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Abstract

Key to structured prediction is exploiting the problem structure to simplify the learning
process. A major challenge arises when data exhibit a local structure (e.g., are made
by “parts”) that can be leveraged to better approximate the relation between (parts
of) the input and (parts of) the output. Recent literature on signal processing, and in
particular computer vision, has shown that capturing these aspects is indeed essential
to achieve state-of-the-art performance. While such algorithms are typically derived
on a case-by-case basis, in this work we propose the first theoretical framework to
deal with part-based data from a general perspective. We derive a novel approach to
deal with these problems and study its generalization properties within the setting
of statistical learning theory. Our analysis is novel in that it explicitly quantifies the
benefits of leveraging the part-based structure of the problem with respect to the
learning rates of the proposed estimator.

1 Introduction

Structured prediction deals with supervised learning problems where the output space is
not endowed with a canonical linear metric but has a rich semantic or geometric structure
[1,2]. Typical examples are settings in which the outputs correspond to strings (e.g.,
captioning [3]), images (segmentation [4]), ordered sequences [5] or protein foldings [6]
to name a few.

The lack of linearity on the output space poses several modeling and computational
challenges when designing a learning algorithm for structured prediction. However, this
additional complexity comes with a potential significant advantage. Indeed, if suitably
incorporated within the learning model, knowledge about the structure could capture key
properties of the data. This could potentially lower the (sample) complexity of the problem,
attaining better generalization performance with less training examples. In this sense, a
natural scenario is the case where both input and output data are organized into “parts”
that can interact with one another according to a specific structure. This arises typically in
applications such as computer vision (e.g., segmentation [4], localization [7, 8], pixel-wise
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Figure 1: Locality on a sequence-to-sequence prediction setting. (Left) Inter-locality between parts of the input
sequence x to the corresponding overlapping parts of the output sequence y. The output y, depends only on
the input x, for every part p € P. (Right) Intra-locality in terms of the covariance between different parts of
the input. The covariance between parts decreases as the parts become further apart (off-diagonal entries).

classification [9]), speech recognition [10,11], natural language processing [12], trajectory
planing [13] or hierarchical classification [14].

Recent literature on the topic has shown that if correctly handled, the local structure
in the data can lead to significantly better predictions over more global approaches [15,
16]. On the applicative side, these problems are typically addressed on a case-by-case
basis, deriving algorithms that are ad-hoc for the individual learning problem. On the
theoretical side, few works have considered less specific part-based factorizations [17] and
a comprehensive theory analyzing the effect of local interactions between parts within the
context of supervised learning is still missing.

In this paper, we propose (1) a novel theoretical framework that can be applied to a
wide family of structured prediction settings able to capture potential local structure in
the data, and (2) a structured prediction algorithm, based on this framework for which
we prove universal consistency and generalization rates. A key aspect of our analysis is to
quantify the impact of the part-based structure of the problem on the learning rates of the
proposed estimator. In particular, we show that under natural assumptions on the local
behavior of the data, our algorithm naturally benefits from this underlying structure.

2 Motivation: Learning with Inter-locality and Intra-locality

In this work we assume that data points have a natural characterization in terms of “parts”.
Practical examples of this setting often arise in image/audio or language processing, where
the signal has a natural factorization in patches or sub-sequences. Following these guiding
examples, we assume that any x € X and y € Y can be interpreted as a collection of
(possibly overlapping) parts, and denote x, (respectively y,) its corresponding p-th part,
with p € P a set of parts identifiers (e.g., possible patch positions and sizes).

To investigate the role of the parts in the learning process, in the following we introduce
two key assumptions which are illustrated in Fig. 1. Their purpose is to formalize the
intuition that the learning problem should interact well with the structure of parts of both
input and output. Inspired by the motivating example of image processing, where parts
(i.e., patches) capture the local properties of the data, we refer to these assumptions as
inter-locality and intra-locality since they characterize respectively the interplay between
corresponding input-output parts and the correlation of parts within the same input.



Assumption 1 (Inter-locality). y, is conditionally independent from x, given x,,, moreover
the probability of y, given x, is the same as Y, given x,, for any p,p’ € P.

Inter-locality formalizes the intuition that the p-th part of the output y € Y depends only on
the p-th part of the input x € X, see Fig. 1 (Left) for an intuition of this. A natural setting
where this assumption is verified is for instance the case of pixel-wise classification, where
the class y,, of a pixel p on image can be determined only based on the sub-image depicted
in the corresponding patch x, (e.g., a smaller window around the pixel p). Note that our
assumption, although based on conditional independence, is weaker than assuming a joint
graphical model on all parts of x and all parts y, where y,, is only connected to x,, and
connections among the parts x,, are arbitrary.

Assumption 1 suggests that we can solve a “simpler” learning problem, by focusing on
the parts of X and the corresponding parts of Y. This motivates the adoption of learning
approaches that directly learn the relation between parts, which have been observed to be
remarkably effective in computer vision applications [8,15,16].

Inter-locality however offers a significant benefit only when the input parts are not too
highly correlated. For instance, in the extreme case where parts are all identical copies,
there is no advantage in solving the learning problem locally. In this sense, intra-locality
measures the amount of “covariance” between two parts p and q of an input x as

Cp,q = [y S(X‘p»xq) - EX,X' S(XP,X(/]) (D

for S(xp,xq) a suitable measure of similarity between parts (if S(xp,xq) = xpxq, with x,
and x4 scalars random variables, then C, q is the p, g-th entry of the covariance matrix of
the vector (x1,...,%p)) ). In particular note that E,S(x;,xq) and EX)X/S(XP,X(;) measure
the similarity between the p-th and the g-th part of, respectively, the same input x, and
two independent inputs x,x’. So if the p-th part of an input is independent of the g-th
part, then two expectations correspond exactly and we have E,S(xp,xq) = Ey /S(xp, xa ),
so Cp,q = 0. In many contexts, when there is a notion of distance on P, it is safe assume
that C, 4 between the p-th and the g-th part decays with the distance between p and q.

Assumption 2 (Intra-locality). There exists a distance d over P, and y > 0 such that
Cpql < r2 efyd(p,q), (2)
with T = sup, IS (x, x")|.

Note in particular that the intra-locality condition is always satisfied with y = 0. However
when x,, is independent of x, it holds with v = co and d(p, q) = &, . Exponential decays
of correlation are typically observed when the distribution of the parts of x factorizes in a
graphical model that connects parts which are close in terms of the distance d: although all
parts depend on each other, the long-range dependence typically goes to zero exponentially
fast in the distance (see, e.g., [18] for mixing properties of Markov chains). Fig. 1 (Right)
illustrate a potential decay of the relation |C, 4| between two parts x,, and x4 of an sequence,
proportional to their distance d(p, q).

A main contribution of this work is to show that the structured prediction estimator
we will introduce in Sec. 4 has generalization properties that match those of the state of
the art (see Thm. 2, 4 in Sec. 5). More importantly, we prove that if the problem satisfies
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the locality assumptions introduced in this section, the generalization properties of our
estimator improve proportionally to the number of the parts. Here we give an informal
version of this key result, which is reported in Thm. 7 in detail. Below we denote by
the proposed structured prediction estimator and by £(f) the expected error of a predictor
f: X — Y. We will denote by n the number of examples and P the number of parts.

Theorem 1 (Informal - Learning Rates & Locality). Under mild assumptions on the loss and
data distribution. If the learning problem is local (Asm. 1, 2), then

N 1/4 ~yd(p,q)\ /4
EE&(f)—infE(f) < ¢ (1) (1 + ZWe) . (3)
f nP P

In the worst-case scenario where y = 0 (no exponential decay of the covariance between
parts) the overall bound will scale as 1/n'/4, which recovers the result of [19] where no
structure among parts is assumed. However, as soon as y increases, then the bound will
scale as 1/(Pn)'/4, as if all parts were totally independent. Note that in this paper we
assumed the exponential decay model for the intra-locality of Assumption 2. Clearly, also
longer-range dependencies capturing more refined behaviors between the parts can be
considered.

3 Problem Formulation

We denote by X,Y and Z respectively the input space, label space and output space of a
learning problem. Let p be a probability measure on X x Yand A : Z xY x X — R be a loss
function measuring prediction errors between a label y € Y and a output z € Z, possibly
parametrized by an input x € X. To stress this interpretation in the following we adopt the
notation A(z,y|x). The structure of A is a key aspect of this work and we will discuss it
further in the rest of this section.

In structured prediction settings, the goal is to estimate the function f* : X — Z defined
as a minimizer of the expected risk

min £(f), with £(f) = [ Alx),y) dol,y) 4
f:X—Z

over the set of measurable functions f : X — Z. In practice, the distribution p is given but
unknown and only (x;,y;)!*; independently and identically distributed according to p are
accessible.

Loss Made by Parts. We formalize the intuition introduced in Sec. 2 that data are
decomposable into “parts” and denote with [X], [Y] and [Z] the sets of parts associated to
respectively X, Y and Z. We consider a set P of part indices and define the operator from
X x P — [X] as the map sending the pair (x,p) to a point in [X] that we denote [x], for any
x € X and p € P (analogously for Y and Z). The concept of “part” is introduced here in
a rather abstract sense and allows to describe a wide range of possible structures. For a
more concrete example consider the case where X = RP and the set P identifies all sets
of subsequence indexes of dimension d € N. Then, [X] = R¢ and for any x € X and p € P
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such that p = {i,...,i+ d} withi < D —d — 1, we have that [x], = (xi,...,Xip) € R4 is
the orthogonal projection of x onto its coordinates indexed by p. As mentioned in Sec. 2,
practical examples of this setting arise often in image and audio processing settings, where
the signal, for instance an image, has a natural factorization into overlapping patches or
windows [8]. In the following, when it is clear from context, we will adopt the shorthand
notation x,, = [x],, which however should not be confused with the p-th coordinate of a
vector x as in the previous example (since in general X is not necessarily be vector space).

For simplicity, in the following we will assume P to be a finite set, however our analysis
generalizes naturally to infinite and possibly dense sets of parts P (see supplementary
material). Let 7t(-|x) be a probability distribution over the set of parts, conditioned with
respect to an input x € X. In this work we study the family of loss functions A that can be
represented as

Alzyyhx) = Y 7(plx) Lp(zp, ypl xp). (5)
peP

The collection of (L, )pep is a family of loss functions Ly, : [Z] x [Y] x [X] — R, each comparing
the p-th part of a label y and output z. For instance, in an image processing scenario, L,
could measure the similarity between the two images at different locations and scales,
indexed by p. In this sense, the distribution 7t(p|x) allows to weigh each L, differently
depending on the application (e.g., mistakes at large scales could be more relevant than at
lower scales). Note that we adopted the non-standard notation L, (-[x) to stress dependency
of the prediction errors given the observed input.

Remark 1 (Examples Loss Functions by Parts). Several loss functions used in machine
learning have a natural formulation by parts in terms of Eq. (5). Notable examples are the
Hamming distance [20-22], used in settings such as hierarchical classification [14], computer
vision [2,9, 16] or trajectory planning [13] to name a few. Also, loss functions used in natural
language processing, such as the precision/recall and F1 score can be written in this form.
Finally, we point out that multi-task learning settings [23] can be seen as problem by parts,
with the loss corresponding to the sum of standard regression/classification loss functions
(least-squares, logistic, etc.) over the tasks/parts.

4 Algorithm

In this section we introduce our estimator for structured prediction problems with parts.
Our learning strategy is preceded by an auxiliary step for dataset generation that explicitly
extracts the parts from the data.

Auxiliary Dataset Generation. The locality assumptions introduced in Sec. 2 motivate us
to learn the local relations between individual parts p € P of each input-output pair. In
this sense, given a training dataset D = (x;,y;)" ; a first step would be to extract a new,
part-based dataset {(xp, p,yp) | (x,y) € D, p € P}. However in real scenarios the cardinal-
ity |P| of the set of parts can be very large (possibly infinite as we discuss in the Appendix)
and so generating such part-based dataset would be infeasible. Instead, we generate an
auxiliary dataset by randomly sub-sampling m € N elements from the part-based dataset.
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Figure 2: Illustration of the prediction process for the estimator f considered in this work (see Eq. (6)) in an
computer vision application: for a given test image x, the « scores detect a similarity between the p-th patch
of x (Top-left) and the pj;-th patch of the training input Xi; (Bottom-left). As a consequence, the estimator
will enforce the p-th patch of the output z (Top-right) to be similar to the pj-th patch of the training label yi;
(Bottom-right).

Concretely, for j € {1,..., m}, we first sample i; uniformly on {1,...,n}, then we choose
Xj = Xi;, sample pj ~ 7t(- | X;) and finally choose n; = [yy,],;. Then the auxiliary dataset re-
sultsin D’ = (xj, pj, N )};‘1 . This procedure is summarized in the GENERATE routine of Alg. 1.

