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ABsTRACT. In this paper we study how mesoscopic heterogeneities affect elec-
trical signal propagation in cardiac tissue. The standard model used in cardiac
electrophysiology is a bidomain model - a system of degenerate parabolic PDEs,
coupled with a set of ODEs, representing the ionic behviour of the cardiac cells.
We assume that the heterogeneities in the tissue are periodically distributed
diffusive regions, that are significantly larger than a cardiac cell. These regions
represent the fibrotic tissue, collagen or fat, that is electrically passive. We
give a mathematical setting of the model. Using semigroup theory we prove
that such model has a uniformly bounded solution. Finally, we use two—scale
convergence to find the limit problem that represents the average behviour of
the electrical signal in this setting.

1. Introduction. Heart contractions are coordinated by a complex electrical ac-
tivation process which relies on millions of ion channels, pumps, and exchangers of
various kinds embedded in the membrane of each cardiac cell. Their interactions
result in periodic changes in transmembrane voltage, called action potential. Action
potentials in the cardiac muscle propagate rapidly from cell to cell, synchronising
the contraction of the entire muscle to achieve an efficient pump function. The
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spatio—temporal pattern of this propagation is related both to the function of the
cellular membrane and to the structural organisation of the cells into tissues.

1.1. The standard bidomain model. Mathematical models of whole—heart phys-
iology are based on the idea of a perfect cardiac muscle, made of uniformly dis-
tributed and interconnected cardiac cells and the extracellular matrix that sur-
rounds them, approximated using homogenisation methods. The standard macro-
scopic electrophysiological model of the heart is the so—called bidomain model, which
has been proposed in the late 70s and early 80s [25, 23, 15]. It is the anisotropic
three—dimensional cable equation that represents the averaged electric behviour of
the heart tissue. The bidomain model involves the electrical conductivities of the
intracellular and the extracellular spaces. Both of them are anisotropic, mean-
ing that there is a different conductivity in the longitudinal and the transversal
direction with respect to fiber direction. Neu and Krassowska [26, 20] suggested
the first mathematical approach in understanding the derivation of the bidomain
model from the microscopic description of the tissue. Their derivation is based on
an idealised representation of the syncytium as a network of interconnected cells,
arranged periodically in space. From this microscopic model, a homogenisation pro-
cess derives a macroscopic, volume—-averaged model for intracellular, extracellular
and transmembrane voltage and it’s boundary conditions. This model adds a deeper
understanding of the parameters and their connection to the cell scale processes to
the already used bidomain model. Colli Franzone, Savaré and Pennacchio [14, 28]
used the framework of the I'-convergence theory and the same assumptions on the
microstructure of the cardiac tissue to provide the rigorous mathematical derivation
of the bidomain model, as a limit problem of the microscopic (cell scale) model.

Denoting by €2 the homogenised cardiac tissue, by o. and o; the respective ho-
mogenised conductivities of the extracellular medium and of the cell cytoplasm,
and by C,, and I;,, the respective homogenised membrane capacitance and the ho-
mogenised ionic currents that flow through the membranes (see [20]), the bidomain
model reads

for almost all (¢, z) € (0, +00) x €,
V- (0eVue + 0;Vu;) =0, (la)
Cn0iv + Lion(t,v) =V - (6.Vu.), where v =u,— u;, (1b)

with initial and boundary conditions on (u.,u;) to close the system.

There are two main challenges to solving the model: the degeneracy of the par-
abolic system (1) and the derivation of the homogenised ionic model I;,, from
the microstructure. The first rigorous proof of existence was given in [28], for the
FitzHugh Nagumo ionic model. The following was the work of Bourgault, Coudiére
and Pierre [4], where the compactness technique is used and the proof of the exis-
tence was extended to the more complex ionic models, namely the Aliev—Panfilov
and the MacCulloch models. In the same year Veneroni proved the existence and
uniqueness for the Luo-Rudy ionic model [31]. Boulakia et al. [3] gave a proof
for a coupled heart—torso problem and extended the proof to include the Mitchell-
Schaeffer ionic model. The most recent extension of the proof for the FitzHugh
Nagumo and Mitchell-Schaeffer ionic models was done by Collin and Imperiale
in [8], using two—scale convergence theory.

While the bidomain model is widely accepted as a standard model for the car-
diac electrophysiology, it has several limitations that come from the assumptions in
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its derivation. As pointed out in [7], some of the assumptions can have important
implications, such as: the heart is treated as a static continuum, where parame-
ter values are either uniformly distributed or vary smoothly in space; the cardiac
tissue is comprised of myocytes and extracellular space only, while other types of
cells and compartments are neglected. Similarly, the assumptions on the values of
the model parameters can have important consequences on the propagation of the
electric voltage, but many parameter values are difficult to obtain and verify.

1.2. Limitations of the bidomain model. The cardiac tissue is composed of
many cell types, supported by the extracellular matrix and permeated by fluids.
Myocytes are the most studied cells which occupy the largest volume of the cardiac
tissue and they are electrically active and contractile cells. On the other hand,
the most numerous cells in the heart are fibroblasts. They are much smaller than
myocytes and they play an important role in maintenaning the extracellular matrix
of the cardiac tissue as they produce interstitial collagen. They are involved in the
development of fibrosis in the injured or aged heart. Pathological states are fre-
quently associated with myocardial remodelling involving fibrosis. This is observed
in ischemic and rheumatic heart disease, inflammation, hypertrophy and infarction
[5]. The structural arrangement of the fibroblasts is still not well understood. Some
work has been done to understand the role of the fibroblasts in electrophysiology
[5, 18, 19, 22, 30], but it still remains to be studied.

The extracellular matrix is a complex network of fibrous proteins, mainly colla-
gen and elastin. The arrangement of collagen differs throughout the heart. Collagen
surrounds each myocyte cell, envelops groups of adjacent myocytes and provides the
laminar structure of the myocardium. The thickness of collagen fibrils can increase
in pathological cases from 40 nm up to 300 nm [7].

There are several open questions in modelling cardiac electrophysiology. They
include the choice of the parameters, such as tissue conductivities, finding an effi-
cient method to represent the detailed and heterogeneous tissue microstructure and
the way to study pathological structure and function [7].

In the current modelling of such defects the standard models for the healthy tis-
sues are usually used, and the model parameters are tuned ad hoc. We propose an
explanatory model for more rigorous tuning of the parameters in such situations.
It is a mesoscopic model, beyond the cell scale of the previously cited models.

1.3. Accounting for the diffusive part of the heart. In the proposed model
of the electrical activity of the heart tissue we will assume periodic alternations of
the healthy tissue, modelled with the standard bidomain model, and non—active re-
gions, modelled with the electrostatic equation. We call it a mesoscale model and we
prove the well-posedness of this model using the semigroup theory approach. Nu-
merical simulation of such a problem is very demanding because the domain has to
be discretised with the mesh whose step depends on the periodic cell of the domain.
Instead, we are interested in finding the averaged macroscopic model over the whole
domain. For this we use a homogenisation technique [2, 13]. More specifically, we
use the two—scale convergence approach developed by Allaire in [1]. We obtain the
homogenised macroscopic bidomain—like model, with modified conductivity tensors.
As it turns out, the modified conductivity tensors depend on the size and shape of
the diffusive inclusions. Hence, our approach bridges the standard modelling ap-
proach of the electrical activity in the heart with its structural heterogeneities.
This model has been firstly proposed in [9]. Here we give a rigorous proof for
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well posedness of the mesoscale model, and its two—scale convergence to the ho-
mogenised model, which has been presented in [10]. From an applied point of view,
the homogenised model has been used in numerical studies in the rat heart in [11].

