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Abstract

We consider the problem of learning a d-variate function f defined on the cube [~1,1]? C R?,
where the algorithm is assumed to have black box access to samples of f within this domain.
Denote S, C ([g]);r =1,...,79 to be sets consisting of unknown r-wise interactions amongst
the coordinate variables. We then focus on the setting where f has an additive structure, i.e.,

it can be represented as
F=2_ 0+ bt ) o

Jj€S JES: JESH,

where each ¢j; j € S, is at most r-variate for 1 <r < rg. We derive randomized algorithms that
query f at carefully constructed set of points, and exactly recover each S, with high probability.
In contrary to the previous work, our analysis does not rely on numerical approximation of
derivatives by finite order differences.

Key words: Sparse additive models, sampling, hash functions, sparse recovery
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1 Introduction

Approximating a function from its samples is a fundamental problem with rich theory developed in
areas such as numerical analysis and statistics, and which also has numerous practical applications
such as in systems biology [19], solving PDEs [11], control systems [50], optimization [39] etc.
Concretely, for an unknown d-variate function f : G — R, one is given information about f in the
form of samples (x;, f(x;))/- L Here, the x;’s belong to a compact subset G C R%. The goal is to
construct a smooth estimate f G — R such that the error between f and f is small. In this paper
we focus on the high dimensional setting where d is large. We will consider the scenario where the
algorithm has black box access to the function, and can query it at any point within G. This setting
appears for instance in materials science [18], where x represents some material and f(x) some of
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its properties of interest (like thermal or electric conductivity). The local-density approximations
in density functional theory can be used to compute to high accuracy such properties of a given
material. The sampling then corresponds to running a costly numerical PDE-solver. Since such
simulations are typically expensive to run, one would like to minimize the number of queries made.
This setting is different from the regression setting typically considered in statistics wherein the
X;’s are generated apriori from some unknown distribution over G.

Curse of dimensionality. It is well known that provided we only make smoothness assumptions
on f (such as differentiability or Lipschitz continuity), then the problem is intractable, i.e., has
exponential complexity (in the worst case) with respect to the dimension d. For instance if f €
C*(G), then any algorithm needs in the worst case n = Q(6~%*) samples! to uniformly approximate
f with error § € (0,1), cf. [32, 45]. Furthermore, the constants behind the Q-notation may also
depend on d. A detailed study of the dependence on d was performed in the field of Information
Based Complezity for f € C*°(G) in a more recent work [33]. The authors show that even here, n =
Q(219/2]) samples are needed in the worst case for uniform approximation within an error § € (0, 1)
(with no additional dependence on d hidden behind the Q-notation). This exponential dependence
on d is commonly referred to as the curse of dimensionality. The above results suggest that in
order to get tractable algorithms in the high dimensional regime, one needs to make additional
assumptions on f. To this end, a growing line of work over the past decade has focused on the
setting where f possesses an intrinsic, albeit unknown, low dimensional structure, with much smaller
intrinsic dimension than the ambient dimension d. The motivation is that one could now hope to
design algorithms with complexity at most exponential in the intrinsic dimension, but with mild
dependence on d.

1.1 Sparse additive models (SPAMs)

A popular class of functions with an intrinsic low dimensional structure are the so-called sparse
additive models (SPAMs). These are functions that are decomposable as the sum of a small number
of lower dimensional functions. To give the formal definition, we denote [d] = {1,...,d} and by
([d]) we mean the collection of all ordered r-tuples from [d]. Then, for S, C ([d]);r =1,...,79, the

' I8
function f: G — R is of the form

F=Y"¢@)+ D GG @inzin) ot Y S @i xsy) (L)
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with each |S,| < (f), and ro < d. We can interpret the tuples in S, as 7 order interactions terms.
Let us remark, that usually the terminology Sparse additive models is used for the case rg = 1, but
we prefer to use it here in the general sense of (1.1).

These models appear in optimization under the name partially separable models (cf., [20]).
They also arise in electronic structure computations in physics (cf., [4]), and problems involving
multiagent systems represented as decentralized partially observable Markov decision processes (cf.,
[16]). There exists a rich line of work that mostly study special cases of the model (1.1). We review
them briefly below, leaving a detailed comparison with our results to Section 8.

The case rp = 1. In this setting, (1.1) reduces to a sparse sum of univariate functions. This
model has been studied extensively in the non parametric statistics literature with a range of

IThis means that there exists a constant ¢ > 0 such that n > c§~%/*

a formal definition.

when d is sufficiently large. See Section 2 for



results on estimation of f (cf., [23, 25, 26, 28, 35, 37]) and also on variable selection, i.e., identifying
the support S (cf., [23, 37, 47]). The basic idea behind these approaches is to approximately
represent each ¢; in a suitable basis of finite size (for eg., splines or wavelets) and then to find
the coefficients in the basis expansion by solving a least squares problem with smoothness and
sparsity penalty constraints. Koltchinskii et al. [26] and Raskutti et al. [35] proposed a convex
program for estimating f in the Reproducing kernel Hilbert space (RKHS) setting, and showed
that f lying in a Sobolev space with smoothness parameter o > 1/2 can be estimated at the Lo
rate @ + kn~2a%T. This rate was shown to be optimal in [35]. There also exist results for
variable selection, i.e., identifying the support S;. These results in non parametric statistics are
typically asymptotic in the limit of large n, also referred to as sparsistency [23, 37, 47]. Recently,
Tyagi et al. [41] derived algorithms that query f, along with non-asymptotic sampling bounds for
identifying S1. They essentially estimate the (sparse) gradient of f using results from compressed
sensing (CS), at few carefully chosen locations in G.

The case rg = 2. This setup has received relatively less attention than the aforementioned
setting. Radchenko et al. [34] proposed an algorithm VANISH, and showed that it is sparsistent,
i.e., recovers 81, Sy in the limit of large n. The ACOSSO algorithm [40] can handle this setting,
with theoretical guarantees (sparsistency, convergence rates) shown when ro = 1. Recently, Tyagi
et al. [42, 43] derived algorithms that query f, and derived non-asymptotic sampling bounds for
recovering S, Sa2. Their approach for recovering Sy was based on estimating the (sparse) Hessian
of f using results from CS, at carefully chosen points in G. The special case where f is multilinear
has been studied considerably; there exist algorithms that recover Si,Ss, along with convergence
rates for estimating f in the limit of large n [10, 34, 3]. There also exist non-asymptotic sampling
bounds for identifying Si, Sz in the noiseless setting (cf., [30, 24]); these works essentially make use
of the CS framework.

The general case. Much less is known about the general setup where ry > 2 is possible. Lin
et al. [27] were the first to introduce learning SPAMs of the form (1.1), and proposed the COSSO
algorithm. Recently, Dalalyan et al. [14] and Yang et al. [49] studied (1.1) in the regression
setting and derived non-asymptotic error rates for estimating f. In particular, Dalalyan et al.
studied this in the Gaussian white noise model,while Yang et al. considered the Bayesian setup
wherein a Gaussian process (GP) prior is placed on f. When f is multilinear, the work of Nazer
et al. [30], which is in the CS framework, gives non-asymptotic sampling bounds for recovering S,,
r=1,...,7p.

1.2 Our contributions and main idea

Before proceeding, we will briefly mention our problem setup to put our results in the context; it is
described more formally later on in Section 2. We consider f : [~1,1] — R of the form (1.1) and
denote by S](.l) the variables occurring in §;. We assume, that SJ(-l) are disjoint? for 1 < j < 7.
Each component ¢ is assumed to be Holder smooth, and is also assumed to be “sufficiently large”
at some point within its domain. Our goal is to query f at few locations in G = [~1,1]¢, and
recover the underlying sets of interactions S,., for each r =1,...,7¢.

Our results. To our knowledge, we provide the first non-asymptotic sampling bounds for exact
identification of S,, for each r = 1,...,rg, for SPAMs of the form (1.2). In particular, we derive a

2For 1o = 2, this represents no additional assumption. See discussion after Proposition 2.



randomized algorithm that with high probability recovers each S,, r =1,...,rg with

T0 2
i d d
Q( E {c§22|5i’210g2d + 2| S2| log <|82|) log d+ ¢1|S1|log (51|)> (1.2)
; N —
=3 Identifying S; ~~ ~~
Identifying So Identifying S

noiseless queries of f within [—1,1]¢. The same bound holds when the queries are corrupted with
arbitrary bounded noise provided the noise magnitude is sufficiently small (see Theorem 8 and
Remark 9). Here, the ¢;’s depend on the smoothness parameters of the ¢;’s and scale as v/i with
i. In the setting of i.i.d. Gaussian noise, which we handle by resampling each query sufficiently
many times, and averaging, we obtain a similar sample complexity as (1.2) with additional factors
depending on the variance of the noise (see Theorem 9).

We improve on the recent work of Tyagi et al. [42, 43], wherein SPAMs with ro = 2 were
considered, by being able to handle general rq > 1. Moreover, we only require f to be Holder
smooth while the algorithms in [42, 43] necessarily require f to be continuously differentiable.
Finally, our bounds improve upon those in [42, 43] when the noise is i.i.d. Gaussian. In this
scenario, our bounds are linear in the sparsity |Sa| + |S1| while those in [42, 43] are polynomial in
the sparsity.

