.1 Isometric contraction

One of the most usual experiments conducted on a sin-

gle muscle fiber is the measurement of isometric ten-

sion, which is the maximum active force that the fiber

can generate under fixed length condition (McMahon

1984). The sarcomere length directly affects the de-

gree of overlap of the myofilaments, and therefore con-

trols the number of cross-bridges that are available for

attachment. This phenomenon is at the origin of the

so-called Frank-Starling effect in cardiology (Moss and

Fitzsimons 2002; Niederer and Smith 2009; Caruel et al

2014). However, in this paper we do not consider this

effect, and instead assume that the experiments are per-

formed in the region of optimal overlap between the my-
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ofilaments, which means that all cross-bridges can be

recruited for attachment. The typical isometric stress

measured on frog sartorius muscle (rana esculenta), un-

der physiological conditions, is of the order of 160 kPa

(Brunello et al 2014). In such conditions about 22 % of

the cross-bridges are attached to actin filaments. In the

steady state regime under isometric conditions, we may

reasonably assume that all the internal degrees of free-

dom of the cross-bridges are distributed according to

their thermal equilibrium probability density, see (34).

Hence, denoting by P̌ th1 (s) the probability for a head

– in thermal equilibrium and isometric condition – lo-

cated at position s to be attached, (19) leads to

P̌ th1 (s) =
f th(s)

f th(s) + gth(s)
, (43)

where f th and gth are the equilibrium attachment and

detachment rates given by (36), respectively. Then the

fraction of attached myosin heads can be computed as

follows

ňth1 =
1

da

∫ s−+da

s=s−

P̌ th1 (s) ds. (44)

Similarly, the average isometric tension generated by a

myosin head (available for attachment) is given by

τ̌ thc =
1

da

∫ s−+da

s=s−

P̌ th1 (s) τ thc (s) ds, (45)

where τ thc (s) is the average tension generated by cross-

bridges attached at s, i.e.

τ thc (s) =

∫
y

κ(s+ y) pth1 (y; s) dy, (46)

with pth1 given by (34). Note that this quantity is inde-

pendent of the isometric assumption. The average stiff-

ness per myosin can also be computed as

κ̌thc =
1

da

∫ s−+da

s=s−

P̌ th1 (s) ∂sτ
th
c ds. (47)

This corresponds to variations of τ̌ thc per unit length of

extension variation, for such variations assumed to be

slow enough to preserve thermal equilibrium and fast

enough to not allow binding or unbinding.

As in Section 4.1, the above quantities have to be

rescaled to obtain the macroscopic isometric tension per

unit cross section T0 = ρm`hsτ̌
th
c , and the correspond-

ing stiffness quantity K0 = ρm`
2
hsκ̌

th
c – using here the

standard muscle physiology notation (T0,K0) for iso-

metric contraction. We point out that ρm`hs = ρsarcN ,

where ρsarc denotes the density of myosin filaments in
the muscle cross section, and N the maximum number

of cross-bridges per myosin filament, and therefore

T0 = ρsarcNτ̌
th
c , K0 = ρsarcN`hsκ̌

th
c , (48)

for which typical values of the scaling coefficients are

N = 300, and ρsarc = 5 × 1014 m−2, see (Mobley and

Eisenberg 1975; Reconditi 2006).

The isometric distribution P̌ th1 is shown in Fig. 5(a),

together with the rates f th and gth. With the chosen at-

tachment and detachment rate functions, the distribu-

tion is rather uniform on the interval where the attach-

ment function is positive (dotted line). Hence, the frac-

tion of cross-bridges attached in isometric contraction

can be inferred from the ratio of the width of the dis-

tribution over the distance between two binding sites,

and the ratio between the plateau values of f th and gth.

The value of the maximum attachment rate k1 is ad-

justed so that the maximum of f th is of about 40 s−1, in

accordance with (Caremani et al 2015). The minimum
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of an attached myosin head; solid lines represent distribution of force (b) and stiffness (c). Circles in (a)-(b) represent average
values obtained with stochastic simulations.

value of the detachment rate kmin is also chosen based

on (Caremani et al 2015) where we picked a value corre-

sponding to the detachment from an intermediate stage

of the power stroke, namely kmin = 11 s−1. The supports

of the rate functions k+, k−pre and k−post (λ1,2,3 and s±)

are then adjusted so as to provide a width of the dis-

tribution P̌ th1 leading to a fraction of attached heads

ňth1 – see Table 2 – consistent with values found in the

literature, such as in (Piazzesi et al 2007; Brunello et al

2014; Linari et al 1998).