Estimator. Given the auxiliary dataset, we consider an estimator f:X = Z, such that for
any x € X

f(x) = argmin )~ Y o(x,p) [m(plx) Ly (zp, milxp)] - 6)

2L peb j=i

The functions &; : X x P — R are learned from the auxiliary dataset and are the fundamental
components allowing the estimator to capture the part-based structure of the learning
problem. Indeed, for any test point x € X and part p € P, the value «;(x,p) can be
interpreted as a measure of how similar x,, is to the pj-th part of the auxiliary training
point x;. For instance, assume «;(x, p) to be an approximation of the delta function that is
1 when x, = [Xi]pj and 0 otherwise. Then, the terms in the objective functional in Eq. (6)

become
% (%, p) Lp(zpymjlxp) = 8(xp, [Xjlp;) Lp(zpymjlxp), (7)
implying essentially that
Xp XXy, = 2 AT 8

that is, if a similarity is observed between the p-th part of test input x and the p;-th part of
the auxiliary training input x; (i.e. the p;-th part of the training input x;,), then the p-th
part of the test output z will be chosen to be similar to the auxiliary part n;. This process is
depicted in Fig. 2 for an illustrative computer vision scenario: for a given test image x, the
o scores detect a similarity between the p-th patch of x and the p;-th patch of the training
input x;;. As a consequence, the estimator will enforce the p-th patch of the output z to be
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similar to the pj-th patch of the training label y;;.

Learning «. In line with previous work on structured prediction [19], in this work we learn
the function «; by solving a linear system for a problem akin to kernel ridge regression
(see Sec. 5 for the theoretical motivation). In particular, let k: (X x P) x (X x P) - R be a
positive definite kernel, we define

(“1 (X)p))--wo‘m(xyp))T = (K+m)\1)7]v(xyp)> 9)

where K € R™*™ is the empircal kernel matrix with entries Ky, = k((xj,Pj), (Xn, Pn)) and
v(x,p) € R™ is the vector with entries v(x, p); = k((xj, pj), (x,p)). Training the proposed
algorithm, consists essentially in precomputing C = (K + mAI)~', that is necessary to
evaluate the coefficients « as detailed by the LEARNING routine in Alg. 1. Note that if we
compute C with direct methods, the total computational cost amounts to O(m?), however
it is possible to exploit low rank approximation methods, to achieve essentially the same
accuracy with complexity O(my/m) (see [24,25]).

We care to point out that the proposed estimator can be seen as a refinement of the one
in [19], which is not able to capture the structure-based nature of the problem in terms
of its parts. Indeed, we recover this method when no explicit decomposition into parts is
assumed on A (i.e. P is a singleton), as detailed in Appendix I.

Remark 2 (Evaluating . According to (6), evaluating fon a test point x € X consists in
solving an optimization problem over the output space Z. This design of the test phase is
standard in structured prediction settings [2], where a corresponding optimization protocol is
derived on a case-by-case basis depending on the loss and the space Z (see e.g. [2]). However;
the specific form of the objective functional in our setting allows also to suggest a general
stochastic meta-algorithm. In particular, (6) can interpreted as the problem of minimizing an
expectation

~

f(x) = argmin E;, h;,(z[x) (10)
zeZ
with p sampled according to 7, j € {1,..., m} sampled according to the relevance weights o

and h;, defined accordingly in terms of L,. When the h;,, are (sub)differentiable, problems of
the form of (10) are effectively addressed by stochastic gradient methods (SGM). In Alg. 3 in
the supplementary material we give an example of this strategy.

5 Generalization Properties of Structured Prediction with Parts

In this section we study the statistical properties for the proposed algorithm. We prove
that under mild assumptions on the loss, the approach is universally consistent. We further
derive learning rates. Our analysis leverages the assumption that the loss function A is a
Structure Encoding Loss Function (SELF) by Parts.

Definition 1 (SELF by Parts). A function A : Z x Y x X — R is a Structure Encoding
Loss Function (SELF) by Parts if it admits a factorization in the form of (5) with functions



Algorithm 1 Learning f

Input: training set (x;,y;){";, distributions 7(-[x) a reproducing kernel k on X x P,

hyperparameter A > 0, auxiliary dataset size m € N.

GENERATE the auxiliary dataset (nj,xj,pj)j“;]:
Sample i; uniformly from {1,...,n} Setx; = x;
Sample p; ~ 7t(-[x;).
nj = [Uij]Pj'

LEARN the coefficients for the score function o:
K € R™™ with entries ij/ = k((Xj,pj), (Xj’)pj’))
A = (K4 mAl)™!

Return « : X x P — R™ such that «(x,p) = A v(x,p) with v(x,p) € R™ is the vector
with entries v(x, p); = k((xj, ), (x,p)).

L, : [Z] x [Y] x [X] = R, and there exists a separable Hilbert space H and two bounded maps
V:[Z] x [XI x P —=H, @:[Y] = Hsuchthat forany (€ [Z,ne Y, Ee X, peP

The definition of “SELF by Parts” specializes the definition of SELF in [26] and in the
following we will always assume A to satisfy it. Indeed, Def. 2 is always satisfied when
the spaces of parts involved are discrete sets and it is rather mild in the general case. For
instance if Y, Z are bounded subsets of the Euclidean space, then the condition holds for
any absolutely continuous loss function (see [19], in particular Example 1 and Thm. 19
of the same paper for an exhaustive list of examples). Since we will not make use of the
original definition of SELF, for simplicity, in this work we will refer to a function satisfying
Def. 1 as SELF.
Now we are ready to prove the universal consistency of the estimator in Eq. (6).

Theorem 2 (Universal Consistency). Let A be SELF and Z a compact set. Let K be a bounded
continuous universal kernel on X x P. Let f,, as in Eq. (6) with i.i.d. training set and auxiliary
dataset sampled according to Sec. 4, with m o n. Then

n11_>rr010 E(fn) = ﬁ)l(ll_f}zg(f) with probability 1. (12)
The proof of the theorem above is in Appendix H. Note that the requirement of universal

kernel is a standard assumption for universal consistency (see [27]). An example of
continuous universal kernel on X x P is

K((X)p)) (X/)p/)) = KO(X)X/) 6p,p’ (13)

where K is any unversal kernel on X, e.g. the Gaussian Ky(x,x’) = exp(—||x —x’||*). While
the proposed estimator is consistent with the kernel described above, it is not able to benefit



from the effect of locality. At the end of Sec. 5.1 we will provide a kernel that guarantees
consistency and benefits from locality at the same time.

Learning Rates (General Case). The analysis for learning rates starts from the observa-
tion that when the loss function is SELF the solution of the learning problem in Eq. (4)
is completely characterized in terms of the conditional expectation or conditional mean
embedding of ¢(y,) given x, denoted by g* : X x P — H [28-30] and defined as follows

g (x,p) = | olundolyb (a4
Lemma 3. Let A be SELF and Z a compact set, then the solution of Eq. (4) is characterized by
f*(x) = argnzlinz 7(pIx) (W (2py Xpy P)y 9% (%, D))y » (15)

z€ peP

almost everywhere with respect to the input distribution px.

To show Lemma 3 we make use of Berge’s maximum theorem (see Appendix C for the
details of the proof). The result characterizes the optimal solution f* of the structured
prediction problem in terms of the conditional expectation g*. In this sense it should
not come as surprising that the "regularity” of g* will play a key role in controlling the
learning rates. In particular we consider the quite standard assumption in the context of
non-parametric estimation [19,28,31], that g* € G = ‘H ® F, where F is the reproducing
kernel Hilbert space associated to the chosen kernel in Eq. (9). The learning rate of the
estimator depends on the following constants g, r, ca, q, Where the first three are defined as

g = Hg*Hg> r= sup K((X)p)> (X,P)), CZA = sup Ep|xH11)(Z,X,P)H%-[, (16)
xeX,peP zeZxeX
Note that the quantities above are rather natural. Indeed g characterizes the complexity of
the conditional distribution p in terms of the hypothesis space induced by the kernel k on
the input. This quantity is related to the inter-locality assumption as discussed in Lemma 5.
r is the bound of the kernel. cx measures the “complexity” of learning with the loss A.
Finally, q is defined as

q = Ex,x’Ep,q\x,rlx’ [K((Xap)) (X) q))z - K((X)p)a (X/)r))z} a7

where Ep’q‘x[-] is a shorthand for Zp,qu 7i(plx)7t(qlx)[] (analogously for E,). This latter
quantity will be key in Sec. 5.1 to capture and leverage intra-locality of the learning
problem. In particular it will allow us to explicitly characterize the benefit of using the
locality-aware estimator considered in this work, from a statistical viewpoint.

With the notation introduced above, we have the following general result (the proof is
in Appendix F).

Theorem 4. Let f as in Eq. (6) with iid. training set and auxiliary dataset sampled
according to Alg. 1. If the output space Z is compact, the loss function A is SELF, g* € G and
A > (rP/m+q/n)"/?, then

- 7 12
EEF)—E(f) < 12cng <}\:n+7\1+>\> . (18)
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Thm. 4 above characterizes the learning rates of f under standard regularity assumption
on the problem. This result is general in that it does not rely on the locality assumptions
introduced in Sec. 2. In particular, we note that when m « n and A o« n~'/2, the bound
in Thm. 4 recovers the excess risk bounds of structure prediction without parts [19,26] of
order O(n~1/4).

In the following we show that under the locality assumptions the result in Thm. 4 can
be improved significantly.

5.1 Main Result: Statistical Properties of Learning with locality

In this section we present the main result of this work (Thm. 7). In particular, we further
investigate the bound of Thm. 4 in light of the two assumptions of inter and intra locality
introduced in Sec. 2. To this end, we first study the direct effects of these two assumptions
on the learning framework introduced in this work.

The Effect of Inter-locality. We start by observing that the inter-locality between parts of
the inputs and parts of the output allows for a refined characterization of the conditional
mean g*.

Lemma 5. Let g* be defined as in Eq. (14). Under Asm. 1, there exists g* : [X] — H such that
g (x,p) = §"(xp) vx e X, peP. (19)

Lemma 5 above shows that we can learn g* by focusing on a “simpler” problem, identified
by the function g* acting only the parts [X] of X rather than on the whole input directly
(for a proof see Lemma 23 in Appendix G). This motivates the adoption of the restriction
kernel [7], namely a function K : (X x P) x (X x P) — R such that

K((x,p),(x’,q)) :K(Xp)xq)) (20)

which, for any pair of inputs x,x’ € X and parts p, q € P, measures the similarity between
the p-part of x and the g-th part of q via a kernel K : [X] x [X] = R on the parts of X. The
restriction kernel is a well-established tool in structured prediction settings [7] and it has
indeed been observed to be remarkably effective in computer vision applications [8,15,16].

The effect of Intra-locality. We recall that intra-locality characterizes the statistical cor-
relation between two different parts of the input (see Asm. 2). Below we show that this
quantity is tightly related to constant q introduced in Eq. (17). To this end we consider the
simplified scenario where the parts are sampled from the uniform distribution on P. While
more general situations can be considered, this setting is useful to illustrate the effect we
are interested in this work.

Lemma 6. Under the same assumptions of Thm. 4, let K denote the restriction kernel defined
in Eq. (20) in terms of K : [X] x [X] — R. Let mt(p|x) = |%lfor any x € X and p € P. Then, the
constant q in Eq. (17) can be factorized as

1 . - -
q= W Z Cpqy with Cpq=Eyx {K(xp,xq)2 — K(xp,xé)z] . 21
p,q€P

10



For a proof of this result see Lemma 25 in Appendix G. It is clear that the C;, 4 in Eq. (21)
correspond to the measure of correlation introduced in Eq. (1) when the similarity function
S is replaced by the squared kernel on the parts K?.

We are now ready to specialize Thm. 4 in terms of the locality assumptions. In particular
let K be a reproducing kernel on [X], f be the structured prediction estimator in Eq. (6)
learned using the restriction kernel in Eq. (20) based on K, and denote by G the space of
functions G = H ® F with F the RKHS associated to K.

Theorem 7 (Learning Rates & Locality). Under Assumption 1 and Assumption 2 with S = K,
let g* satisfying Lemma 5, with § = ||§*||g < co. When A = (r*/m + q/n)!/2, then

—yd(p,q)\ /4
EE(f)—E(f) < 12cagr'/? <1 4 Zp#q° ) .

m ' [Pn PI2n (22)
The proof of the theorem above can be found in Appendix G.2. We can see that inter and
intra locality allow to refine (and potentially improve) the bound in Thm. 4 with terms
that depend on the number of parts. In particular, we observe that the adoption of the
restriction kernel in Thm. 7 allows the structured prediction estimator to leverage the
intra-locality, gaining a benefit proportional to the magnitude of the parameter y. More
precisely, if y = 0 (e.g. all parts are identical copies) then we recover the rate of O(n~"/4)
of Thm. 4, while if y is large (the parts are almost not correlated) we can take m o n|P|
achieving a rate of the order of O ((nIPI)*‘/ ). We clearly see that depending on the amount
of intra-locality in the learning problem, the proposed estimator is able to gain significantly
in terms of finite sample bounds.

A natural question is how to design a structured prediction estimator that is both able
to leverage the locality assumptions, when they hold, and be universally consistent even
when there is no locality. The following remark addresses this questions and concludes our
theoretical analysis.