The sampling scheme that we employ to achieve these bounds is novel, and is specifically
tailored to the additive nature of f. We believe this scheme to be of independent interest for other
problems involving additive models, such as in optimization of high dimensional functions with
partially separable structure.

Main idea. We identify each set S; in a sequential “top down” manner by first identifying S,,.
Once we find S,,, the same procedure is repeated on the remaining set of variables (excluding
those found in S,,) to identify S,,_1, and consequently, each remaining S;. We essentially perform
the following steps for recovering S,,. Consider some given partition of [d] into ry disjoint subsets
A= (AL ..., A,), a Rademacher vector 8 € {—1,1}% and some given x € [—1,1]%. We generate
270 query points (x;)2, where each x; is constructed using 3,x and A. Then, for some fixed
sequence of signs s1,S82,...,500 € {—1,1} (depending only on ry), we show for the anchored-
ANOVA representation of f (see Section 2 and Lemma 4) that

270
> sif(xi) = > Bit - Birg Bt reng) Tirs - - s Ty )- (1.3)
=1 (jlvnyj'ro)e-AmS'ro

Observe, that (1.3) corresponds to a multilinear measurement of a sparse vector with entries
DG ijrg) @jis - -+, Tj,, ), indexed by the tuple (ji1,...,jr,). Indeed, this vector is |Sy,| sparse. This
suggests that by repeating the above process at sufficiently many random 3’s, we can recover an
estimate of this |S,,| vector by using known results from CS. Thereafter, we repeat the above pro-
cess for each A corresponding to a family of perfect hash functions (see Definition 1). The size
of this set is importantly at most exponential in g, and only logarithmic in d. The x’s are then
chosen to be points on a uniform ry dimensional grid constructed using A. This essentially enables
us to guarantee that we are able to sample each ¢;, sufficiently fine within its domain, and
thus identify (j1,...,Jr,) by thresholding.

7"'7j7”0)

Organization of paper. The rest of the paper is organized as follows. In Section 2, we set up the
notation and also define the problem formally. In Section 3, we begin with the case rg = 1 as warm



up, and describe the sampling scheme, along with the algorithm for this setting. Section 4 considers
the bivariate case rg = 2, while Section 5 consists of the most general setting wherein rg > 2 is
possible. Section 6 contains (mostly) known results from compressed sensing for estimating sparse
multilinear functions from random samples. Section 7 then puts together the content from the
earlier sections, wherein we derive our final theorems. Section 8 consists of a comparison of our
results with closely related work, along with some directions for future work.

2 Notation and problem setup

Notation. Scalars will be usually denoted by plain letters (e.g. d), vectors by lowercase boldface
letters (e.g., x), matrices by uppercase boldface letters (e.g., A) and sets by uppercase calligraphic
letters (e.g., S), with the exception of [n], which denotes the index set {1,...,n} for any natural
number n € N. For a (column) vector x = (x1...24)" and an ordered r-tuple j = (j1,j2,...,jr) €
([f]) with 1 < ji < jo < -+ < jr < d, we denote xj = (zj, ...2;,)7 € R" to be the restriction of
x on j. For any finite set A, |A| denotes the cardinality of .A. Moreover, if A C [d], then II 4(x)
denotes the projection of x on A where

T;; 1€ .A, .
iy ={ G5 5y icld 2.)
d - d 1/p . .
The ¢, norm of a vector x € R is defined as ||x||, := (Zi:l |:1ci|p> . A random variable 3 is

called Rademacher variable if 5 = 41 with probability 1/2 and 5 = —1 with probability 1/2. A
vector B € {—1,+1}? of independent Rademacher variables is called Rademacher vector. Simi-
larly, a matrix B € {—1,+1}"*¢ is called Rademacher matrix, if all its entries are independent
Rademacher variables. For non-negative functions f, g we write f(x) = ©(g(z)) if there exist con-
stants c1,co,x9 > 0 such that c1g(z) < f(z) < cog(x) for all x > xy. Similarly, if there exist
constants ¢, xg > 0 such that

o f(z) <cg(x) for all x > xg, then we write f(x) = O(g(z));

o f(x) > cg(x) for all x > xg, then we write f(x) = Q(g(z)).

Sparse Additive Models. For an unknown f : R? — R, our aim will be to approximate f
uniformly from point queries within a compact domain G C R?. From now on, we will assume G =
[—1,1]%. The sets S, C ([‘f]);r =1,...,79, will represent the interactions amongst the coordinates,
with S, consisting of r-wise interactions. Our interest will be in the setting where each S, is sparse,
ie., |S;| < d". Given this setting, we assume to have the following structure

F="0+> b+ 4+ > o (2.2)

JEST JES2 J€SH,

It is important to note here that the components in &, will be assumed to be truly r-variate,
in the sense that they cannot be written as the sum of lower dimensional functions. For example,
we assume that the components in S cannot be expressed as the sum of univariate functions.

Model Uniqueness and ANOVA-decompositions. We note now that the representation of f
in (2.2) is not necessarily unique and some additional assumptions are needed to ensure uniqueness.
For instance, one could add constants to each ¢ that sum up to zero, thereby giving the same f.



Moreover, if Sa contains overlapping pairs of variables, then for each such variable — call it p —
one could add/subtract functions of the variable x, to each corresponding ¢; such that f remains
unaltered. To obtain unique representation of f, we will work with the so-called Anchored ANOVA-
decomposition of f. We recall its notation and results in the form needed later and refer to [22] for
more details.

The usual notation of an ANOVA-decomposition works with functions indexed by subsets of
[d], instead of tuples from [d]. As there is an obvious one-to-one correspondence between ordered
r-tuples and subsets of [d] with r elements, we prefer to give the ANOVA-decomposition in its usual
form.

Let pj,j =1,...,d be measures defined on all Borel subsets of [—1,1] and let U C [d]. We let
duu(xv) = [ e dpj () be the product measure. We define

Py f(xy) = / JFx)dpap v (Xapv)-

[—1,1]¢=1U]

The ANOVA-decomposition of f is then given as

d d-1 d
F) = fo+ D filw) + > Y fig@inz) +-+ fioa(zy,.zd) = D fulxw),
=1

i=1 j=i+1 UCld]

where

folxv) =Y (=) VIRy f(xy). (2.3)

VU

In the case of du;(x;) = §(xj)dr;, where § is the Dirac distribution, we obtain the Anchored-
ANOVA decomposition

f&) =Y fulxo),
UC(d

where fj = f(0) and fy(xy) =0 if 2; =0 for some j € U.

The standard theory of ANOVA decompositions is usually based on Hilbert space theory. As
we prefer to work with continuous functions, we give the following representation theorem. The
proof can be found in the Appendix.

Proposition 1. Let f € C([—1,1]%). Then the collection of (fu)uciq defined in (2.3) is the unique
system such that the following holds.

a) fU € C([_lvl]‘Ul);

b) f can be represented as

f(X) = Z fU(xU)v X € [_1’ 1]d7 (2'4)

UC[d]
where xy € [—1,1)IV1 is the restriction of x onto indices included in U;
c) fulxy) =0ifxz; =0 for some j € U.

The Anchored ANOVA-decomposition (2.4) can be used to ensure uniqueness of representation
of f of the form (2.2). For the clarity of presentation, we will later distinguish between three
settings. The first one is univariate with ro = 1, the second one with ryp = 2 allows also for
bivariate interactions between the variables. Finally, in the multivariate case rqg > 2, arbitrary
higher-order interactions can occur. We will present a detailed proposition about the corresponding
ANOVA-decomposition in each of the sections separately.



Assumptions. We will specify the assumptions in each of the settings discussed later in more
detail. But, in general, we will work with two groups of conditions.

1. Smoothness. We will assume throughout the paper that the components of the ANOVA-
decomposition are Holder smooth with exponent « € (0, 1] and constant L > 0, i.e.,

9(x) = ¢(y)| < Llx - ylls

for all admissible x,y.

2. Identifiability. Furthermore, our aim is the identification of the possible interactions between
the variables. We are therefore not only interested in the approximation of f but also on
the identification of the sets S1,S8s,...,Sy,. Naturally, this is only possible if the non-zero
functions in the Anchored-ANOVA decomposition are significantly large at some point. We
will therefore assume that

[l = sup l6(30)] > D

for some D > 0.

Problem parameters and goal. Based on the above setup, we will consider our problem specific
parameters to be

(a) smoothness parameters: L > 0, a € (0, 1],
(b) identifiability parameters: D,
(c) intrinsic/extrinsic dimensions: d, o, |Si|,.. ., |Sr|-

These parameters will be assumed to be known by the algorithm. The goal of the algorithm will
then be to query f within [—1,1]%, and to identify the sets Sy, ..., Sy, exactly. Using standard
methods of approximation theory and sampling along canonical subspaces, one may recover also
the components in (2.2). We give some more details on this issue in Section 8.