Remark 1. The bidomain model has been studied and almost validated in compu-
tational modelling since several decades. That is why we choose to use this model
as a starting point and to study the influence of periodic diffusive inclusions on this
model. This view point is justified by the fact that these diffusive inclusions are at
the mescoscale, in between the cardiac cell scale and the heart tissue scale. We do
believe that a three—scale expansion of the complete model would lead to similar
limit problem, while it would have increased the technical complexity significantly.
Indeed, we are mainly interested in the zeroth order term of the expansion, with-
out accounting for the boundary layer terms that would appear in the next order
expansion. These boundary layer terms would probably be different if we chose the
three—scale expansion strategy.

1.4. Outline of the paper. In the next section, we present the mesoscopic bido-
main model with periodic inclusions. In particular, we precise the partial differential
equations and the model of nonlinear ionic current which is chosen here. In Sec-
tion 3 we perform the formal two—scale expansion, which enables to identify the
limit problem. Section 4 is devoted to the well-posedness of the limit problem, by
defining the appropriate unbounded operators. In Section 5 the rigorous proof of
the two—scale formal expansion of Section 3 is given. In particular we prove how
the homogenised nonlinear electric current is linked to the mesoscale ionic current.
We conclude the paper with numerical simulations, which illustrate the convergence
results.

2. Statement of the problem: The mesoscopic bidomain model with pe-
riodic diffusive inclusions. We consider the bounded open set 2 € RY (here
N = 3), with Lipschitz boundary 952, such that Q@ = Q8 U QP UX.. Here Q8
represents the healthy heart tissue which can be modelled with standard bidomain
equations, (P represents the collection of periodical diffusive inclusions and ¥, is
the interface between these two subdomains. The domain 2 is a periodic medium,
i.e. it is divided into small cells identical to each other. These small cells are
identical up to a translation and rescaling by ¢ to the unit cell Y = [0,1]". Fur-
thermore, the unit cell is decomposed in two parts: Yp represents the tissue that
can be modelled by the standard bidomain model, Yp is the diffusive inclusion,
hence Y = Yp UYp UT where I is the interface. Let € be a sequence of a strictly
positive real numbers which tends to zero.

For the sake of simplicity, throughout the paper, we assume that Y and Yp are
smooth connected domains and that QF is also smooth and connected. We also
assume that the boundary 9 of Q as well as 3. are smooth. The domains QZ, QP
and X, read

QF = U e(z+Yp)NQ, QF = U e(z+Yp)NQ, T, = U e(z+T)NQ,
zeZN zeZN zeZN
as illustrated in Figure 1.

The idea is to extend the standard bidomain model on QF with the periodic dif-
fusive inclusions on Q2 and to study their effect on the macroscopic level. Standard
bidomain model involves the intracellular electric potential, ul(t, ), and the extra-
cellular one, u¢(t,z), while the transmembrane voltage is denoted as v. = u’ — u¢.
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FIGURE 1. On the left: the idealised full 2D domain, 2. On the
right: the periodic cell, Y.

The bidomain model assumes that the change in the transmembrane voltage results
from the ionic activity and the diffusion of the electric potential.
In (0,7) x QF the bidomain model reads

8ths(t7x) +g(05(t,$),hs(t,$)) = 0, (2)
Opve(t, ) + Lion(ve (8, x), he(t, 2)) — V - (oi(m)Vué(t, x)) = 0, (3)
Opve (t, ) + Lion(ve(t, ), he(t,2)) + V - (0 (2)Vul(t,z)) = 0, (4)

where o? and ¢¢ are the time-independent intracellular and extracellular conduc-
tivity tensors. They are assumed to be symmetric and positive definite matrices,
whose coefficients are periodic functions of the period €Y. Equation (2) and the
function I;,, represent the ionic model related to the behviour of the myocardium
cells’” membrane, which depends on the transmembrane voltage, v., and the state
variables, h.. We will describe the ionic model later on.

We propose to extend the standard bidomain model by assuming passive diffusive
inclusions QP i.e. in (0,T) x QFP,

V- (oVul(t,z)) =0,

where o is the conductivity tensor, and u? is the electric potential in Q. Our
modelling assumption is that the diffusive inclusions are “large extensions of ex-
tracellular space of the standard bidomain model. We assume the continuity of
potential and the flux between u¢ and u?. Additionally we assume no-flux on the
intracellular potential u’. Hence, the standard transmission conditions are given on
the interface (0,7) x 3.

(aiVué(t,x))-nQEB = 0,
(0°Vue(t,a)) -ngs = (0?Vul(t,z)) -ngs,

ul(t,z) = ul(t,x),
where ngp is the unit normal vector from QF to QP. On the outer bound-

ary homogeneous Neumann conditions are imposed, i.e. on (0,7) x 9 N 905
holds (¢'Vul(t,z))-n = —(6°Vu(t,z))-n = 0, and on (0,T) x QN INLP holds
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(09Vul(t,x))-n = 0, where n is the outer unit normal vector on 92. The following
Gauge condition on u¢ is imposed to ensure the uniqueness,

vt € (0,7), /

ug(t, x)dr + / ul(t,z)dx = 0. (5)
o

Qb

The Gauge condition is chosen to ensure the uniqueness of the solution, otherwise
the electrical potentials would have been determined up to a constant. The choice
of the Gauge condition is not so important since only the transmembrane voltage,
Ve, is physically relevant. A change in the Gauge condition would lead to the
same transmembrane voltage. The initial conditions on v. and h. are v.(0,z) =
v2(z) in QF, and h.(0,2) = h2(z) in Q5.

Similar set of equations have been studied previously in [3] on the heart—torso
problem, where the torso was represented by the diffusive part and the heart, i.e.
the bidomain equations were embedded inside of the diffusive domain.

We summarise the full problem:

Oehe + g(ve, he) = 0, in (0,7) x Q2 (6a)
Ayve + Lion(ve, he) = V - (0'Vul) =0, in (0,T) x QF, (6b)
Oyve + Lion(ve, he) + V- (0°Vug) =0, in (0,7) x QF, (6c)
V- (o'Vud) =0, in (0,7) x QF, (6d)
with the transmission and boundary conditions:
(o'Vul) - nos = 0, on (0,T) x X, (6e)
uf = ul, on (0,7) x X, (61)
(0°Vug) - ngs = (crqug) ‘ngs, on (0,T) x X, (6g)
(oc'Vul) -n =0, on (0,T) x 9NN ONE, (6h)
(c°Vul) -n =0, on (0,T) x INNINE, (61)
(c'Vud) - n =0, on (0,T) x 90N 9L, (6)

and with Gauge and the initial conditions:

v:(0, ) = v2() in Q5 (61)
ho(0,2) = hY(x) in Q5. (6m)

2.1. Ionic model regularisation. We focus on the use of the Mitchell-Schaeffer
(MS) model [24]. This model has become the standard model in computational
cardiac electrophysiology, because it has been well validated with biological exper-
iments and its complexity is comparable to the FitzHugh—Nagumo model, which
makes it useful in numerical simulations, especially in two or three spatial dimen-
sions where numerical efficiency is so important. The ionic current Ip;g of the
Mitchell-Schaeffer model reads

Ins(v, h) = imﬂ(v - (7a)

Tin Tout
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where the gating variable h is defined as:

1—-h

Jif o < Vgate,
TOp

oh = (7b)

——,if v > vg4qate,
Tel

where Tin, Tout, Top, Ter and vgqre are the constant model parameters. The for-
mer four parameters define the shape of cardiac action potential, while the latter
one defines the threshold value of the transmembrane voltage for which an action
potential is triggered.

