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CONTROLLABILITY OF LOCALIZED QUANTUM STATES ON INFINITE
GRAPHS THROUGH BILINEAR CONTROL FIELDS

KAIS AMMARI AND ALESSANDRO DUCA

ABSTRACT. In this work, we consider the bilinear Schrodinger equation (BSE) ¢0;¢p =
— At + u(t) By in the Hilbert space L2(¥, C) with ¢ an infinite graph. The Laplacian
— A is equipped with self-adjoint boundary conditions, B is a bounded symmetric operator
andu € L2((0,T),R) with T > 0. We study the well-posedness of the (BSE) in suitable
subspaces of D(\A|3/ 2) preserved by the dynamics despite the dispersive behaviour of
the equation. In such spaces, we study the global exact controllability and the “energetic
controllability”. We provide examples involving for instance infinite tadpole graphs.

Online published https://doi.org/10.1080/00207179.2019.1680868
In this version, the references of the preprint articles cited in the original work were updated

CONTENTS

1. Introduction

1.1. Novelties of the work

2. Infinite tadpole graph

2.1.  Well-posedness

2.2.  Global exact controllability

3. Generic graphs

3.1. Interpolation properties and well-posedness
3.2.  Controllability results

4. Example

Appendix A. Analytic perturbation

Appendix B.  Global approximate controllability
References

2010 Mathematics Subject Classification. 35Q40, 93B05, 93CO05.
Key words and phrases. Bilinear control, infinite graph.

1



2 KAIS AMMARI AND ALESSANDRO DUCA

1. INTRODUCTION

We study the evolution of a particle confined in an infinite graph structure and subjected
to an external field that plays the role of a control.

_ ~ T—~— L
T e

Figure 1. An infinite graph is an one-dimensional domain composed by
vertices (points) connected by edges (segments and half-lines).

Its dynamics is described by the so-called bilinear Schrodinger equation
ey i0p(t) = (A+u(t)B)p(t), te(0,T),

in L2(¢,C), where ¥ is the graph. The operator A is a self-adjoint Laplacian, while the
action of the controlling external field is given by the bounded symmetric operator B and
by the function u, which accounts its intensity. We call I'}* the unitary propagator generated
by A + u(t)B (when it is defined).

It is natural to wonder whether, given any couple of states ' and 12, there exists u
steering the bilinear quantum system from 2! into /2. The bilinear Schrédinger equation
is said to be exactly controllable when the dynamics reach precisely the target.

We denote it approximately controllable when it is possible to approach the target as close
as desired. If it is possible to control (either exactly, or approximately) more initial states at
the same time with the same wu, then the equation is said to be simultaneously controllable.

The controllability of finite-dimensional quantum systems (i.e. modeled by an ordinary
differential equation) is currently well-established. If we consider the bilinear Schrodinger
equation (1) in C" such that A and B are N x N Hermitian matrices and t — u(t) € R is
the control, then the controllability of the problem is linked to the rank of the Lie algebra
spanned by A and B (we refer to [Alt02] by Altafini and [Cor07] by Coron). Nevertheless,
the Lie algebra rank condition can not be used for infinite-dimensional quantum systems
(see [Cor07] for further details). Thus, different techniques were developed in order to deal
with this type of problems.

Regarding the linear Schrodinger equation, the controllability and observability prop-
erties are reciprocally dual (often referred to the Hilbert Uniqueness Method). One can
therefore address the control problem directly or by duality with various techniques: mul-
tiplier methods ([Lio83]), microlocal analysis ((BLR92]), Carleman estimates ([MOROS]).

Even though the linear Schrédinger equation is widely studied in the literature, the
bilinear Schrodinger equation in a generic Hilbert space # can not be approached with
the same techniques since it is not exactly controllable in .7#. We refer to the work on
bilinear systems [BMS82] by Ball, Mardsen and Slemrod, where the well-posedness and
the non-controllability are provided. Despite they prove the well-posedness of the bilinear
Schrodinger equation in . when u € L((0,T),R) and T > 0, they also show that it is
not exactly controllable in 57 for u € L? ((0,00),R) (see [BMS82, Theorem 3.6)).

loc
Because of the Ball, Mardsen and Slemrod result, many authors have considered weaker
notions of controllability when ¢ = (0,1). Let

D(Ap) = H?*((0,1),C) N Hy((0,1),C)), Aptp:=—Avy, V¢ € D(Ap).
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In [BL10], Beauchard and Laurent prove the well-posedness and the local exact control-
lability of the bilinear Schrédinger equation in H, := D(ASD/Q) for s = 3, when B is a
multiplication operator for suitable 1 € H3((0,1),R).

In [Mor14], Morancey proves the simultaneous local exact controllability of two or three
(1) in H(?)o) for suitable operators B = pu € H3((0,1),R).

In [MN15], Morancey and Nersesyan extend the previous result. They achieve the si-
multaneous global exact controllability of finitely many (1) in H Elo) for a wide class of
multiplication operators B = p with € H*((0,1), R).

In [Duc20], the author ensures the simultaneous global exact controllability in projection
of infinite (1) in H, ?O) for bounded symmetric operators B.

The author exhibits the global exact controllability of the bilinear Schrédinger equation
between eigenstates via explicit controls and explicit times in [Duc19].

The global approximate controllability of the bilinear Schrodinger equation is proved
with many different techniques in literature as the following. The outcome is achieved
with Lyapunov techniques by Mirrahimi in [Mir09] and by Nersesyan in [Ner10]. Adia-
batic arguments are considered by Boscain, Chittaro, Gauthier, Mason, Rossi and Sigalotti
in [BCMS12] and [BGRS15]. Lie-Galerking methods are used by Boscain, Boussaid,
Caponigro, Chambrion and Sigalotti in [BACC13] and [BCS14].

Control problems involving networks have been very popular in the last decades, how-
ever the bilinear Schrddinger equation on compact graphs has been only studied in [Duc18b]
and [Duc18a]. In the mentioned works, the well-posedness and the global exact controlla-
bility of the (1) are provided in some spaces D(|A|*/?) with s > 3. In [Duc18a], another
weaker result is introduced, the so-called energetic controllability. In particular, a bilinear
quantum system is said to be energetically controllable with respect to some energy levels
when there exist corresponding bounded states {¢} jen- such that

Vm,n € N*, 3T > 0, u € L*((0,T),R) : ¢, = %p,.

The peculiarity of the bilinear Schrodinger equation on compact graphs is that, even though
A admits purely discrete spectrum { g }xen+ (see [KucO4, Theorem 18]), the uniform gap
condition infren« [Ag+1 — Ag| > 0 is satisfied if and only if 4 = (0, 1). This hypothesis
is crucial for the classical arguments adopted in the previous works as [BL10], [Duc20],
[Duc19] and [Morl4]. To this purpose, new techniques are developed in [Duc18b] and
[Duc18a] in order to achieve controllability results.

1.1. Novelties of the work. Up to our knowledge, the controllability of the bilinear
Schrodinger equation on infinite graphs is still an open problem. The main reason can be
found on the dispersive phenomena characterizing the equation on infinite graphs (not con-
sidering the difficulties already appearing on compact graphs; see [Duc18b] and [Duc18a]).
A characteristic feature of the Schrodinger equation is the loss of localization of the wave
packets during the evolution, the dispersion. This effect can be measured by L°°-time
decay, which implies a spreading out of the solutions, due to the time invariance of the L2-
norm. In [AAN17], Ali Mehmeti-Ammari-Nicaise prove that the free Schrodinger group
on the tadpole graph satisfies the standard L' — L°° dispersive estimate and that it is in-
dependent of the length of the circle (compact part of the graph) (see also [AANI1S5, Ali
Mehmeti- Ammari-Nicaise] for the case of the star-shaped network and with potential). The
proof of this result is based on an appropriate decomposition of the kernel of the resolvent.
This technique gives a full characterization of the spectrum made of the point spectrum
and of the absolutely continuous one, while the singular continuous spectrum is empty.
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Our strategy can be resumed as follows.

e When A has discrete spectrum, we construct some eigenfunctions of A in L*(%, C)
denoted {®, }ren+- The flow of the Schrodinger equation 10,1 = At preserves

— 2
A = span{pr : k € N*}L .

e When B stabilizes the space ¢, the bilinear Schrodinger equation is well-posed
in . and in D(|A]2) N A for suitable s > 0 when B is sufficiently regular.

o In such space, we study the global exact controllability and the energetic control-
lability with respect to {py }ren+= by adapting the techniques developed for the
compact graphs in [Duc18b] and [Duc18a].