Once the distribution P̌ th1 is calibrated, the parame-

ters of the bistable potential u1 can be adjusted so that

the equilibrium isometric tension coincides with exper-

imental values which are of the order of 5–6 pN per

attached head (Brunello et al 2014). The energy of an

attached cross-bridge depends on five parameters (see

Tab. 1), namely a, κ1pre, κ1post, `1 and κ. The power

stroke characteristic distance a = 11 nm has already

been set based on literature data as discussed above.

Moreover, several experimental techniques also allow

an indirect measurement of the stiffness parameter κ,

which is taken here as κ = 2.72 pN.nm−1, see (Linari

et al 1998; Piazzesi et al 2007; Linari et al 2007; Fusi

et al 2014; Linari et al 2009; Brunello et al 2014). The

stiffness parameters of the pre- and post-power stroke

states (κ1pre and κ1post) are directly constrained to re-

produce the fast isometric transient experiments (see

Section 5.2.2), so the only remaining parameter is `1,

i.e. the position of the energy barrier on which depends

the intrinsic energy bias of the attached potential, v1.

The effect of increasing v1 is illustrated by the arrow in

Fig. 5(b). When v1 increases – `1 decreases – the isomet-

ric force per head increases as the equilibrium density

moves towards the post-power stroke state. A direct

adjustment of the position of the energy barrier allows

to find τ̌ thc = 1.14 pN, which is the average force per

head including the detached ones, and this corresponds

to an average force per attached head of 5.1 pN, in ac-

cordance with experimental data reported in (Brunello

et al 2014). After rescaling, we obtain the macroscopic

value T0 = 171 kPa, which is physiologically relevant.

Similarly, the obtained average stiffness per head is

κ̌thc = 22× 10−3 pNnm−1. This corresponds to a stiff-

ness per attached head of 0.1 pNnm−1 and to a macro-

scopic modulus K0 = 3.27 MPa. Notice that the above

stiffness quantity κ̌thc is different from the stiffness κ

of the myosin head. The latter can be interpreted as

an instantaneous stiffness that can probed using for in-

stance rapid out of equilibrium shortening or lengthen-

ing of a muscle fiber, see Section 5.2.2. The former is

defined in (47) and can be interpreted as a stiffness asso-

ciated with a slower timescale – typically 1 ms – see also

Section 5.2.2 for greater detail. The calibration results

concerning the isometric contraction are summarized in

Table 2.

At this stage of the calibration, the only parame-

ters remaining to be adjusted are those of the detached

potential u0. To our best knowledge, there is no di-

rect characterization for the mechanical properties of

the detached heads, which gives a large leeway for the

parameters of the u0 energy landscape. However, the

shape of the double well potential dictates the timescale

for the repriming of the power stroke mechanism, which

is an important element in the calibration the model. In

our case, we adjust the detached energy function u0 so

that the Kramers theory estimate of the equilibration

timescale is about 7 ms.

5.2.2 Fast isometric transients

The remaining parameters of the cross-bridge energy

in the attached state are the stiffnesses κ1pre and κ1post.

These two parameters can be inferred from mechani-

cal experiments focussing on the so-called quick force

recovery during fast isometric transients. The protocol

was originally designed by A.F. Huxley and R.M. Sim-
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Table 2 Main quantities characterizing the state of isometric contraction.

Parameter symbol values unit
Thermal eq. Stochastic

Fraction of cross-bridge attached ň1 0.222 0.217
Number of attached heads / half-sarc. Ň1 67 65
Total stress T0 171 165 kPa
Tension per head τ̌c 1.14 1.1 pN
Tension per attached head τ̌c1 5.12 5.07 pN
Average stiffness per head (6= κ) κ̌c 22× 10−3 18× 10−3 pN nm−1

Average stiffness per attached head κ̌c1 0.1 0.08 pN nm−1

Active modulus K0 3.27 2.73 MPa

mons in (Huxley and Simmons 1971), then extensively

used and improved ever since, see e.g. (Ford et al 1977;

Lombardi et al 1992; Piazzesi et al 2002). An isomet-

rically contracting muscle fiber is submitted to rapid

(∼ 100 µs) length changes while the evolution of the

tension is recorded. The mechanical response of the

fibers to shortening steps of various sizes was shown to

comprise four phases. Phase 1 corresponds to the purely

elastic response, which takes place during the applied

length step itself. The tension at the end of this phase

is denoted by T1. During phase 2, the tension recovers

partially its original value within a few milliseconds.