Remark 3 (Universal and Local Kernels). By construction, the restriction kernel allows
to learn only functions g* : X x P — H such that g*(x,p) = g*(xp). Consequently, the
corresponding structured prediction estimator is not universal. However, in Thm. 7 we have
observed that under the locality assumptions, the restriction kernel achieves significantly faster
rates with respect to universal kernels of the form of Eq. (13).

Interestingly, it is possible to design a kernel able to take the best of both worlds, leading to
an estimator that is universal but also able to leverage the parts-based structure of a learning
problem when possible. We obtain this kernel as the sum Kg = Ky + K¢ of a universal kernel
Ky on X x P and a restriction (or “local”) kernel Ky. Indeed, as shown in Appendix I.3, the
kernel Kg is universal, hence Thm. 2 applies to the corresponding estimator f. Moreover, under
the locality assumptions, a result identical to Thm. 7 holds for the estimator trained with Kg.

6 Empirical Evaluation

We report here on the empirical performance of the proposed estimator on simulations and
preliminary experimental results. The goal is to highlight the role played by the parts in
achieving better generalization performance even when only few training examples are
available.
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Figure 3: Empirical intra-locality matrix (with entries C,,4 defined in Eq. (21)) for varying values of -y and
linear restriction kernel. Data generated according to the protocol in Sec. 6.1 with |P| = 200 parts and n = 100
points. The intra-locality matrices are normalized between 0 (Blue) and 1 (Yellow).

6.1 Simulation - Intra Locality

The coefficient y in Asm. 2 characterizes the “amount” of intra-locality in a learning
problem. To clearly appreciate the role played by this parameter in combination with
the number of parts we studied a simplified scenario with simulated data. In particular
we adopted a data generation protocol in which it is possible to control the parameter y
directly.

We considered a setting where input data is a vector x € R¥PI composed of |P| parts,
with each part corresponding to a vector in R¥. For all our experiments we used k = 1000.
The input points x € R¥Pl are then sampled according to a normal distribution with zero
mean and covariance Z(y) = M(y) ® I, where I € R**¥ denotes the identity matrix and
M(y) € RPI*IPl the matrix with entries

M(Y)pq — e—vd(p»qJ, (23)

with d(p, q) = |[p — ql/[P|. To verify that this generation protocol allows us to control the
amount of intra-locality in the data, in Fig. 3 we report the empirical estimation of the
intra-locality matrix C, with entries C,4 defined as in Eq. (21), for different values of y. We
used n = 100 points, |[P| = 200 parts and the linear restriction kernel. As intended, when
the parameter y increases from O to infinity, the intra-locality matrix varies from being
rank-one (all parts identical copies of each other) to diagonal (all parts independently
sampled).

To isolate the specific effect of intra-locality on the learning rates, we evaluated the
estimator introduced in Eq. (6) on a linear multitask (in particular vector-valued) regression
problem with A the least-squares loss. To guarantee inter-locality, we generated a regression
vector w € R¥P| by first sampling w € R* uniformly on the radius one ball and then taking

12
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Figure 4: Standard linear regression LS is compared with linear regression using the parts Local-LS as described
in Sec. 6.1 with respect to the Mean Squared Error (log scale), for different values y of intra-locality and
increasing number of parts |P|, and fixed numnber of examples n = 100.

w = [w,..., W] the vector concatenating |P| copies of w. We generated datasets (xi, yi)i"
of size n = 100 for training and n = 1000 for testing, with x; sampled according to the
procedure described above and y; = w'x; + e with noise e € R¥P/ sampled from an
isotropic gaussian with standard deviation 0.5.

We perfomed regression with linear restriction kernel (denoted in Fig. 4 by Local-LS)
on the auxiliary dataset ([xilp, [yi]p)?iﬂp:] , and compared with standard linear regression
(denoted in the figure by LS) on the original dataset (xi,y;)*;. The parameter A was
chosen by hold-out cross-validation in the range [107°, 10] (logarithmically spaced). For
each experimental condition, tests performances have been averaged over 100 runs to
account for statistical variability.

Fig. 4 reports the performance of the estimator f for different intra-locality values y as
the number of parts increases. As predicted by Thm. 7 we observe that when input data is
intra-local (large values of y) and the number of parts is large, Local-LS offers a remarkable
advantage in terms of generalization error with respect to standard LS, which does not
benefit from the local properties of the problem. When v is close to zero, this advantage
is less prominent even if the number of parts is large. Indeed, we do not observe any
significant variation in the prediction error when y = 0, since every input point corresponds
to the concatenation of |P| identical copies of a vector in R¥.

6.2 Learning the Direction of Ridges in Fingerprint Images

We considered a learning problem inspired by the one in [32] where the goal is to recover
the pointwise direction of ridges in a fingerprint image. We used the FVC04 dataset! which
consists in 80 grayscale 640 x 480 pictures of fingerprints in input, with the corresponding

"http://bias.csr.unibo.it/fvc2004, DB1_B. The output is obtained by applying 7 x 7 Sobel filtering.
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Input Output Local-A  Local-LS  Global-A KRLS

3

Figure 5: Learning the direction of ridges in fingerprint images - Examples. From left to right: (Input)
fingerprint images; test ground truth (Output), with pixels’ color corresponding to the local direction of
ridges between [—t, 7]; predictions of Alg. 1 with loss in Eq. (25) (Local-A) and squared distance (Local-LS);
Predictions of the algorithm in [19] with loss in Eq. (24) (Global-LS); Predictions of kernel ridge regression
(KRLS). See discussion in Sec. 6.2.

output pictures encoding the direction (from —7t to 7r) associated to each pixel in the ridges
of the input fingerprint. In Fig. 5 (First and Second columns) we report three input-output
examples in the dataset. The color of individual pixels on output images encodes the local
orientation of the ridge.

By denoting with [];; the 1,j element of a matrix, the natural loss function associated to
this problem is

640 480

Alz,y) = 64OX4SOZZg o [ly) glep) =Isin(a—p), (24
i=1 j=1

where g is a natural distance between two directions (discarding the orientation) and
«, € [—m, . In particular, to apply the proposed algorithm, we consider the following
representation of /A in term of parts. Let P be the collection of patches of dimension 20 x 20
and equispaced each 5 x 5 pixels?, then each pixel belongs exactly to 16 patches and so the
loss A in the equation above is characterized by

20
! 2
Alzy) |P| 5> Glanypl, GlGm) = 30520 2 9T ly)?, (25)
pep &
where 1, ¢ € [—m, m]%°*20 are the extracted patches.

Results. We compared the approach proposed in this work with competitors that do not
take into account the local structure of the problem. In particular, denote by Local-A the

2Assume the picture to be circular e.g. [x]i,; = [X](i mod 640),(j mod 480), to avoid technicalities on the
boundary.
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Figure 6: Learning the direction of ridges in fingerprint Figure 7: Empirical estimation of the intra-locality for
images: test error according to A in Eq. (24). the central patch of the fingerprints dataset.

proposed Alg. 1 with loss in Eq. (25); by Local-LS the same algorithm, but using loss in
Eq. (25) with g?(x, ) = (ex — B)?; by Global-A the structured prediction algorithm in [19]
with loss in Eq. (24); by KRLS, the vector valued Kernel Ridge Regression estimator [28].

The above methods were trained on 50 examples and tested on the remaining 30

examples, the Gaussian kernel K(u,u’) = ef;?llufulnz has been used for all the methods
(in particular the restriction kernel in Eq. (20) with K Gaussian, for Alg. 1) and o together
with the regularization parameter A have been choosen via cross validation, finally for
Local-A and Local-LS we built and used an auxiliary set with m = 30000 (as described in
Sec. 4), based on the 50 examples in the training set.

Fig. 5 reports three examples of the predictions on the test set, provided by the methods
considered. It can be noticed that the learning process is remarkably improved when
leveraging the parts in the data. Indeed, although provided with only 50 training examples,
the predictions of our algorithm are remarkably similar to those of the desired output, while
the other methods produce less accurate approximations. This is consistent with the result of
Thm. 7, showing that when using part-based structured prediction the generalization error
is reduced by a factor depending on the number of parts |P|, if the locality assumptions hold
(Asm. 1, Asm. 2). This effect is evident in Fig. 6, which quantify the test error performed
by the algorithms (in terms of the loss function in Eq. (24)), showing that part-based
structured prediction Alg. 1 consistently outperforms the other methods.

Finally we stress the fact that both part-based learning and a structured approach seem
to be crucial for reducing the learning error. Indeed from Fig. 6 it is clear that using the
right loss Eq. (24), without exploiting the parts, is suboptimal (see Global-A in the figure),
as using the parts without the right loss (see Local-LS in the figure).

Intra-locality. In Fig. 7 we visualize the intra-locality properties of one patch. In particular,
denoting by p the central patch of the image, the figure shows the coefficient C, 4 (defined
in Lemma 6), with q € P, and estimated on the whole dataset (The point i,j in the plot
corresponds to C, 4 with g the 20 x 20 patch centered in 1i,j). As it is possible to observe,
there is a fast decay of the values depending on the distance from the patch p, suggesting
that the intra-locality condition is well suited for this problem.
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7 Conclusion

We presented a novel approach to structured prediction in presence of locality in the data.
Our approach specializes the one in [19] in that it allows to incorporate knowledge about
the parts directly within the learning model. We investigate the benefits provided by this
model under assumptions on the unknown local relation between parts. In particular, by
imposing a natural conditional independence assumption on the relation between input-
output parts, our analysis provides a natural justification to the adoption of the so-called
“restriction kernel”, previously proposed in the literature, as a mean to lower the sample
complexity of the problem. Furthermore, by imposing a low-correlation assumption on the
parts of the input, we observe that the learning rates of our estimator can be significantly
improved proportionally to the number of parts of the problem.

As a complementary result, we show that under mild assumptions on the problem
the proposed estimator is also universally consistent and characterize its learning rates.
This guarantees that while the proposed estimator is able to efficiently capture the local
structure in the data, it is still able to solve the learning problem when the problem does
not satisfy our assumptions.
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Supplementary Material:
Localized Structured Prediction

In this appendix we provide further background to the main discussion and results in the
main sections of the current work. In particular:

e Appendix A introduces a generalization of the proposed framework to account for a
larger family of structured prediction problems where locality can be exploited.

e Appendix B introduces the notation and auxiliary results that will be useful to prove
the results discussed in this work.

e Appendix C discusses the derivation of the structured prediction estimator proposed
and studied in this work.

e Appendix D extends the Comparison inequality for the SELF estimator in [19] to the
case where the locality of the problem can be exploited.

e Appendix E provides an analytical decomposition of a bound for the excess risk of
the proposed estimator that is then used to prove the learning rates of the proposed
estimator without (Appendix F) and with parts (Appendix G) and also the universal
consistency (Appendix H).

e Appendix I compares the proposed framework with structured prediction (without
parts) in [19].

e Appendix J provides more details on the problem of learning and evaluating the
estimator proposed in this work.

e Appendix K discusses in more detail loss functions considered in the literature that
can be decomposed into “parts”.

A Generalization of the Model by Parts

In this section we introduce a slight generalization of the model considered in this work
and that will be used in the rest of the appendixes. In particular we consider the case
where P is not necessarily finite and, possibly, the observed parts of y are not necessarily
deterministic.

A.1 When the Parts don’t correspond exactly

In general, y, (the p-th part of y) could not be univocally determined given p € P. For
instance, consider a speech recognition problem where the goal is to predict the sentence
pronounced by a speaker from an audio signal. In this setting the input space X is the set
of all audio signals and Y = Z is the set of all strings that can be produced in the speaker’s
language. In principle, for any part x,, of an input signal x € X it is possible to identify the
corresponding part y, of the target string. In practice, such a procedure would require
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significant preprocessing (e.g. using hidden markov models) and would however not be
guaranteed to be error-free.

In general, given an input x € X a label y € Y and a part p € P, observations for the
p-th part of y can be distributed according to some probability w(wly, x,p) over the set [Y]
of parts of Y. A possible way to model this situation is to consider a characterization of L in
terms of a further function £ : Z x [Y] x X x P — R such that

Az, ylx) = L L(z, ylx, p)dn(plx), where 26)

I—(Z)U|Xap) = J[Y] e(Z)Tl;X)P) dH(TﬂU»X»P) (27)

In this sense, the distribution p can be interpreted as characterizing how likely it is for
the part p of an input x with associated label y to correspond to n € [Y]. It is possible to
recover the standard characterization by selecting p to be the Dirac de

H(H\U»Xﬂ?) = 6(n)yp)-

Remark 4 (Connection with standard Structured Prediction). Note that the loss above
generalizes the standard structured prediction framework as in [2, 12, 19]. Indeed, it is always
possible to formulate a structured prediction loss /\ in the proposed setting, by taking { = A\
and P = {0}, [Y] =Y, n(0lx) = 1 and u(wly,x,0) = dy. However, if there exists a non-trivial
characterization of /\ in terms of these objects, then the algorithm proposed in this work is
able to exploit this additional structure to achieve improved generalization performance.