The difficulties in analyzing the above model are two—fold. One difficulty lies
in the step function involved in (7b), which prevents any regularity results, which
is somehow needed in the homogenisation derivation. The second difficulty lies in
the unboundedness of the ionic current Ip;g, which is cubic in v. Since there is
no maximum principles in bidomain model, such cubic behviour is a hard task to
overcome when proving boundedness. Boulakia et al. in [3] proposed a regularised
version of this model by regularising the step function of the right hand side of
(7b). However, their ionic current remains unbounded since it grows cubically with
respect to v. In order to use the two—scale convergence theory, as in Section 5, we
need a-priori bounds on the solution of the mesoscopic problem. For this reason
we need a better behaved ionic function.

Here we propose regularisation that accounts for the electroporation of the cell.
It is well known that far from the physiological values of the transmembrane volt-
age electroporation of cell membranes occurs [17, 21, 32|, which consists of a high
increase of membrane conductance. Moreover the membrane conductance cannot
be infinite since it is bounded by the medium conductivity. We thus propose the
following modified version of the MS model: assuming v given, the ionic current
I;on 1s defined as

1
Lion(v,h) = thQ(’U _ 1)6—(11/1201)2 _ v (1 + rmawe—(vth/'v)z) , (8)
Tin Tout
where the gating variable h is given by
Oh + g(v,h) =0, (9)
h — hoo(V)
ith h)=———= 1
with (o) = =% (10)
hli=o = h°(v), (11)
where the functions ho(v) and 7(v) are defined as
hoo(v) = 1 — e~ (Voate/v)* (12)
1 1 —
= R (u), (13)
T(v) T TelTop

and the parameters vy, Vgate, and 7, are assumed to be given and constant and
the initial datum h°(v) is a given function of v. The function g is a regularisation
similar to the one given in [3], vep > vgate is the membrane voltage above which
electroporation occurs, and 7,4, > 1 stands for the maximal ratio of membrane
conductance with membrane capacitance in a fully electroporated membrane. We
refer to [17] for more details.
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In the physiological range of membrane voltage, the current behaves similarly to
the standard MS model, while for non—physiological values of v, when v > vy, the
current behaves as a passive conducting pore: Lo, ~ (1 + Tmaa)v/Tout- The above
model is interesting for two reasons: it provides a simple model for cardiac tissues
submitted to electroporation and the ionic function has the Lipschitz property as
we will see in the following proposition.

Proposition 1 (Lipschitz property of the modified MS). Let M > 0, and let h°(v)
be a smooth function such that 0 < h°(v) < 1, and ’('9th| < M, for allv € R. Then,
for allv € R, and all t > 0, we have 0 < h(t,v) < 1. Moreover the current I;op
of the modified version of Mitchell-Schaeffer model (8) is globally Lipschitz with
respect to v, i.e. that there exists K > 0 such that for allt > 0, and any vy,vs € R,
it holds |Iqjon(vl, h(t, 1)1)) — Iion(v27 h(t, ’U2))| S K|Ul — ’Ug|.

Proof. By hypothesis on hg, it is easy to show that the function h stays between 0
and 1 for all ¢ > 0 (see Lemma 4.2). Since ¢ is a smooth function of v, h is globally
Lipschitz with respect to v. Let us define function H(t,v) := d,h(t,v). Then the
following ODE holds,

g ) (< (fj)) <hoo<v>h<v)>) H)

( ) =0y 0
Let m = max,er (h’ (v) — TT((@)) (hoo (V) — (v ))) Then H is uniformly bounded on
R* by max(M,m) and there exists So, such that the function |9y L;on (¢, v)] < Seo,
for all ¢ > 0. Therefore by definition of I;,, one has the global Lipschitz property
for any t > 0 and for all vy,vs € R:

|I7Jon(v27 h(ta v?)) - Iion(vla h(tv Ul))|

vy h(t,vz2)
< / 3vfion(/\,h(t7vz))d)\‘+ / OnTiom (01, 1)
U1 h

(t,’t}l)

< Kl|vg — v1]. O

3. Formal derivation of the macroscopic bidomain model with periodic
diffusive inclusions. We are interested in finding the averaged macroscopic model
over the whole domain €. This is done by use of the homogenisation technique
[2, 13]. The complexity of such a derivation is two—fold. Firstly, one has to tackle
the coupling of the degenerate parabolic phase —the bidomain phase— and the el-
liptic phase, which corresponds to the diffusive inclusion. It is not clear whether
or not this coupling problem is well-posed. Moreover, at the limit the two phases
are tightly mixed and the resulting homogenised problem is not easy to figure out,
even in the linear case. The second difficulty lies in the rigorous derivation of the
homogenised nonlinearity. To address these two difficulties we first derive formally
the limit problem thanks to a two—scale expansion strategy. Then we prove the
well-posedness and uniform bounds on the mesoscopic coupled problem. The proof
of the two—scale expansion is given in Section 5.

In this section the method of formal two—scale asymptotic expansions is per-
formed in order to find the macroscopic homogenised problem for (6). This formal
derivation is interesting from the modelling point of view, as it makes it possible
to intuitively obtain the homogenised problem. We want to split mesoscopic (~ ¢)
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and macroscopic (~ 1) scales contributions. The standard technique is to introduce
a small scale variable y, such that y = z/e. The assumption is that, due to the
periodicity of space, the behviour of the solution can be split into the large scale
behviour, given through dependence on z, and the small scale behviour of the same
frequency e, given through dependence on y. Then, the macroscopic behviour of
the solution is extracted by taking € — 0.

Following the general idea, we assume that the solution (ul,u¢, ud, h.) can be
written as formal series

he(t,x) = Zskhk(t,x,z/e), ué(t,x) = Zsku};(t,x,x/s), (14)

k>0 k>0
uf(t,x) = ngui(t,gc,a:/s)7 ul(t,z) = Zsku%(t,x,x/a), (15)
k>0 k>0

i,e,d

with u,” (¢, z,y) and hg(t,z,y) as Y —periodic functions. Using the ansatz in (14)
- (15), and substituting it into the system of equations (6) we obtain the cascade
systems of equations with respect to the power of e. We are interested in the first
three terms, for £ = 0,1 and 2, that we will use to obtain the macroscopic problem.
The following derivation rule is used V f (:E, f) = [%Vyf + sz] (x, %) , where V,
and V, denote the partial derivative with respect to the first and the second variable
of f(z,y). Identifying each power of £ as an individual equation yields a cascade of
systems of equations.
Order 0: The ¢~2 system of equations gives for uj,

Vy - (0'Vyuf) =0, in Q x Vg,
(c'Vyul) -nr =0, on B, x T, (16)

+ periodic boundary conditions on JY.

Multiplying (16) by uj and integrating over y, we deduce that uj does not depend
on variable y, i.e. u} = u}(t,z).
And for u§ and ug we get,
Vy (6°Vyui) =0, in Q x Y,
Vy - (09V,ul) =0, in Q x Yp,
uf = ud, on . x T, (17)
(0°Vyu§) - nr = (09Vyud) - nr, on 8. x T,
+ periodic boundary conditions on JY.

Due to the boundary conditions, i.e. continuity of potential and flux, we can define

a new function ug(¢,z,y) on the domain © x Y such that ug = u§ in Q x Y, and

ug = ud in Q x Yp. We also define the conductivity tensor o as ¢ = o¢ in Q x Y3,

and o = 0% in Q x Yp. Hence, the problem (17) simplifies to

Vy - (6Vyug) =0, in Q x Y,

1
+ periodic boundary conditions on JY. (18)

Similarly, we find that uy does not depend on y, i.e. ug = ug(t, x).
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Order 1: The 7! system of equation then gives,
V, - (6'V,ui) =0, in Q x Vg,
(Uivyui) snp = — (Uikué) -mr, on X, X I, (19)
+ periodic boundary conditions on JY,

and

Vy - (0°Vyu$) =0, in Q x Vg,

V, - (0?V,ul) =0, in Q x Yp,
(0°Vyu§ — o'Vyui) -nr = — ((0¢ — 0))V,ug) - nr, on X, x T,

+ periodic boundary conditions on 0Y.