The end of phase 2 is signaled by a plateau in the time

evolution of the tension. The tension at the plateau

is denoted by T2. This timescale is known to be too

small to allow the process of attachment-detachment

to take place. Therefore, phase 2 happens with a con-

stant number of attached motors. The rise in tension

is attributed to the power stroke mechanism, which al-

lows the attached cross-bridges to generate force upon

performing the conformational change. The quick force

recovery observed during phase 2 thus corresponds to

the relaxation of the attached cross-bridge towards the

thermal equilibrium configuration associated with the

new fiber length.

Phases 3 and 4 are happening on a timescale of more

than 10 ms. They correspond to the initiation and the

steady state regime of the attachment / detachment

process, which allows to return to the initial isometric

tension corresponding to the new fixed length.

Taking the isometric contraction as the initial equi-

librium state, we consider an instantaneous displace-

ment of the actin filament, which we denote by δs. We

assume that phase 1 is sufficiently fast to consider that

the distribution inside the double well energy landscape

does not change, i.e. for any given attached head, y re-

mains constant. As a result, the variation of the tension

is solely due to the change in x = s, so that for a head

attached at s the tension variation is κδs. Therefore the

tension per head at the end of the step can be written

as τ1(δs) = τ̌ thc + κ ňth1 δs, with τ̌ thc the isometric force

per head given in (45), and ňth1 the fraction of attached

head in isometric condition in (44). After rescaling, this

gives the total stress at the end of phase 1

T1(δs) = T0 + ρsarcNκ ň
th
1 δs. (49)

At the end of phase 2, the power stroke variable

y of all attached heads is distributed according to its

equilibrium density at the new position of the binding

site. Hence, the tension T2 attained at the end of phase

2 can be computed from

T2(δs) = ρsarcN
1

da

∫ s−+da

s=s−

P̌ th1 (s) τ thc (s+ δs) ds, (50)

where P̌ th1 is the isometric density of attached head

(43) and τ thc is the thermal equilibrium tension of an

attached cross-bridge (46). Note that the slope of the

T2(δs) curve around δs = 0 gives a stiffness quantity

that is directly associated with the individual myosin

stiffness computed in (47).

The above computation cannot be used directly to

confront our results with the experimental data. Indeed,

the experimental apparatus controls the length step at

the level of the half sarcomere, and not directly of the

myofilaments. To compare our results with the experi-

mental data, we must take into account the compliance

of the filaments, which we represent as a linear elastic

element in series with the cross-bridge array. We denote

by Cm the compliance of the myofilament, taken from

(Brunello et al 2014) as Cm = 13 nm MPa−1. Then,

at the end of phase 1 and phase 2, we can deduce the

total length change per half sarcomere δ`hs from our

displacements δs by adding the corresponding filament

length change. The total length changes are thus given

by

δ`hs (δs) = δs+ Cm [T1 (δs)− T0] ,

δ`hs(δs) = δs+ Cm [T2 (δs)− T0] ,
(51)

for phase 1 and phase 2, respectively. We can then check

in Fig. 6(b) that the T1 curve that we obtained is in

adequacy with experimental data, as expected since the
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stiffness parameter κ was taken from experimentally

calibrated values.

For the calibration of the T2 curve, in order to more

clearly identify the associated parameter sensitivities,

we observe that for large shortening steps the tension

τ thc (s) becomes a linear function of s, due to the fact

that almost all the attached cross-bridges are in the

post-power stroke state and thus have the same stiffness

κ1post, see Fig. 6(a). We can then use the approximation

τ thc (s + δs) ≈ κ1postκ
κ+κ1post

(s + δs + a − s1) in (50). With

the chosen rate functions, we can also consider that the

distribution of the attached state P̌ th1 is constant over

an interval [siso− , siso+ ] centered around s = 0. With these

two approximations, (50) simplifies into

T2(δs) ≈ ρsarcNňth1
κ1postκ

κ+ κ1post

(δs+ a− s1), (52)

which allows to calibrate the parameters κ1post and s1.