3 The univariate case

As a warm up, we begin with the relatively simple setting where rg = 1, meaning that f is a sum
of only univariate components. It means that f admits the representation

f=p+ Z Pp(2p).- (3.1)

PEST

To ensure the uniqueness of this decomposition, we set = f(0) and assume that ¢,(0) = 0 for all
pE Sy

Assumptions. We will make the following assumptions on the model (3.1).

1. Smoothness. The terms in (3.1) are Holder continuous with parameters L > 0, « € (0, 1], i.e.,

|op(z) — dp(y)| < Llz —y|* forall peS; andall z,ye[-1,1].
2. Identifiability. For every p € S1 there is an x € [—1,1], such that |¢,(z})| > Ds.

7



Sampling scheme. Our sampling scheme is motivated by the following simple observation. For
any fixed x € [~1,1]%, and some 8 € {—1, +1}d, consider the points xT,x~ € [~1,1]? defined as

g Li 67’:—1_1’ - _ 07 Bl:+17 .
:vi—{ 0; Bi=-1 and x"_{xi; B =1, i €[d]. (3.2)

Upon querying f at XxT,x, we obtain the noisy samples
fx) =N +nt fx) =fx)+n,

where 7,7~ € R denotes the noise. One can then easily verify that the following identity holds
on account of the structure of f

FN) = fx7) =D Bidilw)+n" —n~ = (B,2"(x) +n" —n". (33)
——

1€87 Zr (xz)

Note that z*(x) = (2] (21) . .. 25(zq))” is |S1| sparse, and f(xT)—f(x7) corresponds to a noisy linear
measurement of z*(x), with 3. From standard compressive sensing results, we know that a sparse
vector can be recovered stably, from only a few noisy linear measurements with random vectors,
drawn from a suitable distribution. In particular, it is well established that random Rademacher
measurements satisfy this criteria. We discuss this separately later on, for now it suffices to assume
that we have at hand an appropriate sparse recovery algorithm: SPARSE-REC.

We thus generate independent Rademacher vectors B1,82,...,8, € {—1,+1}¢. For each 3,
we create x; ,x; as described in (3.2) (for some fixed x), and obtain f(x:r),f(x;) Then, (3.3)
gives us the linear system

Fxf) = f(xp) Bt n =y
-7+ . (3.4)
fx) - fos)  \BE -
~ S—— N————
y B n

SPARSE-REC will take as input y, B, and will output an estimate z*(x) to z*(x). As will be shown
formally in Section 6, one can choose SPARSE-REC as a ¢; minimization (convex) program for which
it is well known from the compressive sensing literature that if n is sufficiently large, then we will
have for some € > 0 depending on ||7]|se that ||z*(x) — 2*(x)||oe < € holds. In such a case, we will
refer to SPARSE-REC as being “e-accurate” at x. Also, we remark that the choice for SPARSE-REC
that we consider in Section 6 will need an upper bound estimate of the noise level i (in a suitable
norm).

Given the above, we now describe how to choose x € [—1, 1]d. To this end, we adopt the
approach of [41], where the following grid on the diagonal of [—1,1]¢ was considered
T d m—1 m—1
X=49x=(zz - - x) €R :we{—l,— e ,1} . (3.5)
m m

Our aim will be to obtain the estimate z/:"(x) at each x € x. Note that this gives us estimates to
¢p(xp) for p=1,...,d, with z, lying on a uniform one dimensional grid in [—1,1]. Thus we can
see, at least intuitively, that provided e is small enough, and the grid is fine enough (so that we are
close to ¢y(z},) for each p € S1), we will be able to detect each p € S; by thresholding.



Algorithm 1 Algorithm for estimating Sy

1: Input: d, |S1], m, n, e.

2: Initialization: S; = 0.

3: Output: S;.

4:

5: Construct x as defined in (3.5) with |x| = 2m + 1.

6: Generate Rademacher vectors 81, 82,..., 8, € {1, +1}4.
7. Form B € R™*? as in (3.4).

8: for x € x do

9: Generate x;,x; € [—1, 1]¢, as in (3.2), using x, B; for each i € [n)].
10: Using the samples (f(x;"), f(x; )7, form y as in (3.4).
11:  Obtain z*(x) = SPARSE-REC(y, B).

12: Update 81 = S U {p € [d] : |(z*(x)),| > ¢}

13: end for

Algorithm outline and guarantees The discussion above is outlined formally in the form of
Algorithm 1. Lemma 1 below provides formal guarantees for exact recovery of support Si.

Lemma 1. Let SPARSE-REC be e-accurate for each x € x with € < D1/3, which uses n linear mea-
surements. Then for m > (3L/D1)l/a, Algorithm 1 recovers S1 exactly, i.e., S = S1. Moreover,
the total number of queries of f is 2(2m + 1)n.

Proof. Recall that we denote z*(x) = (¢1(z1) ... ¢q(xq))T, and 2} (i) = ¢i(x;). For any given
p € S1, we know that there exists z;; € [~1,1] such that |¢,(z;)] > Di. Also, on account of the
construction of x, there exists x = (z...z)" € x such that |z — 2| < 1/m. Then starting with the
fact that SPARSE-REC is € accurate at x, we obtain

|25 (@)] 2 |p(@)] — € > [8p(x))] — dp(ay) — dp(@)| — €

We used the reverse triangle inequality and the identifiability and smoothness assumptions on ¢,.
On the other hand, since SPARSE-REC is € accurate at each point in Y, therefore for every q ¢ S;
and (c ¢ ...c) € x, we know that [27(c)| < e. It then follows readily for the stated choice of m, €

that ) contains each variable in Sy, and none from St O

4 The bivariate case

Next, we consider the scenario where rg = 2, i.e., f can be written as a sum of univariate and

bivariate functions. We denote by S3*'= Sél) the set of variables which are part of a 2-tuple in Ss.

Inserting this restriction into Proposition 1, we derive the following uniqueness result (its proof is
postponed to the Appendix).

Proposition 2. Let f € C([~1,1]9) be of the form

f=n+ Z dp(Tp) + Z ¢5(x;) + Z du(@1), (4.1)

PEST jES? ZGSﬁ'ar

where 8y NSy = (). Moreover, let



a) p= f(0),
b) ¢;(0) =0 for all j € S; U S,
c) ¢5(x5) =0 if j = (j1,J2) € S2 and xj, =0 or z;, = 0.

Then the representation (4.1) of f is unique in the sense that each component in (4.1) is uniquely
identifiable.

Remark 1. In (4.1), we could have “collapsed” the terms corresponding to variables in Zlesgar oi(xr)
— for 1 occurring exactly once in So — uniquely into the corresponding component ¢5(x;). A similar
approach was adopted in [43], and the resulting model was shown to be uniquely identifiable. Yet
here, we choose to represent f in the form (4.1) for convenience, and clarity of notation. This also
leads to a less cumbersome expression, when we work with general interaction terms later.

Assumptions. We now make the following assumptions on the model (4.1).

1. Smoothness. We assume each term in (4.1) to be Holder continuous with parameters L >
0,a € (0,1], i.e.,

|pp(x) — dp(y)| < Lz —y|* for all p e S US;™ and for all z,y € [-1,1],
¢5(x) — ¢5(y)| < L|x —y||§ forallj €Sy and for all x,y € [-1,1]%

2. Identifiability of S1,S2. We assume that for each p € &1, there exists x), € [—1,1] so that
|¢p(z;,)| > D1 for some constant Dq > 0. Furthermore, we assume that for each j € Sy there
exists xj € [—1, 1] such that |¢; (x7)| > D>.

Remark 2. We consider the same o, L for all components in S1,Sa for the ease of exposition only.
One can also consider the parameters «;, L; for the components in S;. This also applies to the
general multivariate setting in Section 5.

Before describing our sampling scheme, we need some additional notation. For any 5 € {—1,1},
we denote 3 = (—3). Moreover, 15 denotes the indicator variable of 3, i.e., 15 = 1if 8 = 1, and
1g = 0if B = —1. Overall, our scheme proceeds in two stages. We first identify S, and only then
identify S;.

Sampling lemma for identifying S;. We begin by providing the motivation behind our sam-
pling scheme for identifying Sa. Consider some fixed mapping h : [d] — {1,2} that partitions [d]
into Ay = {i € [d] : h(i) =1} and Ay = {i € [d] : h(i) = 2}. Then for a given Rademacher vector
Be{-1, 1}d and x = (21...24)7 € [~1,1]% consider the points x1,X2,X3,%4 € [~1,1]? defined as

{ ]lgixi; i€ Ay, { ﬂg,SEi; i€ Ay,
1, = T2, = ’

1g,x; ; i€ Asg, g2 ; i€ Asg,

o ? GETE e ) (4.2)
g — 1,81-331' ;1€ Ay, Ty — ﬂﬁil‘i ;1€ Ay,
34 = ]lBil'i ;1€ Ao, 4t = Hﬁixi ;1€ Ao,

The following lemma is the key motivation behind our sampling scheme.
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Lemma 2. Denote A = {j € ([g]) tje{A1 x A2} U {A2 x Al}}. Then for functions f of the
form (4.1), we have that

f(x1) = f(x2) — f(x3) + f(x4) = > Bi1 Bja 95(x5) + > B Bir d5(x;) (4.3)
jES2:j1€A1,52€ A2 jES2:j1€A2,52€ A1
= > BiBndi(x)).
jG.AﬂSQ

Proof. For any j € Sa, let us first consider the case where ji, j2 lie in different sets. For example,
let j1 € Ay and jo € Ay. Then the contribution of ¢; to the left-hand side of (4.3) turns out to be
for all possible values of 3;,, 8, € {—1,+1} equal to

¢j(x15) — dj(x25) — dj(x35) + Pj(xaj)

= ¢j(ﬂﬁj1 L1 ]lﬁjg x]’z) - ¢j(ﬂﬁjlxj1a ﬂﬁjz sz) - ¢j(]1,3j1 Lj1> HBJQ :Ejz) + Qsj(]léjl L1 ]lBjZ sz)

= leﬂjz (¢j($j17$j2) - ¢j(xj1v0) - ¢j(0a ij) + ¢j(0’ 0)) = /8j1ﬁj2¢j (Xj)'
In case j; € Az and jz € Aj, then the contribution of ¢; turns out to be the same as above. Since
f is additive over j € Sa, thus the total contribution of S is given by the right-hand side of (4.3).