In the first part of the work, we consider a specific B localized on the “head” of an
infinite tadpole ¢. The chosen B is symmetric with respect to the natural symmetry axis r
of ¢ and we denote .77 the space of those L?(%, C)-functions that are antisymmetric with
respect to r (see Figure 3). We prove the global exact controllability in D(|A|2) N A

In the second part, we generalize the results for generic graphs and we apply them for
those ¢ containing a star graph (Section 4).

Figure 2. Graph described in Section 4.

In presence of suitable substructures in an infinite graph ¢, it is possible to construct
eigenfunctions of A. For instance, when ¢ contains a self-closing edge e of length 1, the
functions

{oxthens  © @nl = V2sin (2hm2),  prlyy, =0, VEENY,

are eigenfunctions of A. If B preserves the span of {pf}ren+, then the controllability
could be achieved. The same argument is true for graphs containing more self-closing
edges or other suitable substructures (see Remark 4.3 for few examples).

2. INFINITE TADPOLE GRAPH

Let 7 be an infinite tadpole graph composed by two edges e; and es. The self-closing
edge e1, the “head”, is connected to e, in the vertex v and it is parametrized in the clock-
wise direction with a coordinate going from O to 1 (the length of e;). The “tail” ey is a
half-line equipped with a coordinate starting from 0 in v and going to 4.
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Figure 3. The parametrization of the infinite tadpole graph and its sym-
metry axis r.

We consider 7 as domain of functions f := (f*, f?) : T — C, such that f7 : ¢; — C
with j = 1,2. Let 5 = L?(T,C) be the Hilbert space equipped with the norm || - ||
induced by the scalar product

W.9) = ol = [ @@+ [ P)gan, Yoper
For s > 0, we introduce the spaces H® := H*(T,C) = H*(e1,C) ® H?(es, C) and the
bilinear Schrodinger equation in 7
; =—-A B T, T
gspsy [P0 = AU FuOBEt), e (0.1), T >0,
¥(0,2) = tho(z), reT.

The Laplacian —A is equipped with self-adjoint boundary conditions as v is equipped with
Neumann-Kirchhoff boundary conditions, i.e.

aft aft
o 0 =5 (1) +5—(0) =

for every f € D(—A). We assume B : 1 — (ut,0) with p(z) = x(1 — x) and
u € L?((0,T),R). We call ¥ the unitary propagator generated by the operator

f is continuous in v,

—A +u(t)B.

The (BSE*) corresponds to the following Cauchy systems respectively in L?(e1, C) and
L?(eq,C) witht € (0,T)and T > 0

0 (t) = =AY (t) + u(t)ud’ (1), 002 (t) = —Av3(t),
¥H(0) = ¢4, ¥*(0) = ¢35

Let @ := {¢k }ren~ be an orthonormal system of .7 made by eigenfunctions of —A and
corresponding to the eigenvalues | := { i }xen+ such that

PYr = (ﬁsin(?kwm), 0), = 4k*7?, vk € N*.

2

L
We define 57 () := span{gy | k € N*} ~ and, for s > 0, the spaces

) Hy (@) ={y € #(@)| > |k (or,)[* < o0}

keN*

1/2
k* (on, )[2) 2.

equipped with the norms | - ||y = (2 ,en-
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2.1. Well-posedness.
Proposition 2.1. Let ¢y € H3(¢) and v € L*((0,T),R). There exists a unique mild
solution of the (BSE*) in H3-(¢), i.e. a function 1 such that

3) Yt,z)= emtwo(x) — i/o eiA(t_s)u(s)Bw(s,x)ds € Co([O,T},Hg—((p)).

Moreover, there exists C = C(T,B,u) > 0 so that |[¢||coo,1).12(9)) < Clltboll(s),
while |[(8)| = [|to | for every t € [0,T] and o € H(o).

Proof. The statement is proved by using the techniques developed in the proof of [Duc18b,
Proposition 4.1], which generalize the ones of [BL10, Lemma 1; Proposition 2].

1) Lety € C°[0,T], H3(¢)). We notice By(s) € H* N H3(¢) for almost every
s€ (0,t)andt € (0,7T). Let G(t) = fg A=)y (s)Bap(s, x)ds so that

600 = (3 [8° [ e tnutsrpots, nas] )
keN* 0
We prove G(-) € C°([0,T], H3-(@)). For f(s, ) := u(s) By(s,-) such that f = (f*, f?),
(or, f(s,7)) = Mlk/TLPk(y)aif(S,y)dy: (QIXZQ : sin(2kmy) 02 (s, y)dy

=_ (2];;13 (3§f1(3, 0) — 92 f1(s,1) — / cos(2k7ry)8§’f(37y)dy),

§01<

t
[ e [ cos(zhm)of(s,)dyas
0 €1

2
We notice 92 f1(s, ) € span{v/2cos(2krz) : k € N*}  for almost every s € (0,) and
t € (0,T). Thus,

1G]l 3 < Ch (H /Ot agfl(S,O)eim-)SdsHZQ 4 H /Ot O2f1(s, 1)eiu(.)sdst2

Now, there exists C'; > 0 so that

t t
K / &2 (o, £(s))ds / 1502 f1(s,0)ds
0 0

+ +

t
/ e S92 f1(s,1)ds

0

o f o f oot

<0 (H/t aifl(s,())ew«vdsup + H/t 3if1(s71)ei”<'>sdsHé2
0 0

~vi( [

t t
S Cl (H/ 8§fl(8’0)eiﬂ(«)SdSH€2 + H/ 83‘}(1(87 1>eilt(-)8d8H62 + \/£||f||L2((0,t),H3)> .
0 0

From [Duc18b, Proposition B.6], there exist C2(t), C5(t) > 0 uniformly bounded for ¢ in
bounded intervals such that

1G(®)]l(3) < Cz(t)(Haifl(n0)||L2((o,t),<C) + 102 f1 (-, 1)|\L2((o,t),cc>> + V| fll 20,0, %)

/ cos(%y)aiﬂs,y)dyﬂlds)%>
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and [|G(t) |3y < C3(ON f (5 )l z2((0,),mr3)- For every t € [0, T}, the last inequality shows
that G(t) € H3(¢) and the provided upper bound is uniform. The Dominated Conver-
gence Theorem leads to G € C°([0,T], H3()).

2) As Ran(Blys (o)) © H®> N Hi (@) C H? we have B € L(H3(¢), H?) thanks to
the arguments of [Duc20, Remark 2.1]. Let ¢)° € H3(¢). We consider the map F : ¢ €
C([0,7], H} (@) — ¢ € C°([0,T], H7(¢)) with

6(t) = F()(t) = e8ty0 — /

0

t
e u(s) By (s)ds, vt €[0,T].

For every ¢1,12 € C°([0,T], H3(¢)), from the first point of the proof, there exists
C(t) > 0 uniformly bounded for ¢ lying on bounded intervals, such that

1) (@) — ) Ol < H [ S B (s) - (s

(3)

< CWOllullpzco,.®) Il Bl Loms, w1 — Yl Lo (0.0), 52.(0))-
If ||u| £2((0,¢),R) is small enough, then [ is a contraction and Banach Fixed Point Theorem
implies that there exists ¢ € C°([0, T, H3-(¢)) such that F (1)) = v. When [|ul| 12((0.+).r)
is not sufficiently small, one considers {t;}o<;<n a partition of [0,¢] with n € N*. We
choose a partition such that each [[ul| 2 ([, _, +,1,r) is so small that the map F’, defined on
the interval [t;_1,¢;], is a contraction and we apply the Banach Fixed Point Theorem.

In conclusion, if u € C°((0,T),R), then ¢» € C*((0,T), 7 (¢)). By multiplying
(BSE*) with 1(t), we obtain that d;|[1(¢)||? = 0, which leads to ||1(t)|| = ||1bo|| for every
t € [0,7T) and ¢yg € H3(¢). The generalization for v € L*((0,7T),R) follows from a
classical density argument. O

2.2. Global exact controllability.
We recall that {pg }ren+ and {pg bren+ respectively are an orthonormal system of 57
made by eigenfunctions of —A and the corresponding eigenvalues. They are such that

Pk = (\/isin(Zkﬂ'x), 0), e = 4k*7?, Vi € N*.

Let I'} be the unitary propagator representing the dynamics of (BSE*) at time ¢ € [0, T]
for T > 0 and with control u € L?((0,T),R).