The results of our calibrations are shown in Fig. 6.

In (a) we show how T2 is computed, as an illustration of

(50). In (b) the results of these computations (dashed

line for phase 1 and solid line for phase 2) are compared

to experimental data (rectangles for phase 1 and circles

for phase 2) gathered from (Ford et al 1977; Brunello

et al 2007; Linari et al 2009).

The T2 curve shows a plateau near the isometric

point at δ`hs = 0 – see Fig. 6(b) – which is the conse-

quence of the relatively low value of the modulus κ̌thc ,

since the slope of T2 at s = 0 is directly given by

ρsarcNκ̌
th
c .

The transient response to fast length changes in

stretching was much less investigated experimentally

than in shortening. In (Piazzesi et al 1997) and (Brunello

et al 2007), such experiments were conducted, but the

presence of a linear part of the T2 curve in stretch-

ing is much less clear than in shortening. Without fur-

ther information about the behavior in stretching, our

parameter κ1pre remains poorly constrained. The value

κ1pre = 2.72 pN nm−1 was chosen arbitrarily but close

to the value of the post-power stroke stiffness, κ1post =

1.57 pN nm−1, see Table 1 and Fig. 5(c) (dashed line).

5.2.3 Force-velocity relation

Another major feature for characterizing the mechani-

cal behavior of a muscle is the so-called force-velocity

relation, i.e. the maximum shortening speed under a

given external force. Here, we follow a slightly differ-

ent protocol and prescribe a constant shortening ve-

locity ṡ = ẋc. One can derive an approximation of the

force-velocity relation by again assuming that the power

stroke element equilibrates faster than the characteris-

tic time of the attachment-detachment process and con-

sider the dynamics of the two state dynamic equation

(19), with the rates (36). In the steady state regime, we

have

ẋc ∂sP1 = f th(s) [1− P1]− gth(s)P1, (53)

which can be solved numerically for different values of

ẋc. Energy landscapes and the attachment rate have

been calibrated in Sections 5.2.1 and 5.2.2. Here we

adjust the detachment function using the force-velocity

relation measured in (Edman and Hwang 1977).

Numerical solutions of (53) and the corresponding

force distributions are represented in Figs. 7(a)-(b) for

various shortening speeds. The dotted lines represent

the distributions in isometric conditions, already shown

in Fig. 5. As the shortening velocity increases, the dis-

tribution spreads towards negative values of s. As a

result, some attached cross-bridges are drifted in a re-

gion where the equilibrium force becomes negative, see

Fig. 7(b). When the population of compressed elements

equilibrates the population of cross-bridges in tension,

the total average force is equal to 0. The correspond-

ing velocity is the maximum shortening velocity – of-

ten denoted by Vmax – that the muscle fiber can sus-

tain. The value of Vmax is controlled by the detach-

ment function k−post, which is essentially characterized

by the threshold position `− and the amplitude k0.

Decreasing the value of `− and the value of k0 will

increase Vmax, since the point where the compressed

cross-bridges compensate those in tension will corre-

spond to a higher shortening velocity. We have chosen

the value of k0 = 1378 s−1, consistent with the value

reported in (Caremani et al 2015) (parameter k5), and

`− was then used as the sole adjustment parameter to

obtain an adequate value of Vmax for the full stochastic

model, which provides a value larger than the exper-

imental characterization of (Edman and Hwang 1977)

with the thermal equilibrium model, see Fig. 7(c).

5.3 Results obtained using the full stochastic model

In the previous section, the calibration was mostly per-

formed using the simplified model by which the internal

degree of freedom y representing the orientation of the

myosin head was assumed to be in thermal equilibrium.

We will now report on detailed Monte-Carlo simulations

of the complete model (typically with 10000 particles

in each simulation and a time step of 0.4 µs).

5.3.1 Typical trajectories

To illustrate the above calibration of the energy land-

scapes and the rates, we present a typical trajectory

of a single motor submitted to an imposed sliding of
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the filament at constant shortening rate, see Fig. 8.