Here we give the extended defintion of the SELF assumption, given the definition of
loss in Eq. (26)

Definition 2 (SELF by Parts (Extended)). A function A : Z x Y x X — R is a Structure
Encoding Loss Function (SELF) by Parts if it admits a factorization in the form of (26) with
functions £ : Z x [Y] x X x P — R, and there exists a separable Hilbert space H and two
bounded continuous maps \ : [Z] x [X] x P — H, ¢ : [Y] — H such that for any z € Z,
neiyLxeXpeP

E(ZN‘X»P) = <¢(Zaxap))q)(n)>’}-[' (28)

Remark 5 (Def. 2 is more general than Def. 1). Given a loss A satisfying Def. 1 for some
V', b, H', then it satisfy Def. 2, with P(z,x,p) = V' (zp, zp, p), With ¢ = ¢’ with H = H'.

B Notation and Main Definitions
Let L2(X x P,mpx) be the Lebesgue function space with norm
112 ccnmpn) = | B P dm(ple)doxix)
X

with B : X x P — R. Analogously, L?(X x P,7tpx, ) be the Lebesgue function space with
norm

1812 o 2 = L 1BEx, ) dn(pldox()
X
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with B : Xx P — H. Let ((xi,yi))?:] be the training set and let ((xij,yij,pj,wj))jn;. Denote
with px the probability measure %Z’fﬂ 5y, We define 12(X x P,mpx, H) the Lebesgue
function space with norm
.] n
1Bz = 2 | 1Bk P drfplo).

n
i=1 YP

with B : X x P — H.
Let k : (X x P) x (X x P) — R be a reproducing kernel with associated reproducing

kernel Hilbert space (RKHS) F. For any (x,p) € X x P we denote k,p, = k((x,p),-) € F.
We introduce the following objects:

e S:F = 1%(X x P,mpx) the operator such that, for any f € F,

(SO, = (f, k()

.
e S*:1%(X x P,mtpx) — F the operator such that, for any B € L?(X x P, mpx),

5*B = J opBx, ) dre(plx)dpx ().
XxP

e C: F — F the operator C = J Kyp @ Kxp d7t(plx)dpx(x).
XxP

- JUR
e C:F — F the operator C = - Z L Kip @ Ky p d7e(plxi).

i=1

~ PO
e C:F — F the operator C = p— Z] Ki;ipy @ Ko -
]:

o L:1%(X x P,mpx) — L2(X x P, mpx) the operator such that for any p € L2(X x P, mpx),
we have that (LB)(-) = [y, p k((x,p),-)B(x,p) dn(plx)dpx(x).

e B:H — F the operator B = fPXXkaP ® @(w) du(wly,x,p)dn(plx)dp(y,x). Note
that by definiton B = [k, ® g*(x,p) dm(plx)dpx(x) with g* defined as in Eq. (14).

e B:H — Fthe operator B = % Z}L kxij,pj ® @(wj).

G : H — L?(X x P,7tpx) the operator such that, for any h € # is such that (Gh)(-) =
(9*(-),h),, for any h € H, with g* defined as in Eq. (14).

Further Notation. Let H and F be two Hilbert spaces and let h € H and f € F, we denote
with h ® f the bounded linear operator from F — H such that, for any g € F, we have
(h®f)g =h(f,g)r. Note that h® f € H ® F, where H ® F is the tensor product between
the Hilbert spaces H, F and is isometric to the the space of Hilbert-Schmidt operators from
F to H, denoted by HS(F, H), namely the bounded linear operators G : 7 — H with finite
Hilbert-Schmidt norm ||G|lgs = /Tr(G*G).
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B.1 Auxiliary Results

Lemma 8. With the notation introduced above, the following equations hold.
L =SS~

C=S$*S.
SCy'S* =1L =1— ALy
Cy's* = s

1C; 1 28% | = 1S*L, 2|l < 1 for any A > 0

The proof of the result above are well known and we refer to Appendix B in [19] for a
proof with same notation as the one adopted in this paper. Below we show two further
results that we will need

Lemma 9. with the notation introduced above we have
B =S*G. 29

Proof. By applying the definition of the two operators S and G we have that for any h € H,

S*Gh =S§* ( () (30)
= 5%( ( )y h)gy) (3D
J ) dr(pl)dpx(x) = [ (s © (IR dre{plx)dpx(x) = B
(32)
Hence B = $*G as required. O

C Derivation of the algorithm

In this section we show how the algorithm naturally derives from the definition of the
problem and in particular we prove Lemma 3. Our analysis starts from the observation
that when the loss function is SELF the solution of the learning problem in Eq. (4) is
completely characterized in terms of the conditional expectation of ¢(y,) given x, denoted
by g*: X x P — H, with

¢"(x,p) = J(p(n)du(nlx,ym)dp(yx}- (33)

Note that since ¢(-) is bounded and continuous, we have that g* € L%(X, 7px, H).
Now we prove Lemma 3, in the extended version
Proof of Lemma 3. By Berge maximum theorem [33] (see also [19]), since Z is compact,

we have that the solution of the learning problem in Eq. 4 is characterized by

F(x) = argminJA(z,mx)dp(mx).
zel
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The result is obtained by expanding the definition of A with respect to SELF (Def. 2) and
the linearity of the inner product and the integral

[ 2 yantyin) = [ ez n pautaly, x prantpraptyh) (34)
= [z % p), 00 dutnly, Pl dp(yl 35)
= [ (wlzxp) | omautiy,x p)dolui) antpl)  @36)
= [z %), 9" Py o) 37)

O

Since g* depends on the unknown distribution p, we substitute it in Eq. (15) with an
approximation g. In particular, since g* is the conditional expectation induced by p(ylx), a
viable choice for g is the empirical risk minimizer of the squared loss, which is a well known
estimator for the conditional expectation [28], namely

. -
g =argmin — > [b(m) — 905, p5)13 + Mgl (38)
geg m j:]

where G is a normed space of functions from X x P to H. In this work we will consider
G = H ® F where F is the space of functions associated to a kernel K on X x P. In this
case g can be obtained in closed form in terms of the auxiliary dataset and, when plugged
in Eq. (15), the resulting estimator corresponds exactly to the one in Eq. (6), as shown in
next Lemma.

Lemma 10. Let A be SELF, Z a compact set and K be a positive definite kernel on X x P
and f defined as in Eq. (6) with weights as in Eq. (9) computed using kernel K. Then f is
characterized by

o~

f(x) = argmin ) 7(plx) (W (zp, xp, P)y G(%, D))y (39)

zeZ pep
with g the solution of Eq. (38) computed using kernel K.

Proof. We recall (see [28]) that the least-squares solution of Eq. (38) can be obtained in
close form solution as

g,p) =D %(xplelyp)
=1

for any x € X and p € P, where the weights « are defined as in Eq. (9). By linearity of the
inner product we have

> mlphe) (lzp, xp, P G0 Py = D 3 mlph)es (%, P) (Wlzp, Xpy Py @y ), (40)

pepP j=1 peP

m
= 3 S wlpl)os (%, p)Lp(zpy yplxp) 41)
j=1 peP
where the last step follows from the assumption that the loss is SELF. O
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An interesting consequence of the lemma above is that 1, ¢, g, g*, H are only needed
for theoretical purposes — i.e. to establish the connection between the estimator f and the
ideal solution f* — and are not needed for the evaluation of f which is done in terms of
known objects, via Eq. (6).

D Comparison Inequality

In this we derive a result, Thm. 11, that is crucial to prove the statistical properties of the
proposed algorithm. Note that it is analogous to the Comparison Inequality of [19] and of
independent interest for the proposed framework. First we define the following estimator,
that is a more general version of the one presented in the paper

flx) = argmin | (2% ), 300 Pl i) (42)
zeZ P

Note that the estimator presented in the main paper which is characterized by (39),
Lemma 10 can be written like (42), applying Remark 5 in Appendix A.1.

Theorem 11. When Z is a compact set and A satisfies Def. 2, for any measurable g : X x P —
H and f : X — Z defined in terms of g as in (42). Then

E(F)—&(f) < calld— g" 2 ixxprox .20 (43)
and cp is a constant depending only on A\ and defined at the end of the proof:

Proof. Forany x € Xand z € Z, let

Alzx) = L (2% ), 6" (%, Py dri(phe), (44)
Aleh) = | (2%, 9,50, P} dm(piv. 45)

By the SELF assumption {(z, wlx,p) = ({(z,x,p), @(w)),, and the definition of g* as in
(14) we have the following alternative characterization for A(z|x) as shown in Lemma 3

Alzlx) = Jm iz whp) dulily, % p)dp(yhx)dn{pl). 46)

Then, £(f) = jXA(f(x)lx) dpx(x) for any f : X — Z and we have the following
decomposition of the excess risk

E(F) — E(f*) = L A(F(x)Ix) — A(F(x)x) dpx(x) (47)
= L A(fx)x) — A(F(x)Ix) + A(F(x)Ix) — A(f*(x)[x) (48)
<0
4 L A () — A(F (x)Ix) dpx(x) 49)
< ZJX SIEJZp \/A\(ZIXJ — A(z[x)| dpx(x) (50)
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where we have used the fact that A(f(x)x) — A(f*(x)Ix) < 0 since, by definition, f(x) is
the minimizer of A(-|x) (see Eq. (42)).
Now, note that by the linearity of the inner product we have

GD

Aleh) = A(zh)| = || iz p),Gix,p) = g(x, L)y drlph)

< j (2% Pl l1g" (% p) — G0, )l dr(plx) 52)

< \/J (2, %, P13 dﬂ(PIX)\/J lg*(x,p) — g(x, p)II3, dn(plx) (53)
p p

=q(x,z) \/L g*(x,p) — g(x,p)||3, dne(plx) (54)

where we applied Cauchy-Schwartz for each of the two inequalities, with q(x,z) =

Vo [W(z )3 dnlplx).

Denote with || - [[12(xxpmpy,) the norm such that

1912 (xxpmox 200 = JX . lg(x, P13, dr(plx)dpx(x), (55)
X

for any g : X x P — H. Then, plugging the inequality above in (50), we obtain

2J sup |A(zlx) — (z|x)\ dpx(x) (56)
X zeZ
J sup [ (%2) \/J lg* (%, p) — §(x, P, dr(plx) | dox(x) (57)
X zeZ P
= 2| sup [q(x,2)] ” lg*(,p) = G(x, )13, dre(phx) dpx(x) (58)
XZGZ P
2
<2 \l sup qXZ)> dpx(X)\/J 1g*(x,p) — g(x, p)||%, dre(plx)dpx(x) (59)
zel XxP
callg — g™z (xxpmpx 1) (60)

where the last inequality follows from Cauchy-Schwartz and

2
%:zM (supq(x,z)> dox(x) 1)
X \zeZ

=2 \/J sup
X zeZ

L (2% I, drplx)| dox(x) 62)
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Remark 6 (Remove the dependency of c» from px). Note that it is always possible to remove
the dependency of c from px by bounding it with

12

ca <2 (supJ [W(z,%,p)|IZ dn(plx)) (63)

zel
xeX

E Analytical Decomposition

According to the comparison inequality Eq. (43) it is sufficient to bound the quantity
19 — 9" [lL2(xxP,mpy, ) N OFder to control the excess risk of the estimator f. Equipped with
the notation introduced above, we can now focus on studying this quantity. In particular
in Thm. 13 we provide an analytical decomposition of |[g — g*[|[2(xxpmpy,3) N terms of
basic quantities that can be controlled in expectation (or probability, for the universal
consistency).

Proposition 12. Let g, g* be defined as in Eq. 38 and Eq. 33, then the following holds

~ 1~

PO 1
19 — 9" [lL2(xxP,ox,2) = ISCx B — Gllus(a,12(xxPox ) (64)

Proof. First of all we recall that the space [2(X x P, px, H) is isometric to H®L?(X x P, mpx)
which is isometric to the space of linear Hilbert-Schmidt operators from H — L2(X x P, mtpx),
denoted by HS(#, L?(X x P,mpx)). Now note that G is the operator in HS(#, LZ(X x P, mpx)),
that is isometric to g* € L?(X x P, 7px, H), indeed Gv = (g*(-, )y V)4, for any v € H.

Now note that is the solution of the problem in Eq. (38). Indeed, first note that
the functional Ry(W), defining the problem in Eq. (38), is smooth and strongly convex
(W e H®F,A>0). Then we find the solution by equating the derivative of RA(W) to 0.
First note that for any W € H ® F, the functional Ry (W), is equivalent to

- ;i 40 0w7) — Wity gyl + MWl (65)

= Tr|W (;ikm,p] ® Kixy, o) + AI)W* (66)
P

~2 (;gk(xij,pj) ®¢(wj)) ]Z]d> w)@dlm)]  (67)

=Tr[W (C+AT) W — 2BW + —an wy) ® bwy)], (68)

j=1

where for the last step we applied the defintion of C and B. By taking the derivative of
RA(W) in W and equating it to 0 the following minimizer is obtained W =B* C L8

Moreover note that, SC 1B is the operator in HS(#, L2(X x P,mpx)), that is 1sometric
to g € L2(X x P,px, H), indeed by definition of S

SCy'Bv = <k(.,,),\7\\/*v>]__ = <\/T/k(.,.),v>H =(q(,)yv)y, YWeEH.
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Theorem 13. Let A > 0. With the definitions in Sec. B, we have

~ ) 1 1/2
18— 0" iz ixxpmox20) < (\ﬂ + ;) (B1A12(N) + B2) +AA(A). (69)
where B1 = ||C — C||, B2 = ||B — Blus and A,(A) = ||L;"G|lus for r > 0.

