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Abstract

Are two sets of observations drawn from the same distribution? This problem is
a two-sample test. Kernel methods lead to many appealing properties. Indeed
state-of-the-art approaches use the L? distance between kernel-based distribution
representatives to derive their test statistics. Here, we show that LP distances
(with p > 1) between these distribution representatives give metrics on the space
of distributions that are well-behaved to detect differences between distributions
as they metrize the weak convergence. Moreover, for analytic kernels, we show
that the L' geometry gives improved testing power for scalable computational
procedures. Specifically, we derive a finite dimensional approximation of the
metric given as the 1 norm of a vector which captures differences of expectations
of analytic functions evaluated at spatial locations or frequencies (i.e, features).
The features can be chosen to maximize the differences of the distributions and
give interpretable indications of how they differs. Using an ¢; norm gives better
detection because differences between representatives are dense as we use analytic
kernels (non-zero almost everywhere). The tests are consistent, while much faster
than state-of-the-art quadratic-time kernel-based tests. Experiments on artificial
and real-world problems demonstrate improved power/time tradeoff than the state
of the art, based on /5 norms, and in some cases, better outright power than even
the most expensive quadratic-time tests.

We consider two sample tests: testing whether two random variables are identically distributed without
assumption on their distributions. This problem has many applications such as data integration [4] or
automated model checking [22]. Distances between distributions underlie progress in unsupervised
learning with generative adversarial networks [20, [1]]. A kernel on the sample space can be used to
build the Maximum Mean Discrepancy (MMD) [L1}[12}[13}[26]], a metric on distribution which has the
strong propriety of metrizing the weak convergence of probability measures. It leads to non-parametric
two-sample tests using the reproducing kernel Hilbert space (RKHS) distance [[L5} 9], or energy
distance [32}3]. The MMD has a quadratic computational cost, which may force to use of subsampled
estimates [33}[14]). [5]] approximate the L? distance between distribution representatives in the RKHS,
to compute in linear time a pseudo metric over the space of distributions. Such approximations are
related to random (Fourier) features, used in kernels algorithms [24}[19]. Distribution representatives
can be mean embeddings [29} 30] or smooth characteristic functions [} [17]].

We first introduce the state of the art on Kernel-based two-sample testing built from the L? distance
between mean embeddings in the RKHS. In fact, a wider family of distance is well suited for the
two-sample problem: we show that for any p > 1, the L? distance between these distribution repre-
sentatives is a metric on the space of Borel probability measures that metrizes their weak convergence.
We then define our /;-based statistic derived from the L' geometry and study its asymptotic behavior.
We consider the general case where the number of samples of the two distributions may differ. We
show that using the ¢; norm provides a better testing power. Indeed, test statistics approximate such
metrics and are defined as the norm of a J-dimensional vector which is the difference between the
two distribution representatives at .J locations. Under the alternative hypothesis Hi: P # (@, the
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analyticity of the kernel ensures that all the features of this vector are non zero almost surely. We
show that the /1 norm captures this dense difference better than the /5 norm and leads to better tests.
We show also that improvements of Kernel two-sample tests established with the /5 norm [17]] hold in
the ¢ case: optimizing features and the choice of kernel. We adapt the construction in the frequency
domain as in [5]]. Finally, we show that on 4 synthetic and 3 real-life problems, our new /¢ -based
tests outperform the state of the art.

1 Prior art: kernel embeddings for two-sample tests

Given two samples X := {z;}7 1, Y := {y;}_; C X independently and identically distributed
(i.i.d.) according to two probability measures P and () on a metric space (X, d) respectively, the goal
of a two-sample test is to decide whether P is different from () on the basis of the samples. Kernel
methods arise naturally in two-sample testing as they provide Euclidean norms over the space of
probability measures that metrize the convergence in law. To define such a metric, we need first to
introduce the notion of Integral Probability Metric (IPM):

PMIF, P, Q) i= sup (Eavr [£(2)] ~ By [/(0)]) ()
€
where F' is an arbitrary class of functions. When F' is the unit ball By, in the RKHS H}; associated
with a positive definite bounded kernel k£ : X x X — R, the IPM is known as the Maximum Mean
Discrepancy (MMD) [[11], and it can be shown that the MMD is equal to the RKHS distance between
so called mean embeddings [13]],

MMD|P, Q| = |[up — polln, 2
where 1 p is an embedding of the probability measure P to Hy,
up(t) = /d k(x,t)dP(z) (3)
R

and ||.|| g, denotes the norm in the RKHS H},. Moreover for kernels said to be characteristic [10],
eg Gaussian kernels, MMD[P, Q] = 0 if and only if P = @ [11]. In addition, when the kernel
is bounded, and X is a compact Hausdorff space, [28] show that the MMD metrizes the weak
convergence. Tests between distributions can be designed using an empirical estimation of the MMD.

A drawback of the MMD is the computation cost of empirical estimates, these being the sum of two
U-statistics and an empirical average, with a quadratic cost in the sample size.

[5] study a related expression defined as the L? distance between mean embeddings of Borel

probability measures:
e P@)= [
teRd

where I is a Borel probability measure. They estimate the integral (4) with the random variable,

pe(t) — (0] dr() @

&, (PQ) Z]up ()| 5)

where {T } _ are sampled i.i.d. from the distribution I'. This expression still has desirable metric-
like propertles provided that the kernel is analytic:

Definition 1.1 (Analytic kernel). A positive definite kernel k : R? x R? — R is analytic on its
domain if for all x € RY, the feature map k(x,.) is an analytic function on R%.

Indeed, for k a definite positive, characteristic, analytic, and bounded kernel on R?, [3] show that

dg, .7 is a random metricﬂ from which consistent two-sample test can be derived. By denoting ux
and py respectively the empirical mean embeddings of P and @),

—i;km,m 12 v, T

' A random metric is a random process which satisfies all the conditions for a metric ‘almost surely’ [3].
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(5 show that for {7} le sampled from the distribution I', under the null hypothesis Hy : P = @),
as n — oo, the following test statistic:

J
2
B2, s XY 1= 030 | (1) = iy (T3) (©)
j=1
converges in distribution to a sum of correlated chi-squared variables. Moreover, under the alternative
hypothesis H; : P # Q, &327 “, 7[X,Y] can be arbitrarly large as n — oo, allowing the test to

correctly reject Hy. For a fixed level o, the test rejects Hy if @27 “ ;[X,Y] exceeds a predetermined
test threshold, which is given by the (1 — «)-quantile of its asymptotic null distribution. As it is
very computationally costly to obtain quantiles of this distribution, [5] normalize the differences

between mean embeddings, and consider instead the test statistic ME[X,Y]:=||\/nX, g, |3 where
1 n 1 n

Sp = Zi:l i, N = g Zi:1(zi —S,)(zi — Sn)Ts and z; := (k(x;, Tj) — k(yi,Tj))le €
R’. Under the null hypothesis Hy, asymptotically the ME statistic follows x?(J), a chi-squared
distribution with J degrees of freedom. Moreover, for k a translation-invariant kernel, [5] derive
another statistical test, called the SCF test (for Smooth Characteristic Function), where its statistic
SCF[X, Y] is of the same form as the ME test statistic with a modified z; := [f(x;) sin(z!T}) —
[ (yi) sin(yl'Ty), f(z;) cos(zX'T;) — f(ys) cos(yiTTj)]f:l € R?/ where f is the inverse Fourier
transform of k, and show that under Hy, SCF[.X, Y] follows asymptotically x?(2.J).

2 A family of metrics that metrize of the weak convergence

[5] build their ME statistic by estimating the L? distance between mean embeddings. This metric can
be generalized using any LP distance with p > 1. These metrics are well suited for the two-sample
problem as they metrize the weak convergence (see proof in supp. mat. [A.T):

Theorem 2.1. Given p > 1, k a definite positive, characteristic, continuous, and bounded kernel on
R?, pup and 1 the mean embeddings of the Borel probability measures P and () respectively, the
function defined on M1 (R?) x M1 (R?):

(P = ([ Jurtt) - noo] ar(r)) " 9

is a metric on the space of Borel probability measures, for I' a Borel probability measure absolutely
continuous with respect to Lebesgue measure. Moreover a sequence (o, )n>o of Borel probability
measures converges weakly towards o if and only if dip (0, ) = 0.

Therefore, as the MMD, these metrics take into account the geometry of the underlying space and
metrize the convergence in law. If we assume in addition that the kernel is analytic, we will show that
deriving test statistics from the L' distance instead of the L? distance improves the test power for
two-sample testing.

3 Two-sample testing using the /; norm

3.1 A test statistic with simple asymptotic distribution

From now, we assume that % is a positive definite, characteristic, analytic, and bounded kernel.

The statistic presented in eq. [6]is based on the ¢, norm of a vector that capture differences between
distributions in the RKHS at J locations. We will show that using an ¢; norm instead of an £ norm
improves the test power (Proposition[3.1)). It captures better the geometry of the problem. Indeed,
when P # (), the differences between distributions are dense which allow the #; norm to reject better
the null hypothesis Hy: P = Q.

We now build a consistent statistical test based on an empirical estimation of the L' metric introduced

in eq.