Now, for all j € &2 with j1, j2 lying in the same set, the contribution of ¢; turns out to be zero.
Indeed, if j1,j2 € A1, the contribution of ¢; is

¢j(x15) — dj(x25) — dj(x3) + Pj(xaj)

= 05(Lg;, wjr, Ly, ) — 05(Lg, @y, U, wj,) — d5(g; @)y, Uy w5,) + d5(g, w4y, 15, 2j,) = 0.
The same is easily verified if j1,j2 € Ag. Lastly, let us verify that the contribution of ¢, for each
p € 81 USS? is zero. Indeed, when p € A;, we get

¢p(5'31,p) - ¢p($2,p) - d)p(x&p) + ¢p($4,p) = ¢p(]lﬁpxp) - ¢p(]l[§pxp) - ¢p(]l[3pxp) + ¢p(]l[§pxp) =0
and the same is true also for p € Ay. This completes the proof. O

Denoting z;(xj) = ¢j(x;) if j € S and 0 otherwise, let z*(x) € R(%) be the corresponding (|Sa|
d
sparse) vector. For A C ([g]) we denote z*(x;.A4) € R(2) to be the projection of z*(x) onto A.
Clearly z*(x;.A) is at most |Sa| sparse too — it is in fact |S2 N A| sparse. For a Rademacher vector
(d]
B e {—1,+1}d, let B e {—1,+1}(2), where BJ.(Q) = 3,05, for each j = (ji1,j2). Hence we see

that (4.3) corresponds to a linear measurement of z*(x;.A) with the Rademacher vector 3(2).

Sampling scheme for identifying S;. We first generate independent Rademacher vectors
B1,B2,...,0n € {—1,1}%. Then for some fixed x € [-1,1]? and a mapping h : [d] — {1,2} —
the choice of both to be made clear later — we obtain the samples f(x;,) = f(Xip) + Nip, i € [n]
and p € {1,2,3,4}. Here, x;1,X;2,X;3,X;4 are generated using x, B;, h as outlined in (4.2). As a
direct implication of Lemma 2, we obtain the linear system

~ ~ ~ ~ T
f(x11) — f(x12) — f(x13) + f(x1,4) @ Mi1—"2— M3+ M
. = z"(x;A) +
f(Xn,l) - f(Xn,z) - f(xn,3) + f(XnA) 7(12)T Ml — Mn,2 — Mn,3 + Mnd
yeRrn E/—d/ nern
Ber™*(2)

(4.4)
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By feeding y, B as input to SPARSE-REC, we then obtain the estimate z* (x; A) to z*(x;.A). Assuming
SPARSE-REC to be e-accurate at x, we will have that [|z*(x;A) — z*(x; A)[so < € holds. Let us
mention that A from Lemma 2 is completely determined by h but we avoid denoting this explicitly
for clarity of notation.

At this point, it is natural to ask, how one should choose x and the mapping h. To this end, we
borrow the approach of [15], which involves choosing h from a family of hash functions, and creating
for each h in the family a uniform grid. To begin with, we introduce the following definition of a
family of hash functions.

Definition 1. For somet € N and j = 1,2,..., let h; : [d] — {1,2,...,t}. We call the family
of hash functions H{ = (h1,ha,...) a (d,t)- hash famzly szor any dzstmct i1,12, ..., € [d], there
exists h € ’Hd such that h is an injection when restricted to iy,1s,. .., .

Hash functions are commonly used in theoretical computer science and are widely used in finding
juntas [29]. One can construct H{ of size O(te! log d) using a standard probabilistic argument. The
reader is for instance referred to Section 5 in [15], where for any constant C; > 1 the probabilistic
construction yields H¢ of size |H{| < (Cy + 1)te! logd with probability at least 1 — d~¢1*, in time
linear in the output size.

Focusing on the setting ¢ = 2 now, say we have at hand a family Hg of size O(logd). Then
for any (i,7) € ([g]), there exists h € HY so that h(i) # h(j). For each h € HY, let us define
ei(h),ez(h) € RY, where

(ei(h))q := { 0 ; otherwise

Then we create a two dimensional grid with respect to h

for i =1,2 and ¢ € [d].

(h) ;:{x € [LU ix = crer () +esea(hener € {1, -1 T 1,1}}. (4.5)
m m

Equipped with y(h) for each h € ”Hg, we now possess the following approximation property. For any

je ([g]) and any (z7,,27,) € [-1, 1]2, there exists h € H4 with h(j1) # h(j2) and a corresponding
x € x(h) so that |z} — x|, |2}, — 25| < 1/m.

Informally speaking, our idea is the following. Assume that SPARSE-REC is e-accurate for each

h e 7—[2, x € x(h). Also, say m, € are sufficiently large and small respectively. Hence, if we estimate

z*(x; A) at each h € HY and x € x(h), then for every j € Sz, we are guaranteed to have a point

x at which the estimate |zAJ*(XJ)| is sufficiently large. Moreover, for every j € Sz, we would always

(i.e., for each h € H$ and x € x(h)) have |ZAJ*(XJ)| sufficiently small; more precisely, |ZAJ*(XJ)| <e

since ¢; = 0. Consequently, we will be able to identify S» by thresholding, via a suitable threshold.

Sampling scheme for identifying S;. Assuming Sy is identified, the model (4.1) reduces to the
univariate case on the reduced set P := [d] \Svar with §; C P. We can therefore apply Algorithm
1 on P by setting the coordinates in P¢ = Svar to zero. Indeed, we first construct for some m € N
the following set

X:{(cc C)TGRP:CE{—1,—m_1,...,mn;1,1}}C[—l,l]P. (4.6)

m

Then, for any given 8 € {—1, 1}7), and x € y, we construct x, x~ € R? using 3,x as follows

+_{xi; Bi=+1and i€ P, x__{mi; Bi=—1landieP,
;=

0 ; otherwise, 0 ; otherwise,

ield.  (47)

7
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Note that z;",z; = 0 for i ¢ P. Then, similarly to (3.3), we have that

FM) = fx) =D Bidilaws) +nt —n = (B,zp(x)) + 0" — 07, (4.8)
~——

icP 2 (1)

where z%(x) € R” is the restriction of z*(x) onto P, and is |Si| sparse. Thereafter, we proceed as
in Algorithm 1 by forming a linear system as in (3.4) (where now B € R"*Pl) at each x € y, and
employing an e-accurate SPARSE-REC to estimate z}(x).

Algorithm outline and guarantees. Our scheme for identifying Ss is outlined formally as the
first part of Algorithm 2. The second part involves the estimation of §;. Lemma 3 provides exact

Algorithm 2 Algorithm for estimating Sa, St

1: Input: d, |Sz2|, ma, no, €. // ESTIMATION OF S,
2: Initialization: Sy = 0.

3: Output: :S';

4:

5: Generate independent Rademacher vectors 81,82, ..., Bn, € {—1,+1}%

6: Form B € R"™*(%) as in (4.4).

7. Construct a (d,2) hash family: Hg.

8: for h € HY do

9: Construct x(h) as defined in (4.5) with |x(h)| = (2mg + 1)2.

10: for x € x(h) do

11: Generate x; 1,X;2,X;3,X;4 € [—1, 1]9, as in (4.2), using x, B; for each i € [ns].
12: Using the samples (f(xi,l), f(xi’g), fN(Xijg), f(XiA))?:Zl, form y asin (4.4).

13: Obtain z*(x;.A) = SPARSE-REC,(y, B).

14: Updategzggu{jefl:|z}(xj)|>eg}.

15: end for

16: end for

17:

18: Input: d, |51, S/QVET, my, ni, €1. // ESTIMATION OF S;
19: Initialization: S; = ), P = [d] \ Sy
20: Output: 3\1
21: Construct y C [—1,1]7 with |x| = 2m; + 1, as in (4.6).
22: Generate independent Rademacher vectors 31, 3s,..., 8y, € {—1, —i—l}P.
23: Form B € R P as in (3.4).
24: for x € x do
25: Generate x;7,x; € [—1,1]¢, as in (4.7), using x, 3; for each i € [ny].
26: Using the samples (f(x;"), f(x; )™, form y as in (3.4).
27:  Obtain z*(x) = SPARSE-REC; (y, B) where z*(x) € R”.
28 Update Sy = S U {p eP:|(Z (%))l > q}.
29: end for

recovery guarantees for S and S by Algorithm 2.