Proof. By Prop. 12 and by adding and subtracting Sé;]B and SC;] B we have

19 — g™l L2(xxProx, 1) = ISCy'B — Gllas2) S A1+ A2+ A3 (70)
with
A1 =[1SC"'B —SC; " Bllusia,12) (71)
Ay =|SC;'B — SCy'Bllus(a,12) (72)
A3z = [SC'B — Gllus(z,12)- (73)

Bounding A;. Now, by dividing and multiplying by C 12 we have
A1 =|SC' (B~ B)[lus(z,12) < ISCXMIIB — Bllusa, ) 74

Bounding A,. By using the identity R~ — T-! = R™'(T — R)T~! holding for any
invertible operators R, T : ¥ — F, we have

Az =|IS(Cy" — C}T])BHHS(H,LZ) (75)
= [SCT(Cx = CA)C3 Bllus(a,12) (76)
= [ISC31(C — C)C " Bllus(a.12) 77)
< ISCMIIC = CIHICA "B lusr,7)- (78)
(79)
We further apply Lemma 8 to have ||C;1/ZS*H = HS*L;WH <Tland C;'S = S*L;. Then,
1C " Bllus(z.7) = ICx ' S*Gllusi,7) = IS Ly ' Gllus(,7) (80)
wr =1/2011 —1/2 —1/2
< [IS* L3 IR 2 Gllass a2y < X *Glusereiz)- (81)

Bounding A;. From Lemma 8 we have B = $*G and SC)T]S* = LL;] =1- )\L;]. Then,
A3 =|SC;"'S*G — Gllus(r12) = I =ALL)G — Glluszr2) = MLy Gllusrrz)-  (82)

To conclude, we control the term HS@T] | by

ISCMI2 = 11Cy '€y < [1G1(C = O)IG + 116 CG| (83)
~ P
<IICMPIC = Cll + 5 (84)
1 ~ 1
SﬁHC—CH‘FX (85)
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Therefore

lc-¢i, lc—CJ|
£z 0 < ~ @
A2 = ﬁ R (86)

Combining the bounds for A;, A, and Az we obtain the desired result.

ISC <

> \

F Learning Rates

In this section we focus on the analysis of the learning rates of the proposed estimator in
expectation with respect to the sample of a training dataset. The main result of this section
is Thm. 22, from which Thm. 4 is a corollary. Building on the analytic decomposition of
Thm. 13 we observe that the key quantities to study in this setting are the E||C — C||? and
E|B—B |45 as discussed below. In particular the following theorem further decomposes the
quantities from Thm. 13, and E||C — C|| and E||B — B||%s, are bounded in Appendices F.1
and F.2. Finally Thm. 22 is given in Appendix F.3.

Theorem 14. Let A > 0. With the definitions in Sec. B and Thm. 13, we have

VEB a0 B\
1) ( 172(A) B1+E62> +AA(A). (87)

Ellg — 9" l2(xxprpx. ) < 2 (1 T

A A
Proof. Let a = \%, b=1,c=|L, "2Glus and d = A||L; " G||us. Then,
El[g — g%[lL2(xxpmox, ) < Ela+ bRy ) (e + B2) + d (88)
< \E(a+bBI2)2E(ch) + B2)2 + (89)
< \/4(a? + V2EB: ) (CPEBT + EBY) + d (90)
< 2\/(a2 +b2\/EBT)(PERT + EB3) + d (oD

O]

The rest of this section will be devoted to characterizing the behavior of EB4 and EBZ in
order to obtain a more interpretable learning rates for the estimator proposed in this work.

F.1 Bounding Ep?

Denote CXij Py = Ko py @ Ry — C. First, we show that Bl py = 0.
Lemma 15. With the definition above, when x1,...,xy are identically distributed, we have

E Cxi]- Pj = O
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Proof. Since x1,...,xy are identically distributed, for any j = 1,..., m, we have

1 n
E i py @ Ky py = n Z] Lxx [SHRIR S dr(pjlxi; ) dpx(xi;) (92)
lj:
= J kx,p & kx,p dﬂ(pb‘)de(X) (93)
PxX
=C. %4)
0
Lemma 16. With the definitions of Section B let Q1 = E||xp||fg and
€= | Cupluy dnlpi)dn(p)dox() (95)
PxX
A m—1) Tr(¢
EHC—CH%IS:&+( ) () (96)
m m n
Proof. From the definition of C, we have
& 2 1 v 2 1 ¢
BIC— Clls =B 3 Gomllis =5 3 ETr (G mlam) O
)= ),n=

We consider separately the elements in the sum that correspond to the case j = h and
j #h.
1. Case j = h. We have

E Tr (ij P; CXih,ph) = IEHCXij P; ||2Hs =Q (98)
2. Case j # h We have E Tr (Cxij b CXih,Ph) =z Z{;yihﬂ R{Jhlh where

RN = J TG,y Cxopn) A70(P3 P ) d7e(prlxy ) dpx (x1) - - - dpx (xn ). (99)
PxX

We consider separately the case i; = i, and ij # ij.
2.1 Case j # h and {; = i;. We have that

R]l;hl] = J Tr (CXL yPj CXi. »ph) dn(p) |Xij )dn(phb(i]- )de (Xij ) (100)
’ PxX ) !

- L T (Gplap) dnp)dn(pho)dox(x) = Tr(0). (101)
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2.2 Case j # h and i; # i,. We have that

R, = [ 10 (G o) s (s ol Mox(x, ) (102)
— [ 1 (Canturg) artphidntp’x')dpx(xidox(x') (103)
Y (J G dre(plx)dpx(x) J g An(p'ix')dpx(x')) (104)
= ||E Cepllfis =0 (105)

where the last equality follows from the fact that the (,, have zero mean according to
Lemma 15.

Combining the above cases. Note that in (97), Case 1 occurs m times and Case 2
occurs the remaining m(m — 1) times. Therefore, we have

Q] m—11 ks j,h
EIC—Clfs=—+——-— > R, (106)
ij,in=1

Now, for the second term on the right hand side, Case 2.1 occurs n times while Case 2.2
occurs the remaining n(n — 1) times, leading to the desired result. O

Lemma 17. With the notation of Lemma 16 and the definition of q in (17), we have

Tr(¢) =¢g — ¢ =q, (107)

where
1 = | k(00 p), (04 p')? dr(pl) (') dpx(x) (108)
2 = [ (06,1, (', )7 dm{ply)nlp /) dpx(x)dox () (109)

Proof. Note that by definition of ¢ and the reproducing property of the kernel k, for any
x,x’ € X'and p,p’ € P the following holds

Tr(GupGurpr) = k(%) (¢, 97)" = Tr (€ (K @ Ky ) ) (110)
—Tr (C (Knrpr @ vy ) ) + Tr(C2). (111)
Then, by definition of C = E ky» ® ky,p, e have
TH(€) = | Tt (Cuplape) dr{pl)dntp’ix)dpx(x) (112)
= —TH(C) + [ k((x,p), (%, ")’ d(pix)dm(p’lx)dpx(x) (13)
— TY(CH) + Jk((x,P), (x,p"))? dre(plx)dre(p’Ix)dpx(x) (114)
= ¢ — Tr(C?). (115)
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To conclude,

() =Tt ( ([ ks dr(px)dpx() ) ([l s drelp')dpx(x))) ) 116)

2
= Jk((x> p), (x'yp"))" dn(plx)dn(p’Ix") dpx (x)dpx(x) (117)
= . (118)
The last step consists in noting that ¢; — ¢, is exactly the definition of q in (17).
[
F.2 Bounding Ef3}
The analysis for IE[S% is analogous to that of IEB%. For completeness we report it below.
Denote My, pyovy = kXij p; @ @ (wj) — B. We show that E Mxi, pjowy = 0.
Lemma 18. With the definition above, when x1,...,xy are identically distributed, we have
E My opyows = 0
Proof. Since x1,...,xy are identically distributed, for any j = 1,..., m, we have

n

1
E Ky p; @ @(wj) = — Z kal p; @ @(wj) dulwilys, xij, pj)dm(pilxi ) dp(yi;, xiy)  (119)

1]—1

J wp @ @(W) du(wly, x, p)dn(pix)de(y, x) (120)
= B. (121)
O

Lemma 19. Let Q; = E|[nypwllfs and

% — Jn::,p,wnx,pf,w/ dp(wly, x, p)du(w'ly, x, p")dn(plx)dn(p’x)dp(y,x)  (122)
N Tr(B
E|B —B|#s = g + — 1) Ti( ). (123)
m n

Proof. From the definition of B, we have

1 o .
EHB BHHS - ]EH Z nxl »p]yW] ||HS 2 Z ]:E Tr < nXij ,p]',anXih)phaWh> (124)
j,h=1

We consider separately the elements in the sum that correspond to the case j = h and

j#h.
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1. Case j = h. We have

E Tr (T];j ,pj,anXihyph»Wh) - EHnX‘lj yPjHWwj HIZ-IS = QZ- (125)

2. Case j # h We have E Tr (n;';_lj ,pj,anXih»ph»Wh> =1 Z{;,ihﬂ Z)l]hlh where
3 = JTr(niu,pj,wjnxv,ph,wh) dp(wlys;, iy, Pj) A(Whlys, Xy Pr) X (126)
X dﬂ(pj|xu)dﬂ(ph|x\))dp(yl>X1) - dp(Yn, Xn)- 127)

We consider separately the case i; = i, and ij # in.

2.1 Case j # h and i; = i;,. We have that

j,h *
Z]ij »ij J Tr (nx-lj Pj ,wjnxij ,‘ph,Wh) dp.(W] ‘Uij ) Xi]‘ ) p] ) dlvl(Wthij ) Xij ) ph) X (128)

x dm(pjlxy; ) dre(pnlxi; ) dp(yi;, xi;) (129)
= JTr (n,’i,p,wnx,p/,wf) du(wly, x, p)du(w’ly, x, p")dn(plx)dn(p’x)dp(y,x) (130)
— Tr(B). (131)
2.2 Case j # h and i # i,,. We have that

le;hlh = JTT (T];j ,pj,wjnxih,ph,wh> dp(wjlyi;, xi;, Pj) A WhIYi,, Xiy, PR X (132)
x d7mt(pjlxi; ) dm(pnlxi, ) dp(yi;, xi; ) de (Y, x4, ) (133)

= JTr (M poeerprowr) drlwly, x, pldu(w'ly’,x', p')x (134)

x dre(plx)dr(p’lx")dp(y, x)dp(y’, x') (135)

=Tr (Jni,p,w dp(wly, x, p)dr(plx)dp(y, x) x (136)

< Mo dulwly’, ' p (ol 1) ) 137)

= |E nxpwllfis = 0, (138)

where the last equality follows from the fact that the n, ;,, have zero mean according to
Lemma 18.

Combining the above cases. Note that in (124), Case 1 occurs m times and Case 2 occurs
the remaining m(m — 1) times. Therefore, we have

5 Qo om=11 & _in
E||B —Blfs =+ ——— >z, (139)
ij,in=1
Now, for the second term on the right hand side, Case 2.1 occurs n times while Case 2.2
occurs the remaining n(n — 1) times, leading to the desired result. O
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Lemma 20. With the notation of Lemma 19, we have
Tr(B) = by — by (140)

where
by = J<9*(x>p),9*(x>p’)>ﬂ k((x,p), (x,p")) dr(plx)dr(p’lx)dpx(x) (141)
by = J(g*(x,p), g" (x',p"))y k((x,p), (x',p") dr(plx)dn(p’lx")dpx(x)dpx(x). (142)

Proof. Note that by definition of n and the reproducing property of the kernel k, for any
x,x" € X, p,p’ € P and w,w’ € [Y] the following holds

TE( pwTherprn) = (@), @ (W), k(% P, (¥, p7) = Tr (B (ke @ 0(w)) ) (143)
~Tr (B* (kxp ® (p(w’))) + Tr(B*B). (144)

Then, by definition of B = E ky, ® @(w), we have

r(B) ZJTI’ (N paMproer ) (WY, x, P)du(w’ly, x,p")dr(plx)dr(p’x) dp(y, x) (145)

= —Te(B'B) + | (plw), @w'))y k(05 p), (', p7) dilavty,x,p) ity x,p') ¢
(146)
% drn(ph)dn(p'x)dply,x)  (147)

= —Tr(B*B) J(g X P), 9" (%, p"))5 k((x,p), (x,p")) dre(plx)dr(p’Ix)dpx(x)
(148)
= by — Tr(B*B), (149)

where in the third equality we used the definition of g*(x,p) = [ @(w) du(wly,x, p)dp(ylx).
Moreover, since B can be written in terms of g* as

B = [ kup @ 97(x,p) drlple)dpx() (150)
we have

Tr(B"B) = J(Q*(MP),Q*(X'»P/DH k((x,p), (x',p")) dm(plx)dm(p’Ix")dpx(x)dpx(x")
(151)
= b,. (152)

O
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F.3 Learning bound in expectation

We introduce here the assumption that the target function g* of the learning problem
belongs to the RKHS where we are performing the optimization.