J
oy g X, Y] 1= VY| (T)) = iy (1)) ®)
j=1



where {7 }/_, are sampled from the distribution I". We show that under H, dgh ] 71X, Y] converges
in distribution to a sum of correlated Nakagaml Var1able’ and under Hq, d;l, u, J[X Y] can be

arbitrary large as n — oo (see supp. mat. . For a fixed level a, the test rejects H if dgl X, Y]
exceeds the (1 — a)-quantile of its asymptotlc null distribution. We now compare the power of the
statistics based respectively on the /> norm (eq. [6)) and the ¢; norm (eq. [) at the same level o > 0
and we show that the power of the test using the /1 norm is better with high probability (see supp.

mat. [C.2):

Proposition 3.1. Let o €]0,1], v > 0 and J > 2. Let {T}}7_, sampled i.i.d. from the distribution T
andlet X = {z;}7" , and Y = {y;}1 i.i.d. samples from P and Q) respectively. Let us denote &
the (1 — «)-quantile of the asymptotic null distribution of (/1\[17 w71 X, Y] and B the (1 — o)-quantile
of the asymptotic null distribution of d?m L, 71X, Y. Under the alternative hypothesis, almost surely,
there exists N > 1 such that for all n > N, with a probability of at least 1 — v we have:

&, X, Y] > B = dpy s[X, Y] > 6 )

Therefore, for a fixed level o, under the alternative hypothesis, when the number of samples is large
enough, with hlgh probability, the ¢1-based test rejects better the null hypothesis. However, even
for fixed {7}}. 5—1, computing the quantiles of these distributions requires a computationally-costly
bootstrap or permutation procedure. Thus we follow a different approach where we allow the number
of samples to differ. Let X := {;}', and Y := {y,;} 22, i.i.d according to respectively P and Q.
We define for any sequence of {7}}7_, in R:

SNLNQ?:(ux(Tﬂ'—MY(Tﬁa~wux(TU)—ln%TbD (10)
Z' = (k(zi, Th), ..., k(z;, Ty)) € RY Z}, = (k(y;, Th), ... k(y;, Ty)) € RY
And by denoting:
1 Ny 1 N2 . .
D A > (2 —Zx)(Zx - Zx)" Sy, = N, 1 > (23 —Zy)(Z — Zy)"
i=1 j=1

XN N

E = 1 2

Mol e, 1o p

‘We can define our new statistic as:

LI-MELX, Y] = [VEZR! v, S,

Y

We assume that the number of samples of the distributions P and @ are of the same order, i.e: let
t = Ny + No, we have: At’l — p and therefore At’? — 1 — p with p €]0, 1[. The computation of
the statistic requires inverting a J x J matrix Xy, n,, but this is fast and numerically stable: J is
typically be small, eg less than 10. The next proposition demonstrates the use of this statistic as a
consistent two-sample test (see supp. mat. [C.3|for the proof).

Proposition 3.2. Let {T};}/_, sampled i.i.d. from the distribution I’ and X := {; N and Y =

{yi Y2, be ii.d. samples from P and Q respectively. Under Hy, the statistic LI-ME[X, Y] is almost
surely asymptotlcally distributed as Naka( ;, 1,J), a sum of J random variables i.i.d which follow a

Nakagami distribution of parameter m = 5 and w = 1. Finally under H1, almost surely the statistic

can be arbitrarily large as t — oo, enabling the test to correctly reject Hy.

_1
Statistical test of level a: Compute ||/t Ny Ny SNy, Ns |l1, choose the threshold & corresponding to

_1
the (1 — «)-quantile of Naka(3, 1, J), and reject the null hypothesis whenever ||v/3 NEN SN (1
is larger than .

’the pdf of the Nakagami distribution of parameters m > % andw > 0isVz > 0,

flxz,m,w) = 1“(27?)7:7" 2*" " exp(=™2?) where I' is the Gamma function.




3.2 Optimizing test locations to improve power

As in [17], we can optimize the test locations V and kernel parameters (jointly referred to as 6)
by maximizing a lower bound on the test power which offers a simple objective function for fast
parameter tuning. We make the same regularization as in [[L7] of the test statistic for stability of the
matrix inverse, by adding a regularization parameter vy, n, > 0 which goes to 0 as ¢ goes to infinity,

giving LI-ME[X, Y] := |VE(Z N, Ny + Y30 7 1) " 2Sn, w, |1 (see proof in supp. mat. |D.1).

Proposition 3.3. Let KC be a uniformly bounded family of k : R? x R? — R measurable kernels (i.e.,

JK < oosuchthatsup  sup |k(z,y)|< K). Let V be a collection in which each element is a
kel (z,y)€(R9)?

set of J test locations. Assume that ¢ := sup ||Z7Y2||< oc. Then the test power P (Xt > 5) of
VeV kek

the L1-ME test satisfies P (Xt > 5) > L(\t) where:

J 2
At — 0\ Yn, N, N1 V2
L)) =1-2 e — L2
(ho=1-23, Xp( <J2+J> (N + V)2
7 (’YNI,NQ A —0 _ J3 Ky —J4K )2
-2 Z exp| —2 Ko T2 (PHIVE VTN '

2
k,q=1 Ki(Nl +N2) max (%,7(17§)N2)

and K1, K>, K3 and K, are positive constants depending on only K, J and c. The parameter

A = |[VEE"28||;y is the population counterpart of Ay := IVEEN, Ny + 0.8 1) 2SN, N
where S = E, (S, n,) and 2 = E, (En, N, ). Moreover for large t, L()\;) is increasing in \;.

Proposition[3.3]suggests that it is sufficient to maximize )\, to maximize a lower bound on the L1-ME
test power. The statistic A for this test depends on a set of test locations V and a kernel parameter o.

We set 6* := {V, 0} = arg max Ay = arg m;xxH\/EE’%SHl. As proposed in [14], we can maximize

a proxy test power to optimize 6: it does not affect Hy and H; as long as the data used for parameter
tuning and for testing are disjoint.

3.3 Using smooth characteristic functions (SCF)

As the ME statistic, the SCF statistic estimates the L2 distance between well chosen distribution
representatives. Here, the representatives of the distributions are the convolution of their characteristic
functions and the kernel k, assumed translation-invariant. [S]] use them to detect differences between
distributions in the frequency domain. We show that the L' version (denoted d ;1 ,®) 1s a metric on the
space of Borel probability measures with integrable characteristic functions such that if o, converge
weakly towards o, then dj1 ¢ (,, ) — 0 (see supp. mat. . Let us introduce the test statistics in
the frequency domain respectively based on the {5 norm and on the ¢; norm which lead to consistent
tests:

dj, 0,s1X,Y]:= [VnS,[3 and  dyy e (X, Y] = [|ViSalh (12)

where S,, = %Z?:l zi, z; = [f(x;)sin(xlT;) — f(yi)sin(ylTy), f(xi) cos(x] T;) —
f(y;) cos(yI'Ty)] 3’:1 € R?7 and f is the inverse Fourier transform of k. We show that, at the
same level «, using the /1 norm in the frequency domain provides a better power with high probabil-

ity (see supp. mat. [E.I)):

Proposition 3.4. Leta €]0,1], v > 0and J > 2. Let {T} }3]:1 sampled i.i.d. from the distribution T’
and let X := {x;}"_, and Y := {y;}, i.i.d. samples from P and Q respectively. Let us denote §
the (1 — «)-quantile of the asymptotic null distribution of C/l\glﬁp’ J[X,Y] and B the (1 — «)-quantile
of the asymptotic null distribution of c?%?’q)’ J1X, Y. Under the alternative hypothesis, almost surely,
there exists N > 1 such that for all n > N, with a probability of at least 1 — v we have:

&2, 41X, Y] > 8= diy o [X,Y]>6 (13)



We now adapt the construction of the L1-ME test to the frequency domain to avoid computational
issues of the quantiles of the asymptotic null distribution:

LI-SCF[X, Y] = [VE S 52 v, Snwlh (14)
with £y, n,, and Sy, n, defined as in the L1-ME statistic with new expression for Z% (and Z{,):
' = (cos (T ;) f(x:),.... sin (T] z;) f(z;)) € R*/
From this statistic, we build a consistent test. Indeed, an analogue proof of the Proposition [3.2] gives
that under Hy, L1-SCF[X, Y] is a.s. asymptotically distributed as Naka(%, 1,2.J), and under H1, the

test statistic can be arbitrarily large as t goes to infinity. Finally an analogue proof of Proposition[3.3|
shows that we can optimize the test locations and the kernel parameter to improve the power as well.

4 Experimental study

We now run empirical comparisons of our ¢;-based tests to their {5 counterparts, state-of-the-
art Kernel-based two-sample tests. We study both toy and real problems. We use the isotropic
Gaussian kernel class ;. We call L1-opt-ME and L1-opt-SCF the tests based respectively on
mean embeddings and smooth characteristic functions proposed in this paper when optimizing test
locations and the Gaussian width o on a separate training set of the same size as the test set. We
denote also L1-grid-ME and L1-grid-SCF where only the Gaussian width is optimized by a grid
search, and locations are randomly drawn from a multivariate normal distribution. We write ME-full
and SCF-full for the tests of [[17], also fully optimized according to their criteria. MMD-quad
(quadratic-time) and MMD-lin (linear-time) refer to the MMD-based tests of [ 1], where, to ensure
a fair comparison, the kernel width is also set to maximize the test power following [14]. For MMD-
quad, as its null distribution is an infinite sum of weighted chi-squared variables (no closed-form
quantiles), we approximate the null distribution with 200 random permutations in each trial.

In all the following experiments, we repeat each problem 500 times. For synthetic problems, we
generate new samples from the specified P, () distributions in each trial. For the first real problem
(Higgs dataset), as the dataset is big enough we use new samples from the two distributions for each
trial. For the second and third real problem (Fast food and text datasets), samples are split randomly
into train and test sets in each trial. In all the simulations we report an empirical estimate of the
Type-I error when Hj hold and of the Type-II error when H; hold. We set « = 0.01. The code is
available at https://github.com/meyerscetbon/l1_two_sample_test.

How to realize /,-based tests ? The asymptotic distributions of the statistics is a sum of i.i.d.
Nakagami distribution. [8]] give a closed form for the probability density function. As the formula is
not simple, we can also derive an estimate of the CDF (see supp. mat. [FI).

Optimization For a fair comparison between our tests and those of [17]], we use the same initialization
of the test locations{ﬂ For the ME-based tests, we initialize the test locations with realizations from
two multivariate normal distributions fitted to samples from P and () and for the for initialization of
the SCF-based tests, we use the standard normal distribution. The regularization parameter is set to
YNy.N, = 1075, The computation costs for our proposed tests are the same as that of [17]: with ¢
samples, optimization is O(J3 + dJt) per gradient ascent iteration and testing O(J3 + Jt + dJt)
(see supp. mat. Table 3).

The experiments on synthetic problems mirror those of [[17] to make a fair comparison between the
prior art and the proposed methods.

o)

Test power vs. sample size We consider four syn- Data

thetic problems: Same Gaussian (SG, dim= 50), SG N0, 1a) N0, 14)
Gaussian mean difference (GMD, dim= 100), Gaus- GMD N (0, ) N((1,0,..,0)7, 1)
sian variance difference (GVD, dim= 30), and Blobs. = GVD  N(0, ) N(0,diag(2,1, ..,1))
Table[T]summarizes the specifications of P and Q. In ~ Blobs  Mixture of 16 Gaussians in R? as [17]
the Blobs problem, P and @ are a mixture of Gaus-
sian distributions on a 4 x 4 grid in R2. This problem
is challenging as the difference of P and @) is en-
coded at a much smaller length scale compared to the
global structure as explained in [14]. We set J = 5 in this experiment.

Table 1: Synthetic problems.
Hj holds only in SG.