(20)

From (19) and (20) we see that the terms u}, u$ and u¢ can be expressed as functions
of uy and ug, in a standard way as

3 .
i i\ oug
U’l(tvxay) = Zw](y) axo (tvx)v on {2 x Y37 (21)
j=1 J
3
ou
uf(t,x,y) = Zw;(y)a—xo(t,x), on Q x Yg, (22)
=1 /
3
ou
uf(t@,y) = 3w ()5 (t ), on 2 x Yp. (23)
j=1 J

By the substitution the problems for functions w; (y),wj(y),wgl(y), for j = 1,2,3,
read
Vy - (6'Vyw}) =0, in Y,
o (Vyw; + ej) -nr =0, onT, (24)
w;» is Y periodic,
and
Vy - (0°Vywj) =0, in Y,
Vy - (advng) =0, in Yp,
(c°Vyw§ — advwa +(0¢—0%)ej) nr =0, on T, (25)

w3, w;-j are Y periodic.

The problems (24) and (25) are called the cell problems. _
Order 2: Finally, the ¥ system of equation gives the equation for the term

in Q % YB,
~V, - (0'V,ub) =V, - (' Vub) (26)
+ vac : (Ulvmuf)) + Vw . (Ulvyui) — 8t1}0 — Iion(vo, ho),

with the boundary condition,

(aivyué) “np = (aiVIui) -np, on X, x I

+ periodic boundary condition on JY.
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Integrating (26) over Yp, and using the boundary conditions we have on 2
Y| (0rvo + Lion(vo, ho)) = [YB|Va - (0'Vyup) + y Vo - (0'Vyui) dy,
B
Then using (21), we obtain
[YE| (0400 + Lion(vo, ko)) = Va (6™ V) (27)

where
o = |Yploj, + oiy / Oy, w’ dy + a,ig/ Dy, w’ dy + 023/ Dy, whdy.  (28)
Ya Ys Vg
For the term u$, the system of equation gives on {2 x Y,
=Vy - (6°Vyu3) =Vy - (0°Vui)
+ vac . (UGV;E’U,O) + Vgg . (oevyu‘i) - 8t1}0 — Iion(vo, ho),
and for the term ug, the system of equation gives on Q x Yp,
—Vy - (0Vu) =V, - (0'V,uf) + Vi - (09Vau0) + Vi - (09Vuf), (30)
with the boundary conditions
(0¢Vyus) - np = (6°Vyug) - np, on X x T,
(Udvyug) ‘np = (Udvxuil) -np, on X, X I',
+ periodic boundary conditions on Y.

Once again, integrating (29) over Yz, and (30) over Yp, and using the boundary
conditions, and summing them up, lead to the following equation on €

[YB| (0:vo + Tion(vo, ho)) =/ Vi - (0Vug) dy
y

+ Ve (0°Vyu§) dy + V- (odvyu‘f) dy.

Yp Yp
Using (22), we obtain

|YB| (at’l)() + Iion(’vo, ho)) = Vx (O’e*vaO) y (31)

where

0% = [Yplof,; + / 0810y 05 dy + / 02Dy dy + / 0550y, dy
Y Y Y (32)
Ug28y2w;’i dy+/ 0-12138?/3"1)? dy
Y;

D

Yp

Yp

Homogenised problem: Equations (27) and (31), together with
dtho + g(vo, ho) = 0, (33)

represent the homogenised macroscopic problem, whose solution (hg, uf, ug) is the
limit of (he,u?,ut,ud) for ¢ — 0, and does not depend on the small scale 3. The
small scale effects are accounted for through the conductivity tensors and parameter
|YE| that represents the volume fraction of the healthy tissue in the periodic cell.
The constant tensors o* and o®* describe the effective or homogenised properties
of the heterogeneous tissue. They do not depend neither on time, nor on the choice
of Q2. They depend on the initial conductivity tensors and on the shape and size of

the diffusive inclusions.
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Remark 2. The method of the two—scale expansion has yet to be rigorously proven.
In other words, it leads heuristically to the homogenised system of equations, but
it is not a sufficient proof for the homogenisation process. First issue is that we still
did not prove the existence of the solution to the original e-dependent mesoscopic
problem. Secondly, we do not know if such mesoscopic problem has in fact a limit.
And even if we assume it has, the ansatz (14)-(15) is not yet justiﬁed Hence, we can
not claim that (hg, uj,ug) is actually a limit to (he,ul,u¢, ud) when ¢ — 0. And the
last, but not least issue is that we have to deal Wlth the nonlinearity and actually
justify the assumption that g(ve, he) — g(vo, ho), and I;on(ve, he) = Lion(vo, ho).
The rigorous proof is laid out in Section 4 and Section 5.

4. Existence and bounds on the solutions of the mesoscopic problem. We
go back to our mesoscopic problem, where we want to prove the existence of the
solution for (6), by use of the semigroup theory approach [6]. In this section we will
use the parabolic—elliptic form of the problem.

Othe + g(ve,he) =0,  in QB (34a)

O1ve + Tion (ve, he(t,v2)) = V - (0°Vu.) = V - (6'Vu,), in QF, (34b)
~V - ((6" +0%)Vu.) =V - (0'Vo.), in Q5 (34c)

~V - (0%Vu.) =0, inQP, (34d)

where u. is H'(Q). The boundary and transmission conditions are given as

CAYS “nop = —(0"Vu,) ‘nop,  on X,

(
(0°Vue) - ngp = —(0?Vu,) “nop, on X, (34f

(0'Vv.)-n=0, ondQNING, (
(6" +0°)Vu.) -n=0, ondQnoNZ, (34h
(0?Vu.)-n=0, ondQ, (34
the initial conditions are
he(0,ve) = he(ve), in Q7 (34))
v.(0,2) = v0(z), in QF, (34k)

and the Gauge condition is

/ uedr =0, (341)
Q

where ngs is the normal on X outwards from Qf ; nop is the normal on X, outwards
from QF, and n is the outwards normal on Of2.

Remark 3. Given the initial conditions for h. and v., and assuming that there
exists a unique solution to the above problem continuous in time, then u?(z) :=
u¢(0, x) is the solution to

/QB (o' + o) VulVedr + /QD oVulVedr = — /QB o'VolVedr, (35)

for all ¢ € H'(Q), with the Gauge condition [, u? dz = 0.

In this section we prove the following well-posedness theorem.
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Theorem 4.1 (Well-posedness of the mesoscopic model). Let € > 0 be given. Let
hY € L>(08), with 0 < h2(x) < 1 and let v € L*(QF). Then the problem (34) has
a unique solution (ve,uc, he), such that

v € O([0,400); H (7)) N CH([0, +00); L*(QF)),

us € C([0,+00); H'(Q)),

he € C([0,+00); L¥(07)) N C([0, +00); L*(27)).
Lemma 4.2 (A priori uniform estimates on h.). Let h € L>(QF), with 0 < h? <
1, then we have h.(t,-) € L>=(QF) and d;h.(t,-) € L=(Q8). Moreover,

0 < he(t,x) <1

Proof. From the modified MS model we have

1 Tel — T
—0the = (hoo(ve) — he) ( + M)hw(ve)> . (36)
Tel TelTop
(%)
The term (x) is positive, because 0 < 7,, < 7. From the definition of he(ve),
given in (12), we have that 0 < hoo(ve) < 1, for all v, € R. Using this and applying
the Gronwall lemma, we have the upper and lower bound on h,

ho(t) > KO(z)e o (Fr+mthe(we))ds )

)

T 1 Tecl —Top
he(t,z) < 1—(1— hg(x))e_ Jo (TTL"‘ T hoc('UE))ds. (38)

The exponential part is bounded with,

| > oo (Gt mtheva)ds o = I (F+7000 )ds _ =75 (39)
Combining (37), (38) and (39), and using the assumption that the initial condition

h? is bounded, we obtain min{hg(x)}(f% < ho(t,z) < 1, in QB. Finally, from
(36), we have |0:h.(t,z)| < %, in Q5. O

Remark 4. Normally we work with constant conductivity tensors ¢, ¢ and o,
but our proof will work in the following more general case. We suppose that the
conductivity tensors o¢(z), o' (x) and o%(x) are symmetric definite positive matrix—
functions, such that

ol¢)? < Mo (z)€ < TI¢f, Vo € QF, (40)
and
alé)? < ol (z)e <7FlE)?, Vo e QP (41)

We denote by Vi, v/o¢, and Vo4 their respective symmetric definite positive square
roots.