Theorem 2.2. The (BSE*) is globally exactly controllable in H3-(@), i.e. for every i1, 1o €
H3 (@) such that ||¢p1]| = |||, there exist T > 0 and uw € L?((0,T),R) such that

L7 = 1o.

In addition, the (BSE*) is energetically controllable in {uy}ren+, i.e., for any m and
n € N*, there exist T > 0 and u € L*((0,T),R) such that

F%Spm = $n.
Proof. 1) Local exact controllability in H3(¢). Fore, T, s > 0, let
Oip={v e Hy (@)Wl =1, [ —o1(Mlls) <€},  @1(T) =e "o

We prove the existence of T,e¢ > 0 so that, for every ¢y € OS,T’ there exists u €
L2((0,T),R) such that 1) = I'“;. To this purpose, we consider the map «, the sequence
with elements oy, (u) = (pr(T), THeq) for k € N*, such that

a: L2((0,T),R) — Q= {x := {wx}ren- € B*(C) | [x]2 = 1}
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with h3 defined in (5). The local exact controllability of the bilinear Schrodinger equa-

tion in OE’T with 7" > 0 is equivalent to the surjectivity of the map F;)gol Tu €

L2((0,T),R) —s 9 € O:rC H3 (). As

t‘pl Z Sok t‘p1> T >0, UGLQ((OvT)vR)a
keN*

the controllability is equivalent to the local surjectivity of «. To this end, we use the Gen-
eralized Inverse Function Theorem ([Lue69, Theorem 1; p. 240]) and we study the surjec-
tivity of v(v) := (d,«(0)) - v the Fréchet derivative of o with «(0) = & = {0p.1 }ren~.
Let Bj i := (pj, Bor) with 5. k € N* As in the proof of [Duc19, Proposition 2.1], the

map - is the sequence of elements v (v) := —i fo i — /“)ngBk 1 with & € N* so
that

v L2((0,T),R) — T5Q = {x := {xx bren- € h3(C) | iz; € R}.

The surjectivity of v corresponds to the solvability of the moments problem

T
“4) xk/BkJ = —i/ ’U,(T)ei(uk_ul)TdT, V{xk}keN* S TéQ C h3.
0

By direct computation, we know |{p1, Bp1)| # 0 and, for k € N* \ {1}, there holds

—2k

1
(pk, By1) = /0 (1 — 2)2sin(27x) sin(2knwz)ds = (G

Thus, there exists C' > 0 such that |{¢g, Byp1)| > Ck™3 for every k € N*. Now,
{zx ({0, Bo1)) " one €6 iz1/{p1, Bo1) €R.
In conclusion, the solvability of (4) is guaranteed by [Duc18b, Proposition B.5] since

{kak_&}keN* € {{ck}tren- € 2 | c; € R}, kienkfl* |kr1 — x| = 1272

2) Global exact controllability. Let 7',e > 0 be so that 1) is valid. Thanks to Remark
B.3 (Appendix B), for any ¢1,12 € H3(¢) such that |[¢1]| = [[¢p2]| = p, there exist
T1, T > 0,u; € L*((0,71),R) and uy € L?((0,T»),R) such that

TP~ " —pills) <€, D D Yo — o1l 3) <€
and pilf%iz/;l,p’lf%;wg S OST. From 1), there exist uz,us € L?((0,T),R) such that
PPTR Y = DR TR e = ppr.
In conclusion, there exist 7 > 0 and % € L2((0,T)), R) such that
TZepy = 1.

3) Energetic controllability. The energetic controllability follows as ¢, € H7(¢) for
every s > 0 and k € N*. O
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3. GENERIC GRAPHS
Let & be a generic infinite graph composed by N € N* U {400} edges {e;};<n of

lengths {L;},<ny C RT U {400} and M € N* vertices {v;};<nm.
Let the bilinear Schrodinger equation in the Hilbert space 7 := L?(¥, C)

BsE) 006t 7) = —Ab(tx) +u)Bé(ta), e (0,T), T >0,
Y(0,z) = Yo(x), re¥.

The Laplacian A = —A is equipped with self-adjoint boundary conditions, B is a bounded

symmetric operator and u € L?((0, T'), R). When the (BSE) is well-posed, we call T'* the

unitary propagator generated by A +u(t)B. We call V. and V; the external and the internal
vertices of ¥, i.e.

V., = {U S {Uj}j<M ‘ Jle € {6j}j<N NS 6} Vi = {vj}jgju \ V.

For every v vertex of ¢, we denote N(v) := {l € {1,...,N} | v € ¢/} and each ¢, is
considered to be parametrized with a coordmate going from 0 to Ly. We equip 7 =
L?(%,C) with the scalar product

(W, 0) =, @) = 3 _ (7, 07) L2, 0) = Z (x)dw, Vo,p€ H.
J<N J<N
We call || - || = \/{(-, ) the norm in J# and, for s > 0, we introduce the spaces
H* = 1(9,C) = { = ('™ € [T B (5, | D0 1 13reqe, 0 < o0
J<N J<N

In the (BSE), the operator A is a self-adjoint Laplacian such that the functions in D(A) sat-
isfy the following boundary conditions. Each v € V; is equipped with Neumann-Kirchhoff
boundary conditions when the function f is continuous in v and

Zaaf (v) =0, Vf e D(A).

Le

esv
The derivatives are assumed to be taken in the directions away from the vertex (outgoing
directions). In addition, the external vertices V, are equipped with Dirichlet or Neumann
type boundary conditions. As in [Ducl8b], we respectively call (N'K), (D) and () the
Neumann-Kirchhoff, Dirichlet and Neumann boundary conditions characterizing D(A).

In the current work, we denote a graph & as quantum graph when a self-adjoint Lapla-
cian A is defined on ¢. We say that ¢ is equipped with one of the previous boundaries in
a vertex v, when each f € D(A) satisfies it in v. By simplifying the notation of [Duc18b],
we say that ¢ is equipped with (D) (or (A)) when, for every f € D(A), the function f
satisfies (D) (or (N)) in every v € V, and verifies (MVK) in every v € V;. In addition, the
graph ¢ is equipped with (D/N) when, for every f € D(A) and v € V,, the function f
satisfies (D) or (V) in v and f verifies (NK) in every v € V.

Let @ := {¢k }ren+ be an orthonormal system of .77 made by eigenfunctions of A and
let {1x }ren~ be the corresponding eigenvalues. We define

2
Y(0) = | supnler), () i=spanfpr [k €N,
kEN*

Hy(e) ={b e H(@)| Y K (pr, )P <oo}, -7y =D Ik {en, )

keN* keN*
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with s > 0. Let Ve () (V;(¢)) be the external (internal) vertices of 4 ().

Remark 3.1. Let c € RT be such that 0 € o(A+ c, 7#(@)) (the spectrum of A+ c in the
Hilbert space €()). As 4(@) is a compact graph, thanks to [Ducl18b, Lemma 2.3], for
every s > 0, we have || - ||(s) < [[|[A+ |2 - || in H5 (@), i.e. there exists Cy,Ca > 0 such
that

Crllllsy < WA+ el?9ll < Collell sy, Voo € H(o).
Now, ¢ () is the quantum graph associated to a Laplacian —A so that
D(=A) = {4 € L*(9(9),C) | I € Hy(®) : Yrly(e) = ¥}
Let [r] be the entire part of » € R. For s > 0, we define the spaces

Hyre (@) == {1/1 € (@) N H* | 9>"24) continuous in v, Z 92ty (v) =0,

e€N(v)
(5) Vni,ne € N*U{0}, ny < [(8+ 1)/2]7 ng < [8/2}, Yu € Vi},
h® = {{ak}keN* cC | Z |ksak\2 < OO}
keN*

We equip the space /® for s > 0 with the norm || - |5y such that

@ = (2 Fal)”

keEN*

Nl

V{artren- € B°  |[{an}ren-

Letn >0,a>0and I := {(j,k) € (N*)2:j #k}.