3[7]): \github.com/wittawatj/interpretable-test
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Figure 1: Plots of type-I/type-II errors against the test sample size n'¢ in the four synthetic problems.

Figure [T|shows type-I error (for SG problem), and test power (for GMD, GVD and Blobs problem)
as a function of test sample size. In the SG problem, the type-I error roughly stays at the specified
level « for all tests except the L1-ME tests, which reject the null at a rate below the specified level a.
Therefore, here these tests are more conservative.

GMD with 100 dimensions is an easy problem for L1-opt-ME, L1-0pt-SCF, ME-full MMD-quad,
while the SCF-full test requires many samples to achieve optimal test power. In the GMD, GVD and
Blobs cases, L1-opt-ME and L1-opt-SCF achieve substantially higher test power than L1-grid-ME
and L1-grid-SCF, respectively: optimizing the test locations brings a clear benefit. Remarkably
L1-opt-SCF consistently outperforms the quadratic-time MMD-quad up to 2 500 samples in the
GVD case. SCF variants perform significantly better than ME variants on the Blobs problem, as the
difference in P and @ is localized in the frequency domain. For the same reason, L1-opt-SCF does
much better than the quadratic-time MMD up to 3 000 samples, as the latter represents a weighted
distance between characteristic functions integrated across the frequency domain as explained in [29].

We also perform a more difficult GMD problem to distinguish the power of the proposed tests with
the ME-full as all reach maximal power. L1-opt-ME then performs better than ME-full, its /5
counterpart, as it needs less data to achieve good control (see mat. supp. [F:3).

Test power vs. dimension d On fig[2] we study how the dimension of the problem affects type-I error
and test power of our tests. We consider the same synthetic problems: SG, GMD and GVD, we fix the
test sample size to 10000, set J = 5, and vary the dimension. Given that these experiments explore
large dimensions and a large number of samples, computing the MMD-quad was too expensive.

In the SG problem, we observe the L1-ME tests are more conservative as dimension increases, and
the others tests can maintain type-I error at roughly the specified significance level a = 0.01. In the
GMD problem, we note that the tests proposed achieve the maximum test power without making
error of type-1I whatever the dimension is, while the SCF-full loses power as dimension increases.
However, this is true only with optimization of the test locations as it is shown by the test power of
L1-grid-ME and L1-grid-SCF which drops as dimension increases. Moreover the performance of
MMD-lin degrades quickly with increasing dimension, as expected from [235]]. Finally in the GVD
problem, all tests failed to keep a good test power as the dimension increases, except the L1-opt-SCF,
which has a very low type-II for all dimensions. These results echo those obtained by [34]]. Indeed
[34] study a class of two sample test statistics based on inter-point distances and they show benefits
of using the ¢; norm over the Euclidean distance and the Maximum Mean Discrepancy (MMD) when
the dimensionality goes to infinity. For this class of test statistics, they characterize asymptotic power

Figure 2: Plots of type-
I/type-I1 error against
the dimension in three
synthetic problems:
SG (Same Gaussian),
GMD (Gaussian Mean 5,000
Difference), and GVD 0 500 1000 1500 0 500 1000 1500 0 200 400
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loss w.r.t the dimension and show that the ¢; norm is beneficial compared to the ¢ norm provided
that the summation of discrepancies between marginal univariate distributions is large enough.

Informative features we replicate the ex-
periment of [17]], showing that the selected locations
capture multiple modes in the ¢; case, as in the /o
case. (details in supp. mat. [F4). The figure shows
that the objective function A" (T, T») used to posi-
tion the second test location 75 has a maximum far
from the chosen position for the first test location 77.

Real Data 1, Higgs: The first real problem is the
Higgs dataset [21]] described in [2]: distinguishing
signatures of Higgs bosons from the background. We
use a two-sample test on 4 derived features as in [3]].
We compare for various sample sizes the performance
of the proposed tests with those of [[17]. We do not
study the MMD-quad test as its computation is too Of [I7]. A contour plot of A" (T1,T3) as a
expensive with 10 000 samples. To make the problem function of T5, when J = 2, and T; is fixed.
harder, we only consider J = 3 locations. Fig.d] The red and black dots represent the samples
shows a clear benefit of the optimized ¢; -based tests, from the P and @ distributions, and the big
in particular for SCF (L1-opt-SCF) compared to its black triangle the position of T} —complete
{5 counterpart (SCF-full). Optimizing the location figure in supp. mat. @

is important, as L1-opt-SCF and L1-opt-ME per-

form much better than their grid versions (which are

comparable to the tests of [3]]).

Figure 3: Illustrating interpretable fea-
tures, replicating in the ¢; case the figure

Real Data 2, Fastfood: We use a Kaggle dataset listing locations of over 10,000 fast food restaurants
across Americzﬂ We consider the 6 most frequent brands in mainland USA: Mc Donald’s, Burger
King, Taco Bell, Wendy’s, Arby’s and KFC. We benchmark the various two-sample tests to test
whether the spatial distribution (in R2) of restaurants differs across brand. This is a non trivial
question, as it depends on marketing strategy of the brand. We compare the distribution of Mc
Donald’s restaurants with others. We also compare the distribution of Mc Donald’s restaurants with
itself to evaluate the level of the tests (see supp. mat. Table[5). The number of samples differ across
the distributions; hence to perform the tests from [[17], we randomly subsample the largest distribution.
We use J = 3 as the number of locations.

4www.kaggle.com/datafiniti/fast-food-restaurants

1.04
Figure 4: Higgs dataset: Plots of type-II errors against EQ °
the test sample size n'°. >0
S 0.4
Proposed  _ |1 opt-ME = —— L1-0pt-SCF | e ME-full Prior @ o2
methods Ll-er')id-ME Ll-ZZd-SCF ------ SCF-LfJuII art oo
’ 20‘00 40‘00 SObO 8600 10600
Sample test size
< S
ov‘& %(-@"@ o<e"%c2 vé‘a’sc s o &I\OA&
Problem W W W W @6 «© W
McDo vs Burger King (1141)  0.112 0.426 0.428 0.960 0.170  0.094 0.184
McDo vs Taco Bell (877) 0.554 0.624 0.710 0.834 0.684  0.638 0.666
McDo vs Wendy’s (733) 0.156 0.246 0.752 0.942 0416 0.624 0.208
McDo vs Arby’s (517) 0.000 0.004 0.006 0.468 0.004  0.012 0.004
McDo vs KFC (429) 0912 0.990 1.00 0.998 0.996 0.856 0.980

Table 2: Fast food dataset: Type-II errors for distinguishing the distribution of fast food restaurants.
a = 0.01. J = 3. The number in brackets denotes the sample size of the distribution on the right.
We consider MMD-quad as the gold standard.


https://www.kaggle.com/datafiniti/fast-food-restaurants

Table 2] summarizes type-II errors of the tests. Note that it is not clear that distributions must differ, as
two brands sometimes compete directly, and target similar locations. We consider the MMD-quad
as the gold standard to decide whether distributions differ or not. The three cases for which there
seems to be a difference are Mc Donald’s vs Burger King, Mc Donald’s vs Wendy’s, and Mc Donalds
vs Arby’s. Overall, we find that the optimized L1-opt-ME agrees best with this gold standard. The
Mc Donald’s vs Arby’s problem seems to be an easy problem, as all tests reach a maximal power,
except for the L1-grid-SCF test which shows the gain of power brought by the optimization. In
the Mc Donald’s vs Wendy’s problem the L1-opt-ME test outperforms the /5 tests and even the
quadratic-time MMD. Finally, all the tests fail to discriminate Mc Donald’s vs KFC. The data provide
no evidence that these brands pursue different strategies to chose locations.

In the Mc Donald’s vs Burger King and Mc Donald’s vs Wendy’s problems, the optimized version of
the test proposed based on mean embedding outperform the grid version. This success implies that
the locations learned are each informative, and we plot them (see supp. mat. Figure[§)), to investigate
the interpretability of the L1-opt-ME test. The figure shows that the procedure narrows on specific
regions of the USA to find differences between distributions of restaurants.

Real Data 3, text: For a high-dimension problem, we consider the problem of distinguishing the
newsgroups text dataset [18]] (details in supp. Mat. [E5). Compared to their ¢, counterpart, ¢;-
optimized tests bring clear benefits and separate all topics of articles based on their word distribution.

Discussion: Our theoretical results suggest it is always beneficial for statistical power to build tests on
£1 norms rather than ¢5 norm of differences between kernel distribution representatives (Propositions
[3.4). In practice, however, optimizing test locations with ¢;-norm tests leads to non-smooth
objective functions that are harder to optimize. Our experiments confirm the theoretical benefit of the
{1-based framework. The benefit is particularly pronounced for a large number J of test locations
—as the difference between ¢; and ¢ norms increases with dimension (see in supp. mat. Lemmas
[8l [I2)- as well as for large dimension of the native space (Figure 2)). The benefit of ¢; distances
for two-sample testing in high dimension has also been reported by [34]], though their framework
does not link to kernel embeddings or to the convergence of probability measures. Further work
should consider extending these results to goodness-of-fit testing, where the L' geometry was shown
empirically to provide excellent performance [16]].

5 Conclusion

In this paper, we show that statistics derived from the LP distances between well-chosen distribution
representatives are well suited for the two-sample problem as these distances metrize the weak conver-
gence (Theorem [2.I). We then compare the power of tests introduced in [5]] and their ¢; counterparts
and we show that /1-based statistics have better power with high probability (Propositions B.4).
As with state-of-the-art Euclidean approaches, the framework leads to tractable computations and
learns interpretable locations of where the distributions differ. Empirically, on all 4 synthetic and 3
real problems investigated, the /1 geometry gives clear benefits compared to the Euclidean geometry.
The L! distance is known to be well suited for densities, to control differences or estimation [[7]. It is
also beneficial for kernel embeddings of distributions.
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A A family of metrics that metrize of the weak convergence

A.1 Distances between Mean Embeddings

Theorem 1. Given p > 1, k a definite positive, characteristic, continuous, and bounded kernel on
R?, pp and 1Q the mean embeddings of the Borel probability measures P and Q) respectively, the

function defined on M1 (R?) x ML (R?):

(P = ([ Jurtt) - w(t))”dr(t))up (s)

is a metric on the space of Borel probability measures, for I' a Borel probability measure absolutely
continuous with respect to Lebesgue measure. Moreover a sequence (ou,)n>o of Borel probability
measures converges weakly towards o if and only if dip (0, ) = 0.