In this section, the parameter ¢ is fixed, so we will omit it as a subscript in the
equations in the rest of the section. To build the proof we will use the semigroup
approach, following the theory exposed in [6].

Definition 4.3. We define B as the operator from H'(Q5) to H!(€2), such that
Yo e HY(QD), B(v) := u,
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where u is the solution of the following variational problem

/ (o + o) VuVedr + / o'VuVede = —/ o' VoV dz,
QB Qp @

B
€

Vo € {Hl(Q),/Q(;b:O}.

Additionally, we denote as Bqosp the restriction of the operator B to QB in the
following sense:

(42)

Bqs (v) := ulgs.
Lemma 4.4. For a constant B > 0, the following inequality holds
IVB()llL2p) < BlIVvllL2@p)- (43)
Proof. Taking ¢ = u in (42), we have

/ |\/(;Vu|2dx+/ |\/;Vu|2dx—|—/ VoiVul?de = —/ o'VoVudz.
op B Qp op

From the assumption on the boundedness of the conductivity tensors we have
a ||VU||2Lz(Q§) < Vol o gs) IVull 2oy -
Taking 8 = 7/c, we obtain the inequality (43). O
Definition 4.5. Let A be the operator on D(A), defined as
Vo € D(A), A(v):=-V-(c'Vv) - V- (O’iVBQEB (v)),
with the domain D(A),
D(A) :={ve H'(QF) : Bas(v) € L*(QF), (0'Vv + 0'VBqs (v)) - ngs =0} .

Lemma 4.6. The operator (A, D(A)), is m-dissipative with dense domain in
L2(QB). Therefore the operator A generates a contraction semi-group, whose gen-
erator is denoted by e~ A,

Proof. To prove that the operator A is m-dissipative, we need to prove that for
any A > 0, and any f € L2(QF), there exists a unique solution v € D(A) to the
equation
v—AA(v) = f,
or expanded,
v+ A (V- (0'V0) + V- (O'ivBQE (v)) = f.

We define the bilinear form
a(v,¢p) == / vopdr + A (/ o' VuVp dr + / 0'VBas (v)Vop dx) .
F F F ’
Then the variational formulation for this problem reads,
alvén) = [ fonde.  Von e H'(OD). (a4)
QE

The boundedness of the bilinear form a(v, ¢p) is shown by using (43),
la(v,¢8)| < vl 2q5) 9Bl 1205y + AT(L+ B) IVl 125y VOB 1205y

< lollg oz 198l 510z) -
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To prove coerciveness we use the definition (42) of the operator B(v), and express
the bilinear form as follows,

a(v,gbB):/ U¢de+)\</ ainquﬁde—i—/ o'VuVep dx
QB QB QB

o' VoVedr + /

Qf

+ / (o' + 0°)VuVedr + / Uququda:>.
QB Q

B
€

Then, for ¢ = v, and ¢ = u, and using the inequality: 0 < |a+0b|?, for all a,b € R,
we have

a(v,v) 2/ v2dx 4+ A (/
Qf Qf
2
— 5/ \/(;Vv’ dr — 1/
QB 0 Jas
“
2z
Then using Remark 4 and choosing ﬁ < 6 < 1 we have
Az/ v?dr + \ (/ (1=08)c |V dz
Qf QF
1
+/ (1 - >J|Vu2 d;v+/ o |[Vul? dx+/ o |Vul? dx)
0B 0 QB ap

2/ vide + Ao / (1—10)|Vo|? dz
op op
+/ <1+ (1 - 1) ") IVu)? d:c+/ Vu? dm) .
0B o) o Qb

Thanks to the choice of § we have that every term in the rightmost side above is
positive. Hence,

\/;VU‘Q dx

2
\/C?Vu’ dx

\/(FVUF dx —|—/

Qp

2
\/FVu‘ da:) =: A.

\/c?Vu‘2 dx +/

QB

a(v,v) 2 ¢|[vll g1 gz - (45)

From Lax—Milgram theorem, the problem (44) has a unique solution. Hence, the
operator A(v) is m-dissipative. Note that D(A) is dense in L?(Q2) as it contains
the set of infinitely smooth functions with compact support in QZ, that is itself
dense in L?(QF). Hence, the operator (A, D(A)) generates the semigroup denoted

by e tA. O
Lemma 4.7. The evolution problem (34) is equivalent to the problem
Othe + g(ve,he) =0, i QF, Vte (0,7), (46a)
e + A(ve) + Lion(ve, he(t,v.)) =0,  in QF, Vte (0,7), (46Db)

with the initial conditions

he(0,2) = hO(v.), v:(0,7) = v(x). (46¢)
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Moreover, ve is also the solution of the following problem:

t
ve(t, ) = e A0 —/ e DAL (s, he(s,ve(s,2))) ds, ¥t e (0,T). (47)
0

Proof. The equivalence of the two problems comes from the definition of the opera-
tors A and B. The formula (47) is a straightforward use of the standard Duhamel’s
formula, see Lemma 4.1.1 in [6]. O

Proof of Theorem 4.1. The proof that v. exists and is unique, where
ve € C([0,+00); H(QF)) N CH([0,+00); L*(27))

is a straightforward consequence of the Hille-Yosida theorem, since (A, D(A)) is
an m-dissipative operator with dense domain, and the Lipschitz property of the
ionic function given in Proposition 1, see Section 4.3. in [6]. The regularity of h.
comes directly from the assumption on the initial conditions and Lemma 4.2, and
the regularity on u. from Definition 4.3 and the Poincare’s inequality. O

Remark 5. For the function u! := v, + u:1gos, we have

ul € C([0, +o00); H(QP)).

5. Two-scale convergence towards the macroscopic model. In this section
we provide a rigorous justification for the formal derivation of the homogenised
problem given in Section 3. We will follow the idea of two—scale convergence as
in [1]. For the sake of clarity, let us recall the definition—theorem of two—scale
convergence (see [1, 27]).

Definition—Theorem 5.1. Let  be a bounded domain of R, for N € N\ {0}.
Let ¢. be a bounded sequence in L?(£2). There exists a subsequence, still denoted
by ¢., and a function ¢o(z,y) € L*(Q x (R/Z)N) such that

lim /Q be(x)(z, 2 /e) da = /Q Xy¢o(x,y)w(y)dy,

e—0
for any smooth function 1 defined on Q x (R/Z)™ and (R/Z)" -periodic in y. Such
a sequence ¢. is said to two—scale converge to ¢y and we denote it by

2—scale, L?

d)s ¢0~

To apply the two—scale convergence to our case we need to address two problems:
first to find uniform bounds, independent on ¢, on the functions v., u., h., V., and
Vu,, and secondly to show the convergence of the nonlinear part of the problem.

Definition 5.2 (Trivial extension operator). Denote with * the extension by zero
in the domain QP i.e. for any function f.(x) defined in QZ, its trivial extension is

~ B fo(n),if x € QF,
fel@) = {O,ifx c QP

Note that if f.(z) has a uniform bound on QF, [ fellz2@By < C, it’s trivial
extension is also uniformly bounded on €, || f-||r2(q) < C-
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5.1. Hypotheses on the initial conditions.