Assumption 3. There exists a G € H ® F, such that almost everywhere on X x P,
Gkyp = 9" (x,P).
The following results will leverage the assumption above.
Lemma 21. Under Assumption 3,
Tr(B) < |G|I*Tr(¢), (153)

Proof. We begin first observing that € is positive semidefinite since
€ = | Caplugr dmlplhdntp’x)dpx(x) = E Gy (154)

is the expectation of the random variable (,(y, where (, = fo,p dmt(plx) is positive
semidefinite. Moreover, by the definition of € in terms of (yp = kyp ® kyp — C, we have

¢= J (kep @ Knpr) k(% D), (%, 97) = (Kp @ ) C dr(phIm(pIx)px(x)  (155)
+ j C? = C (ks @ k) dre(plx)m(p’Ix)px(x) (156)

= _Cz +J (kx,p ® kx,p’) k((x,p), (X,P/)) dW(P|X)7T(P/|X)pX(X) (157)

where we have used the definition of C = E ky, ® kyp.
Now note that under Assumption 3, for any x,x’ € X and p,p’ € P

<9*(X»P)> 9*(X/,P,)>H = <ka,pa ka’,p’>7.[ =Tr (G*G (kx,p ® k«’,p/)) . (158)

Therefore, substituting the above equation in b; and b, defined in Lemma 20, we have

Tr(B) = b1 — b, (159)
=11 (676 || (ke @ kg ) K( (), (5,91 i) lo(x) — €[ ) 160)
= Tr(G*G @) (161)
< |IGIP*Tr(e) (162)

where the last inequality follows from the fact that both G*G and € are positive semidefinite.
O

Theorem 22. When A is SELF and Z is a compact set, under Assumption 3, and the notation
in Egs. (16) and (17) we have

~ 5 12, 12
EEF)—E(f) < 2cag 7\‘/2+zﬁ<1+<r+q> ) (r + q)

AMm - An Am . An
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In particular when A > / ;—21 + 3, then

E &(

—)
|
&
—h
*
AN
—
N
o
>
o
/N
‘-‘
N
_|_
\n
_|_
>
N———
I
N

Proof. By the comparison inequality in Thm. 11, we have that
E E(f) — E(f*) < 2ca I — 9" [lt2(xxpympx,20)-

To bound E|[g — g* || 2(xxpnpy,#) We Need to control some auxiliary quantities. With the
notation of Thm. 13 and Lemmas 16, 19 and 21, we have

Eg < 2 4

1 Tr(€)
m

=V, EB3<|G|V.

In particular note that Tr(¢) = q, by Lemma 17 and that by definition of Q;, r and C we
have

Q] = Ekx,p & kx,p - CIZ_IS (163)
=Tr (E k((%,), (6,P)) (kp © Kp) = 2C(ksp @ ko) + C2) (164)
= Tr (E k((6,), (%, P)) (Kknp @ kp) = C?) < rTr (E (kp @ kep)) <72 (165)

Moreover, by Assumption 3 we have that G = SG and so

~12 —1/2 —1/2
A2 = 1L %G s = 1Ly *SGllusaerz) < LS Glluseer) < G llas.z)-

Analogously
AN = |IL'G < I G =A"24;,(0) <A G
1(A) = [[LY Gllus a2y < 1Ly 7Ly Gllusar2) = 12(A) < |Gllus(#,7)-

By plugging the bounds above in the result of Thm. 14, we have

N . \YAVZ AV,
ElI§ — g*|l2(xxpox.0) < 2V2/|Gllus (20, 7) \/ T+ S \x T 1Glles e, 7 A2

By selecting A > V'/2, we have

. N Vv
Ellg — 9" [|L2(xxPrpx, 1) < 4||G||HS(7-L,]-')\/;+ 1Glas(r,7) A2 (166)
< 4G Yoan (167)
< 4|Gllus(p, 1) X +
v 12
<4V2Gllsi (5 +1) (168)
since a'/2 +b'/2 < /2(a + b) for any a,b > 0. O
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F.4 Proof of Theorem 4

Proof. Theorem 4 corresponds to the second statement of Theorem 22. O

G Learning Rates with the effect of parts

In this part we start from the results of Thm. 4 and study the effect of interlocality and
intra-locality. Lemma 6 is essentially a corollary of Lemma 25 and it is proven in Section G.1.
Finally the proof of Thm 7, is given in Section G.2 and it is based on Thm. 4 and results
from this section.

We consider here the natural generalization of inter-locality Asm. 1 to the case where
the parts of y are sampled non-deterministically from .

Assumption 4. There exist two spaces [X] and [Y] of parts on X and Y respectively and a
conditional probability distribution [ on [Y] with respect to [X], such that

(W) = ju(ww, x,p)do(ylx) (169)

Clearly, Asm. 4 formalizes the concept of inter-locality and recovers it when p corresponds
to

HHQ)X)p) :Syp(') (170)

where 6 denotes the Dirac’s delta on the point y, € [Y]. Indeed, in this case we are requiring
w =y, to depend exclusively on x;, for any p € P, hence to be conditionally independent
with respect to x. Moreover, we are requiring such distribution [t to be the same for any
p € P, hence recovering Asm. 1. The following result is therefore a generalization of
Lemma 5, which is recovered as a corollary.

Lemma 23. Under Assumption 4, g* is such that g*(x,p) = §*(xp) forany x € Xand p € P,
where §* : [X] — H is such that

§*(&) = J@(w) dii(wlE) a71)

almost surely on [X].

Proof. The result follows directly from Assumption 4 and the definition of g*

9*(X)p) = J (p(W) dH(W|U)X»P)dP(U|X) = J (P(W) dFL(W|Xp) = Q*(Xp)- (172)

O]

Assumption 5. Denote by k : [X] x [X] — R the reproducing kernel on [X] with associated
rkhs denoted by G, defined as for all x,x’ € X and p,p’ € P

k((x, )y (s p")) = klxpy %) (173)
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Assumption 6. There exists Ag € H ® G such that the function g* : [X] — H can be written

as —_
Q*(ﬂ) = AOkn-

Lemma 24. Under Assumption 5, we have that F = {goix | g € G}, with inner product
(goix,g'oix)» = (g9,9")g is a reproducing kernel Hilbert space on X x P, with kernel
k((x,p), (x',p")) = k(xp, b /). Moreover there exists a linear unitary operator U : G — F
such that Ug = goix € F forany g € G.

In particular under Assumptions 4 to 6, we have that Assumption 3 is satisfied for
G = Ay U*, and

19" (17 := [[Gllas(z ) = [1Aollusg ) = 197 1eg-

Proof. By definition G is the RKHS associated to the kernel k on [X], where the scalar product
(-,-)g is defined such that <1_<n, 1_<C>§ = k(n, ), for any 1, ¢ € [X] and G is the closure of
Go = span{k(n,-) |n € [X]} w.rt. (-, ->g. Similarly F is the RKHS associated to the kernel k

such that the scalar product (-, -) » is defined as (kyp, ke p/) 7 = k(ix(x,p),ix(x’,p")), for
all (x,p), (x’,p’) € X x P. Note that by definition of 7, we have that F is the closure of F,
w.rt. (-, ) 7, with

Fo = span{k((x,p), (-,)) | (x,p) € X x P} (174)
= span{k(ix(x, p),ix(-, ")) | (x,p) € X x P} (175)
= span{k(n, ix(-,-)) |n € [X]} (176)
=Go oix. (177)

Now, since for any n, ¢ € [X] there exist (x,p), (x/,p’) € [X] such that n = ix(x,p),{ =
ix(x’,p’), we have that,

(R, ix(c, D), k(G ix () = (Rlix e p)yix( D) Rlix (6, Py ix( ) . (178)

= Klix(x, p)yix(x',p") = kn, @) = (knyKe) . (179)

So, let f,f’ € JFy, by definition we have f = goix and f' = g’ o ix with g,g’ € Go.
Moreover by definition of g,g’ there exist n,m € N and ny,...,Mn, (1y.voy Cm € [X]
and o1, ..., 0n, B1y...,Bm € Rsuch that g(-) = Y 1!, aik(ni, ) and analogously g’(-) =
th] B]k(c)) ) )

Now we show that (g oix, g’ oix)» = (g,9)g for g,g’ € Go and then we extend it to G.
First we recall that the composition on the right is linear, indeed

(xf+Bg)oh=afoh)+B(goh),

for any «, 3 € R, any function f,g: A — Rand h: B — A, and A, B two sets. Then we
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have

(f,f)r =(goix,g' oix)r = < (Z oik(ni, ')) o ix, (Z Bik(gj, ')) o ix> (180)
i

j=

<Z (xl]z T]l)‘X )Z B]E(CjalX()))> (181)
j=1

i=1

—_

=Y > ey (ki ix( ), k(G ix( ) (182)
i=1 j=1

=) D b <km»kcj> = <Z ok, Y B)E<j> (183)
i=1 j=1 i=1 =1 g

=(9,9")g- (184)

By noting that
[gn oix — gm o ix[[7 = [[(gn — gm) o ix[|7 = [lgn — gmllz

for any Cauchy sequence (gn)nen in Go, and the fact that Fy = Goix and that (g o ix, g o ix) » =
(9,9 >g, for g,g’ € Go, then we have that 7 = G o ix, and that (goix,goix)r = (9,9 >§’

for g,g’ €G.
Now denote by U : G — F the operator such that Ug = g oix. First note that U is linear,
indeed

U(xg + Bh) = (g + Bh) oix = a(g o ix) + B(hoix) = allg + fUh,
for any g,h € G and «, B € R. Moreover we show that U is a partial isometry, indeed

IUglF = llgeixllg = (g0 ix, g o ix) = = (9, 9)g = ll g3

Finally by applying the result above to g* and §*, under Assumptions 4 to 6, we have
that G = AoU* and so, by using the isomorphism between H ® F and HS(F, H), we have

19" 17 := [[Gllas(z ) = [1Aollusg ) = 197 1eg-

G.1 Proof of Lemma 6

Assumption 7. The distribution 7t(-|x) = 7t(-|x’) for any x,x’ € X. For the sake of simplicity
we will denote it by 7t(-).

Lemma 25. Under Assumption 7, the following hold
where, for p,q € P

g = Evx [k((x%,p), (x, )2 —k((x,p), (¥, q))?]. (186)



Proof. First note that with the definitions of Lemma 17, we have
q==06—0

by Lemma 17 . Under Assumption 7 we can denote 7t(-|x) = 7t(-) without ambiguity. Then
with the notation of Lemma 17, we have

1 = | k(04 p), (3, )° drlp)dm{a)dpx(x) (187)
=Epq Jk((x,p), (x,9))* dpx(x) (188)
= Ep qExk((x,p), (x, 9))* (189)
Analogously for ¢,
2 = [ ((x,p), (', @) anp)an(a) dox()px(x') (190)
~Epq | Kl(x,), (x,4))7 dox(x)px(x) (191)
= Ep aExnrk((x,p), (%, q))° (192)
O

G.2 Proof of Theorem 7

Proof. This proof consists in applying Theorem 4 with A = {/r?/m + q/n, and taking into
account inter-locality and intra-locality.

First, under the inter-locality condition formalized in our measure theoretic setting as
Assumption 4, there exists a g* : [X] — H such that g*(x,p) = g*(x;) for any x € X and
p € P as proven by Lemma 23. So the restriction kernel can learn g* if it is rich enough,
that is g* € H ® F (here formalized as Assumption 6, with F denoted by G). Then we can
apply Lemma 24, that guarantees the applicability of Theorem 4.

Second, by the assumption on the fact that 7t(p|x) = 1/|P|, we can apply Lemma 6 and
then the intra-locality condition of Assumption 2, obtaining the desired result. O

H Universal Consistency

In this section we prove universal consistency for the proposed algorithm. In particular
this consists in the same proof of Thm 4, Section B.3, but using our Comparison inequality
(Thm 11) and our bound in high probability of the distance between g and g*, that is the
following Thm 29. First, we recall and specify the Pinelis inequality [34-36] to our setting.

Proposition 26. Let 6 € (0,1] and m € N. Let H be a separable Hilbert space. Let

Cly- - ., G be independently distributed H-valued random variables. Let R > 0 be such that
esssup |||l < Rforeveryj=1,...,m. Then,
1 & 4R log%
— 21 G-Eg]| < N (193)
)= H
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with probability at least 1 — 9.

Proof. By applying Lemma 2 of [36] with constants M = R and o2 = sup; E||¢; 17 < R?, we

obtain
2R1og 2 2R21og 2
<2085 g5 (194)
m m

HS

%Z (G —Eg]

=1

with probability at least 1 — 5. Now, log% < logg and log 3% > 1 for any 6 € (0, 1]. Then,
we can bound the above inequality by

2R log 2 2R21 4R1
985 | 0g§ < g5 (195)
m m /M

O

Remark 7 (Pinelis Inequality for Hilbert-Schmidt Operators). We recall that the space of
Hilbert-Schmidt operators between two separable Hilbert spaces is itself a separable Hilbert
space with the Hilbert-Schmidt norm. Therefore, Pinelis inequality in Prop. 26 is directly
applicable.