Proof. First, let us prove that for any p > 1 dp» , is metric of on the space of Borel probability
measures. Let p > 1, we have:
lup () — po () [P= [(up — pQ, ki) [?
Therefore:
e () = g (8) IP< |lip — nellf (k (¢, ))7"
But as k is bounded, and T is finite, dp» ,, is well defined on M, (X)2. Let us prove now that if
P#Qthendrr, (P,Q) > 0.
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Definition 1. [/0] A kernel is characteristic if the mapping P € /\/ll+ (X) — up € Hy, is injective,
where Hy, is the RKHS associated with k.

Lemma 1. [3/|] If k is a continuous kernel on a metric space then every feature maps associated
with the kernel are continuous.

Let P and Q) two Borel distributions such that P # Q. Since the mapping p — p is injective, there
must exists at least one point o where |1p — |1 IS non-zero. By continuity of up — jiq, there exists a
ball around o in which pup — i is non-zero. Then dp» ,, (P, Q) > 0. Finally all the other proprieties
of a metric are clearly verified by this function.

Let us now show that dy , metrize the weak convergence. For that purpose, we first show that this
metric has an IPM formulation:

Lemma 2. [ We denote by Tj, the integral operator on L' (R?) associated to the positive definite,
characteristic, continuous, and bounded kernel k defined as:

Te : LIF(RY) — LIT(R?)
f = Jpa bz, ) f(2)dD(2)
By denoting B the unit ball of LI (R?), we have that:
Ao w(P,Q) = s (Eplf(X)] —Eqlf(¥)])
feT(BL)
Proof. We have:
I (P.Q) = [

zeR

— [ up = g ko) nlar )
faS]

() g () dI(2)

(kP — 1@, ka) rdl'(z) — / (kP = Qs ka) adl'(2)
we{oip (v)<po ()}

—{up — po» / pd(z) / kpdD(2)) g
ze{vipp(v)2pug(v)} ze{vipp(v)<pg(v)}

dpry (P,Q) = (pp — pQ, flu

/we{'u:;tp('u)qu(v)}

Then:

with

_ _ kifte{z:pp(z) > po (z)}
/= teRd gedL() - where g = { —k; otherwise. (16)

Therefore, f € Ty(BYL) C Hy, and we have:
dpry (P,Q) = Ep (f (X)) —Eq (f (Y))

Now, let f be an element of Tr,(BL) C Hy,. Therefore there exists g € BY such that f = Ti(g) and
we have then:

Ep (f (X)) —Eq (f(Y)) =(upr — pq, f)
=(up — g, /teRd g(t)k:dD(t))

- / 9O g k(D)
- / 90 (e () = i (1) Tt
<[ nr®)=pa 1)

Therefore we have:

doW(P,Q) = suwp  (Eplf(X)] —Eqlf(¥)])

FETH(BX)
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From this IPM formulation we now show that dp ,, metrize the weak convergence. First, as the

kernel k is assumed to be continuous, then Ti,(B) C H, C C°(R?), the set of continuous
functions. Therefore, thanks to the IPM formulation of the metric, the weak convergence of a
sequence of distributions (0w, )n>0 towards a distribution o implies the convergence according to
the dp ,-distance. Conversely let o € MY (X) and let us assume that (o, )n>0 is a sequence of
Borel probability measures such that dpx (o, &) — 0. Since [ k(x,z)dI(x) is finite, T is self-
z€Rd
adjoint, positive semi-definite and trace-class [27|]. It has at most countably many positive eigenvalues
(Am)m>0 and corresponding orthonormal eigenfunctions (e,,)m>o. Then the Mercer theorem [0)]

gives that (/\m/2em)m>0 is an orthonormal basis of Hy. Let us denote C = sup +/k(x,x) And
rER?

/2
Vin = “257. Therefore we have:

H>\1/2

em|lH
||‘/m||oo,d1" < %O S 1

Therefore, thanks to Lemma[2) for all m > 0, we have:

<Ma7L - Uaka(Vm»Hk —0

Now, we want to show that for every f € Hy, {fia, — tta, [) i, — 0. Let us consider f € Hy,. As
(AM2em)m>0 is an orthonormal basis of Hy, we have:

f= Z <f> /\717{2€W>Hk/\'}7{2€m
m>0

Therefore if we define for every m > 0:

Fm = Y (£ A Ped) N Pe
i=0
We have that:
I fm = fll,— 0

Therefore let € > 0, and K such that:

Ifx = flla. < e

First we remarks that:

K
(B = Has fr) Z LA A2 e e, — pos A 2es)

(F, A6 Clpt, — e Vi)

Il
Mx i

s
I
o

[
M=

C
W e I )
(

-
Il

Indeed the last equality hold as all the eigenvalues are positives. Finally we have that:
(Ha,, — Mo i), — 0asn goes to infinity.
Let N, such that forn > N:
(Mo, = tas [K)H, <€
Therefore we have for alln > N:

</J'an _//fa7f> = <,uo¢n _lf«a7fK> + <,Uan _,Uonf_fK>
< e+ ko, — tallm | f = fxllm.
< e+ ta, — pallme
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Finally as k is bounded, we have that:
o, = palla, < 2sup Vk(z,t)

Finally we have that for every f € Hy:

<,Uun — s f) = 0
Therefore for any f € By, , the unit ball of the RKHS, we have:
<,uan — Mo f> —0
And then:
MMD|ay,, o] — 0
Moreover we have the following theorem:
Theorem 2. (/28]) A bounded kernel over a locally compact Hausdorff space X metrizes the weak
convergence of probability measures iff it is continuous and characteristic.

Therefore v, converge weakly towards o and d 1, metrize the weak convergence. Moreover thanks
to Holder’s inequality we have that for any p > 1:

dLl,,u(PvQ) S dLP’H(PaQ) (17)

Moreover as the kernel k is bounded we have also:
e w(P,Q)P < |lup — poll% drr u (P Q) (18)
< (2C%)P7 N W (P,Q) (19)

Therefore for any p > 1 d» ,, metrizes the weak convergence.

A.2 Distances between Smooth Characteristic Functions

Definition 2. /5] Let k : RY — R be a translation-invariant kernel i.e., k(z — y) defines a positive
definite kernel for x and y, P a Borel probability measure and 1¥p(t) := E, (exp(ith)) be the
characteristic function of P. A smooth characteristic function ® p is defined as:

Dp(v) = y Yp(t)k(v —t)dt (20)

Lemma 3. /5] If k is a continuous, integrable and translation invariant kernel with an inverse
Fourier transform strictly greater then zero an and P has integrable characteristic function, then the
mapping:

r:P—op 21
is injective and ® p is an element of the RKHS Hj, associated with k.
Theorem 3. Given p > 1, k a translation invariant with an inverse Fourier transform strictly greater

then zero, continuous, and integrable kernel on R ®p and b the smooth characteristic functions
of the Borel probability measures with integrable characteristic functions P and Q) respectively, the

following function:
dLP,q)(PaQ) = (/
teRd

where I' a Borel probability measure absolutely continuous with respect to Lebesgue measure, is a
metric on the space of Borel probability measures with integrable characteristic functions. Moreover if
a sequence (Quy,)n>0 Of Borel probability measures with integrable characteristic functions converges
weakly towards o then dp (o, o) — 0.

Proof. Letp > 1. First, as ¢ p and 1 live in Hy, the RKHS associated with k, we have:

| (1) — Bg (1) [P< || PP — Dol K(0)P/?
Let us prove now that if P # Q then d(P, Q) > 0. Thanks to Lemmall| ® p and ®¢ are continuous.
Since the mapping P — ®p is injective, there must exists at least one point o where ®p — Pq is
non-zero. By continuity of ®p — ®g, there exists a ball around o in which ®p — @ is non-zero.

Then dpr o(P,Q) > 0. Moreover, all the other proprieties of a metric are clearly verified by this
function. Let us now show that d; & admits a IPM formulation:

D 1/p
B (1) - (1) "ar() ) @)

15



Lemma 4. Let Ty, be the integral operator on L' (R?) associated with the kernel k. By denoting
B the unit ball of LI (R?), we have that:

dpa(PQ) = s (Ep[f(X)] —Eqlf(¥))
FEL(Tr(BIL))
where:
£(f)(z) = / exp(it"x) f (1)t 23)
teRd

Proof. Let P and Q) be Borel probability measures with integrable characteristic functions. As ®p
and ®q live in the RKHS associated with k, we obtain, as in the proof of Theorem@ that:

dre(P,Q) = (Pp — P, f)
with

keift € {z: ®p(z) > g (2)}

f= 9¢dl'(t)  where g, = { —k; otherwise.

teRd
Therefore f € Tr.(BL) and we have:

dra(P.Q) = [ wr@f@i= [ vor

_ / / Pl F(AP ()t - / / SRl DF Q)

Let us now show that for any g € B, Tr.(g) is integrable (w.r.t the Lebesgue measure):

[ me@iaes [ [ kgl

But as k is translation-invariant we have:

[ o= [ ([ i) g
= /ueRdk(u)|du/m€Rd|g(t)|dl‘(t)

And as k is integrable, and g € B, we can apply the Fubini-Tonelli theorem, and T;(g) is
integrable.

Therefore for any Borel probability measure P with integrable characteristic function,
Jocra J.cgal f()|dP(€)dt < oo and by Fubini-Tonelli theorem, we can rewrite dp1 ¢ (P, Q) as:

tarQ = [ ([ ewnswi)are - [ ([ ewtdsow) ao

Therefore we have:

A1 0(P.Q) = / c(HOdPe) - [ L()(dQ(e)

ecRd e€R?
=Ep(L(f)(X)) —Eq(L(f)(Y))

Let now g be an abritary function in B, Then we have:

Ep(L(Tk(9))(X)) = Eq(L(Tk(9))(Y)) = L(Tr(9))(e)dP(e) — L(Tx(9))(€)dQ(e)

ecRd ecRd
But we have that:

L(Ti(9))()dP(e) = /

ecRd

= [ et To) 0
= (®p, Ti(9))

(/tERd eXp(“Tt)’T/s(g)(t)dt) dP(e)

ecRd
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Finally we have:

Ep (LT (9)(X)) — E(LITL())(Y)) = (®p — B0, Ti(9))
- / 9(1) (@ (1) — Ba(1)dT' (1)
/ B (1) — B (1)|dT(1)

The results follows.