Hypothesis 5.3. The initial conditions v? and A? fulfill the following hypotheses:
v? and Vo0 are uniformly bounded in L2(QZ), and A is uniformly bounded in
L>°(0Q5), 0 < hY(x) < 1 almost everywhere in QF.
e There exists v € L?*(Q) and v € L*(Q; H(Yp)) such that the following
two—scale convergences hold:

~0 2—scale, L*?

Ve (l‘) XY (y)vg(x),

Vo2 (z) xvs () (Vorh (@) + Vil (2, 9)) -
e There exist h) € L?*(Q) such that

2—scale, L?

2—scale, L™

hO(a) 2220t vy (y)RG ().

0

Interestingly, no assumption are required on u", since from the above hypotheses

the following proposition holds.
Proposition 2. There exist u) € L*(Q) and 9 € L*(Q; HY(Y)) such that u°
defined by (35) satisfies

2—scale, L? 2—scale, L?

ud(z) —22 wd(x),  Vul(z) Vaug(x) + Vyul (2, y). (48)
The functions (ud,u?) are the unique solution in L*(Q) x L*(Q; HX(Y)|R) to the
following problem:

V- (O’i + Je)(qug + Vyu(l)) dy—V, - / Jd(Vmug + Vyu(l)) dy =
YB YD

V- / o' (Vvg + Vo) dy,
YB
in Q, with the Gauge condition fQ ujdr = 0, and the correction term is given as
the solution to:
—Vy- ((XYB (o' +0°) + XYDUd)(va8 + vyu(lj)) =Vy- (XYBUi(vwvg + Vyv(l))) )
in Q x Y, with the periodic boundary conditions for y — ul(x,y) in Y, and the
boundary condition:
(0" +0° — ) (Vud + Vyul)) - ny, = — (6 (Vavg + Vo)) - ny,,
on Q xT.
Proof. From (35) taking ¢ = u?, and Poincare’s inequality, we have that the initial

condition u?(z) satisfies |[ul 120 < C, and ||[Vul|[12(q) < C, so we have (48).

The homogenised problem for (u),uY) can be then derived, using the test function
¢(x) +e¢1(w,/¢), such that ¢(x) € D(2) and ¢1 € D(Q,CF). We have,

/ (0 + 0°)VU(Vad + V1 +eVady) do
ar
+/ aqug(de) + Vyp1 + V1) de
ap

= —/ aiVUS(Vggqb—l-Vy(]h +¢eVar)de.
Qf

Passing to the two—scale limit, and after the partial integration, we obtain the
homogenised problem for u) and u. O
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5.2. Uniform bounds. In order to find the uniform bound, we will introduce an
energy functional &, .. This is the key idea that is adapted from the work of Allaire
[1], and used in a different context by Collin and Imperiale [§].

First, we multiply by h.,v.,u. the first, second and third and fourth equations
respectively and integrate by parts. Using the transmission conditions, we obtain

1d
5%”}%”%2((253) + /Qf 9(ve, he)he dz =0, (49)
and
galvelion + [, Ton(ve:heoedo+ Vo (e +u.) oo (50)

+ ||\/5V“€||12(Q) =0,

with ¢ as before, 0 = ¢¢, in QF, and ¢ = ¢¢, in QP. Then we infer the following
proposition.

Proposition 3. For any A\, k € R, let us define the energy functional

1 _ 2 2
Enelt, v, ) i=2e ™ (IollFaq) + £ 182 0 )

t
s A
+ [ (5 (101 + 5100
2
VT s

Let (ve, ue, he) be the solution to problem (34). The energy functional €y, satisfies
the following equality

+ H\/;V(v + u)‘

L2(QP)

t
Euntovuech) + [ [ (Ln(veshoue + rglee, hhe) dods
0 Qb (51)

1 K
= 5\\02\@2(95) + 5”@”%2(95) = Ex (0,02, ud, hY).

Proof. By definition of &) .(t,v,u,h), using (49) (multiplied by xke=*') and (50)
(multiplied by e=**) one has

atg)\,,{(t,’us,us, hs) + e M /B (Iion(vsa hs)vs + ng(’us, hs)hs) dr = 0.
QE

Proposition 4. The following inequalities hold:

t
/e_)‘s/ Lion(ve, he)ve dx ds
0 QB
2
HIion(UEahs)Hm(QgB) < C”UEHH(QE)' (53)

Proof. From the definition of the ionic function we see that I;,, (0, 2(0)) = 0. Then,
using the Lipschitz property from Proposition 1, one can easily see that

t
s 2
< [ e llaen a5 (52

[Lion (v, h)| < |v|, for any v € R.
Both inequalities fall directly from this. O
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Proposition 5. Assume that v0 and h? satisfy Hypothesis 5.3. Then we have the
uniform bounds:

0<h(tz) <1, lg(ve,ho)| <C, Vtel0,T],
HUE( )HLQ (©25) < O, Hlion(vsahE)HLQ(QaB) < O, Vt € [O,T],

and

Ve (t, )||L2((o T)xQB) = <C,
et ) 20,y <) S €5 VUl L2 0,1y x0) < C-

Proof. The estimates on h.(t,z) and g(ve, he) come directly from the assumption on
the initial condition and Lemma 4.2. Then from Proposition 3 and Proposition 4,
we have that

1 2
Enn(tsve, ue, he) = ) HUSHL2(QB HhOHLZ(QB)

t
f/ eiAS/ (Iion(Usahs)Us + "Eg(vsahE)) dx ds
0 974

= 5 HUSHLZ(QB HhOHL2(QB)

t
+ [ (e loelap, + real?]) ds
0

Note that the volume |QF| < |Q| < ¢3. Taking A such that 3 > ¢, and going
back to the definition of £ ,;, we obtain the uniform bound on [[ve(t, )| 2 (op), and
hence on ||1;on (ve, 8)||L2(QJ§). Now, going back to (50), and integrating over time,
we obtain

t ' 9 + ,
/OH\/aﬁv<v5+u8> . +/O Va2 ds < [ agae) < C:

which, together with the bounds on conductivities provides the uniform bounds on
the derivatives. From fQ ue(t,z)dz = 0 and the Poincare’s inequality, we have the
bound on [|uc| 12 (0, 7)x0)- O

Remark 6 (Two-scale limits). From the uniform bounds we obtained, by direct
application of the theory developed in [1], we have the following convergences

o ot ) 22T (Who(t,z),  ae.t e (0,T),

2—scale, L*?

o U.(t,x) Xvs (W)vo(t,z), a.e.t e (0,T),
o Vou(t ) 222 ) (Vavo(t, @) + Vyor(t, 2, 9)).
. UE(t7$) 2—scale, L? U()(t,l'),
o Vu(t,x) ——— 2-scale, L* ——— Vau(t,z) + Vyui(t, z,y),
o Tom(ve, he) 2222012 ) Io(t,2),  ace.t € (0,T),
o Glve.he) T vy, (9)golt,w),  aet € (0,T),
for some functions ho(t,-), Io(t,-), go(t,-) € L*(Q), vo(t,") € H*(Q), vi(t,-,-) €

L2(Q; HY(YB)/R), ug € L*((0,T); H'(Q)), and u; € L3((0,T) x Q; H'(Y)/R).
These limit functions satisfy the homogenised problem given in Section 3, except
the nonlinear functions from the ionic model which are still not identified.
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5.3. Nonlinear convergence. We are now ready to prove that the functions I
and go take the forms: Iy = ;o (vo, ho), and go = g(vo, ho).