The four steps of the Lymn-Taylor cycle are well re-

produced. When the head binds – see (2) in Fig. 8(a)

– it executes the power stroke before detaching when

the tension becomes negative – see (3) and (4).

5.3.2 Fast isometric transients and associated

timescales

We have performed complete stochastic simulations of

the isometric transients already discussed in Section

5.2.2. An example of the response to a rapid shorten-

ing of 4 nm is shown in Fig. 9. We checked that within

the time of the quick force recovery, the fraction of at-

tached heads changes by less than 1%, which supports

the theory according to which the force recovery is due

to the relaxation of the power stroke mechanism. We

computed the simulated tension levels T1 and T2 asso-

ciated with varying values of length variations following

the method proposed in (Ford et al 1977) – see Fig. 9

– and the results are shown in Fig. 6(b), compared with

experimental data found in (Piazzesi et al 1992; Linari

et al 2009; Ford et al 1977). We note that the predicted

values are in excellent agreement with those obtained

with the thermal equilibrium model and with the ex-

perimental values.

In addition, the fast isometric transient provides a

direct way to calibrate the timescale of the stochastic

dynamics. The so-called quick force recovery – second

phase of the fast isometric transient response – corre-

sponds to the relaxation of the internal degree of free-

dom y towards a new equilibrium. The dynamics of this

process is supposedly independent of the attachment-

detachment kinetics, and is therefore determined by the

value of the microscopic timescale γ = η/κ, where η is

an unknown drag coefficient – that remains to be cali-

brated in our case – and κ is the stiffness of the cross-

bridge, see Table 1. We consider the rate of of phase
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(blue) and s (black), with gray bands when the cross-bridge is attached. (b) Corresponding evolution of the tension. (c) Typical
four steps of the Lymn-Taylor cycle: (1) detached cross-bridge in pre-power stroke; (2) attachment when a binding site comes
near the head; (3) post-power stroke configuration; (4) detachment when cross-bridge starts being compressed.

0 5 10 15 20

−1

0

1

·105

T1

T2

time [ms]

T
[k
P
a
]

1 2 3 4

−1

0

1

·105

T1

T2

tr

Fig. 9 Tension recovery after a shortening step of δs =
−4 nm applied at time t = 2 ms. The tension T1 is identi-
fied as the tension at the end of the shortening step. The
tension T2 is obtained following the procedure described in
(Ford et al 1977), see dash-dotted line. The rate of tension
recovery shown in Fig. 6(c) corresponds to 1/tr, where tr rep-
resent the time to reach the tension T1+0.63(T2−T1) starting
from T1, see inset with zoomed timescale.

2 – as measured experimentally – as the inverse of the

time tr taken by the fiber, starting from the end of

phase 1 at tension T1 to reach T1 +0.63(T2−T1), which

corresponds to an estimate of the characteristic time of

an exponential decay, see Fig. 9. By adjusting only η

– the last remaining parameter to be calibrated – our

model is able to fit the timescale of the quick force re-

covery, see Fig. 6(c), where we do not provide results

for steps smaller than 1 nm hs−1 due to uncertainties

related to noise level.

5.3.3 Isometric contraction

We simulated isometric contraction by setting the slid-

ing velocity to zero in the stochastic equations, ini-

tializing the system with all myosin heads in the de-

tached state and with randomly chosen values of X

and Y . The corresponding mean fraction of attached

cross-bridges and the associated mean tension obtained

from the statistics of the stochastic trajectories – af-

ter running the simulation for a time sufficient to reach

steady-state – are shown in Fig. 5(a)-(b). A direct mean

over s then gives the values of the overall fraction of

attached bridges and average tension reported in Ta-

ble 2. The stiffness values provided in the same column

of this table are defined and computed as the slopes

of the T2-tension curve at the origin (δs = 0) for the

above force recovery experiments. The results obtained

with the full stochastic model are consistent with the

values obtained with the thermal equilibrium model,

which confirms that the latter can be used as an effec-

tive calibration tool.

5.3.4 Force-velocity relation

The force-velocity curve can also be obtained from di-

rect stochastic simulations. To that purpose, the system

is first maintained in isometric condition until it reaches

a steady state, and then a ramp shortening is applied

with a prescribed velocity. The results are shown – and
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compared with those of the thermal equilibrium model

– in Fig. 7(c).