Lemma 3. Let HY be a (d,2) hash family, and let SPARSE-REC, be ey-accurate for each h € H,
x € x(h) with ea < D2/3, which uses ng linear measurements. If mg > \/ﬁ(%—g)l/a, then Algorithm
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2 recovers Sy exactly, i.e., 3; = Sy. Moreover, assuming 3; = Sy holds, and SPARSE-REC, is
€1-accurate (using ni measurements), then if my,ni, €1 satisfy the conditions of Lemma 1, we have
S1 = 81. Lastly, the total number of queries of f made is 4(2ma + 1)*na|H3| + 2(2my + 1)n;.

Proof. For any given j € Sy there exists x}‘ € [~1,1]? with |®5 (x;)| > Dy. Moreover, since H is a
(d,2) hash family, there exists h € Hg that is an injection on j. Consequently, there exists x € x(h)
< V2
<

such that [x; — x|l . This in turn implies by Holder continuity of ¢; that

2a/2

|5(x5) — ¢5(x5)[ < L (4.9)

—.
my

Since SPARSE-RECs is ep-accurate for each h € Hg, x € x(h), we know that at the aforementioned
x, the following holds via reverse triangle inequality

~

|25 (xj)] = [85(x5)] — €2 (4.10)

Using (4.9), (4.10) and the reverse triangle inequality, we get by the choice of €3 and mg

~ . 2a/2 2a/2 2D2 204/2 l)2
|Zj(Xj)| > ’¢j(xj)‘ _Lmig‘_q ZDZ—Lmi%—Q > T_Lm% > ER

Also, for any j ¢ Sa, we have for all h € Hg, x € x(h) that ]zj‘(xj)] < €3 < Dy/3 (since ¢5 = 0).

Hence, the stated choice of €5 guarantees identification of each j € Sy, and none from ([g]) \ Sa.
The proof for recovery of S; is identical to Lemma 1, and hence omitted. O

Remark 3. On a top level, Algorithm 2 is similar to [43, Algorithms 3,4] in the sense that they
all involve solving ¢1 minimization problems at base points lying in x(h) defined in (4.5) (for
identification of Sa), and x defined in (4.6) (for identification of S1). The difference however lies
in the nature of the sampling schemes. The scheme in [43, Algorithms 3,4] relies on estimating
sparse Hessians, gradients of f wvia their linear measurements, through random samples in the
neighborhood of the base point. In contrast, the sampling scheme in Algorithm 2 is not local; for
instance during the identification of Sz, at each base point x € x(h), the points X; 1,X;2,X; 3, X4 for
any given i € [ng] can be arbitrarily far from each other. The same is true during the identification

of 8.

5 The multivariate case

Finally, we treat also the general case where f consists of at most rg-variate components, where
ro > 2 is possible. To begin with, let S1,Sa,..., Sy, be such that S, C ([d}) for r € [ro]. Here S,

T
represents the r wise interaction terms. We now need some additional notation.

1. For » > 1, let Sﬁl) denote the set of variables occurring in S,, with S{l) = &;. Hence,

Sﬁl) = S§5* in the bivariate case r = 2.

; (1)
2. For each 1 < i < r < rg, denote S,EZ) = (52 ) to be the sets of it" order tuples induced by S,.

The multivariate analogue of Proposition 2 is provided by the following result.
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Proposition 3. Let 1 <79 < d and let f € C([~1,1]%) be of the form

f(x)=p+ > ¢j(zj) + > o5(z;)

jeure, stus; jelUre, s2us,
+ot Z j(5) + Z ¢j(;), (5.1)
jes{oTMus, -1 €S

where all the functions ¢; are not identically zero. Moreover, let
(a) p=f(0).

(b) For each 1 <1<ry—1, ¢j(z;) =04fj= (j1,....5) € U2 l+18(l US;, and zj, =0 for some
ie[l].

(c) ¢;(0) =0 ifj= (j1,---,Jry) € Sry, and z;, =0 for some i € [rg].

Then the representation (5.1) of f is unique in the sense that each component in (5.1) is uniquely

identifiable.
The proof of this result is similar to the proof of Proposition 2, and we leave it to the reader.

Remark 4. Let us note that for the special cases ro € {1,2}, the statement of Proposition 3 reduces
to that of Proposition 2 for univariate/bivariate SPAMs.

We now generalize the sampling scheme given before for bivariate components to the setting
of multivariate components. For this sake, we denote by digit(a,b) € {0,1} the b digit of the
dyadic decomposition of a for a,b € Ny. and put digit(a) to be the sum of digits of a € Ny, i.e.

oo
a= Zdigit(a,i) -2t digit(a Zdlglt a, i)

Let us fix some mapping h : [d] — [rg] that partitions [d] into A; = {i € [d] : h(i) =1}, A =
{icld:h(i)=2},..., Ay, = {i €[d]: h(i) = r9}. Let us fix a Rademacher vector 8 € {—1,1}%
and x = (21...24)7 € [-1,1]%. For z € [2™] and i € [d], we define

{xi if g; = ( )dlglt(z 1,h(3)— 1)

(5.2)
0 otherwise.

(Xz)z' =Tz5 =

Remark 5. It ro = 1, it is easily verified, that the points (x,)?_, in (5.2) coincide with the points
xT,x™ defined in (3. 2) for univariate SPAMs. Similarly, for ro = 2, the points (x,)i_; from (5.2)
agree with those defined in (4.2) for bivariate SPAMs. In the same way, the following lemma is
a generalization of (3.3) and Lemma 2 for (5.1). Indeed, if ro = 1, there is only one mapping

h:[d] — {1}, and so A = [d].

Lemma 4. Denote A = {j € (L‘f)]) : h is injective on {j1,... ,jm}}. Then for functions f of the
form (5.1), we have that

270
SDEEEI ) = > By B, Gi(x5) (5.3)
z=1 jeANSy,
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Proof. We plug (5.1) into the left-hand side of (5.3) and obtain

270
Z(_l)digit(zfl)f(xz)
z=1
270
=) (—1)erh [Wr DT E o N (D ER RS ¢j((xz)j)}
z=1 jelre, sus, jeUr, sPus; JESK
270 270 270
— ,UJZ(—l)dlglt(z_l) + Z Z(_l)dlglt(z—1)¢ :Z:Z,j 4 Z Z dlglt(z_1)¢j((xz)j)
=t e, sthus, #=1 j€Srg 2=1
=lh+nL+ - +1I,.
We show first that Ip =1 = -+ = I,,—1 = 0. Indeed,
270 2T0— 1

Io = NZ d:Lglt z—1) _ =u Z ( dlglt (22—2) + (_1)digit(2271)>

and the last expression vanishes as digit(2z — 1) = digit(2z — 2) + 1 for every z € [27071].

IfjelJo ' Sy, we define the set U; ={z € [27]: B; = (—1)%eitE—LA0U)=D1 and write
270
I = Z Z(_l)dlglt(zfl)(bj(aﬁzyj) _ Z ¢j(xj) Z (_1)dlg1t(z71)
. T (1) z=1 1 T (1) z "
]eUrO:Z S’rl US1 JEUT(LQ Srl US1 ﬂj:(_l)diii[g(zo—}l,h(j)—l)
_ Z (Jsj(xj) Z (_1)digit(z—1)‘
jelre, sus, €Uj

The definition of U; fixes one digit of z — 1 (namely the one at position h(j) — 1). The sums over
U; contain 270! number of summands. Looking at their digit on a position different from h(j) —1,
we see that half of the summands is equal to 1 and the other half to —1. Therefore also I; = 0.

Similarly, if j = (j1,72) € U2 @y So, we set

Ui _ {Z € [27"0] /8]1 _( )dlglt(z 1,h(51)-1) and BJ ( 1)digit(z—1,h(jg)—1)}

and obtain

I, = Z 5((x2);) Z(_l)digit(z—l)'

jGU:():g 552)U52 =€l

If now h(j1) = h(j2) and B, # Bj,, then Uj is empty and the sum over Uj is zero. If h(j1) = h(j2)
and Bj, = Bj,, then U; = {z € [ro] : Bj, = (—1)3&E"LRGI-DY — 1. contains 207! elements
and the sum over Uj is again zero by the same argument as above. Finally, if h(j1) # h(j2), the
definition of Uj fixes two digits of 2 — 1. Therefore, U has 272 elements. Then we consider an
index | € {0,1,...,7r9 — 1} different from h(j1) and h(j2), and observe that z € U; can have dyadic
digit on [ equal to zero or one. Hence the sum over Uj is again equal to zero and Iy = 0. The
same argument can be applied as long as {h(j1),...,h(j,)} is a proper subset of [rg] leading to
Iy=IL=---= 7"071:0.
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Finally, if j = (j1, ..., jr,) € Sry, We define

U; = {z € [27) : B;, = (—1)4ettE—LRGI=D) for all 4 € [ro]} :

If h is an injection on {ji,...,jr}, we get that {h(j1),...,h(jr)} = [ro] and U; = {23} is
singleton with
. 0 . Y . Y
Z (_1)digit(z—1) _ (_1)digit(zJ—1) _ H(_l)digit(zJ—l,i—l) _ H(_l)digit(zJ—l,h(ji)—l) _ Hﬁjz
z2€U; i=1 i=1 i=1
If, on the other hand, h is no injection on {ji,...,jr}, Uj has even number of elements and using

the same argument as above we obtain

Z (_1)digit(z—1) =0.