Assumptions I (¢, 7). The operator B : (@) — F(@) is bounded and symmetric in
H(0). Ran(Blu3 g) < H3 (o).
(1) There exists C' > 0 such that (i), Bep1)| > 5 for every k € N*.
(2) For every (j,k),(I,m) € I suchthat (j,k) # (I,m) and p1; — pg = fli — form, it
holds (¢, Boj) = (pr: Bor) = (1, Bor) + (pm, Bem) 7 0.
Assumptions II (@, n, a). Let one of the following points be satisfied.
(1) When ¢(¢@) is equipped with (D/N) and a + 1 € (0,3/2), there exists d €
(max{a + 7,1}, 3/2) such that Ran(B| yz+4(4,)) < H** N HZ(p).
(2) When ¢(¢) is equipped with (M) and a+1n € (0,7/2), there exist d € [max{a+
1,2},7/2) and di € (d,7/2) such that Ran(B|yzra(,)) © H*H N Hy3 (@) N
H () and Ran(B] () S Hyc(@).
(3) When ¢ is equipped with (D) and a + 7 € (0,5/2), there exists d € [max{a +
n,1},5/2) such that Ran(B|H;+d((p)) C H*nH S (o) N HZ(9). 1fd > 2,
then there exists d; € (d,5/2) such that there holds Ran(B| g, ne () S H* N
(@)

From now on, we omit the terms ¢, 1 and a from the notations of Assumptions I and
Assumptions II when their are not relevant.

3.1. Interpolation properties and well-posedness. We present interpolation properties
for the spaces H (@) with s > 0. The result follows from [Duc18b, Proposition 4.2] as
% () is a compact graph.
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Proposition 3.2 (Proposition 4.2; [Ducl8b]). Let ¢ := {pg}ren be an orthonormal
system of 7 made by eigenfunctions of A.

1) If the quantum graph 4 () is equipped with (D/N'), then
H} ™2 (@) = H () NH* ™ for s €N, s €[0,1/2).
2) If the quantum graph 4 (@) is equipped with (N'), then
H} 2 (@) = Hy (9) NH}E2 (@) for s1 € 2N s5 €[0,3/2).
3) If the quantum graph () is equipped with (D), then
H 2 () = H P (@) N HBE2 T (@) for s1 € 2N, s € (0,3/2).
In the following section, we ensure the well-posedness of the (BSE).

Proposition 3.3. Ler the couple (A, B) satisfy Assumptions (@, n, d) with n > 0 and
d > 0. Let d be introduced in Assumptions I1.

) Let T > 0and f € L*((0,T), H*** 0 H\{¢ (@) N HZ(@). Lett — G(t) =
fot AT f(1)dr. The map G € C°([0,T), H5 (@) and there exists C(T) > 0 uniformly
bounded for T lying on intervals so that

||GHLoc((0,T),H;+d(<p)) < C(T)||f||L2((0,T),H2+d)~

2) Let 1y € HZ (@) and u € L*((0,T),R). There exists a unique mild solution ¢ €
Co([0,T], H3(@)) of the (BSE) (relation (3)). Moreover; there exists C = C(T', B,u) > 0
so that, for every t € [0,T) and vy € H5 (o),

[Pl coqo,ry,m2¢ (o)) < Clltoll@ray, 1@ = [0l

Proof. The result is obtained by generalizing the proof of Proposition 2.1.

1) (a) Assumptions IL1. Let f(s) € H> N HZ () for almost every s € (0,¢),t € (0,T)
and f(s) = (f(s),..., fV(s)). We prove that G € C°([0,T], HS(¢)). First, G(t) =

> et Pk J"J e 5 (pp, f(s))ds and

© 60l = (3 | [ e#tonsionasf )

keN*

We estimate oy, f(s,-)) for each k € N* and s € (0,¢). We suppose p1 # 0. Let

0pf(5) = (0uf1(8), ..., 0z f N (5)) be the derivative of f(s) and P(py) = (P(cp,lg), vy P(cp,zcv))

be the primitive of ¢y so that P(pg) = fl%kamcpk. We call Oe the two points of the

boundaries of an edge e. For every v € Ve(¢), 0 € V;(@) and j € N(7), there exist
a(v),a? (v) € {—1,+1} so that

(ons £(5)) = i / ()92 (5. y)dy = ui L Bk
S Y @00l 0)P(5,0) + 5 3 alw)depr ()2 F(5,0).

veVi(¢@) jJEN (v) kvev,

@)
/%
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We consider [Ducl8b, Lemma 2.3] since ¥ (@) is a compact graph. There exist C; > 0
such that ;> < Cyk~* for every k € N* and

C
<?1 Z

vEVe ()

t
'c@k / i/»‘k382fj(8av)d5 =+
0

) |

Remark 3.4. We notice A’,u,?lﬂawgok = ,uku,;l/zamcpk for every k € N* where A’ =
—A is a self-adjoint Laplacian with compact resolvent. Thus,

t
kB/Oteim-,S<90k,f(S)>d 3m<,0k(v)/0 6mk55§f(5,v)ds

® + > >

veV;i(@) jEN(v)

’L[LkS

g(@

lier 200 |? = (2 0nior, i 2 0nior) = (01, i Ap) = 1
L2

and, for almost every s € (0,t) andt € (0,T), 02 f(s,) € span{,u,;lm@zgok : ke N*}
Let a' = {a}},b' = {b} C Cforl < N be so that @} (z) = a} cos(\/mxz) +
b, sin(,/mrz) and —al, sin(\/mrz) + b} cos(y/ex) = py 1/2 DL (z). Now,
2> . 20kl 2y + 0k 132ty = (Iakl® + 1811 ledl

forevery k € N* and [ € {1, ..., N}. Thus, a!, b! € ¢°°(C) and there exists Cy > 0 such

that, for every k € N* and v € V, UV}, we have |/,L];1/28$99k(1})| < (4. Thanks to the
identities (6), (8) and to Remark 3.4, there exists C'3 > 0 such that

Gl <Cs Y 3 H/ 92 £ (s,v) w<>sd8H

9) eV (@)UV; (@) jJEN(v)
w0l [ Pane 1.0 ) as

Again, as 4 () is a compact graph, [Duc18b, Lemma 2.4] is valid for the sequence p and,
from [Duc18b, Proposition B.6], there exist Cy(t), C5(¢) > 0 uniformly bounded for ¢ in
bounded intervals such that

(10) HG”(:%) < 04(t) Z Z ||32fj ||L2 ((0,8),c) + \[||f||L2((0t ),H3)

vEV(@)UV; (@) JEN (v)

e

and [|Gll3y < Cs()[[f(-,-)llz2((0,¢),rr3)- We underline that the identity is also valid
when p; = 0, which is proved by isolating the term with £ = 1 and by repeating the
steps above. For every ¢ € [0, 7], the inequality (10) shows that G(t) € HS(¢). The
provided upper bounds are uniform and the Dominated Convergence Theorem leads to
G € C°((0,T), H ().

Let f(s) € H®> N Hy () for almost every s € (0,¢) and ¢ € (0, T). The same techniques
adopted above shows that G € C°([0,T], H5 ().

We denote F'(f = [y eATf(r)dr for f € # and t € (0,T). Let X(B) be the
space of functlons f so that f(s) belongs to a Banach space B for almost every s € (0, %)
and t € (0,7T). The first part of the proof implies

F: X(H*N HZ(p)) — C°([0,T], H3 (o)),
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F: X(H° N Hg(9)) — C°([0,T], Hy(9)).
Classical interpolation results (as [BL76, Theorem 4.4.1] withn = 1)lead to F : X (H?>*9n
H () — C°([0,T], H3") with d € [1,3]. Thanks to Proposition 3.2, if d €
[1,3/2) and f(s) € H**N H\} (@) N HZ (@) = H*" 1 HL (@) for almost every
s € (0,¢t)and t € (0,T), then G € C°([0,T], HZ" (¢)), which achieves the proof.
(b) Assumptions IL3 . If ¢(¢) is equipped with (D), then HZ (@) = Hi () N HL ()
and Hj (@) = Hirc(9) N HS () from Proposition 3.2. As above, if f(s) € H> N
H3 o (@)NHY (@) foralmostevery s € (0,¢)and¢ € (0,T),then G € C°([0,T], H3 (¢)),
while if f(s) € H® N Hi; (@) N HE (@) for almost every s € (0,t) and ¢t € (0,T),
then G € C°([0,T], H}(¢p)). From the interpolation techniques, if d € [1,5/2) and
f(s) € H**n H\A (@) N HL (@) for almost every s € (0,¢) and t € (0,7), then
G e ([0, T, HZ"(g)).
(c) Assumptions IL.2 . Let f(s) € H* N Hy.-(9) N HZ () for almost every s € (0,1)
and t € (0,7) and ¥(¢) be equipped with (N). In this framework, the last line of (7) is
zero. Indeed, 92 f(s) € C%as f(s) € Hyr(¢) and, for v € V. (@), we have 0,5 (v) =0
thanks to the (') boundary conditions (the terms a’(v) assume different signs according
to the orientation of the edges connected in v). After, for every v € V;(¢), thanks to the
(NVK) inv € Vi(@), we have - v, al (v)y ], (v) = 0. From (7), we obtain

1 ; 1 \
@mm»—liéwmm@mﬂmwy ﬂhg%ﬁmwwmﬂmu

_ aJ 3]sv 1 48
> (0)02 (5, 0) + Qémw@@ﬂwm

'LLk veV; (@) jJEN (v) P
Now, {©k }ren+ is a Hilbert basis of () and we proceed as in (8), (9) and (10). From
[Duc18b, Proposition B.6], there exists Cg(t) > 0 uniformly bounded such that
1G4y < CLOIFC )2 (0,0), 1)

If f(s) € H4ﬂHN,C( )N HZ (@) for almostevery s € (0,t) andt € (0,7), then G €

C’O([O T),HS(9)). Equivalently when f(s) € H° N H}(9) N Hg (@) for almost every

€ (0,1) and t € (0,T), we have G € C°([0,T], HS()). As above, from Proposition

3.2, if d € [2,7/2) and f(s) € H*™ 0 H\} (@) N HZ () for almost every s € (0,1)
and ¢ € (0,7), then G € C°([0,T], HZ ™ (9)).