Lemma 27. Let C and C and « = sup, , |[kx,p || 7 defined as Sec. B. Let & € (0, 1]. Then

6
¢l <4 ( )10 (196)
with probability at least 1 — 9.
Proof. Given a dataset (x;);, we introduce the operator C : F — F defined as
-1 &
C= - ; JP Kyip @ Ky p d7t(plxi). (197)
and consider the following decomposition
IC~Cll < IC=CJl+C -]\ (198)

Let T = §/2, in the following we separately bound the terms above in probability and then
take the intersection bound.

Bounding |[C—C||. Foranyj = 1,..., mlet Gj = Ky, ,p; ®Kx,. p; With ij and p; independently
) )

sampled respectively from: the uniform distribution on {1,...,n} and the conditional
probability 7(-[x;;). Therefore, for any j =1,...,m

1T & ~ 1

- g C-EG=1) L Kep ® ks p d7i(plx) (199)

i=1
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and

esssup [[Gillus < SUp (kuprkp)r < sup [y 3 < &2
xeX,peP xeX,peP

We apply Pinelis inequality (see Remark 7), leading to

3
_ 4k*log 2
i m

HS

IC—CJl < IIC—Cllus = (200)

%Z (G —Eg]

with probability at least 1 — .

Bounding Hé —CJ|l. Fori=1,...,nletn; = [} kx,,p ® Kx;,p drt(plx;) with x; independently
sampled from px. Therefore, for everyi=1,...,n,

-1 &
C= n Zﬂu C=Eni = J Kyp @ kyp drt(plx)dpx(x) (201)
XxP

and

esssup |niflus < sup [kupl% < &%
xeX,peP

We apply again Pinelis inequality, obtaining

= =~ T o« 4k?log 2
”C_CH < HC_CHHS: an [m—Em} < TT (202)
=1 HS
with probability at least 1 — .
By taking the intersection bound of the two events above, we obtain
. 4k%log2  4k?log3
C—Clluc < T T 203
| s < T + Tn (203)
with probability at least 1 — 271. By recalling T = % we obtain the desired result. O

Lemma 28. Let B, B, k = supy, [[kxpll7 and q = sup,, ||@(w)||y defined as Sec. B. Let
5 € (0,1]. Then

B — Bl|us < 4kq <\F \F> Ing63 (204)
with probability at least 1 — 9.
Proof. Given (xi,yi); a dataset, we introduce the operator B :H — F defined as
-1 &
== ZJ xp @ @(w) du(wlyi, xi, p)dm(plxi). (205)
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and consider the following decomposition
IB—Bllas < |[B—Bllus + [|B — Bllus. (206)

Let T = §/2, in the following we separately bound the terms above in probability and then
take the intersection bound.

Bounding ||B — B|jys. For anyj = 1,...,m let & = kxij,p]. ® @(wj) with i;,p; and wj
independently sampled respectively from: the uniform distribution on {1,...,n}, the
conditional probability 71(~|xij) and the conditional probability m(-yi;, Xi;) pj). Therefore,
foranyj=1,...,m

R T3 B 13
B=— Z aj) B=E E,j - — ZJ kxi,p ® (p(w) dH(W|Xi»Ui>P)d7T(P|Xi)> (207)
miS T Jmxe
moreover
ess sup ||&jllns < sup [lkxp @ @(W)[lus = sup [[kep |l #ll@ (W[l < kq. (208)
X,pyw X,p,w

We apply Pinelis inequality (see Remark 7), leading to

~  ~ 1 m
B —Bllus = m;[rij—E &) (209)

HS
with probability at least 1 — 7.

Bounding HB—EHHS. Foranyi=1,...,n,letv; = fmxp Ky, p @@ (W) d(wlys, x4, p)drt(plxi)

with (xi,yi) independently sampled from p. Then, foranyi=1,...,n
Ev; = kxp @ @(w) du(wlyi, xi, p)d7(plxi)dp(y, x) (210)

JIYIXYxXxP

= Kxp ® ” e(w) du(W\yi,xi,p)dp(yIX)} d7t(plxi)dpx(x) (211)
Ixxp [Y]xY

= Kxp ® g%(x,p) dre(plxi)dpx(x) (212)
JXXP

—B (213)

= len
and B =  » ', vi. Moreover,

ess sup || villus < SUPJ [kxp @ @(W)]lus du(wly, x, p)dm(plx) (214)
XY [ﬂXP
= SUPJ [kxpll 7l (W% dr(wly, x, p)dm(plx) (215)
XY [WXP
< kq supj du(wly, x, p)dn(plx) (216)
XY [WXP
= K( (217)
(218)

43



Therefore, applying again Pinelis inequality,

~ 1 4kqlog 3
B —Bllus = |Z [vi —Evi]|| < —F—° (219)
n & s Vn
with probability at least 1 — 7.
By taking the intersection bound of the two events above, we obtain
~ 4xqlog3  4kqlog2
B—B < x u 220
| s < N + Tn (220)
with probability at least 1 — 21 as desired.
O
Theorem 29. Let 5 € (0,1]. Let Q >0, n e N, cqg =1+ 1/y/Q and m = Qn. Then
- 4xteq(|ILy " *Gllus + ) log cqlog R
lg—g HLZ(XXPﬂrpX,’H) < Jan : T+ 2k W + ALy Gllus
(221)

with probability at least 1 — d.

Proof. In Thm. 13 we have bounded ||g— g*|[12(xxpxpy %) iD terms of an analytic expression

of |C — C|| and ||B — B||us. We bound these two terms with probability 1 — t with T = 5,/2
via Lemma 27 and Lemma 28. We further take the intersection bound to obtain the desired
result. o

H.1 Proof of Theorem 2

Proof. The proof is exactly the same as in Theorem 4 Section B.3 of the supplementary
materials of [19], where instead of using their comparison inequality (their Thm. 2) we
use our Thm. 11 and instead using their Lemma 18 we use our Theorem 29. O

I Equivalence between SELF and SELF by Parts without assump-
tions

I.1 SELF without Parts

We begin by briefly recalling the SELF framework in [19]. We will see that this is a special
case of the setting proposed in this work for a special choice of the kernel on X x P.
We recall the definition of SELF introduced in [19] and consider the formulation in [26].

Definition 3. A function A : ZxY — R is a Structure Encoding Loss Function (SELF) if there
exist a Hilbert space H and two maps \ : Z — H and @ : Y — H such that

Alzyy) = (=), 6)) . (222)

forallze Z,y €Y.
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Below we show that the definition of SELF by parts introduced in this work is a
refinement of the original one. Since the original definition of SELF did not account
for the possibility of A do depend also on the input, below we consider only the case
A(z,ylx) = A(z,y). In particular we will assume in Def. 1 that 7t(p|x) = 7t(p|x’) for any
x,x’ € X, p € P and denote it t(p).

Lemma 30. Let A : Z x Y — R satisfy Def. 1 with

Alz,y) =Y Uz ylp)rp) =Y (b(z,p), @(yp))y (223)

peP peP

Then A satisfies the original SELF definition Def. 3, with H = H ® R” and maps | : Z — H
and @ : Y — H such that

V(z) = (V7rp)(z,p)lper and  (\/7(p)@(yp))per (224)

In particular, we have that the constant c is

zeZ pep

e = fupzntp)uw(z,p)u%d = sup [[b(z) 5 (225)

Proof. Recall that by construction # = H# ® R” = @pep H. Therefore, any vectorn € #H
is the collection (np)pep withny,...,mp € H and the corresponding inner product with a

C= (Cp)pEP € 7'_l is

MOz =2 Mp Gy (226)

pep

Plugging the definition of \» and ¢ in the definition of SELF by parts, we have

Alzyy) =D 7(p) {@(z,p), V(yp))y (227)
peP
=) <\/Fp)<p(z,p), \/TTp)tl)(yp)>H (228)
peP
= <1I)(Z)> @(U)>ﬁ (229)
as required. 0

I.1.1 SELF Solution

Given a loss A that is a SELF by parts, we have already observed that the solution f* : X — Z
of the structured prediction problem in (4), can be characterized in terms of a function
g* : X x P — H introduced in (14). Based on the relation highlighted by Lemma 30, we
have the following equivalent characterization

* = i D h* _ 230
(x) arzgen;m <1|)(z), (x)>H (230)
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where now h* : X — H is conditional mean embedding of @(y) in H with respect to the
conditional distribution p(ylx). In particular, let e, € R” denote the p-th element of the
canonical basis in R”. Then, for anyn € H, x € X and p € P, we have

(W (X1 ® ep)y = <J¢>(g) dp(y|x),n®ep> (231)

=/7(p) <J ¢ (yp) dp(UIX),n>H (232)
=T (%, P )T] ’ (233)

and in particular,

= (y/7(p)g" (%, P))pee- (234)

We conclude that

I = | (000,005 dox(x) (235)
-y (Vap)g () mlp)g" o)) dox(x) (236)

© peP
= | > 7p)(g"(%P), g"(x,P))5, dox(x) (237)

© peP

= 119" 12X oy 70° (238)

1.2 If g* is “simple” (e.g. Asm. 1 holds)

Let K be a kernel on X with RKHS F. Let K be a kernel on X x P defined as K((x,p), (x',p’)) =
K(x,x")8p 7, for x,x" € X, p,p’ € P. Note that the RKHS associated to K is 7 ® R” with
Kxp =Ky ® e, and e, € ]RP the p-th element of the canonical basis of R”.

Lemma 31. Let G € H ® F @ R be such that g*(x,p) = GKyp for any x € X and p € P. Let
G1,...,Gp € H® F the operator such that Gyn = G(N® ep) for any p € P andn € F. Then,

[ G = ZPEP Gp ® ep.
e Foranyx € X, h*(x) = HK, with H =} p e, ® \/(p)G, e R @ H @ F.

In particular

2 2 2
1Glfs romr g = O _NGpllhsrry  and  [Hllsrrerr) = D mP)IGpllhsr -
peP peP

(239)
Lemma 32. Let G € H ® (F ® RP) be such that g*(x,p) = GKy,p forany x € Xand p € P.

Let Gy,...,Gp € H ® F the operator such that Gpn = G(n ® ep) forany p € Pandn € F.
Then, there exists an operator H € (H ® R”) ® F, such that
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o HK, =h*(x) forall x € X.
° ”GHZHs(]-‘@RP,H) = ZpeP HGPHZHS(}',H)'

2 _ 2

Proof. Note that since e, form a basis of R”, we can write G = )___, G, ® e,, and therefore

peP

||GHIZ—IS(]-'®RP,’H) = Z ||GPHIZ—IS(]-',H] (240)
peP

as required.
Now, by definition of h* and the relation with g*, we have that

h(x)

(v/7t(p) g" (%, P))pep (241)

(\/ ( )GKx,p)peP (242)
(\/ G(Kx @ €p)) cp (243)

(/7P GpKy). cp (244)
Hl_< (245)

where we have denoted with H € (H ® R”) ® F, the operator from F to H ® RP, such that
for anyn € F we have H = (\/71(]9)Gpn)p cp- The required results follow directly from the
construction of both G and H in terms of the G, for p € P. O

We can therefore conclude the equivalence between the original SELF estimator with
kernel K and the SELF estimator by parts considered in this work, with kernel K, under the
assumption that g* (and equivalently h*) belong to the corresponding RKHS.

Theorem 33. The SELF estimator with kernel K has same rates as the SELF by parts with
kernel K

For simplicity, assume 7t(p|x) = ‘%‘ for every x € X and p € P. From (5) and the SELF
assumption, we have

Z>U|X |P| Z pr)xp) ) @(UP))’H . (246)
peP

Denote p: Z x X - H®RP and ¢ : Y — H ® R” the maps such that

D(z,%) = ($zp, %, D)) o) = (olvp) (247)

peP

which can be interpreted as the concatenation of the different \» and ¢ for p € P. Then we
can rewrite A in terms of the canonical inner product of H ® R”,

1
D yh) = o (D20, 0Y)), (248)
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We can now apply the approach proposed in this work to the case of a problem with one
single part (or equivalently apply the SELF approach in [19]). The target function of this
problem is h* : X — H ® R defined as

1 (. 1 Ly
o (x) = |P|J<P(U) de(ylx) = IPI(Jcp(pr dp(ylvc))]DeP = pl9 Plper € H ® R’
(249)

and is the concatenation of all functions g*(-,p) for p € P.