ZGUj
We conclude that
270
Z(_l)digit(zfl)f(xz) =Ih+0L+ +1,= Z ¢J XJ Z )dlglt(z 1)
=1 €S, 2€U;
Y BireBiny $i)- 0
JEANS,,

[d]
We denote again z{(x;j) = ¢;(x;) if j € Sy, and 0 otherwise. Similarly, z*(x) € R(o) stands

(d]
for the corresponding |S;,|-sparse vector and z*(x;.A) € ]R(TO) for the projection of z*(x) onto .A.
Again, z*(x;.A) is |S,, N Al-sparse. Finally, for a Rademacher vector 3 € {—1,+1}d, let 3(ro)
[d]
{-1, —1—1}(T0) where 6j(r°) = Bj1Bjs - - - Bj,, for each j = (j1,42,...,Jjr,). Hence, (5.3) corresponds to
a linear measurement of z*(x;.A) with B().

Assumptions. We will make the following assumptions on the model (5.1).

1. Smoothness. Each term in (5.1) is Holder continuous with parameters L > 0, € (0, 1], i.e.,
for each i € [ro],

) ' ‘
|65(x) — 0i(y)| < L||x —yl|§ foralljeSuU U Sl(z) and for all x,y € [-1,1]". (5.4)
l=i+1

2. Identifiability of S, i € [ro]. We assume that for each i € [rg] there exists a constant D; > 0,
such that for every j € S; there exists x] € [-1 ,1])* with 95(x})| > D;.

3. Disjointness. We assume that 8(1) (1) = () for all p # q € [rg]. If ro = 2, we observed
) _

earlier in Section 4 that the assumption 51 NS, (1 = () can be made without loss of generality.
However, for rg > 2, this is an additional assumption. It will allow to structure the recovery
algorithm into recursive steps. For eg., if rg = 3, then the following configuration does not
satisfy the disjointness assumption

81 = {17273}7 82 = {(475)7 (576)’ (677)}7 83 = {(6787 9)} .

In this case, S ={4,5,6,7} and S(1 = {6,8,9} are not disjoint.
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Sampling scheme for identifying S,,. Similarly to the sampling scheme for identifying Sz in
the bivariate case, we generate independent Rademacher vectors 31, B32,...,8, € {—1, 1}d. For
fixed x € [~1,1]% and h : [d] — [ro], we obtain the samples f(x;.) = f(xi.) + i, where i € [n]
and z € [2'°]. Here, x; , are generated using x;, 3;, h as outlined in (5.2).

As a direct implication of Lemma 4, we obtain the linear system

T . . ~ T T . .
Zg:ol(_l)dlglt(271)f(xl,z) IBYO) Zz:()l(_l)dlglt(zfl)nlyz
= z"(x; A) + (5.5)
Zz;()l( 1)d1g1t z—1) f(xn’z) ,By(LTO)T 23;01(_1>digit(271)77n7z
yER? " a neR”
Ber”* ()

By feeding y,B as input to SPARSE-REC, we will obtain the estimate z/;(x; A) to z*(x; A).
Assuming SPARSE-REC to be e-accurate at x, we will have that ||z*(x; A) — z*(x;A)||o0 < € holds.
The choice of x,h is along similar lines as in the previous section. Indeed we first construct

a (d,rg) hash family ’Hd so that for any j = (j1,...,7r,) € ([d]) there exists h € ’Hd which is

injective on [j]. For each h € H% | let us define e;(h),ea(h),..., ey (h) € RY where

T0?

, _ 1 hg) =1, :
(€i(h))g := { 0. otherwise for i € [ro] and ¢ € [d].

We then create the following o dimensional grid with respect to h.

a —1 —1
x(h) = {xe[—1,1]d:x:Zciei(h);cl,CQ,...,cm € {—1,—m ,...,m ,1}}. (5.6)
i=1

m m

Equipped with x(h) for each h € HZ

ro» We now possess the following approximation property. For

any j € ([:é]) and any (xj17xj27""xjro) € [—1,1]", there exists h € Hfo and a corresponding
x € x(h) so that |z}, —zj|, |2}, — @)l .-, |33;T0 — x4, | < 1/m.

Here on, our idea for estimating S, is based on the same principle that we followed in the
preceding section. Assume that SPARSE-REC is € accurate for each h € HTO, x € x(h), and that m,

e are sufficiently large and small respectively. Hence, if we estimate z*(x;.A) at each h € H,ﬁlo and
x € x(h), then for every j € S,, we are guaranteed to have a point x at which the estimate |z}(xj)|
is sufficiently large. Moreover, for every j ¢ S;,, we would always (i.e., for each h € ’Hfo, x € x(h))
have that ]zJ* (x;)| is sufficiently small; more precisely, |ZJ?*(XJ-)| < e since ¢; = 0. Consequently, we
will be able to identify S,, by thresholding, via a suitable threshold.

Samphng scheme for identifying Sm 1. Say we have an estimate for S, lets call it 3:0, and
assume Sm was identified correctly, so STO = Sy,- Then, we now have a SPAM of order ro — 1 on

the reduced set of variables P = [d] \STO . Therefore, in order to estimate S,,_1, we simply repeat

the above procedure on the reduced set P by freezing the variables in S,% ) to 0. More precisely, we
have the following steps.

e We will construct a (P,79 — 1) hash family H”
h:P— [7‘0 — 1]

ro—1, hence each h € HTO 1 is a mapping
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e For each h € HF |, define e1(h),ex(h),...,e,_1(h) € R, where

ro—1°

1; h(q)=iand g€ P,

(ei(h))q == { 0. otherwise, fori € [ro —1] and ¢ € P,

and use (e;(h))[2;" to create a 19 — 1 dimensional grid x(h) C [~1,1]% in the same manner
as in (5.6).

For h € HP _,, a Rademacher vector 8 € {—1,1}” and x € [-1,1]7, we define x, € R? in

ro—1

(5.2) as follows

S if B = (—1 digit(z—1,h(i)~1) and i €
(X2)i = T4 = {a? ;o if B = (—1) and ¢ € P, fori € [d] and ze[27“0—1].

0; otherwise,
(5.7)
Hence denoting A = {J € (roﬁl) : h is injective on {ji,... ,jro,l}}, since g;o = S,,, we ob-
tain as a result of Lemma 4 that

gro—1
Z (—1)88it—D) p(x ) = Z Biy -+ Biyy 1 85(x3). (5.8)
z=1 jE.AﬂSTO_l

|P]
Consequently, in the linear system in (5.5), we have B € Rnx(ro—l) where the i** row of B is
P
Blro=1) ¢ {—1,—1—1}(’“0—1) with ,BJ.(rofl) = BjBjs - - - Bj,, 1 for each j = (j1,j2,...,jro—1). Note
P
that z*(x;.A) € Rl 1) 5 the |Sro—1| sparse vector to be estimated.
Finally, we will estimate z*(x;.4) at each h € 7-[,7,)0_1 and x € x(h). If SPARSE-REC is €

accurate, with e sufficiently small, then by choosing the number of points m to be sufficiently
large, we will be able to identify S,,—; via thresholding.

By repeating the above steps for all ¢ = rg, 79— 1, ..., 1, we arrive at a procedure for estimating
the supports S;,i € [rg]; this is outlined formally in the form of the Algorithm 3 below. Lemma 5

below provides sufficient conditions on the sampling parameters in Algorithm 3 for exact recovery
of all §;’s.

Lemma 5. For each i € [rg] assume that the following hold:

1.

2.

m; > Vi(3E)

SPARSE-REC; is €; accurate with ¢; < D;/3 for all h € ”HZ-D", x € x(h), where P; denotes the
set P at the beginning of iteration i (so Pr, = [d]). The number of measurements used by
SPARSE-REC; is denoted by n;.

3. ’HZDZ is a (P;,i) hash family.
Then 3’2 =S§; foralli=rog,rg —1,...,1 in Algorithm 3. Moreover, the total number of queries of
f made is

o
> 28 (2m; + 1) g H]-
i=1
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Algorithm 3 Algorithm for estimating &1, Ss, ..., Sy,

: Input: d, [Si], (mi,ni,€;) for i =1,..., 7.

2: Initialization: S; =0 fori=1,...,r9. P =[d].
3: Output: §Z fori=1,...,rp.

4:
5. for i =rg,790—1,...,1 do // ESTIMATION OF §;

6 Generate Rademacher random vectors 31, B2, ..., 0, € {—1, 1}P.
7 Form B € R**(7) asin (5.5).
8
9

Construct a (P, i) hash family HF.
for h € HF do

10: Construct x(h) C [~1,1]” in the same manner as in (5.6) with |x(h)| = (2m; + 1)
11: for x € x(h) do

12: Generate x, € [—1,1]%, with 2 € [2]] as in (5.7), using x, 3, for each u € [n;].
13: Using the samples (f(xz))glzl, form y € R™ as in (5.5).