6 Discussion

Direct and inverse chemical reactions From a funda-

mental point of view, the reaction rates k+ and k− in

fact each aggregate one direct and one inverse reac-

tion rate, as the pre-power-stroke attachment reaction

is itself associated with an inverse detachment reaction,

and likewise the post-power-stroke detachment reaction

consuming one ATP has an inverse attachment reac-

tion, see e.g. Hill (2004). As the direct and inverse rates

of any single reaction are related to the free energies via

the so-called detailed balance equation

kA→B
kB→A

= exp
[
−wB − wA

kBT

]
,

this implies that – strictly speaking – once the free ener-

gies have been adjusted, one should choose the direct re-

action rates for each reaction, and then the inverse rates

would be directly inferred, hence also k+ and k−. How-

ever, recalling Fig. 2(a) our energy levels are adjusted

in such a way that each direct reaction is associated

with a significant drop in energy, and therefore we have

implicitly resorted to the approximation of neglecting

the reverse reaction rates and directly calibrated the

aggregated rates k+ and k−. Note that a factor 100 for

the ratio of direct to inverse reaction rates corresponds

to a drop in energy of about 20 zJ at experimental tem-

peratures, indeed.

Detached energy landscape In Section 5.2.1, we cali-

brated the detached energy landscape so that the equi-

libration timescale is about 15 ms. This value is some-

what shorter than that chosen in (Caremani et al 2015)

– about 40 ms – but our choice ensures that the equi-

librium distribution in the detached state is localized

predominantly in the pre-power-stroke configuration,

which facilitates the identification of f th with k+. In

addition, our calibration is more consistent with the

use of the thermal equilibrium model in isometric con-

dition, since this requires that the equilibrium in the

detached state is reached significantly faster than at-

tachment occurs. Nevertheless, these calibrations can

– and should, indeed – be revisited if additional exper-

imental evidence becomes available.

Force recovery rate Note that in Fig. 6(c) the depen-

dence of the recovery rate on the length step is not expo-

nential as incorrectly predicted by the Huxley-Simmons

model, see (Huxley and Simmons 1971). For small short-

ening steps, the double well structure is present – as in

Fig. 2(e) – so one can expect an exponential dependence

of the rate on the height of the energy barrier, hence

also on the length step. However, at larger steps, when

there is no barrier – see e.g. Fig. 2(f) – the force recovery

process is limited by diffusion, which implies that the

overall characteristic rate becomes constant, see also

(Offer and Ranatunga 2016; Caruel and Truskinovsky

2017) for a more extended discussion with experimental

evidence.

Differences between the stochastic and thermal equilib-

rium models in isometric contraction The differences

between the two models – visible for values of s ∈
[−7,−3] nm in Fig. 5 – can be interpreted as follows.

For low values of s, the attached equilibrium distribu-

tion pth1 strongly favors the post-power stroke state, see

Fig. 2(f), which means that the cross-bridges concerned

will undergo the full cycle while the cross-bridges lo-

cated at higher values of s will remain attached with-

out undergoing the power-stroke, see Fig. 2(d). We have

mentioned above that the equilibration timescale in the

detached state was not significantly smaller that the

characteristic time of attachment, which limits the ap-

plicability of the thermal equilibrium hypothesis in the

case when the motors have to undergo the full cycle.

Differences between the stochastic and thermal equilib-

rium models in the force-velocity relation To gain in-

sight as regards the differences observed between the

thermal equilibrium and stochastic models in Fig. 7(c),

as the thermal equilibrium model does not incorpo-

rate – by definition – any viscosity effect, we have run

stochastic simulations when varying the value of the

viscosity parameter η. The results are shown in Fig. 10.

As expected, we do not see any significant variation in

the computed values of T1 and T2 in Fig. 10(a), whereas

the force recovery rate is essentially proportional to the

inverse of η, see Fig. 10(b). In the force-velocity rela-

tions of Fig. 10(c), the computed tensions are higher

– for large velocities – when viscosity is decreased by a

factor two.