From the given two—scale limits on the functions we have that the equality (51)
holds for a limit case in the form,

1

_ 2 2
R (L, (v, v1), (1, ur), o) =g A (||U0\|L2(QxYB) +r ||h0||L2(Q><YB)>

t
—)\s A 2 2
+/o e (5 (||UO||L2(Q><YB)+H||h0||L2(Q><YB)>

2

+ H\/;(V(UO + ug) + Vy(v1 + Ul))‘

L2(QxYR)
+ H\/E(quo + Vyul)Hi?(QxY)>ds’

and

t
5§7H(t7 (vo, v1), (ug, u1), ho) —|—/ e_’\s/ / (I()U() + I{goho) dy dx ds
0 QJys

1 K
= 5||”8||2L2(Q><YB) + §||h8H%2(QxYB)~

(54)

Using the above properties of the nonlinear terms, for appropriate choice of A and
K, we get

g)\,n(t7 Ve — He, Ue — Pe, he — 776)
t
[ [ (T = (e n) e = )
0 QB
+1(g(ves he) = g(pesn)) (he =) ) dar ds > 0,
where fic, pe, e Will be chosen later. We develop the above expression, as follows
gk,ﬁ(ta Ve — e, Ue — Pe, he — 776)
t
+ / B_AS/QB(Iion(U@ hs)vs - Iion(vm hE):uE - Iion(ﬂm 775)’05 + Iion(,u/ev 776),“/6 (55)
0 €
+K

(Q(Ug, hs)hs - Q(Ug, hs)ns - g(,ufa ns)hs + g(ﬂea 775)775)) dx ds > 0.

Furthermore, for the energy functional we have,

1
Enrlts Ve = e, e = pe,he = 1) = g (Hve — piellz2(om) + i l1he - nalliamg))

t
s (A 2 2
+/0 e (§ (HUE — pellp2(qpy + £ [lhe _775””(9?))

2
+ H\/;V(v6 — fie + Ue — pe) +[|VoV(ue - pE)Hi?(Q))d‘S'

L2(P)

Hence,

g/\,m<tava — e, Ue — Pe, he — 775) = g)\7n(t7 Ve, Ug, hs)
e—)\t
+ 9 / (pe (—2ve + pie) + Kne(—2he +1¢)) dx
Qp
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LA
+ / e_/\é (7 / (/’LE(_2’UE + ,ua) + '%775(_2}"6 + 775)) dz
0 2 Jos
+ / o'V (pe + pe)(—2V (ve 4+ ue) + V(e + p2)) dx
Qb

+/ oVpe(—2Vu, +Vp5)dx) ds.
Q

Now, we use the fact that (ve,uc, he) is solution to the problem (34), so equality
(51) holds. Hence, (55) becomes,

1 K e M
101y + I + S5 [ (=200 + o) + w2 ) do

t A
+/ e_)\s<*/ (:U/E(_QUE+u‘5)+"<‘:776(_2h5+775)) dr
0 2 Jor
4 [ 0Vl p (2904 )+ V(e + p) d
r
+ / UVpS(—QVug-i-Vpg)dx) ds
Q

t
—|—/ €_As /B (_Iion(vav ha),ua - Iion(ﬂsy ne)va + Iion(ﬂa 778)/18
0 Qr

+I<E(—g(’l]5, hs)ns - g(,u,g, ns)hs + g(ﬂsv 776)775)> drds > 0.

Now let us choose, ., p. and 7. as follows

pe(z) = wo(x) +ag(x) +edi(z,z/e),
pe(x) = uo(x)+en(z,z/e),
ne(x) = ho(x) + afb(x),

where ¢1(x,y) and 91 (z,y) are smooth functions that we can choose as close as we
need to v!(z,y) and u'(z,y), respectively. From the construction we have a strong
convergences for p., Ve, pe, Vpe and n.. Now, passing to the two—scale limit in
the above inequality, we have,

1 K
§|\U8|\2L2(Qxy3) + §Hh8||2L2(QxyB)

e—)\t

2 /Q/YB ((ag)® — v3) + K((a)? — hy)) dy dz
+/Ot e (% /Q /YB ((ag)® = v3) + K(()® — h{)) dy dz

+/ / o' ((aVe)? = (Vavo + Vyv1 + Vaoug + Vyur)?) dyda
QJYp

+

_//JV(Vzuo—i—Vyul)dydx)ds
QJY

t
+/ e / / (—IQ(U() + ad) + Lion(vo + ag, ho + ab)ag
0 QJYs

+x(—go(ho + @) + g(vo + ap, ho + a9)a9) dydzds > 0.
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Finally, we use the equality (54), and divide every term by a # 0, to obtain

Y t
a/2[62t(¢2+ﬁﬂ5_%1;e—M(;(¢2+ﬁeﬂ-+a%v¢V)dﬁch

t
+/ 6_/\5/(11‘0”(1)04—04(;5, ho 4 af) — Io)¢ dx ds
0 Q

t
+/ e / K(9(vo + ¢, ho + ab) — go)0 dx ds > 0.
0 Q

Then letting o go to zero, we obtain for any functions 6(x), ¢(z)

/Ot e_)‘s/g((lion(vo, ho) — Ip)é + k(g(vo, ho) — 90)9) drds > 0.

Thus, we conclude Iy = I;on(vo, ho) and go = g(vo, ho).
5.4. Main theorem.

Theorem 5.4. For any time t € (0,T) let (ve,uc, he) be the sequence of solu-
tions to the problem (34). Having the two-scale convergences given in Remark 0,
then (vo, ug, ho, v1,u1) is the unique solution of the following two—scale homogenised
system

O¢ho(t, z) + g(vo, ho) =0,
[YB| (O:vo(t, x) + Lion(vo, ho))

*Vz . |:/ Ui(V’Uo(t,I') + vyvl(tvxay))dy
YE

_Vz . |:/ gi(Vuo(t,m) + vyul(tvxay))dy = O’
Yp

v [/YB (0" 4+ 0°)(Vuo(t, z) + Vyur (t, z,y))dy

_v, - U o (Vuo(t, x) + Vyui (t, z,y))dy
Yp

-V, - U o' (Voo (t, ) + Vyvi(t, z,y))dy| =0,
Ys

given in (0,T) x Q x Y, with the initial conditions on ho(t,x) and vo(t,x), given as
ho(0,2) = hi(z), wvo(0,) =v)(x), in Q,

with the correction equations given on a unit cell Y as

=V [0 (Voo(t, z) + Vyvi(t,2,9)) + o' (Vug(t, ) + Vyu (t,z,y))] =0, inYp,
—Vy - [0°(Vuo(t,z) + Vyui(t,z,y))] =0, inYp,
-V - [ad(Vuo(t, x) + Vyul(t,x,y))] =0, mYp,

and with the boundary and transmission conditions
(ai(VUO(t,x) + V1 (t,2,y)) + o' (Vug(t, ) + Vyui(t,z,y))) -ny, =0, onT,
((0° = oY) (Vuo(t, ) + Vyui(t,2,9))) 1y, =0, onT,
y = ur(t,z,y) and y — v1(t, z,y) are Y-periodic.
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Furthermore, we can recover the classical homogenised and cell equations if we use
the relation

Ovp(t, x)
1tz y) = Z wyi (y),

8a:k

Oug(t, x)
1(t,z,y) = Z gmk wi(y).

Proof of Theorem 5.4. To find the homogenised equations we choose the test func-
tion ¢(t, z)+e¢1(z,2/¢), ¢(t,x) € D((0,T)xQ) and ¢1(z,y) € D(Q;CF(Y)). Then
by the partial integration and passing to the two—scale limits, using the assumptions
on the nonlinear parts, we derive the homogenised system of equations. O

Remark 7. Note that the homogenised problem given in the main theorem is the
parabolic—elliptic version of the homogenised problem we have derived formally in
Section 3, for ul :=v. + UE|QEB, and then uy = vo + up, and v} = vy + u;.