14: Obtain z*(x;.A) = SPARSE-REC;(y, B).

15: Updategi:giu{jefl:|z?(xj)|>ez-}.

16: end for

17: end for
18:  Update P =P\ 3}”.
19: end for

Proof. The proof outline builds on what we have seen in the preceding sections. Say we are at
the beginning of iteration ¢ € [rg] with S =8 holding true for each [ > i. Hence, the model has
reduced to an order i sparse additive model on the set P; C [d], with Si(l), Sﬁ)l, .., 81 CP.

By identifiability assumption, we know that for any given j € S;, there exists xj" € [-1,1]% such

that [¢5(x])[ > D; holds. Moreover, since HP is a (P;, i) hash family, there exists a h € H)* that

is an injection on j. Consequently, there exists x € x(h) such that ||x; — x{[2 < (32,4 #)1/2 =
V'i/m;. By Hélder continuity of ¢;, this means

ia/Q
|5(x5) — #5(x)| < L (5.9)
1
Since SPARSE-REC; is ¢; accurate for each h € HZ»)Z', x € x(h), we know that at the aforementioned
X, the following holds via reverse triangle inequality

|25 (x5)] = [85(x5)] — €. (5.10)
Using (5.9), (5.10), reverse triangle inequality and the choice of ¢; and m;, we obtain

R Z'a/2 Z'a/Z 2D, Z'Oc/? D,
* T A
|25 (x5)| = |o5(x7)] — Lim? -6 >D; —Lizq —e > Limf‘ 2=
For any j ¢ S;, we have for all h € Hf", x € x(h) that |zAJ*(xJ)| <€ < D;/3 (since ¢; = 0). Hence
clearly, the stated choice of ¢; guarantees identification of each j € S;, and none from (7?) \'S;. This
means that we will recover S; exactly. As this is true for each i € [ro], it also completes the proof
for exact recovery of S; for each i € [ro].

The expression for the total number of queries made follows from a simple calculation where we
note that at iteration ¢, and corresponding to each x € U (h), we make 2'n; queries of f. [

henliX
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6 Estimating sparse multilinear functions from few samples

In this section, we provide results from the sparse recovery literature for estimating sparse multi-
linear forms from random samples. In particular, these results cover arbitrary bounded noise and
i.i.d. Gaussian noise models.

6.1 Sparse linear functions

Consider a linear function g : R — R, where ¢(8) = B7a. Our interest is in recovering the
unknown coefficient vector a from n noisy samples y; = g(3;) + i, @ € [n], where n; refers to the
noise in the i*" sample. Arranging the samples together, we arrive at the linear system y = Ba+m,
where

Y1 Bt m
= la+]| | (6.1)
Yn /GnT Tin
— N — ———
yeRn? BeRnxd n

Denoting by S := {j € [d] : a; # 0} the support of a, our interest is in the setting where a is sparse,
ie, |S| = k < d, and consequently to estimate a from a small number of samples n. To begin
with, we will require B in (6.1) to satisfy the so called ¢5/¢s RIP, defined below.

Definition 2. A matriz A € R™ 9 is said to satisfy the {3/ls Restricted Isometry Property (RIP)
of order k with constant 5, € (0,1) if
1
(1= 0n)lxllz < —[lAx|3 < (1+d)lIx]3

holds for all k-sparse x.

Bounded noise model. Let us consider the scenario where the noise is bounded in the 5 norm,
ie., [mll2 < v. We will recover an estimate a to a as a solution of the following quadratically
constrained ¢; minimization program [7]

(P1) min [z|l; st [y —Bzl2<w. (6.2)
z€ER

The following result provides a bound on the estimation error ||a — al|2 for (P1).

Theorem 1. Consider the sampling model in (6.1), where B € {—1,+1}"*? is a Rademacher
matriz. Then the following hold.

1. ([2]) For any constant 6 € (0,1), there exist constants c1,co > 0 depending on § such that if
n > ciklog(d/k),

then with probability at least 1 — 2exp(—can), the matriz B satisfies €o/ly RIP of order k,
with & < 9.

2. ([7, Theorem 1.2]) Let B satisfy the €2/la RIP with o, < /2 — 1. Then there exist constants
C1,Cy > 0 such that, simultaneously for all vectors a € R, any solution A to (P1) satisfies

la — agl
Vk

Here, a;, denotes the best k-term approzimation of a.

v

7

Ha—aHz <Ch + Cy
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Gaussian noise model. We now consider the scenario where the noise samples are i.i.d. Gaus-
sian with variance o2, i.e, ; ~ AN(0,02) iid. for all i € [n]. Using standard concentration
inequalities for sub-exponential random variables (see Proposition 6(1) in Appendix B), one can
show that ||n|ls = ©(o+y/n) with high probability. This leads to the following straightforward
corollary of Theorem 1.

Corollary 1. Consider the sampling model in (6.1) for some given vector a € R™, and let n; ~
N(0,02) i.i.d. for all i € [n]. Say B satisfies £o/ls RIP with dop < /2 — 1. For some ¢ € (0,1),
let @ be a solution to (P1) with v = (1 + €)ov/n. Then there exists a constant c3 > 0 so that any
solution @ to (P1) satisfies

2 — all
Vk

with probability at least 1 — 2 exp(—cse®n). Here C1,Cy are the constants from Theorem 1.

la—allz <Ch +Cy(l+¢)o

Proof. Use Proposition 6(1) from Appendix B with Theorem 1. O

6.2 Sparse bilinear functions
Let a € R(2) be a vector of length (‘21) with entries indexed by ([g]) (sorted in lexicographic order).
The entry of a at index j = (j1,J2) € ([g]) will be denoted by aj. We now consider the setting where

g : R? — R is a second order multilinear function, i.e., g(8) = <,6(2),a) with 8, a e R(g), and

ﬁ((jl) ) = Bj, Bi,- As before, our goal is to recover a from n noisy samples y; = g(8;) + 1, @ € [n]
resulting in the linear system
@7
Al :31 m
= a+ (6.3)
Yn " Tl
—— n ——
yERn Az—d’ n
Ber™*(2)
Observe that
(B®),a) = B8"AB = (86", A), (6.4)

where A € R4 is a symmetric matrix with zero on the diagonal and 4; ; = ag,jy/2 if i # j. This

simple observation allows us to rewrite (6.3) as
vi = (BiB] , A) +mi, i€ [n]. (6.5)

Chen et al. [9] recently showed that a sparse symmetric matrix — not necessarily being zero on the
diagonal — can be recovered from its measurements of the form (6.5), provided that 3; is sampled
in an i.i.d. manner from a distribution satisfying

E[5] =0, E[ff =1 and E[5]>1. (6.6)

i)

Their recovery program? is essentially constrained ¢; minimization ([9, Eq.(4)]), the guarantees for

which rely on the ¢2/¢; RIP for sparse symmetric matrices ([9, Def. 2]).
Since our matrix A in (6.5) is sparse and symmetric, it is natural for us to use their scheme.
We do this, albeit with some technical changes:

3Note that one can remove the positive semi-definite constraint in their program and replace it with a symmetry
enforcing constraint, the result remains unchanged (cf. remark in [9, Section E])
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e We will see that if A is known to be zero on the diagonal (which is the case here), the fourth
order moment condition in (6.6) is not needed. Hence one could, for instance, sample § from
the symmetric Rademacher distribution.

e Instead of optimizing over the set of symmetric matrices with zeros on the diagonal, we will
perform ¢; minimization over the upper triangular entries of A, represented by a. These
approaches are equivalent, but the latter has the computational advantage of having fewer
constraints.

The analysis is based on the notion of ¢3/¢; RIP of the matrix B in (6.3), which is defined as
follows.

Definition 3. A matriz B € R™V is said to satisfy the l2/¢1 Restricted Isometry Property (RIP)
of order k with constants vi* € (0,1) and v* > 0 if

1
1b b
A =)lxll2 = ~Bxl < (1+7%")lx2

holds for all k-sparse x € RY.

The above definition is analogous to the one in [9, Def. 2] for sparse symmetric matrices.

Bounded noise model. Let us first consider the setting where the noise is bounded in the /;
norm, i.e., |n|;1 < v. We recover the estimate a as a solution to the following program

(P2)  min |z]y st [y —Baz[ <w (6.7)
z€R\?

The next result shows that B satisfies ¢5/¢; RIP with high probability if the rows of B are formed
by independent Rademacher vectors. Consequently, the above program stably recovers a.

Theorem 2. Consider the sampling model in (6.3), where the rows of B are formed by independent
Rademacher vectors. Then the following hold.

d
1. There exist absolute constants c1,ca,c3 > 0, such that the following is true. Let a € R().
Then

1
ciflallz < ~[[Bally < czlall2 (6.8)
holds with probability at least 1 — exp(—csn).