2) As Ran(B|yz+a,)) € H** N H\} (@)HZ (@) € H**, we have

Be L(Hfjd((p), H2+d) thanks to the arguments of [Duc20, Remark 2.1]. Let F' : ¢ €
Co([0,T), HZ(9)) = ¢ € C°((0,T], HZ () with

B(t) = F()(t) = 74t — /0 e A=)y (s)Bip(s)ds, Yt e [0,T].

For every 11,19 € Hfjd((p), from the first point of the proof, there exists C'(¢) > 0
uniformly bounded for ¢ lying on bounded intervals, such that

IE (1) () = F(42)(t)ll 24a) < /O e A u(s) B (s) — v2(s))ds

(2+4d)
< C(t)HUHL?((O,t),R) H| B L(H;+J,H2+d)||1/}1 - ¢2||Loo((o,t),H;+d(<p))~
The proof is achieved as in the point 2. of the proof of Proposition 2.1. (]
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3.2. Controllability results.

Definition 3.5. Let ¢ := {¢} }ren+ be an orthonormal system of 7 made by eigenfunc-
tions of A and let {x }ren~ be the corresponding eigenvalues.

(1) The (BSE) is said to be globally exactly controllable in Hg(¢) with s > 3 if,
for every 11,92 € Hg(@) such that ||[¢1]| = |[1)2]|, there exist T > 0 and u €
L2((0,T),R) such that T%ab; = 1),

(2) The (BSE) is energetically controllable in {u } ken~ if, for every m,n € N*, there
exist T > 0 and u € L?((0,T),R) so that T%p,, = ©p,.

Before proceeding with the main result of the work, we notice the following fact. As
9 () is a compact graph, [Duc18b, Lemma 2.4] implies

3 N* 6>0 : inf — 1)

(11) MeN”, 6> A0t |kp = puel > SM

(the parameter M is equal to 1 when & () corresponds to an interval).
Theorem 3.6. Let G be a quantum graph. We assume that

(12) Ve>0,3C>0,d>1 : |pns1—pu] > C 1, Vk e N*.

If (A, B) satisfies Assumptions I(@, n) and Assumptions II(@, 1, d— 1) forn > 0, then the
(BSE) is globally exactly controllable in HZ () for s = 2 + d with d from Assumptions I
and energetically controllable in { g }pen- -

Proof. 1) Local exact controllability. The proof follows as the point 1. of the proof of
Theorem 2.2 by considering s = 2 4 d instead of s = 3. The peculiarity of this case is that
a assumes value in Q := {x := {z }ren € h*(C) | ||x]|2 = 1}, while v in

TéQ = {X = {wk}keN* S hS(C) | i.’El S R}
In the current framework, the moments problem (4) is defined for sequences in T5Q) C h®

and {z,({¢k, ngﬂ)’l}keN* € h®=" C h~! thanks to the point 1. of Assumptions 1.
The solvability of (4) is guaranteed by [Duc18b, Proposition B.5] thanks to (12) since

{e1B;; her € {{extren € h9HC) [ 1 € R}

2) Global exact controllability and energetic controllability. The proof is achieved as
in the points 2. and 3. of the proof of Theorem 2.2 by using Proposition B.2 (Appendix
B). O

4. EXAMPLE

Let a star graph be a graph composed by N € N* edges {e;} j<n. Each edge e; is
parametrized with a coordinate going from 0 to the length of the edge L;. We set the 0 in
the external vertex belonging to e;.

\4 L, B 0
o/ e e -

k

Figure 4. Parametrization of a star graph with N = 4 edges.
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Let & be a graph containing as sub-graph a star graph equipped with (D) and composed
by the edges {e;};<4. Let the couple of edges {e1,e2} be of length L; = /2, while
{es,eq} belong Ly = V/5.

Boundaries: O Neumann-Kirchhoff ® Dirichlet

Figure 5. Example of star graph described in Section 4.

Corollary 4.1. Let B be such that By = ((B)!, ..., (BY)N) for every 1 € 7 and

s T V5
)z/;l(x) + V2 cos (3\3@)1/)3(?;:0,

(BY)' = ~(BY)* = VZcos (-

32
(By)® = —(By)" = V5 cos (;:;%)1#3(96) + V5 cos (37:;5)1#1 (\;\/gf)a

while (B1)! = 0 for every 5 < 1 < N. There exists @ := {p, }ren+ an orthonormal sys-
tem composed by eigenfunctions of A such that the (BSE) is globally exactly controllable

in H(?'e((p) with € > 0 and energetically controllable in {%7;2 }kJeN*'
1<2

Proof. Let @ = {©k tren+ be some eigenfunctions of A and © = {pu }ren+ the corre-
sponding eigenvalues. We define ¢ and p so that, for every k € N*, there exist m(k) € N*
and [(k) € {1, 2} so that ¢} = 0 for n # 2I(k), 2l(k) — 1 and

1(k)— 1(k 1 .

. = m(k)*m 2Ll(2), oM @) = —pp P (@) = \/ Lz(;i) sin (v/pk ).
Spectral behaviour. We notice that {1, \3/5, \3@} are irrationally independent and \:/\/iiz is
an algebraic irrational number. As in the proof of [DuclSP, Lemma 2.6], thanks [Duc18b,
Proposition A.1], for every € > 0, there exist C' > 0 and d > 0 such that

|1 — i > Ck™4, Vk € N*.

Assumptions L.1 For [r] the entire part of » € R, we have

o (x ZLl cos <3L[(l+1)/2])<p%"—1([’"x)dx

Lia+1y /2
ey T m(l)ﬂ'z m(k)m
= 2Ly cos sin sin dx ‘
‘/ {k) ( Ll(k)) ( Ligk ) ( Ligk )

33 25/3 \/3m(k)
(64 — 180m(k)? + 81m(k)*)m

Lty /2)

|(¢1, Bow)|

> 25/3‘/ cos sm(wx)sin(m(k)ﬂx)dx‘ =

The last relation implies the existence of C; > 0 such that (¢, Byy) > C/k3 for every
k € N* and the point 1. of Assumptions I(¢, 1) is verified.
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Assumptions I.2 We prove that the point 2. of Assumptions I(¢, 1) is satisfied. By direct
computation, it follows

35L2. . Bm(k)?
._ _ (k)
Bk,k = <<)0ka(:0]€> - (_1 ¥+ 36m(k)2)7r’

For (k, j),(m,n) € I :={(k,j) € (N*)?: j # k} so that (k,j) # (m,n) and i, — pj —
Lo + i = 0, we have

vk € N*.

Liwy = Lugg) = Liem) = Liw)-
Indeed, the identity Ly # Ly(;) is never verified as it would imply
) Lf(k)m(j)2 LlQ(k)m(m)2 le(k)m(n)2 .
1(4) I(m) I(n)
Remark 4.2. We notice that, for every a,b, c,d € R different numbers, such that a + b =
c+d, itholds1/a+ 1/b# 1/c+ 1/d. Indeed, we have

1/a+1/b= (b+a)/(ab) = (d+¢c)/(ab) # (d+¢)/(cd) =1/c+1/d, if cd# ab.

Now, if cd = ab, thena? —c2=d?> —bv2anda+c=d+ bsincea —c =d — b, which is
impossible as 2a # 2d.