Important stiffness considerations Recalling the com-

ments made in Section 4.1 regarding the impact of tan-

gent stiffness on tension variations in steady-state slid-

ing, let us now further discuss this effect based on the

thermal equilibrium model. We first rewrite (53) as

ẋc ∂sP1 =
(
f th(s) + gth(s)

)(
P̌ th1 − P1

)
.
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Fig. 10 Effect of a change of the viscosity coefficient η on the fast timescale response [(a) and (b)] and on the force-velocity
relation (c).

We then have for the active tension

Tc = ρsarcN
1

da

∫ s−+da

s=s−

P1(s)τ thc (s) ds

= T0 − ρsarcNẋc
1

da

∫ s−+da

s=s−

∂sP1

f th + gth
τ thc ds

= T0 + ρsarcNẋc
1

da

∫ s−+da

s=s−

P1∂s

( τ thc
f th + gth

)
ds,

for T0 given in (48). In order to facilitate the interpreta-

tion of the integral term, we will make several approxi-

mations. First, we will consider the first-order effect in

the sliding velocity ẋc, and therefore we can substitute

P̌ th1 for P1 in the integral. Then, we can argue that

the s-differentiation of the denominator f th + gth has

a limited effect, because variations of f th + gth occur

when P̌ th1 is small, and this can be checked numerically,

indeed. Moreover, we can consider that f th + gth is al-

most constant – denoted as < f + g > – when P̌ th1 is
significant. These approximations yield

Tc ≈ T0 + ρsarcN
ẋc

< f + g >
κ̌thc = T0 +

K0

< f + g >
ėc,

where we note the direct similarity with (42) in the

translation of the competing effects of tangent stiffness

and reaction rates. We now see that there are in essence

three major stiffness moduli at play in the system:

– one associated with the slope of the T1-curve;

– two associated with the T2-curve, i.e. the slope at

the origin – which directly conditions the active ten-

sion variations in sliding as explained above – and

the slope at larger extensions.

Our proposed (complete) model is able to account for

all these stiffness quantities, whereas a model of Hux-

ley’57 type can only account for one stiffness, that must

then be calibrated to the slope of the T2-curve at the

origin in order to obtain adequate tension in sliding.

As for models of Huxley-Simmons’71 type, they can

only reproduce two stiffness moduli, and in particu-

lar they give the same slope for the T1-curve and for

the T2-curve at large extensions. Note in passing that

the thermal equilibrium reproduces the T2-curve very

nicely, but of course is not designed to predict the im-

mediate response.

7 Concluding remarks

We have proposed a hybrid chemical-mechanical model

of myosin heads in sarcomeres, within the classical de-

scription of rigid sliding filaments. In our case, myosin

heads have two mechanical dofs – one of which associ-

ated with the power stroke – and two possible chemical

states, i.e. bound in a cross-bridge to an actin site or

not. This model is formalized in stochastic equations of

Langevin type for each degree of freedom, with jumps

associated with attachment-detachment reactions. At

the mesoscale level of a population of myosin heads

sharing the same filament sliding, we were then able to

obtain the corresponding Fokker-Planck partial differ-

ential equations governing the probability density func-

tions associated with the mechanical dofs and chemical

states. This form is important, as it allows to moni-

tor muscle energetics, in particular. Furthermore, these

Fokker-Planck equations are a crucial mediator for com-

paring our proposed model with classical ones, such as

the Huxley’57 model. In fact, starting from this form of

our model equations we can infer the Huxley’57 model

equations under two different simplifying assumptions:

(1) by simply canceling the internal power stroke dof,

which brings little physical insight but establishes a

Langevin form of the Huxley’57 model, a novel result

by itself, and (2) by assuming that evolutions are slow

enough for mechanical dofs to constantly remain at

thermal equilibrium, which is probably justified in most

physiological conditions for striated muscles. In the sec-

ond case, we thus need to solve the Huxley’57 dynami-
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cal equation pertaining to the ratio of attached heads,

but we can then recover the underlying distribution of

mechanical dofs – instead of single deterministic exten-

sion in Huxley’57 – by a simple post-processing at each

time.