Therefore thanks to the IPM formulation of the dp1 ¢-distance, we deduce that for all p > 1, if

o, converge weakly towards «, then dp1 ¢(a,, o) — 0. Indeed, we have shown that E(ng ) C
LY(R®), therefore L(T,(BIL)) c C°(R?), and the result follows.

B Two-sample testing using the /; norm

B.1 /;-based random metric with mean embeddings

Definition 3. Let k be a kernel. For any J > 0, we define:

with {T} } —1 sampled independently from the distribution T".

po (I;): P,Q e ML (RY)

k\h‘

ey g 7= S Doy, |

Theorem 4. Let k be a bounded, analytic, and characteristic kernel. Then for any J > 0, dg, ;. 5 is
a random metric on the space of Borel probability measures.

Proof. 7o prove this theorem we have first to introduce the fact that analytic functions are ’well
behaved’.

Lemma 5. Let 11 be absolutely continuous measure on R® (wrt. the Lebesgue measure). Non-zero,
analytic function f can be zero at most at the set of measure 0, with respect to the measure (1.

Proof. Iffis zero at the set with a limit point then it is zero everywhere. Therefore f can be zero at
most at a set A without a limit point, which by definition is a discrete set (distance between any two
points in A is greater then some € > 0). Discrete sets have zero Lebesgue measure (as a countable
union of points with zero measure). Since p is absolutely continuous then (1(A) is zero as well.

Let us now show how to build a random metric based on the {1 norm.

Lemma 6. Let A be an injective mapping from the space of the Borel probability measures into a
space of analytic functions on R?. Define

da,7 [P, Q) :

J
Z Q(T}) |

with {T) }'jjzl sampled independently from the distribution T

k‘\»—‘

Then dy, j is a random metric.

Proof. Let AP and AQ be images of measures P and Q respectively. We want to apply Lemmal5|to
the analytic function f = AP — AQ), with the measure T, to see that if P # Q then f # 0 a.s. To do
so, we need to show that P # Q) implies that f is non-zero. Since mapping to T is injective, there
must exists at least one point o where fis non-zero. By continuity of f, there exists a ball around o in
which f is non-zero.

We have shown that P # Q implies f is almost everywhere non zero which in turn implies that
dag (P,Q) >0as. If P=Qthen f =0anddy, ; (P,Q)=0.

By the construction dy  is clearly symmetric and satisfies the triangle inequality.
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Before proving the theorem we need to introduce a Lemma:

Lemma 7. [I5] If k is a bounded, analytic kernel on R x RY, then all functions in the RKHS H
associated with this kernel are analytic.

Since k is characteristic the mapping A : P — up is injective. Since k is a bounded, analytic kernel
on R? x RY the Lemma E] guarantees that pp is analytic, hence the image of A is a subset of analytic
functions. Therefore, we can use Lemmal6|to see that da j [P, Q] = dy, .5 [P, Q] is a random metric
and this concludes the proof.

B.2 A first test with finite-sample control

Let us now build a statistic based on an estimation of the random metric introduced in eq[7] Let

= {x1,..,zn, }and Y = {y1,...,yn,} C R?i.i.d. two samples drawn respectively from the
Borel probability measures P and ). From these samples we define their empirical mean embeddings
px and gy

1 L 1 2
px(T) = A ; k(x:,T), py (T) = A ; k(y:, T
And we define:
Sy, N, 1= (,UX(Tl) —py (Th), oy ux (Ty) — MY(TJ)) (24)

with {T; } _; sampled independently from the distribution I'. Finally we define a first statistic:

1
dey g [X, Y] = jHSNl,Nng (25)

We now derive a control of the statistic:

Proposition 1. With K such that sup |k(z,y)|< &,
z,y€Rd
—t*N1 N,
P (’d X, Y] —dg, 4P, ‘ t><2 o
Xy (| Doy s [X Y] = dey s [P, Q| > 1) < 2Jexp SN, + Ny

Proof. We have:

J
1
s s, 31X, Y] = dey s [P QIS Z ‘lux wy (T5) | =|pp (T5) — pp (T5) \‘
Then:
1 J
o XY= o lP.QUIS 5 3 | (ax (1) = iy (1)) = Ex,ympeg (b (T) = iy (1)) |

Let us now consider the upper bound of the difference. By applying a union bound we have:

J

(}Z‘“X py (T5)) — Exy (px (T;) — uy(Tj))‘Zt>

< iPX,Y G’ (bx (1) — py (T5)) —Exy () ’ = 3)

Then by applying Hoeffding’s inequality on each term of the sum of the right term of the inequality,
we have:

Py (5] (0) = v (0)) B (9] 2 ) <20 (- vy )

Finally we have:

2K (N1 + Na)

t2 N, N.
Pxy (‘déhmJ[Xy Y] —dyg, [P, Q]‘ > t) < 2Jexp <— 12 )
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Corollary 1. The hypothesis test associated with the statistic dy, ,, ;[X,Y] of level « for the null
hypothesis P = @, that is for dy, ,, j[P, Q] = 0 almost surely, has almost surely the acceptance

region:
Ni + Ny J
d XY < K/ ————4/21 —
0 [X, Y] < N, \/ 0g<a)

Moreover, the test is consistent almost surely.

Proof. Let us note the probability space of random variables {7} }7_, as (2, F, P).
Letw € Qsuch thatdy, |, ;[P, @] = 0. Then we have thanks to Proposition ?? that:

N1+ No /
i XY
él,u,J[ Y ] N1N2

with a probability at last of 1 — a.

By assuming the null hypothesis P = (), we have thanks to Theoremthat de, p,g[P,Q] =0as.,
then the result above hold a.s.

Moreover the statistic converges in probability to its population value a.s which give us the consistency
of the test a.s. O

We now show that, under the alternative hypothesis, the statistic captures dense differences between
distributions with high probability:

Corollary 2. Let v > 0, then under the alternative hypothesis, almost surely there exist A > 0 such
that for all N1, Ny > 1:

(T;) — py (T})]
J

1 J? 2K?(Ny + N»)
where wn, N, = — 10g(7)W

A
Pxy (Vj € [1,J], i > — —le,N2> >1—x

Proof. Let A be the minimum of p, — p, over the set of locations {T } _1. Thanks to the analycity
of the kernel we have that under the alternative hypothesis, 1, — j14 is non zero everywhere almost
surely. Therefore A > 0 almost surely. Moreover by applying Proposition for each T; we obtain
that for all Ny, Ny > 0:

lux (Ty) — py (T3)| A g
PX,Y( JJ J Zj_WNlNg >1_j
1 J? 2K?%(Ny + N»)
where wn, N, = J\/log(w)NlN2
Finally by applying an union bound, the result follows. O

C A test statistic with simple asymptotic distribution

C.1 Asymptotic distribution of C/l\gl I X, Y]

Proposition 2. Let {T}};_, sampled independently from the distribution T and X := {x;}}-, and

= {y;}}_, be i.i.d. samples from P and Q) respectively. Under Hy, the statistic dzl w g [ X, Y is
almost surely asymptotically distributed as a sum of J correlated Nakagami variables. Finally under
Hy, almost surely the statistic can be arbitrarily large as n — 0o, allowing the test to correctly reject
Hy.
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Proof. Let us note the probability space of random variables {T;}7_, as (Q, F, P). Let w € 2 such
that dj, , ; [P,Q] = 0 (see Deﬁnition and let us define:
2y = (k (2, Ty (W) = k (47, T2 (W) ooy b (2, T (W) = k(47,77 (w))) € R

Therefore we can define:

By applying the Central-Limit Thoerem, we have:
V/nS, — N (0,%%) with 3¢ := Cov(z¥)

Therefore JZ, L X Y] = [[\/nSi |1 converges to a sum of correlated Nakagami variables. But
under, the null hypothesis P = (), we have thanks to Theorem that dy, ,, 7| P, Q] = 0 a.s., then a.s.

d¢, . u,7 converges to a sum of correlated Nakagami variables. Let’s now consider an w such that
de JIP, Q] > 0. Since S% converges in probability to the vector S* = (z*) # 0, then we have:

P(||vnse|, >r) =P (||s:;||1 - ﬁ > o)

And as % — 0 ast — oo, we have finally:

P(||vnSs|l,>r) =1 as t— oo.

Finally, under Hy, dy, ., 7[P,Q] > 0 almost surely and the statistic can be arbitrarily large as
n — oo almost surely.

C.2  Proof of Proposition [3.1]

Proposition 3. Ler o €]0,1[, v > 0and J > 2. Let {T; }‘jlzl sampled i.i.d. from the distribution T’
and let X = {x;}7", and Y = {y;} i.i.d. samples from P and () respectively. Let us denote ¢
the (1 — «)-quantile of the asymptotic null distribution of c?gh w1 X, Y] and j5 the (1 — o)-quantile
of the asymptotic null distribution of dj%% u J1X, Y. Under the alternative hypothesis, almost surely,
there exists N > 1 such that for all n > N, with a probability of at least 1 — v we have:

&, X, Y] > B=diyua[X,Y] >0 (26)
Proof. First we remarks that:

dj, . 11X, Y] = |IVnS.ll3

and
dey (X, Y] = |VnSal

where S, := 3" | 2% and z; := (k (x;, Ty (w)) — k (y;, T1 (W), ey b (4, Ty (w)) — k (y;, Tr (w))).

=1
Let us now introduce the following Lemma:

Lemma 8. Let x a random vector € R with J > 2, z := Iﬁlin Hlxj
jel|L,g

P(z>e€) >1-7

,e>0and~y > 0. If

we have with a probability of at least 1 — ~ that, Vt1 > t3 > 0, if¢ > 4/ % then
[x[|2> t2 = [|x[|1> 1.