In conclusion, fi — f1; — fim + pn, = 0 implies k? — j2 — m? + n? = 0 and then
E2—i2—m™24+n24£0.
Thus, By, 1, — Bjj — Bm,m + Bn,n 7 0 and Assumptions I(¢, 1) is valid.

Assumptions I1.1 and conclusion. Theorem 3.6 leads to the statement since the point
2. of Assumptions I(¢, 1) is satisfied thanks to Proposition 3.2. Indeed, B stabilizes H™
for every m > 0 and HZ (¢) since, for every ¢ € HZ (),

(By)' (L) = (Bv)*(L1) = (B¥)*(L2) = (BY)*(L2) = 0,
a:r(Bz/’)l(Ll) + aw(Bw)Q(Ll) + aw(B¢)3(L2) + 335(31#)4(112) =0.
O
Remark 4.3. As in [Ducl8a, Section 6], the techniques just developed are valid when 4
contains suitable sub-graphs denoted “uniform chains”. A uniform chain is a sequence of
edges of equal length L connecting M € N* vertices {v;};<nr such that va, ...,vp—1 €

V.. We also assume that either vi,vy; € V. are equipped with (D), vi = vy € V;, or
M = 3 and vy, v3 € V, are equipped with (N).

-, <> o

=V o
> ’
Boundaries: 0 Neumann-Kirchhoff @Neumann B Dirichlet.

Figure 6. Uniform chains contained in a generic graph.
Let¥d ~contain N € N* uniforni chains {%: }j <N comliosed by edges of lengths { L }j <N €
AL(N). LetI; C {1,..,N} and I C {1,..,N} \ I be respectively the sets of
indices j such that the external vertices of ¥; are equipped with (N') and (D), while
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Iy :={1,..,N}\ (I, UL). If{L;},cx € AL(N), then the energetic controllability can
be guaranteed in -

(2k —1)2x? k*n? (2k —1)27?
vl WL ST e SR
4L2 k,jEN* L% Jk jenr L? k,jEN*

JEI J JEIZ JEI3
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APPENDIX A. ANALYTIC PERTURBATION

We adapt the perturbation theory from [Duc20, Appendix B] as done in [Duc18b, Ap-
pendix C]. Indeed, [Duc20] considers the (BSE) on &4 = (0,1) and A is the Dirichlet
Laplacian. As in [Duc20, Appendix B], we decompose

u(t) =ug+ui(t), A4ut)B=A+uB+u(t)B, wup <R, uy € L*((0,T),R).

We consider ug B as a perturbative term of A. Let us consider the (BSE) with & a quantum
graph. Let @ := {( }ren+ be an orthonormal system of .7 made by eigenfunctions of A
and let {ux }ren- be the relative eigenvalues. Let {cp?” }jen+ be an orthonormal system in

L2
H(@) := span{py | k € N*} ~ made by eigenfunctions of A+ uoB and {1;.° }ren- be
the relative eigenvalues.

Remark. From (11), we notice that there does not exist M consecutive k € N* such that
|pk+1 — ] < 6. This fact leads to a partition of N* in subsets that we call E,, with
m € N*. By definition, for every m € N*, if k,n € E,,, then |pur — pn| < §(M — 1),
while if k € E,, and n & E,,, then |uy — pn| > 6. This also defines an equivalence
relation in N* such that k,n € N* are equivalent if and only if there exists m € N*
such that k,n € E,,. The sets { Ep, }men+ are the corresponding equivalence classes and
i(m) = |Ep| <M -1

We denote as n : N* — N* the application mapping j € N* in n(j) € N* such that
J € Ey;), while s : N* — N* is such that ju ;) = inf{ux > p; | k ¢ E,(;)}. Moreover,

p : N* — N* is so that Hp(j)Q =sup{k € E,(j)}. Letj € N* and PjJ- be the projector onto

span{em  m & Eny} Y We define IT: 77 — () the orthogonal projector.

Lemma A.1. Let the hypotheses of Theorem 3.6 be satisfied. There exists a neighborhood
U(0) of u = 0 in R such that there exists ¢ > 0 so that

I (A+uoB —vi)ID) " | <e¢, v = (sr) — Hpr))/2,  Vuo € U(0), Vk € N*.

Moreover; for ug € U(0), the operator (A + ugPi- B — p}° )11 is invertible with bounded
inverse from H2 (@) N Ran(P) to Ran(P) for every k € N*.

Proof. The claim follows as [Duc20, Lemma B.2 & Lemma B.3]. (Il

Lemma A.2. Let the hypotheses of Theorem 3.6 be satisfied. There exists a neighborhood
U(0) of u = 0 in R such that, up to a countable subset Q) and for every (k,j),(m,n) €
I:={(j,k) € (N*)?:j # k}, (k,j) # (m,n),

i = 150 = oy + iy #F 0, (%, Bei®) #0,  Vug € U(0)\ Q.
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Proof. For k € N*, we decompose ¢,° = arpr + ZjeEn<k)\{k} Bftpj + 71y, where
ar € C, {B]’?}jeN* C C and 7y is orthogonal to ; for every I € FE,, ). Moreover,
Lm0 |ax] = 1 and lim,, 0 |85] = O for every j, k € N* and

progr = (A+uB)(arer + Y Brej+m) = Aaxpk
JEEL (k) \{k}

+ Z B;?A(pj + Any + uoBarpr + uo Z 6;?B<,0j + ugBny.
JEEn )\ {k} JE B \{k}

Now, Lemma A.1 leads to the existence of C; > 0 such that, for every k € N*,
“ -1
(13) nk:—((A‘FUOPkLB_.UkO)PkL) Uo(akPkLB@k"‘ Z BJI‘cPkLBQOj)
JE€EEL 1y \{k}

and ||ni|| < Ciluo|. Let By, = (@1, Boy, for every I,m € N*. We compute 11,° =
(0, (A4 uoB)p,°) and

10 = la|* e + (e, (A + woB)my) + Z 1451851 + o Z |B%[° By i

JEEn ) \{k} JEEn ) \{k}
+ uo Z BEBEB; 1+ ug Z 8}1*(Bj.; — Br.k) + uolax|* By i
JLEE, (k) \{k} 5#1 JE€EEL () \{k}
t200R( Y B Be) @ Y BiBeg +arlen Buy).
JEE (k) \{k} JEE (k) \{k}
Thanks to (13), it follows (7, (A + woB)nk) = pp||mkl|* + O(ud). Let
o |ay|* + EjeEn(k)\{k} 8512 - lar]* + ZjeEn(k)\{k} 115/ k| B2
ap = 2 y Qg — 2
L — Il L — Il
As [[ne|| < Cilugl, it follows lim,,, |0 [@x| = 1 uniformly in k. Thanks to
lim inf pipk = lim sup ikt =1,
Ko+00 € B0 \ (K} K400 e B, o\ (k)

we have lim,,, |0 [ax| = 1 uniformly in k. Now, there exists fj such that
(14) [ = Gk, + uo@x B g, + uo fi, + O(ug)

where lim|,,,|0 fx = 0 uniformly in k. When p;, = 0, the identity (14) is still valid.
For each (k,j),(m,n) € I such that (k,j) # (m,n), there exists fi jm,n such that
im0 fk,j,m,n = 0 uniformly in k, j, m,n and

fy,° = 150 = f = Qkplk = QjfG = Gmfim + Gnfin + U0 fr,jmn

+ uo(ar B,k — @jBjj — @mBmm + @nBnon) = Qe — ajj;

- am,um + an,un + uo (akBk,k - ZL\jlgj,j - amBm,m + aan,n) + O(Ug)
Thanks to the third point of Assumptions I, there exists U (0) a neighborhood of u = 0 in R
small enough such that, for each u € U(0), we have that every function 1, — M?O — o 4
fy0 is not constant and analytic. Now, Vi, j m.n) = {u € D| P — W — gy + gy = 0} is

a discrete subset of D and

V ={ue D|3((k,j), (m,n)) € I* : i — i} — piyy, + pyy = 0}
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is a countable subset of D, which achieves the proof of the first claim. The second re-
lation is proved with the same technique. For j,k € N*, the analytic function ug —
(¢}, Bpy") is not constantly zero since (p;, Boy) # 0and W = {u € D|3(k,j) e
(¢}, Bpy®) = 0} is a countable subset of D. O

Lemma A.3. Let the hypotheses of Theorem 3.6 be satisfied. Let T > O and s = d + 2
for d introduced in Assumptions II. Let ¢ € R such that 0 ¢ o(A + uoB + ¢, 7()) (the
spectrum of A + ugB + c in the Hilbert space € (9)) and such that A + uoB + c is a
positive operator. There exists a neighborhood U (0) of 0 in R such that,

15 VueU©), [lA+uB+cliyl = Il Ve Hylo).

Proof. Let D be the neighborhood provided by Lemma A.2. The proof follows the one of
[Duc20, Lemma B.6]. We suppose that 0 € (A + ugB, 2 (¢)) and A + ug B is positive
such that we can assume ¢ = 0. If ¢ # 0, then the proof follows from the same arguments.