Now, let us consider a rkhs F of functions h : X — R with associated kernel k : X x X —
R. Assume that h* belongs to the space of vector valued functions F ® (% ® R). In other
words, there exists an Hilbert-Schmidt operator H : F — #H ® R” such that Hk, = h*(x)
for any p € P. Note that this is equivalent to require that the function g* belongs to
the space (F ® R”) ® H, namely that there exists an Hilbert-Schmidt operator, such that
G: F ® RP — H, such that, G(k, ® ;) = g*(x,p) for any x € X and p € P, with e, € R”
denoting the p-th element of the canonical basis of R”. In particular, note that, for any
n e H,p € Pand x € X, we have

<Hkx>Tl ® ep>7—[ = (h*(x)»ﬂ ® ep> = <h*(x)p>n>7{ = <9*(X>P)»T1>H = |]P| <G(kx & ep)»ﬂ> .
(250)

We conclude that H = ﬁG and ||H|lus = ﬁHGHHS- In particular, note that since G €

(F ® R?) ® H, we have that for any p € P, the function g(-,p) : X — H is such that
g(-,p) € F ® H. Therefore we have

1G lus = ¢Z 19% (+ P) - (251)

peP

Interestingly, if all the functions g*(-, p) have same norm g = ||g* (-, p)|| ren in F @ H, we
have

1 1
Hllus = = ||Gllus = —= E =g. (252)

1.3 The best of both worlds

Here we formalize the comment in Remark 3, where we introduced the kernel Kg = Ky +K;
that is sum of a bounded universal continuous kernel Ky over X x P and a bounded
restriction (or “local”) kernel K, satisfying Eq. (20). In particular we show that Kg is
universal but at the same time allows to train a structured prediction estimator f that is
able to leverage the locality of the learning problem, when available. For simplicity, we
assume the input space X to be compact and the set of parts indices P to be finite.

Let Fg, Fu and F denote the RKHSs of respectively Kg, Ky, and K;. According to [37],
we know that Fg D Fy U Fi and moreover that for any h € Fj, the norm is such that

2 : 2 2
IR, =, min [hul, + I3, (253)
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with hy € Fy, hy € Fr. We immediately see that Ky is universal. Indeed, since Ky, is univer-
sal, F is dense in the space of continuous functions on X and consequently also Fg O Fy is.

The following result is analogous to Lemma 6 and shows that the kernel Kg is not only
universal but also equivalent to K| in capturing the locality of the learning problem.

Lemma 34. Denote by K = Kg = Ky + K the sum kernel, where Ky and K are the universal
and restriction kernels on X x P characterized by Egs. (13) and (20) in terms of respectively
K:XIx[X] 5 Rand Kg: X x X - R. Let t = SUPyex] K(x,x) and ry = sup, ex Ko(x, x).

Let mt(plx) = ﬁfor any x € X and p € P. Denote with C,,q the constant defined in Eq. (21)
associated to the restriction kernel K. Then, the constant q in Eq. (17) associated to Kg can
be factorized as

1 . = -
p,qeP

Proof. The proof of the result above follows by noting that, since 7t is uniform, by Lemma 25,
for any p, q € P, C, 4 is characterized by

Cp,q = Exx/ {(R(Xpaxq) + KO(XaX)ép,q)z - (R(Xpaxfﬂ + KO(XaX,)ép,q)z} (255)
= (_Zp‘q + Ex [Ko(x, x)? — Ko(x, x')? } dp,qt (256)
— 2B [Klxpy Xq)Ko 6, X) = Ry x4 )Ko(%, ') | 8p,q (257)
< Cpq + 8p,q supKo(x,x)* + 48, q [sup K(x,x) sup Ko(x,x)] (258)
xeX x€IX] xeX
< Cpq+ (4T +10) 1o dpq (259)

as desired. Note that the first inequality follows from the fact that K and K, are positive
definite symmetric kernels. O

Interestingly, Lemma 34 shows that the proposed sum kernel inherits the ability of the
restriction kernel to capture the intra and inter-locality of the learning problem. Combining
this with the learning rates of Thm. 4, we obtain a result analogous to that of Thm. 7.

Theorem 35 (Learning Rates & Locality). With the same notation of Lemma 34 let Ky
be a bounded continouous universal kernel on X, K| be the restriction kernel based on the
reproducing kernel K on [X] and let F be the RKHS associated to K. Let f be the structured
prediction estimator of Eq. (6) learned with kernel K = Kg = Ky + K. Then

1. fis universally consistent,

2. Under Assumptions 1 and 2 and m(plx) = |%| for x € X,p € P, let g* be defined

as in Lemma 5 and §* € H ® F. Denote by g the norm g = 19%| 7w When
A = (r?/m +q/n)"/2, then

_ 1/4
EEf)—E(f) < 12 21— 4 4 &p7d 260

where r = ry + 1, with ro,  defined as in Lemma 34 and ¢; = 1+ (4t +ro) ro/r%
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Proof. Let Fg, Fy and F; denote the RKHSs of respectively Kg, Ky and K;.

First, as discussed at the beginning of this section, the kernel K = Kp := Ky + K is
universal, since Fy C Fg (see [37]) and Fq, is dense in the continuous functions on X x P.
Then we can directly apply Thm. 2 obtaining the unversal consistency for f.

Second, under Assumption 1, by Lemma 5, we have that there exists g* : [X] — H such
that g*, defined as in Eq. (14), is characterized by g*(x,p) = g*(x;,). S ince we assume
that §* € H ® F and we are using a restriction kernel under inter- locahty, we can apply
Lemma 24 (where we used G to denote F and F to denote F; and §* € H ® F is expressed
more formally by Asm. 6), then g* € H ® F1 and ||g*||nsgr = [|9" ||y 7- Now, according
to Eq. (253) (see [37]), for any function h € F; we have

M7 = min{[[hul|7, + [|[hill7 | h=hu+h,hy € Fu,he € Fit < [h|F,

since h can be always decomposed as h = h; 4+ hy with hy = h and hy = 0, then
lg* lners < 9llner - So
* =%
19" ners < 15" lyer-

Now we are ready to apply Thm. 4, with A = /r2/m + q/n obtaining

) 1/4
EEF)—E(f) < 12cag <T+q> : (261)
m n
Finally note that since 7t(plx) = ‘P| for p € P,x € X,we can apply Lemma 34
q 2 ¢ 2 Z q€ —vd(p,q)
n_ [Pn \Plzn ’
obtaining the desired result. O]

The discussion above implies that under the locality assumptions, the rates in Thm. 35
are essentially equivalent to the ones of the estimator trained with only the restriction
kernel in Thm. 7.

J Additional details on evaluating f

According to (6), evaluating f on a test point x € X consists in solving an optimization
problem over the output space Z. This is a standard procedure in structured prediction
settings [2], where a corresponding optimization method is derived on a case-by-case
basis depending on the loss and the space Z ( [2]). However, the specific form of the
objective functional characterizing f in our setting allows to devise a general stochastic
meta-algorithm to solve such problem. We observe that (6) can be rewritten as

o~

f(x) = argmin E(; ) §jp(zlx) (262)
z€Z
where for any p € P and j € {1,..., m} we have introduced the functions ¢;, : Z — R, such
that
hyp(-Ix) = (sign(ey(x, p)) A(x,p)) L(;, wjlx, p) (263)

50



Algorithm 2 Learning f

Input: training set (xi, )i, distributions 7t(-|x) and u(-|y, x, p), reproducing kernel k

on X x P, hyperparameter A > 0, auxiliary dataset size m € N.

Generate auxiliary dataset (wj, i, pj)j";]:
Sample i; uniformly from {1,...,n}
Sample pj ~ 7(-[x;)

Sample wj ~ u(-[yi;, xi;, )

Compute the coefficients for the score function «:
K € R™™ with entries Ky = k((xi;, Pj), (xij,,pj/))
C=(K+mAl)™!

Return « : X x P — R™ such that «(x,p) = C v(x,p) with v(x,p) € R™ is the vector
with entries v(x, p); = k((xi;, pj), (X, P))-

with A(x,p) = Z]"; 115 (x, p)I. In the expectation above, the variable p is sampled according

to 7(-[x) and j is sampled from the set {1, ..., m} with probability ‘f&g’;‘. When the h;,, are
(sub)differentiable, problems of the form of (10) can be addressed by stochastic gradient
methods (SGM). In Alg. 3 in the supplementary material we provide an example of such

strategy.

K Additional examples of Loss Functions by Parts

Several structured prediction settings are recovered within the setting considered in this
work and the associated loss functions have the form of Eq. (5). Below recall some of the
most relevant examples.

Hamming. A standard loss function used in structured prediction is the Hamming loss
[20-22], which for any factorization by parts can be written as in (5) with Ly (zp, yplxp) =
d(zp # yp), the function equal to 0 if z, =y, and 1 otherwise.

e Computer Vision. The Hamming loss is often used in computer vision [2,16]. For
instance, in image segmentation [9] the goal is to label each pixel p of an input image
x, as background (y, = 0) or foreground (y, = 1). Errors are measured as total
number of mistakes z, # y, over the total number of pixels.

e Hierarchical Classification. In classification settings with a hierarchy [14], errors
are weighted according to the semantic distance between two classes (e.g. classifying
the image of a “dog” as a “bus” is worse than classifying it as a “cat”). Assuming
the hierarchy between classes to be represented as a tree, these loss functions can
be written as the Hamming loss between the parts of a class y = (Yroot, - - - s Yleaf)

»

seens as the collection of all the nodes in its hierarchy (e.g. “cat”, “feline”, “mammal”,
“animate object”, “entity”).
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Algorithm 3 Evaluating

Input: input x € X, distribution 7(-[x), auxiliary dataset (wj, Xij,pj)jnl1, score functions
« : X x P — R, number of iterations T, step sizes {y}ten-
Initialization zy = 0

Fort=1toT
Sample p ~ 7(-[x)
A(X>P) = Z)ri] |0€j(X)P)|
Sample j from {1,..., m} with P(j = k) = |a(x, p)I/A (X, P)
Wy = sign(og(x,p)) Alx, p) Lz, ik, p)
Choose u € oh;,(+|x)(z¢—1)
zt = Projz(z¢—1 — yiu)

Return zt

e Planning. In learning-to-plan applications [13], the goal is to predict a trajectory z
closest to a ground truth trajectory (typically provided by an expert). A trajectory is
represented as a sequence of contiguous states y = (Ystart, - - - y Yend) and errors with
respect to a predicted trajectory z are measured in terms of the number of states that
do not coincide, namely the hamming loss between the two sequences.

This loss has been extensively used in computer vision for applications such as pixel-wise
classification [9] or image segmentation [4].

Precision/Recall, F1 Score. The precision/recall and F1 score are loss functions often
adopted in natural language processing [12]. They are used to measure the similarity
between two binary sequences. Given two binary sequences z,y € {0, 1}* of length k, we
have A(z,y) = Az'y, ||z||% |[y]|?). In particular, the precision correponds to A(z,y) =
z"y/||z||?, the recall to A(z,y) = z"y/|ly|* and the F1 score to A(z,y) = z"y/(||z||> +
|y[|?). These functions are in the form of (5) if taking |P| = k and iy(y,p) = (yp, [lyll)s
iv(z,p) = (zp, ||z]]). Note that the number of elements in y and z can vary depending on
the cardinality [x| of each input x, (see e.g. [12]). In this sense the A(z,y|x) is necessarily
parametrized by x and in particular the set P is a set P(x) ={1,..., x|}

Multitask Learning Multitask learning settings have a natural decomposition into
parts: the output and label spaces Z and Y are subset of R", and A(z,y) = % ZL1 L(zt, yt),
with L any loss function commonly used in standard supervised learning problems (e.g.
least-squares for regression, hinge or logistic for classification). In settings where Z is not
a linear space but a constraint set, our model recovers the non-linear multitask learning
framework considered in [26].

Learning sequences. Let X = A¥, Y = Z = B for two sets A,B and k € N a fixed
length. We consider a set of structures P C N? such that any pair p = (s, 1) € P indicates
the starting element and the length of a subsequence. In particular, we choose the set of
parts ¥ = UF_;Atand Y = Z = Uf_, B with

xp = (x, x5 e x VxeX, V(s 1)eP (264)
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where we have denoted x!*) the s-th entry of the sequence x € X. Analogously y, =
(y®), ...,y for y € Y. Finally, we choose the loss Ly to be the (normalized) edit
distance between two strings of same length

Lo(z,y;x, (s, 1)) Z1 (265)

where 1(zY # y®) = 0 if z® = y¥ and 1 otherwise (clearly a generic loss function
h(z® #y{V) and weight w; can be used instead of 1 and 1/1). Finally, we can choose the
uniform distribution 7t(p|x) = 1/|P| (but clearly also less symmetric weighting strategy can
be adopted).

Pixelwise classification on images. Consider the problem of assigning each pixel of
an image to one of T separate classes. In this setting X = R4*4 is the set of images (with
fixed width and height equal to d € N) and Y = Z = RT*4*d js the set of all possible ways
to label an image. We choose the set of parts X = U4 , _;R"*" to be the set of all possible
patches of d x d image and the set of structures to be a P ¢ N* such that for any image
x € X and p = (u,1,w,h) € P the selectors x, € R"*" and yp,z, € RT*"*" correspond
to the patch of the image x or the labeling y and z with width w, height h and upper-left
corner at the pixel (u, 1).

We choose the loss L to be a function comparing the class “statistics” in a given patch:

e.g.

width height(
T e y e g
width(C)helght(C)

Lolzp, Upi xp, P) = [l0(zp) — olyp) [ o(0) = (266)
Since it is more likely to have larger values for L at higher scales (the object patch overlaps
other classes), we choose a weighting 7t(p|x) that is decreasing with respect to the size of

the patch p = (u, 1, w, h). For instance we can choose 7t(p[x) = pa— eXp(f]yw}gXp(_yw,h,),
’ 7 ]./,W,,h, eP

fory > 0.

53