Proof. First we remarks that:

-t

1t _ 2 42
TU=1) =J(J-1)e>t] —t;

€ >

St >t —J(J—1)¢
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Therefore, we have:
xll2> t2 =|x[3+7 (J - 1) e >

=\ Ixl3+T (7 - 1) >ty

But we have that:

J

Ixll= il il

i=1 i#j

Therefore we have with a probability of 1-v that:
x[[3> [Ixl5+J (J = 1) €
And:
[xll22 t2 = [[x[[1= t1

Moreover by denoting ¢ the (1 — «)-quantile of the asymptotic null distribution of C/l\gh w71 X, Y] and
B the (1 — «)-quantile of the asymptotic null distribution of&z%] [X,Y] we have that § > +/B:

Lemma 9. Letx be a random vector in R”, § the (1 — «)-quantile of ||x||1 and B the (1 — )-quantile
of ||x||2. We have then:

6=2p20. 27)
Proof. The results is a direct consequence of the domination of the {1 norm:

(1= [l

Indeed, under Hy, we have shown that (see proof Proposition|2)):
VnS, — N (0,2¢) with X := Cov(z)

Therefore by applying the Lemma|§|t0 x which follows N (0, X%), we obtain that 6 > +/B. Now, To
show the result we only need to show that the assumption of the Lemma|8is sastified for the random

vector X 1= \/nS,, t; = 6 and ty = /B, i.e. fore = 1/% under the alternative hypothesis.
Under Hy : P # Q, we have that S,, converge in probability to S := E(, ,\~(p,)(Sn). Then by
continuity of the application:

¢;x = (25) ] R — |z

, we have that for all j € [|1,J|], |(Sy);| converges in probability towards S, the j-th coordinate
of S. Since S = (up(Tj) — ,LLQ(TJ‘));]:P thanks to the analycity of the kernel k, the Lemma

guarantees the analycity of pp — puq. And thanks to the injectivity of the mean embedding function,
[P — i@ IS a non-zero function, therefore thanks to Lemma|§| [P — L IS non zero almost everywhere.
Moreover the (Tj)'»]:1 are independent, therefore the coordinates of S are almost surely all nonzero.

J
Then we have then for all j € [1, J]:

P(‘(\/ﬁsn)j‘ >e) P(‘(Sn)j‘ - ﬁ > 0>

And as ﬁ — 0 as n — oo, we have finally almost surely for all j € [1, J]:
Pxy (‘(\/ﬁsn)j‘ > e) —lasn— oo

Therefore almost surely there exist N > 1 such that for allm > N and for all j € [1,J]:

Px,y (‘(\/ﬁsn)j‘ > 6> >1- %

Finally by applying a union bound we obtain that almost surely, for alln > N:
Py (¥ € [1L. 7]} |(VASa),

Therefore by applying LemmalS| we obtain that, almost surely, for all n > N, with a probability of at
least 1 —~:

26)21—7

IVnSull2> /B = IVnSul1> 6.
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C.3 Proof of the Proposition[3.2]

Proposition 4. Let {T}}:_, sampled independently from the distribution ' and X := {z:}N and

Y = {y;} 2, be i.i.d. samples from P and Q respectively. Under Hy, the statistic LI-ME[X,Y] is
almost surely asymptotically distributed as Naka(%, 1, J), a sum of J random variables i.i.d which
follow a Nakagami distribution of parameter m = % and w = 1. Finally under Hy, almost surely the
statistic can be arbitrarily large as t — oo, allowing the test to correctly reject Hy.

Proof. Let us note the probability space of random variables {T; }3-]:1 as (2, F, P). Let w € Q such

that dj, , ; [P, Q] = 0 (see Definition . Let us denote:

2% = (k@0 T (@), ok (20, Ty @) Z§° = (ke (g, Ty (@) o b (95, T (@)))

1 N 1 N2 .
S, = S 2 - =Nz
N1,N2 N, ; X N, Jz:; Y

As dj, |, ;[P,Q] = 0 then for all j, p, (T (w)) = pq (T (w)), which implies that E (Zé’é") =

E (Z{,w> Therefore, by applying the Central-Limit Theorem, we have:

3¢ 3
VESY N, — N (0,1> -N (0, . 2 ) with 21 = Cov(Z%) and %y = Cov(Z$)
: P _
As 7% and 75 are independent, we have then that:
>

p l—p

VSR, N, — N (0,3¥) with X% =
And by Slutsky’s theorem we deduce that:
_1
\/E( (Kfl,Ng) 2 “]\)71,1\/2 — N(O, I)

—1
So by noting, V't (2%, n,) > SR N, = (WJ{/’fJsz - W]‘\],’leQ), we have that for each coordinate:

(WJJV’;fNQ) e

where (Sj’) are i.i.d and follow a standard normal distribution. Therefore by considering the {4
norm of the statistic we have that:

J
_1
IVE(ER, x) 7 STy mwlli— Y _ISY]
j=1

where (S;’) are independent and S7 ~ Naka (%, 1). And by assuming the null hypothesis P = Q),
we have thanks to Theorem that dy, ;. ;[P, Q] = 0 a.s., then the result above hold a.s. Moreover,

_1
let’s consider an w such that dg, , ;[P, Q] > 0. First we need show that (E‘j{,h N,) ° converges in
1
probability to the positive definite matrix (X%)~ 2. For that we need to prove the following:

Lemma 10. The function h (X) = X2 is well defined on STT (R) and is continuous.
Proof. First we observe that h is the composition of two function which are:

e hy (X) = X1 which is well defined and continuous on ST+ (R)

o hy (X) = X2 which is well defined on ST (R) because each matrix of ST (R) admits a
unique square root matrix on S§ (R), so the result hold on ST (R).

Let us prove now the continuity of ho. Let (U,,) a sequence in S;'* (R) such that U,, — U and let
us prove that ha (U,,) — he (U) to prove the continuity of ho. As (U,,) converges, then (U,,) is
bounded, and we have:

U< K = llke (Un) [l|= V[Tl < VK
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Then (ho (Uy,)) is bounded. Let us show now that: VA s.t 3 ¢ strictly increasing and ho (U¢(n)) —
A we have A = ho (U). Let A defined as above. Then 3 ¢ strictly increasing such that
hy (Upn)) = A. As S} (R) is closed, A € S;f (R), and by continuity of M — M? we have also
that U,y — A2 And as U, — U, we have A? = U. And by uniqueness, we have finally:

he (U) = A.
So hso est continuous, and that conclude the proof.

Then each entry of the matrix X% N..N, converges to the matrix 3%, hence entires of the matrix

(X))~ 3 , given by a continuous function of the entries of X, are limit of the sequence (Efvh N2) z,

Similarly S, y, converges in probability to the vector S¥ = E (Zl’“) —E (ZQ’“’) % 0. Since
1
H(E“’)_% S¥|i= A, > 0 (indeed (Z”)_% is positive definite), then ||(27V1,N2) 28K

_1
being a continuous function of the entries of S%;, y, and (E‘}(,l N2) 2, converges to A,. Then

\/> ésw w 7
N1 N2 N1,N2 N1 Nz N1,N2 1

And as \/ —0ast — oo, we haveﬁnally

P (H\/i( CJL\)H»NZ)_? S‘]}JVMNQ

Finally, since dy, ,, [P, Q] > 0 almost surely then E (Zl’“’) —E (Z2’“’) % 0 for almost all w € 4,
therefore under H1, the statistic can be arbitrarily large as t — oo almost surely.

>r)—>1 as t— oo.
1

D Optimizing test locations to improve power

D.1 Proof of Proposition 3.3

Proposition D.1. Let K be a uniformly bounded family of k : R x R* — R measurable kernels (i.e.,

JK < ocosuchthatsup  sup |k(z,y)|< K). Let V be a collection in which each element is a
kel (z,y)€(R4)?

set of J test locations. Assume that ¢ := sup ||Z7Y2||< oc. Then the test power P (Xt > 5) of
VeV kek

the L1-ME test satisfies P (Xt > 5) > L(\;) where:

-4 271\/1,1\/2]\71]\72
)\t —I—ZZQXP< <J2+J> (M+N2)2

2
J (’YNl,N2 Ae—§ _ J3 Ky _ J4K )
K3J? (J 1
_9 Z exp| —2 3J2 (J24J)Vt /TN, N /
k,q=1 K/%(Nl + N3) max (p%l, ﬁ)

and K1, Ky, K3 and K, are positive constants depending on only K, J and c. The parameter

A = |[VEE~28||; is the population counterpart of Ay := IVEEN, Ny + 3.8 1) " 2Sn, Nl
where S = E (SN, n,) and 2 = E, (En, N,). Moreover for large t, L()\;) is increasing in \;.

Proof. We will first find an upper bound of |Xt — M)
P (Xt > 6). To simplify the notation In the following, we denote:

XN, | XN,

T e8)
such that A, == IVE(E N, Ny) 2SN, N, 1. We have:

~ _1 1
R v = Ail= [VE (132 S v == 281 )|

ENl,Nz = +
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Then we have:
_1 1 -1 _1
|‘2N12,NQSN1,N2”1_H2 2SH1 < ||ZN12,N2SN17N2 -X 2SH1
_1 _1 1 1
<12 N N,SNuNs — BNE N, S+ 2N N, S — X728y

_1 -1 _1
<I=N v, Svime =) I+ (Zhi i, ~=74) S

Let us now consider the first term on the right side of the inequality:

- S
”ENI,NQ (SN17N2 - S) ”1: Z‘ENl,NQ (SN1,N2 - S) |j
j=1
But since X, N, is symmetric definite positive, we can write:
Sn,,N, = UDUT
where U is orthogonal and D = diag (\;) with \; > 0. So:

Xy y, =UD2UT

21\]1

o =
But the regularization of 3y, n, = ( 7 o

+ =5 T YN~ 1) ensure that Ni > N, N, Thus

=

1
2
A\ 2 < le N,» and we have now:

Z/\ZUI@ Uk);

where U = [Uy, ..., U] and ||Ug||2= 1. And finally:

=0 el

J
- v/ IN1,N2

‘[Egrf,zvz]i,j

Now we have:

J J
|55 S =8| < D[S IEN ik (S = ),
j=1 k=1

mz] SNy N, — |
k=1

WZ x (Ti) = iy (Tx) — B (ux (Tx) — oy (T3))|
1 2 k=1
Ny

T = My, N, and consider the second term of the inequality:

1

1
2 )2

1 _1 _1
? = (E +’7N1,N21) 2:| + [(E +7N1,N21) 2= 2}

_1 1
23N12,N2 -X¥72 = (MNI N2 +’7N1,N2I)
[(MNI Ny T YNy, NQI)
1)+(2)

(
Let us first consider (1):

-

1

_1 1 1 _
(1) :2N127N2 ((E +7N1,N21)2 - (MNI’NZ + ’7N1,N21)2) (E + 7N17N2]:) 2
1 1 1
N1 Ny [ MNl,N2 + Iy, NQI))2 - (MN17N2 +7N1,N21)2] (E (MN1,N2 +7N1,N21))2
Nl,Nz [ EleNZ E 212\,17N2:| (E (2N17N2))_§

=23 [(BE(Bhv,)) — SR EEvm))? + 237, [(E (v ov)

-
.