Thanks to Remark 3.1, we have || - [|(5) < [||A|2 - || in H5(¢). We prove the existence
of C1, Ca, C3 > 0 such that, for every v € HS (),

(16) I(A+uoB) 29|l < CLl|AZ 9|l + Call9|| < Cs[|AZv|l.

Let s/2 = k € N*. The relation (16) is proved by iterative argument. First, it is
true for k = 1 when B € L(HZ(¢)) as there exists C > 0 such that |ABy| <
cliBl| L(H;(@))||A7v[’|| for ¢ € HZ(@). When k = 2if B € L(#(¢)) and B €

L(HZ" (@) for 1 < k; < 2, then there exist Cy, C5 > 0 such that, for ¢ € H (o),
|(A+uoB)?Y|| < [|A%)| + Juol 2| B2 + |uol [ ABY| + |uol|| BAY||
< A2 + Juol? 1 B2 Il 1 ooy 111 + Caluol 11 B L o 1Py +

|U0| ||| B |H L(.;f(cp))||¢||(2)

and ||(A + uB)?y|| < Cs||A%y||. Second, we assume (16) be valid for k& € N* when
Be L(Hékj((p)) fork—j—1 <k; < k—jandforevery j € {0,...,k—1}. We prove (16)
for K+ 1 when B € L(H;kj(q))) fork—j <k; <k—j+1andforevery j € {0, ..., k}.

Now, there exists C' > 0 such that ||A*By| < C|| B| L(HZkO((P)))||Ak0w\\ for every
4

v € Hy" V(). Thus, as [|(A + upB)* 19| = [|(A+ upB)* (A + ugB)y

Cg, C7 > 0 such that, for every ¢ € H;(Hl)((p)

(A +uoB)* || < Co(| A || + |uol|A* Byl + [| A + [uo| | By|) < Crl| A*F1ap).
As in the proof of [Duc20, Lemma B.6], the relation (16) is valid for any s < k when

B e L(H;ko((p)) fork—1<ky<sand B € L(H;kj((p)) fork—j—1<k;<k—j
and for every j € {1, ...,k — 1}. The opposite inequality follows by decomposing

A= (A+wuoB)—upB.

, there exist

i

In our framework, Assumptions II ensure that the parameter s is equal to 2 + d.
If the second point of Assumptions II is verified for s € [4,11/2), then B preserves
H (@) and HZ () for d; introduced in Assumptions II. Proposition 3.2 claims that B :
HY (9) — HS' (@) and the argument of [Duc20, Remark 2.1] implies B € L(HZ (¢))
(also B € L((¢)) as B : () — (9)). Thus, the identity (15) is valid because
Be L(#(¢)), B€ L(HZ(9))and B € L(Hg‘;l((p)) with d; > s — 2. If the third point
of Assumptions 11 is verified for s € [4,9/2), then B € L((¢)), B € L(HZ(¢)) and
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B e L(Hél (@)) for dy € [d,9,2). The claim follows thanks to Proposition 3.2 since B
stabilizes H?* and HZ (@) for dy introduced in Assumptions IL If s < 4 instead, then the
conditions B € L((¢)) and B € L(HZ(¢)) are sufficient to guarantee (15). O

Remark A.4. The techniques developed in the proof of Lemma A.3 imply the following
claim. Let the hypotheses of Theorem 3.6 be satisfied and 0 < s1 < d+ 2 for d introduced
in Assumptions II. Let ¢ € R such that 0 ¢ o(A + wyB + ¢, 7 (¢)) and such that
A + ugB + c is a positive operator. We have There exists a neighborhood U (0) C R of 0
so that, for any ug € U(0), we have

llA+uoB +cl 29| = [[$lls), Vo € Hy (o).

APPENDIX B. GLOBAL APPROXIMATE CONTROLLABILITY
Let us consider the notation introduced in Section 3.

Definition B.1. The (BSE) is said to be globally approximately controllable in HZ, (@)
with s > 0 when, for every ¥ € Hg(¢), I’ € U(J(¢ )) such that 'Yy € HE(¢) and
¢ > 0, there exist T > 0 and u € L2((0,T),R) such that || Ty — I'% Yibll(s) < e

Proposition B.2. Let (A, B) satisfy Assumptions 1(q,n) and Assumptions (@, n, d) for
n > 0andd > 0. The (BSE) is globally approximately controllable in H (@) for s = 2+d
with d from Assumptions II(@,n,d) .

Proof. In the point 1) of the proof, we suppose that (A, B) admits a non-degenerate chain
of connectedness (see [BACC13, Definition 3]). We treat the general case in the point 2) .

1) (a) Preliminaries. Let 7, be the orthogonal projector 7, : & — J;, = span{yp; : j < m}
for every m € N*. Up to reordering of {¢, } ren+, the couples (7, ATty , T By, ) form €

N* admit non- degenerate chains of connectedness in .7, Let ||- ||BV(T) =|- ||BV((O,T),]R)
and [ 1l oy = 1 oy 15 ) FOT 5 > 01
Claim. VT € U(#(@)), Ve > 0, AN, € N*, Ty, € U(H#(9)) : nn, Ly, 7w, €
SU(%Nl)v
(a7) ITxn, 1 — T < e

Let N; € N*and ¢, := ||7rN1I‘<p1H 17TN1Fgol We define ($;)a2<j<n, such that (apj)j<N1
is an orthonormal basis of .7, . The operator r N, 1s the unitary map such that T NP =
@; for every j < Nj. The provided definition implies limy, o0 ||I‘N1<p1 F<p1H = 0.
Thus, for every € > 0, there exists N; € N* large enough satisfying the claim.

1) (b) Finite dimensional controllability. Let 7,4 be the set of (4, k) € {1,..., N1 }? such
that B; , := (p;, Ber) # 0and |\; — Ag| = | A — Xi| with m, [ € N* implies {j, k} =
{m, 1} for B,,; = 0. For every (j, k) € {1,..., N1 }? and 6 6 [0, 27), we define Eek the
Ny x Ny matrix with elements (E? . )i.m = 0, (EY ) x = €' and (EY ). ; = =i for
(l m € {1 N1}2 \ {(Ja ) (k j)} Let Ead - {Ef,k : (]>k) € Tad7 S [07271-)}
and Lie(E,q). Fixed v a piecewise constant control taking value in E,4 and 7 > 0, we
introduce the control system on SU (7, )

(t) =z(t)v(t), te€(0,7),
(18) {IE(O) = IdSU(%N1)~
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Claim. (18) is controllable, i.e. for R € SU (), thereexistp € N*, My, ..., M, €

Eads a1, ...y € RT such that R = e*1M1 o . 0 Mo,
For every (j,k) € {1,..., N1}, we define the Ny x N; matrices R;, C; ) and D; as
follow. For (I,m) € {1, ..., N1 }*\{(4, k), (k,5)}, we have (R x)i,m = 0and (Rj ;) jx =
—(Rjk)k; = 1, while (Cjx)im = 0and (Cjr)jr = (Cjr)k,; = i Moreover, for
(l7m) € {15 "'5N1}2 \ {(1’ 1)7 (.7’.7)}’ (Dj)l,m = 0 and (Dj)l,l = _(Dj)j,j = 1. We
consider the basis of su(#n, )

e:={Rjr}jr<ny U{Cjrtjnsny U{Dj}j<n,

Thanks to [Sac00, Theorem 6.1], the controllability of (18) is equivalent to prove that
Lie(Eqq) 2 su(#y,) for su(#y,) the Lie algebra of SU(#%;, ). The claim si valid as
it is possible to obtain the matrices R; ., C; 1 and D; for every j,k < N; by iterated Lie
brackets of elements in F 4.
1) (c) Finite dimensional estimates. LetT' € U (7 (¢))and 'y, € U((¢)) be defined
in 1) (a). Thanks to the previous claim and to the fact that r N, 7N, € SU(Hn, ), there
existp € N*, My,..., M), € E,q and oy, ..., o, € RT such that