We have then shown how we can calibrate the ingre-

dients of our proposed model – namely, the elastic en-

ergies and viscosity parameter for the mechanical dofs

and the chemical reaction rate functions – in a system-

atic manner, based on published experimental data for

skeletal muscles. In this calibration process, the thermal

equilibrium model has proven to be instrumental, as

it provides analytical or numerically cost-free solutions

in various conditions. Finally, numerical simulations of

our complete model in its Langevin form provided nu-

merical solutions in good to excellent adequacy with

all experimental data. In particular, the fast isometric

transients – with the force recovery phenomenon – are

very well reproduced. In fact, in the above discussion it

appeared that our proposed model has the simplest me-

chanical structure for representing three essential stiff-

ness quantities at play in muscle physiology.

Of course, some leeway remains in the calibration

process, in particular in the adjustment of the reaction

rates that are complex functions of several variables,

and much more extensive assessments relying on more

detailed experimental data will be needed to refine this

process.

A direct extension of this work concerns similar cal-

ibration and assessment of our model based on cardiac

– instead of skeletal – data, which may bring some im-

portant mechanical insight into differences between the

two types of sarcomeres. To that purpose, it should be

noted that some invaluable experimental studies have

been recently performed (Caremani et al 2016), but

some data are still missing or need further confirma-

tion.

Another direct perspective pertains to a more com-

plete assessment of the thermal equilibrium model, and

in particular of its detailed applicability – and possible

limitations – to represent the physiological behavior of

skeletal and cardiac muscles.

Finally, other perspectives are very numerous, but

to cite just a few, first of all extending our model to

include additional chemical states considered by phys-

iologists is natural and appealing. For example, the

so-called off-state of the myosin head could be intro-

duced to investigate possible related mechano-sensing

effects, see in particular (Linari et al 2015) and refer-

ences therein for some experimental evidence on this

matter. In the chemical realm as well, we have con-

sidered the calcium activation of the thin filaments as

given, but of course to complete the coupling with elec-

trophysiology some dynamics of calcium activation should

be introduced. Likewise, ATP concentration was con-

sidered as constant in our model – which is known to be

the case in physiological conditions – but some patho-

logical phenomena could be taken into account by mod-

ulating this concentration, such as for ischemia.
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A Summary of the main symbols used in the

paper

Symbol Definition First occurrence

Xt location of the head tip p.4
Y t internal dof of the head (power stroke) p.4
s position of the nearest actin binding site p.4
αt attachment state of the head (0 or 1) p.4
ẋc relative velocity of actin filament p.4
uα, wα, ue energy of a myosin head in state α (wα(x, y) = uα(y) + ue(x+ y)) p.4
ηx, ηy, η drag coefficients p.4
D diffusion coefficient (2)
Pα(s, t) probability to be attached (α = 1) or detached (α = 0) p.5, (5)
p(x, y, α; s, t) probability function for (x, y, α) (densities in (x, y), discrete in α) p.5, (8)
p(y; s, t) effective density in the attached state (8)
k± attachment (k+) and detachment (k−) rates (4)
f , g overall attachment (f) and detachment (g) functions (20), (21)
µα chemical potentials for each state (22), (23)
F free energy (24)
Ṡprod entropy production rate p.8
τc average active tension (25)

J
0
1 flux of the detachment reaction (26)
µT chemical potential of ATP p.8
pthα density functions within the thermal equilibrium hypothesis (34)
f th, gth overall attachment and detachment function within the thermal equilib-

rium hypothesis
(36a), (36b)

Tc active tension under assumptions on thermal equilibrium and on f + g p.10
Kc active stiffness under assumptions on thermal equilibrium and on f + g p.10
ėc extension rate of sarcomere p.10
τ thc average tension generated by the attached cross-bridges within the ther-

mal equilibrium hypothesis
(46)

P̌ th1 probability to be attached within the thermal equilibrium hypothesis, in
isometric condition

(43)

ňth1 fraction of attached heads within the thermal equilibrium hypothesis, in
isometric condition

(44)

τ̌ thc average tension within the thermal equilibrium hypothesis, in isometric
condition

(45)

T0 isometric tension (48)
K0 isometric stiffness (48)
T1 tension reached at the end of a length step (49)
T2 tension reached after the fast isometric transient following a length step (50)


	Introduction
	Stochastic model
	Thermodynamics considerations
	Model simplifications and comparisons
	Model calibration and results
	Discussion
	Concluding remarks
	Summary of the main symbols used in the paper