N
[N

~-E (21%\,171\;2)] EEn,N))
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And we have for (2):

(2) = (S + 7w F (2 (

Thus we have:

-
Ni,Ny —

_1 1 1
= HENE,N2 KE (2}%1,%)) BN N, } (E(Zni,n,)) 2 S
1

1
2
g
1
_1 1 1 _1
+H2N12,N2 [(E(ENI:N2 2 ( I%J ):| Z;1\71,1\72)) 2SS
1
_1 (Gl 1
+ H E+nnI) 2 (22 — (2 + w3 I) ) QSH1
_1
But we know that |2\ |i;< 7% and by the same reasoning we have also that
—1
[(Z+ 93,31, 7 1< 'YN —- By noting:
_1
K; = sup |[[X72S]k]
ke[1,J]

K, =

[N

sup | (B (Zw, v2)
ke[1,J]

E (215\/1,%) (E (N n3,)) 2 SM
Ky = sup [[(E (3w, n:)) " Skl
ke[L,J]

All these constants are independent from N1, No, (x;) and (y;). We have finally

1 1 KsJ J3K
(]E (212\71,N2)> ( ]2\71,N2) . + J4K1 + :
a=1k=1 Ok YN1,N3 VINL N,
J
1 K;J?
< |2 |(E(2hw),, -~ (Bhw)
- q%:% ( M) gk NNz gk

4 J3K2
JKy) + ———
v/ YN1,No v/ YN1,N2
And by applying a union bound on all the terms that compose the upper bound of |An, N,
have thus:

— A\¢| we
P[5 - M| <a)> ZP( ——=lux (1) - uy<Tk>—E<ux<Tk>—W<Tk>>fﬁﬁ)
:%ﬂﬂ(}@@wx,k<2%vwz>q,k
- (SP+J-1)

KsJ? 3K
> Kl ik, 4 T )
v/ YN1,No
As px (T) —

v/ YN1,Ny

py (T) =

«
<
—J2+J>

Y w_1 Zi where Zj, are independent and.
o Vi< Ny, Z; = k(zi,T)

.50 | Zi|< %
o VNN <1< Ny, Z; =

z__k(le) |Z|<
We have thanks to Hoeffding’s inequality that Vk € [1, J]
Vi
P Vi——— [ux (Tk) —
( v/ IN1,N2 | ( )

py (Te) —E (p

x (Ty) —

J+ J?

2
N1 N
21—2eXp<—<J2(j_J) EYIRT )

K2 (Ny + N,)?

wy (L) < —2 )
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MoreoverVk,q € [1,J] :

P [\/1? <’ (E (21%\7171\’2))(;,1@ - (EJ%Vl’NQ)q,k

1 1 YNy, N, o J*K, 4 )”
_p =i _p (%} < ) _ + J°K
|(®hns),, 2 (k). | = T {(ﬂu)ﬁ <m 1

Let define F(x1,...,TNy Y1, UN,) = Xng,N, and Fi g (T1, ., TN Y1, UN,) =
(EN1,N2)y, , We can see easily that ¥ (), (yi) , z, @', y, ¥

L2y <
Vv, Koo AN N J2+J

KsJ? J4 J3K, )< a ]

8
‘Fkﬂ(xl)"7:ra"7xN1;y17"ayN2) - Fk,q(zlv"7xl7"axN17y17"7yN2) S BEYE
2
and
, 8
‘FkaCI(‘xla s TNy Y1, --Y, "7yN2) - Fk,‘](irlvnaanyla Y 7'~7yN2) S m

Let g(X) = Xz defined on ST (R) and takes values in ST (R). This fuction is well defined
because each matrix of S1" (R) admits a unique square root matrix on ST (R). Moreover The
result hold on S (R).

Lemma 11. g is locally Lipschitz continuous on S:}"” (R) which means that:
YN >0, VX, Y € B(O,N) CS;" (R), 3IEn/lg(X)—-g(Y)| <En|X-Y]

Proof. Let us first prove that g is C°. First thanks to Lemma@ g is continuous on Sfr (R). Let us
show now that g is C* on this space. We know that Ml — M? induces a bijection from ST+ (R) on
itself where the inverse is g. To prove then that g is C*°, thanks to the inverse function theorem, we
just have to show that Dy, (M — M?) is invertible for every Uy € S, (R). Let Uy € S, (R).
And let’s consider the differential defined on S,, (R) in S,, (R) which is a linear application and
which associates H to UgyH + HUy. If we prove the injectivity of this function we will have its
invertibility as S,, (R) is a finite dimensional space. Let H € S,, (R) such that Uy H + HU; = 0
and x an eigenvector of Uq associated with the eigenvalue \ which is strictly positive as Uy is
definite positive. We have:

UygHx = —HUyx = —\Hx

As —)\ < 0 it is not an eigenvalue of Ug and then Hx = 0. This is true for all the eigenvectors of
Uy, then H = 0 and the differential is injective, so g is C™ on S, (R). Finally by applying the
Mean value theorem, we have that g is locally Lipschitz continuous.

We also remark that ||F (z;,y;)||= m[?x ]]‘(ZNMM)M |< X (because the Gaussian kernel is
ijell,J ’
bounded) with X independent from N1, N2, (x;) and (y;). Then by taking the following norm
(IM]|= m[?xj]] M, ; we have:
u,J€[1,

Hg (F (xla sy Ly s TNy, Y1 "7yN2)) - g(F (xl’ "axlv -y TNy Y1, "ayNz))H

< K,\HF(xl, Ty TNy Y1y s YNy ) — F(T1, o, @ oy TNy, YL oy UN,)

And:

8 8
HF(.’I?l,..,.’E, - TNy Y1, "7yN2) - F(:I:lwwxla '-7ZUN17@/1»~-7Z/N2) ‘ S max (,ON17 (1_/))]\]2>

ThenVk,q € [1,J] :

1 1
E]2V1,N2 (.’L‘) - 212\]17]\/2 (x/)

<K max(S 8)
= pN1” (1 —p) N2
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And thanks to the McDiarmid inequality we have:
1 1 YN, N e J3K, 4
P(|(Zhm), —E(Zhw) |< [ —( + K
(‘ NN/ g Nl Jrgl = K3J? (2 +D)VE \VINN, '
YNy, N a K 4 2
2( Ko T2 ((J2+J)\/Z B \/7’YN13\12 —J Kl))
2

K3 (N + Np)max (557, =53 )

>1—2exp | —

Then we have:
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And finally, by taking o = Ay — § we have the result.

E Using smooth characteristic functions (SCF)

Theorem 5. Let k be an analytic, integrable kernel with an inverse Fourier transform strictly greater
than zero. For any J > 0, we define:

J
1
do,; = do,s [P:q *jz ) =@ (T)) | p.ge M (RY), @, ®, € Ly (RY)

Then for any J > 0, do, j is a random metric on the space of Borel probability measures with
integrable characteristic functions.

Proof. Since k is an analytic, integrable kernel with an inverse Fourier transform strictly greater
then zero then by the Lemma.the mapping A : P — ®p is injective and A (P) is an element of the
RKHS associated with k. The Lemma[7|shows that ® p is analytic. Therefore we can use Lemmal [6]to
see that dp j (P, Q) = ds,j (P, Q) is a random metric. This concludes the proof of the Theorem.

E.1 Proof of Proposition 3.4

Proposition 5. Ler a €]0,1], v > 0 and J > 2. Let {T;}7_, sampled i.i.d. from the distribution T
andlet X = {z;}" , and Y := {y;}, i.i.d. samplesfrom P and Q respectively. Let us denote §
the (1 — «)-quantile of the asymptotic null distribution Ofdgh(b"][X, Y] and 3 the (1 — «)-quantile

of the asymptotic null distribution of c/l%%q%] [X,Y). Under the alternative hypothesis, almost surely,
there exists N > 1 such that for all n > N, with a probability of at least 1 — v we have:

&, o [X.Y]> B = doyo,s[X,Y] >0 (29)

Proof. Let us first introduce the following Lemma:

Lemma 12. Let x a random vector € C”7 with J > 2, ¢ > 0, v > 0 and z =

I[rllinJ ! |Re(z;)|+|Im(x ;)| where Im and Re are respectively the imaginary and real part functions.
J€llt,

Moreover let denote X := (Im(x;), Re(x;))]_, € R*. If

P(z>e€) >1-7

we have with a probability of at least 1 — ~y that, Vt1 > ta > 0, ife > 4/ J(J 1), then

1Xl2> t2 = [[X[[1> t1.
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Proof. First we remarks that:

> ikl =J(J—1)e>t2 -2
€ —_— —1)e -
J(J—1) v
St2>t - J(J 1)
Therefore, we have:

1X[|2> to =||X|3+T (J —1) € > 12

= IX3 4+ (-1 =1
But we have that:
IX[1F= 1X[134+ Y (Hm(:)[+|Re(@:)|) ([Im( )|+ Re(x;])
1#]
Therefore we have with a probability of 1-v that:
IX[3> [1X[3+7 (] = 1) €

And:
[Xll2> t2 = [ X[[1> 1

Moreover by denoting 0 the (1 — «)-quantile of the asymptotic null distribution of ng,@ J[X, Y]

and B the (1 — «)-quantile of the asymptotic null distribution of @2@7 ;1 X, Y] thanks to Lemma

EI we have that § > +/B. Therefore to show the result we only need to show that the assumption
of the Lemmais sastified for the random vector X := \/nS,, € R¥, t| = § and t, = /3, i.e.

fore =,/ % under the alternative hypothesis. Under Hy : P # Q, we have S,, converges in

probability to the vector S where 3 := E(y )~ (p.q)(En) and S := E(, )~ (p,q)(Sn). Moreover we
have S = (Im(®p(Tj) — ®o(T})),Re(Pp(T)) — @o(T})))j=, € R*/. Indeed, according to the
Definition[2) we have for all j € [|1, J|]:

op(T)) = Yp(e)k(T; — €)de

ecRd

= / . /x o exp(iz” €)k(T; — €)dP(z)de
— L » ( / o exp(iz” (e — Tj))k(e — Tj)) exp(iz? Tj)ded P(x)

- / s’ () exp(iz"T;)dP(x)

and all these equalities hold as k is integrable. Lemma [3] guarantees the injectivity of the func-
tion' : P — ®p, and as P # Q, therefore ®p — ®g is a non-zero function. Moreover
®p and ®q live in the RKHS Hj, associated with k. Therefore thanks to Lemma |ZI Op — P
is analytic. Therefore thanks to Lemma EI Op — B¢ is almost surely non zero. Moreover the
(T})]—, are independent, therefore almost surely (|®p(T;) — ®(T;)|); are all non zero, and then
([Im(@p (1) — ©q(T})))| + [Re(®p (1) — o (T}))); are all non zero. Then by continuity of the
functions defined for all k € [|1, J|] by:

o i@ = (had)ly € B — [af|+lall (30)