(19) an, Dy, = e Mo oeMe,

Claim. For every | < p and et from (19), there exist {7 };en- C R* and
{ul}en+ such that ul, € L2((0,T%),R) for every n € N* and

1
(20) lim ||F;;;gok —eMp =0, Vk<Np,
sup H“%HBV(T@) < 0, sup ”uiz”L‘”((QTTlL)JR) < o0,
(21) neN* neN*

sup T} |[ub | o< (0,71 ) %) < 00
neN*

We consider the results developed in [Chal2, Section 3.1 & Section 3.2] by Chambrion
and leading to [Chal2, Proposition 6] since (A, B) admits a non-degenerate chain of con-
nectedness ([BACC13, Definition 3]). Each e®*™: is a rotation in a two dimensional space
for every | € {1,...,p} and this work allows to explicit {T" },en C RT and {u!, },en-
satisfying (21) such that u!, € L%((0,T%),R) for every n € N* and

l
(22) lim |7y, Tyror — e®Mg| =0,  Vk < Ny
n— 00 n

1
As e*M e SU (A, ), we have limy, o0 [T o — e Mipp|| = 0 for k < Ny.
1) (d) Infinite dimensional estimates.

Claim. Let T' € U(#(¢)). There exist K1, Ky, K3 > 0 such that for every
€ > 0, there exist T > 0 and u € L?((0,T),R) such that [|[T%p; — L'ypy|| < € and

(23) llull pv(ry < Ki, llull Lo 0,1y r) < Koy TlJul|poe0,1),r) < K3.

Let 1) (c) be valid with p = 2. Although, the following result is valid for any p € N*.
There exists 2 < [ < Ny such that e*M1p; = ;. Thanks to (20), there exists n € N*
large enough such that,

2 1 2 1 2
IT7ET g o1 — e Mee Mg | < || T35 [HIT7 o1 — e M| + Do — e 2] <.

The identity (19) leads to the existence of K1, K2, K5 > 0 such that for every € > 0, there
exist T > 0 and u € L%((0,T),R) such that ||T%p; — Ln, 1] < € and

24 Nullsvery < K1, lullze oy r) < K2y Tlullp=o.1)r) < Ks.
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The relation (17) and the triangular inequality achieve the claim.
1) (e) Global approximate controllability with respect to the L2-norm. Let ) € 57 ()
and T € U(H(9)).
Claim. There exist K1, Ko, K3 > 0 such that for every € > 0, there exist 7" > 0
andu € L?((0,T),R) such that [|[T%1) — T'¢x|| < € and
(25) llullgv(r) < Ki, lull Lo 0,y < Koy TlJuf|poe0,1),r) < K3.

We assume that ||¢|| = 1, but the same proof is also valid for the generic case. From
the point 1) (d), there exist two controls respectively steering ¢, close to ¢ and ¢; close
to I'). Vice versa, thanks to the time reversibility, there exists a control steering 1) close to
1. In other words, there exist 71,75 > 0, u; € L?((0,T1),R) and uy € L2((0,T3),R)
such that

IT7Y — @1l <€ IT7 e =Ty <e.
The chosen controls u; and us satisfy (25). The claim is proved as

IPRCR Y = Dol < IPRCRY — DRel| + MR er — Tyl < 2e.
1) (f) Global approximate controllability in higher regularity norm. Let o) € H (@)
with s € [s1,51 +2) and s; € N*. Let ' € U(#(¢)) be such that Tt € H () and
B:H} (¢) — Hy ().
Claim. There exist 7" > 0 and v € L*((0,7),R) such that || % — fz/;H(S) <e.

We consider the propagation of regularity developed by Kato in [Kat53]. We notice that
i(A+u(t) B—ic) is maximal dissipative in Hg}' (¢) for suitable ¢ := [|ul| Lo ((0,7),) I B [l (5,)-
Let A > cand H3+%(@) == D(AZ (iA — A)) N2 () = HJ (). We know that
B: H3 (@) € HY () — H} (@) and the arguments of [Duc20, Remark 2.1] imply
that B € L(ﬁ;1+2((p), HZ (9)). For T > 0and v € BV((0,T),R), we have

M := sup ||(iA— A —wu(t)B)
te[0,T

We know [|k + f(")[|Bv(0,m).8) = [IfllBV(©0.1)R) fOr f € BV((0,T),R) and k € R.
Equivalently,

-1
[ L(H (0),H} M (0)) < +oo.

N i= 1A=A=uOVB | gy (011 i+ o ek o) = 1008V B pzss(n oy < +05
We call Oy = || A(A +w(T)B — i\~ L (s1) < oo and Uy" the propagator generated

by A + uB — ic such that Uty = e~ “'T'#+p. Thanks to [Kat53, Section 3.10], for every
Y € H (@), it follows

[(A +u(T)B = iU || sy < MMM [[(A =il

= Tl o 12) < CLMeMNTT|9h]| (4, 4a).
Forevery T > 0, u € BV ((0,T),R) and v € H} (), there exists C = C(K) > 0
depending on K = ([lull gy (1), llwll o= ((0.7).)> Tllull o< (0,1 ) ) such that
(26) 17 ](s14+2) < CllYll(s142)-

Now, we notice that, for every ¢ € Hf} (@), from the Cauchy-Schwarz inequality, we have
| Ay||? < ||v0]|||A%%|| and there exists Cy > 0 such that ||A2%]|* < ||Ay|?||A3y|? <
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Cy ||| A%¢||2. By following the same idea, for every v € HZ' T2 (@), there exist my, my €
N* and C'3, Cy > 0 such that
27

[AZ g™ tme < Cyly|™ || A

s1+2

= ym = Rl < Callpl ™ I -

In conclusion, the point 1) (e), the relation (26) and the relation (27) ensure the claim.

1) (g) Conclusion. Let d be defined in Assumptions (¢, 7n,d). If d < 2, then B :
HZ(@) — HZ(¢) and the global approximate controllability is verified in Hg" ()
since d +2 < 4. If d € [2,5/2), then B : HY — H% with d; € (d,5/2) from
Assumptions 1I(¢@,7,d). Now, H;l((p) = H% N HZ(¢), thanks to Proposition 3.2,
and B : HZ(¢) — HZ(¢p) implies B : H;l((p) — H;l((p). The global approximate
controllability is verified in Hg"?(¢) since d + 2 < dy + 2. If d € [5/2,7/2), then
B: Hi (@) — H(o) for di € (d,7/2) and HY (¢) = Hi (@) N HZ (@) from
Proposition 3.2. Now, B : HZ (@) — HZ(¢) that implies B : HY' (¢) — HY' (). The
global approximate controllability is verified in Hg;”( @) since d + 2 < dy + 2.

2) Generalization. Let (A, B) do not admit a non-degenerate chain of connectedness and

A+u()B=(A+uB)+u()B, up €R, uy € L*((0,T),R).

If (A, B) satisfies Assumptions I and Assumptions II, then Lemma A.2 and Lemma A.3
(Appendix A) are valid. We consider u( belonging to the neighborhoods provided by
the two lemmas and we denote (¢,.°)ren~ a Hilbert basis of .7 made by eigenfunctions of
A+wugB. The steps of the point 1) can be repeated by considering the sequence (¢,°) xen-
instead of (ip1,)en- and the spaces D(|A + ugB| 7 ) N # () in substitution of HS' (¢)
with s; > 0. The claim is equivalently proved thanks to Lemma A.3. (I

Remark B.3. As Proposition B.2, the (BSE*) is globally apprgximately controllable in
H3 (@) (defined in (2)). In other words, for every 1 € H3 (@), I' € U(H(@)) such that
Iy € H3 (@) and € > 0, we have

T >0, ue LX((0,T),R) : |Top — Tl <e
Indeed, for every (j, k), (I,m) € I := {(j,k) € (N*)? : j # k} so that (j,k) # (I,m)
and such that
™ 2 2 2
i = Mk =t pm = 75 (77— kT =4 m7) =0,
there exists C' > 0 so that, thanks to Remark 4.2, we have
(0, Bpj) — (or, Bok) — (01, Bo) + (om, Bom) = C(j7> — k™2 =172 +m™?) £ 0.

In conclusion, the statement of Lemma A.2 is valid when |ug| is small enough. Thus,
(A + uoB, B) admits a non-degenerate chain of connectedness. The arguments adopted
in the proof of Proposition B.2 lead to the claim.
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