Remark 8. The existence and uniqueness of the solution of the homogenised (bido-
main) model has been proved in [4]. It is not necessary from conductivity tensors
to be symmetric definite positive, although in practice it is assumed.

6. Numerical convergence. In this section we want to observe numerically the
convergence of the mesoscopic problem to the derived homogenised equations, and
to find the rate of convergence. In order to do this we simulate the mesoscopic
problem (6) for several values of e, and the homogenised problem.

To be sure that we observe the change with respect to €, we run all simulations
with the same mesh and time steps. The parameters for the bidomain problem and
for the Mitchell-Schaeffer model are set as in [29]. For all simulations we use the
semi—implicit numerical time scheme with the finite element approach for the space
discretisation. More precisely, we use the SBDF2 scheme as in [12]. The details of
the algorithms for both cases are in the appendix.

We use a square—shaped domain €2, with the side length of 30mm. It is meshed
with the mesh step dr = 0.3mm. For the time scheme we use dt = 0.5ms. We
assume that the diffusive inclusions are circular and that they occupy 20% of the
total volume, i.e. |Yg| =0.8.

We simulate the mesoscopic problems for several sizes of periodic cell. Namely,
e € {1/10,1/15,1/20,1/25,1/30,1/35,1/40}. The solutions (v, he) are obtained
on domains 2 and saved at the time T' = 10ms.

The solution to the homogenised macroscopic problem (v, k) is given on the full
domain 2 and is saved at the same time 1" = 10ms.

To find the rate of convergence we compute the L? errors of v, with respect to
v, and of h. with respect to h, respectively defined as

5L2(’L)€) = and 5L2(h5) =

llvllz2 ) 2]l L2

We use the log—log scale to fit the results with the linear functions. We have obtained
approximately linear rates of the convergence. More precisely, we have the rate of
convergence 1.39 for v., and 0.63 for h., as shown in Figure 2.
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FIGURE 2. The convergence study for L? errors of v, and h. in
log-log scale. Observed convergence rates are 1.39 for v, and 0.63
for he.

7. Conclusions. We proposed a model for the electrophysiology of the cardiac
tissue that extends the standard bidomain model with periodic diffusive inclusions.
In a rigorous and practical way it links structural disease of the cardiac tissue to
macroscopic electrical conductivities of the bidomain model.

There are several limitations of the proposed model. The inclusions that we
address are purely diffusive while we can expect to have different types of cells in
these non—excitable regions. Hence, we neglected the effect we might have from the
ionic activity due to the cells’ membrane. Another question that could be addressed
is the choise of the transmission conditions on the interface of the inclusions. We
used the same ones as in the heart—torso problem. While it is not clear if these
are the appropriate transmission conditions for our case, the debate on which ones
would be more suitable is open.

Finally, this study gives an additional insight to the electrical behaviour of the
cardiac tissue in pathological states. It can be practiacally applied for numerical
studyies of many structural diseases of the heart such as fibrosis, scars’ border zones
etc.

Acknowledgments. The authors would like to thank to S. Imperiale and A. Collin
for the fruitful discussions on nonlinear two—scale convergence and energy function-
als.

Appendix A. Numerical algorithms.

A.1. Mesoscale problem. In order to simulate the mesoscopic problem we create
a mesh of the domain with diffusive inclusions, as in Figure 1. The u,v. and h,
are defined on QF, while u, is defined everywhere on ). For the convergence study
we will mind only for the values of v. and h.. The full SBDF2 numerical scheme is
given in Algorithm 1. The term 0 < n < 1 is used to impose the Gauge condition
on u¢, given in (5). The software used for simulation is FreeFem—++ [16].
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A.2. Homogenised problem. In order to simulate the macroscopic problem, we
need to solve the cells problems first, on the unit cell Y = Yp UYp, and to compute
the modified conductivities. Then we use these to solve the modified bidomain
model on the whole domain €2, without distinguishing Q2 and QF, i.e. without
including the boundary I'..

The cell problems (24) - (25) are static problems, that are solved in order to
obtain the modified conductivities o™ and o°*, (28) and (32). The FreeFem+ +
algorithm for the cell problems is given in Algorithm 2.

The FreeFem++ algorithm, using SBDF2 numerical scheme (see [12]) for the
homogenised problem (27), (31) and (33) is given in Algorithm 3. For simplicity,
we omit the 0 subscripts in terms of e—expansion.

Algorithm 1 The mesoscale problem.

Define meshes on Q and QZ. Define T and N = Alt.

Define var. form. spaces H'(Q2), H'(22) with P1 elements.

Declare u’, , ey, hep, ¢is ¢ € HY(QP) and u¢,, ¢ € H(Q), for n =0,..,N.
Define v.g := 1%, heo := h°.

Solve the coupled system to obtain u

i e .
e1> Uer”

/QSB (uty =) s = 000+ [ o

+At

/ (o'Vul,) Vi + / (oVus,) Ve
QB Q

/QB (UEO - At[ion(vam hEO)) (¢Z - (be)-
6: Solve the ODE to obtain hey: [, herd = [y, (heo + Atg(veg, heg)) ¢-

7: Define vy := uly — uglos.
8 forn=1to N do

9: Solve the coupled system with SBDF2 to obtain uinﬂ, U iqt

3 7 e e
‘/QB § (u5”+1 - u€n+1) (¢Z - ¢€) +/Qnusn+1¢e

+At

/QB (JiVuén_H) Vo, +/Q (UVugnH) Ve

1
/B ((QUETL - §v€n—1> + At (QIion(vsna hsn) - Iion(vsn—la hsn—l))) (¢z - ¢e)
QE
10: Solve the ODE to obtain h.,,1:

3 1
/QB 5h6n+1¢ = /;2 (QhEn - §h5n—1 + At (zg(UEnahEn) - g(vEn—lthn—l))> ¢

. = Z - ¢
11: Define vey, 1 = ug, 1 —us, los.
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Algorithm 2 Static cell problems

Define meshes on Y, and Yg.

Define periodic var. form. spaces H*(Y), H*(Yp) with P1 elements.

Declare w}, ¢; € H'(Yg) and w§,¢; € H'(Y), for k =1,2, or k = 1,2, 3.

Solve for wj: [y (0'Vwy) - Vi + [i.(oex) - nrg; = 0

Solve for wy: [y (eVwk) - Vo + [L((0¢ - od)e) -nrp =0

Compute derivatives: dw? and dwy, and conductivities ** and o°* using (28)-
(32).

Algorithm 3 Homogenised problem

Define mesh on Q, 7' and N = -

Define var. form. space H'(f2) with P1 elements.
Declare vt ty,, Uy, hi, iy e, ¢ € HY (), for n =0,.., N.
Define vy := v°, hg := hO.

Solve the coupled system to obtain ul,,u¢;:

Yol | (0 =)0 = 00) + [ mro
+At [ /Q (c™Vu'y) Ve, + /Q (ae*vul)we} =

Vsl /Q (v0 — AtTion(v0, ho)) (65 — ).

6: Solve the ODE to obtain hi: [, hi¢ = [, (ho + Atg(vo, vo)) ¢
7: Define vy := u’l — Uq.
8
9

: forn=1to N do
Solve the coupled system with SBDF2 to obtain u;H, Upt1:

3 .
‘YB|/ B (U;H - Un+1) (i — de) +/ Npt1Pe
Q Q
vae| [ (0" Fu) Vot [ @ Tunn Ve -
Q Q

Vol | [ (200 = 5o0m1) 4 At Qlin(0r010) = Fin (00 0e)) (0= 8]

10: Solve the ODE to obtain hsn+11

/ Shnt1¢ = / (2h P — 1+At(29(vnvhn)_g(vn—lahn—l))) .

11: Define v, 1 := u’ il Ungl-
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