AR
We have that for all k € [|1, J|], ¢x(Sy) converge in probability towards ¢ (S), which are almost
surely all non zeros. Then for all k € [1, J]| we have:

P (|vions| > ) = By (Ji6n(5.)| - == >0)

And as == — 0 as n — 0o, we have finally almost surely for all k € [[1, J]:

Ve
Px,y (‘(\/ﬁm(sn)

26)—>1asn—>oo
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Therefore almost surely there exist N > 1 such that for all n > N and for all k € [1, J]:

Py ([(Vron(s0)| 2 ¢) =17
Finally by applying a union bound we obtain that almost surely, for alln > N:
Py (¥ € (11, J]), [(Vasw(S.)| > ¢) > 14

Therefore by applying Lemmal[8} we obtain that, almost surely, for all n > N, with a probability of at
least 1 —~:

dey.0 [ X, Y] > /B = di, 0.[X,Y] > 6

F Experiments

F.1 Realization of the ¢;-based tests

Indeed to realize these tests, we need to compute the 1 — o quantile of the Nake (%, 1,J ) To do so
we need to obtain the cumulative distribution function ( CDF ) of the sum of J Nakagami i.i.d. But
as we do not have a closed form of this distribution, we need to estimate this CDF by considering the
empirical distribution function. Indeed to generate samples from Nake (%, 1,J ) , it is sufficient to
generate samples from multivariate normal distribution AV (0, I, ), and to sum the absolute values of
the J coordinates of theses vectors.

Moreover, we have the following result:

Theorem 6. (Dvoretzky-Kiefer—Wolfowitz inequality) Let x1,...,x,, be real-valued independent and
identically distributed random variables with cumulative distribution function F (.) Let F,, denote
the associated empirical distribution function defined by:

1 n
F (1) = ﬁzlfbiét
=1

Then we have Ye > 0:

2

P(||Fp — Flloo> €) < 272"

n(2
Finally we have, F' () — ¢ < F,, (x) < F (x) + € with a probability of 1 — ¢ where ¢ = #

Then with a probability of 99%, and by taking n = 100 000 samples i.i.d of the Naka (%, 1, J), we
can estimate the CDF with an error of € < 0.0051, which is less than o« = 0.01.

Optimization: The lower bounds that we optimize to perform L1-opt-ME and L1-opt-SCF are
non-convex, as in the prior art [17]]. However, the use of the ¢;-norm makes optimization even harder,
as it is no longer a smooth. Moreover we need to differentiate through the inverse square root matrix
operation which can lead is some cases to degenerate matrices during the gradient ascent. Therefore
to avoid this, we decide to check at each step the convergence of the inverse square root matrix
operation. Further work should consider dedicated optimization algorithms.

Table[3] gives the run times of the different optimized tests on the Blobs problem when the test sample
size is n'® = 1¢6.

| L1-opt-ME ME-full L1-0pt-SCF  SCF-full
Run Time (s) ‘ 164.23 157.97 599.77 579.42
Table 3: Run times of the optimized tests when n*¢ = 1¢6 and J = 2 for the blobs problem.

Software implementation: as the expression of the optimization objective is rather complicated,
we use the automatic differentiation of pytorch [23]], to compute its gradient, and then proceed with
a gradient ascent where the step size after ¢ iterations is the inverse of the euclidean norm of the
gradient times /z. The specific code can be found at https://github.com/meyerscetbon/11_
two_sample_test.
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F.2 Experimental verification of the Propostion 3.1

To show the validity of the Proposition [3.1] experimentally, we examine the behavior of the unor-
malized /5 and ¢; based tests respectively defined in eq. [6]and [8] In Figure [5] we compare the
unormalized tests on the GVD problem where we increase the test sample size with d = 100 and
J = 2. Here the locations are chosen at random and are sampled from a standard normal distribution.
Moreover here o = 0.05. Compared to the normalized tests studied in is that here we no
longer have a direct access to the quantiles of the asymptotic null distribution. Being a problem
where we can generated the data ourselves, we have therefore estimate the quantiles of our interest.
Moreover, when comparing the /5 and ¢; tests, we sample at random the locations and we evaluate
the two statistics at the same locations. We see that as the test sample size increases, the ¢;-based
tests rejects better the null distribution.

o
©
!

— L1_un_ME
—-= L2_un_ME

e
~

Figure 5: Plot of type-II error against
the test sample size n'¢ in the GVD
toy problem: P = N (0,1;) and Q =
N (0,diag(2,1,...,1)) with d = 100.

o
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F.3 Experiments on a more difficult problem

Figure 6: Plot of type-II error against 08 —— Ll-opt-ME
the test sample size n'® in the following 06 — Ll_(;pﬁSCF
-+ ME-fu

toy problem: P = AN (0,I;) and Q =
N ((0.3,0, 07 ,]d) with d = 100

o
=
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o
°
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In Figure (6, we consider the following GMD problem: P ~ N (0, 1;), Q ~ N ((0.3, 0,.,00" ,Id)

with d = 100. The figure shows that when the problem of GMD is more difficult, we can see that
L1-opt-ME performs the best.

F.4 Informative features

We show that the optimization of the proxy A" () for the test power in the ¢; case is informative
for revealing the difference of the two samples in the ME test as in [17] with the /5 version. We
consider the Gaussian Mean Difference (GMD) problem (see Table [I)), where both P and () are
two-dimensional normal distributions with different means. We use J = 2 test locations 77 and 75 ,
where 77 is fixed to the location indicated by the black triangle in Figure 7| The contour plot shows
TQ — )\%T (Tl,TQ).

Figure|7alsuggests that Xi’” (T, T>») is maximized when T is placed in either of the two regions that
captures the difference of the two samples i.e., the region in which the probability masses of P and )
have less overlap. In Figure[7b] we consider placing 77 in one of the two key regions. In this case, the
contour plot shows that 75 should be placed in the other region to maximize \{" (T, T5), implying
that placing multiple test locations in the same neighborhood does not increase the discriminability.
The two modes on the left and right suggest two ways to place the test location in a region that reveals
the difference. The non-convexity of the /\ﬁr (T1,T>) is an indication of many informative ways to
detect differences of P and (), rather than a drawback. A convex objective would not capture this
multimodality.
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Figure 7: Illustrating
interpretable features,
replicating in the ¢; case
the figure of . A con-
tour plot of A" (Ty,T3)
as a function of 75, when
J = 2, and T; is fixed.
The red and black dots
represent the samples from
the P and Q distributions,
and the big black triangle

the position of 77 . (a) T1 is centered (b) T1 lives in the left region
P Q Ll-opt-ME Ll-grid-ME Ll-opt-SCF Ll1-grid-SCF ME-full SCF-full
sci (1187)  sci (1187) 0.00 0.00 0.004 0.00 1 0.002
sci (1187) comp (292) 0.00 0.496 0.00 0.170 0.00 0.634
sci (1187) alt (240) 0.00 0.370 0.00 0.064 0.00 0.510

Table 4: Type-I errors and Type-II errors of various the L1-tests in the problem of distinguishing the
newsgroups text dataset. & = 0.01. J = 2. The number in brackets denotes the test sample size of
each samples.

F.5 Real problem: 20 newsgroups text dataset

In this experiment we use the 20 newsgroups text dataset from [18] which comprises around 18000
newsgroups posts on 20 topics. We consider 3 categories which are: "comp”, "sci", and "alt" . The
first category is about components in hardware systems, the second is about sciences and spaces, and
the last is about religion. To perform the tests we need to embed these documents in a metric space.
For this, we use the TF-IDF matrix by group of two categories with a df > 30, which lead to embed
the documents in spaces of 3 000 dimensions approximately. Then we perform the two-sample tests
on the embedded documents. We compare the distribution of "sci" documents with others, as well as
with itself to evaluate the level of the tests. The number of samples of each category is not the same,
hence to perform the tests from [17], we take randomly nyy,;, samples for both distributions without
replacement (where ny, is in fact the number of samples of the distributions compared to the sci
distribution). We set the number of location J = 2.

Type-I errors and type-II errors are summarized in Table @] The two first columns indicates the
categories of the papers in the two samples. This task represents a case in which H( holds. In this
case all the tests are conservative except the ME-full test which totally rejecting the null hypothesis.
In the other problems, we show the Type-II errors of our tests. The ¢; optimized tests perform very
well, which shows that the locations learned are indeed discriminant. The ¢; approaches bring a clear
gain in statistical control compared to their /5 counterparts.

F.6 Real problem: fast-food distribution

Problem Ll-opt-ME Ll1-grid-ME L1-opt-SCF L1-grid-SCF ME-full SCF-full MMD-quad

McDo vs McDo (2002)  0.010 0.000 0.000 0.000 0.012 0.000 0.000

Table 5: Fast food dataset: Type-I errors for distinguishing the distribution of fast food restaurants.
a = 0.01. J = 3. The number in brackets denotes the sample size of the distribution on the right.
We consider MMD-quad as the gold standard.

Table 5] summarizes Type-I errors observed on the Mac Donald’s vs Mac Donald’s problem. It shows
that the optimized tests based on mean embeddings stay roughly at the specified level o = 0.01 when
Hj hold, and others are more conservative.

Figures [9] [T0] [TT]} [T2] [T3] give the distributions of the data (restaurant locations) and of the T'; for
each of the problems that we consider.
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Figure 8: Fast food data:
Visualizing interpretable loca-
tions for differences in Mc
Donald’s vs Burger King and
Mc Donald’s vs Wendy’s. The
lines correspond to the distri-
bution of the locations chosen
for the T'; features by the L1-
opt-ME procedure. The distri-
butions are estimated with a
kernel density estimate. The
lines represent the contours
probabilities 80% and 90%.

b @ McDonald's

¥o Wendy's

e Burger King
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Figure 9: Mc Donald’s vs
Burger King

Figure 10: Mc Donald’s vs
Taco Bell

Figure 11: Mc Donald’s vs
Wendy’s

Figure 12: Mc Donald’s vs
Arby’s

@ McDonald's
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®Taco Bell

®McDonald's
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Figure 13: Mc Donald’s vs
KFC
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