2. With constants c1, c2 from (6.8), there exist constants ¢y, ch, cy > 0 such that if n > cyklog(d?/k),
then B satisfies ¢3/01 RIP of order k with probability at least 1 — ¢} exp(—cyn) with constants
’y,lcb and 'y};b, which fulfill

1—~P> %1 and 1+ P < 2cy. (6.9)

3. If there exists a number K > 2k such that B satisfies
1- 711cb+K b \/?
—= — (1 + 9k — >8>0
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for some 3> 0, then the solution a to (P2) satisfies

la—ags , Cov
VE | Bw

where ay, denotes the best k-term approzimation of a and Cy,Cy,Cs are universal positive
constants.

Ja—alls < (C;; +Gy)

4. There erist absolute constants ¢3,¢4,C3,Cy > 0 such that if n > éklog(d?/k), then the
solution a to (P2) satisfies

la — a1 v

+Ca—,
Vk n

simultaneously for all a € R() with probability at least 1 — exp(—éqn).

[a—alls < Cs

We sketch the proof of Theorem 2, which is essentially based on [9], in Appendix C.

Gaussian noise model. We now consider the scenario where the noise samples are i.i.d. Gaus-
sian with variance o2, i.e, n; ~ N(0,02) ii.d. for all i € [n]. Using standard concentration
inequalities for sub-Gaussian random variables (see Proposition 6(2) in Appendix B), one can show
that ||n]|1 = ©(on) with high probability. This leads to the following straightforward corollary of
Theorem 2.

Corollary 2. For constants ¢3, ¢4, C3,Cy > 0 defined in Theorem 2, the following is true. Consider

the sampling model in (6.3) for a given a € R(g), where the rows of B are formed by independent
Rademacher vectors, and n; ~ N(0,02) i.i.d. for all i € [n] with n > éklog(d?/k). For some
€ (0,1), let a be a solution to (P2) with v = (14 €)on. Then

R lla — ag|l1 \/5
— < - - —(1
la—als <Cs 7 + Cy 77( +e¢)o

with probability at least 1 — exp(—é4m) — e - exp (—E5€2n), for some constant ¢s > 0. Here, ay
denotes the best k-term approzimation of a.

Proof. Use Proposition 6(2) from Appendix B with Theorem 2. O

Remark 6. Both (P1) and (P2) are convex programs where (P1) can be cast as a second order
cone program (SOCP) (eg., [8]) and (P2) can be easily written as a linear program (LP). Hence
they can be solved to arbitrary accuracy in time polynomial in n and d, using for instance interior
point algorithms (eg., [31, 1]). In practice, one often considers non-convex alternatives such as
Iterative Hard Thresholding (IHT) (eg. [5, 6]) which typically have low computational cost.

6.3 Sparse multilinear functions

d
Forp,d € Nwithp < d,leta € R(P) be a vector with entries indexed by ([z]) (sorted in lexicographic

order). We denote again the entry of a at index j = (j1,...,Jp) € ([;l]) by a;j and consider a
multilinear function g : R? — R in d variables 8 = (31 ... 4)T such that

9(B) = Y BB Bias (6.10)

i=(1dp) (1)
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We will refer to (6.10) as a multilinear function of order p. For clarity of notation, we will write
(6.10) as g(8) = (B8P, a), where B) € R(Z), and the entry of 3®) at index j = (ji,...,7p) € ([z])
being 5;, Bjs - - ﬁjp'

We are again interested in recovering the unknown coefficient vector a from n noisy samples
vi = g(Bi) + mi,i € [n], where n; refers to the noise in the i*h sample. Arranging the samples
together, we arrive at the linear system y = Ba + 7, where

T
(1 B m
= la+]| . (6.11)
Un g’ In
~—— ~——
e arrd M
Ber™ (5)

We denote by § = {(jl,jg, ..y Jp) € ([z]) A3y Gady) O} the support of a and we are especially

interested in the setting where a is sparse, i.e., S| = k < (Z). Our aim is to estimate a with a
small number of samples n.

Bounded noise model. Let us consider the scenario where the noise is bounded in the 5 norm,
ie., |[n]l2 < v. We will recover an estimate a to a as a solution of (P1). The following result
provides a bound on the estimation error ||a — a|ls.

Theorem 3. ([30, Theorem j; Lemmas 4, 5]) Let D = (z) and let B be defined as in (6.11) with
rows formed by independent Rademacher vectors. Then, for any 6 € (0,1), there exist constants
¢, c7 > 0 depending on & such that the matriz B satisfies lo2/ls RIP of order k, with 0 < 0,

(a) with probability at least 1 — exp(—crn/k?) if n > cek?log D
(b) and with probability at least 1 — exp(—cy min {n/3%,n/k}) if

n > cgmax {3*klog(D/k),k*log(D/k)} .

The bounds on n in the theorem are obtained via the application of two very different method-
ologies. The bound in part (a) is a consequence of bounding the eigenvalues of the k x k Gram
matrices %BEBS for all S (here Bs is the submatrix of B with column indices in §) using Gersh-
gorin’s disk theorem, along with standard concentration inequalities [30, Theorem 4]. The bound
in part (b) involves the usage of tail estimates for Rademacher chaos variables and follows from [30,
Lemmas 4, 5]. We also note that in Theorem 3, the number of measurements n scales quadratically
with the sparsity parameter k. However when p = 2, we can see that Theorem 2 is stronger since
n therein scales linearly with k.

Remark 7. The analysis in [30, Section A] derives RIP bounds in terms of the so-called combina-
torial dimension. However in our opinion, this analysis has several inaccuracies because of which
we are not sure if the corresponding bounds are correct. Hence we do not state those bounds here.

Gaussian noise model. In the scenario where the noise in the samples is i.i.d. Gaussian, we
arrive at a statement similar to Corollary 1, hence we do not discuss this further.
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7 Putting it together: final theoretical guarantees

We are now in a position to combine our efforts from the preceding sections and to state the final
results for recovery of the support sets. As before, we state this separately for the univariate,
bivariate, and general multivariate cases.

7.1 Univariate case

We begin with the univariate case considered in Section 3. Recall Algorithm 1 for recovering the
support S1. The ensuing Lemma 1 gave sufficient conditions for exact recovery provided SPARSE-REC
is e-accurate at each x € x, for small enough e. Instantiating SPARSE-REC with (P1) in (6.2) gives
the final results below. Let us start with the bounded noise model.

Bounded noise model. In this noise model, querying f at x returns f(x) + 7, where |n| < A.
For the linear system (3.4), this means that ||, |n;| < A, i € [n], and hence |n] < 2A.
The following theorem shows that if A is sufficiently small, then Algorithm 1 recovers S; exactly
provided the parameters m, n, € are chosen in a suitable way.

Theorem 4. For the bounded noise model with the noise uniformly bounded by /\, consider Algo-
rithm 1 with SPARSE-REC instantiated with (P1) in (6.2). If v = 2A\/n in (P1),
D

A<z m=BL/D)YY and > &S| log(d/|Si)
2

are satisfied, it follows for the choice ¢ = 2Cy/\ that 3; = &1, with probability at least 1 —

2exp(—can). The total number of queries made is 2(2m+1)n = Q (51|81| log (ﬁ)) where ¢; > 1
depends on L, D1, a.

Proof. The proof follows by combining Lemma 1 with Theorem 1. Since ||, [n;| < A in (3.4)
for i € [n], we obtain ||n]l2 < v/n|nlle < 2A4/n. Therefore we set SPARSE-REC = (P1) with
v =2A/n.

As a consequence of Theorem 1, there exist constants ¢, ¢ > 0 (depending only on ¢1,co > 0
defined therein) so that, for n > ¢,|S1]log(d/|S1]), B satisfies £3/¢2 RIP with dys,| < V2 — 1 with
probability at least 1 — 2exp(—¢éan). Conditioning on this event, it follows from Theorem 1 that

|2*(x) — 2°(X) |00 < [|2*(X) —2*(x)]]2 < 2C2A forall x€ y.

Hence, we see that with probability at least 1 — 2 exp(—can), SPARSE-REC is € = 2C/\ accurate at
each x € x. Now invoking Lemma 1, it follows that if

D, D,
2WHA <« 2L o A<« 2L
20 <73 < 60,

holds, then the stated choice of € and m ensures exact recovery. This completes the proof. ]

Gaussian noise model. We now move to the Gaussian noise model, wherein querying f at x
returns f(x) + n; n ~ N(0,02). Moreover, the noise samples are independent across the queries.
For the linear system (3.4), this means that 7; ~ N(0,20?),i € [n] are i.i.d. random variables. The
following theorem essentially shows that if the noise variance o2 is sufficiently small, then Algorithm
1 recovers &7 exactly provided the parameters m,n, e are chosen properly. The reduction in the
variance is handled via re-sampling each query N times and averaging the values. Essentially, this
leads to the same sampling model with i.i.d. 7; ~ N(0,202/N),i € [n].
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Theorem 5. For the Gaussian noise model with i.i.d. noise samples with variance c®> and N € N,
we resample each query N times, and average the values. Consider Algorithm 1 with SPARSE-REC
instantiated with (P1) in (6.2), wherein v = v/2(1 + €)ov/n/N for some ¢ € (0,1), and with

18C2(1 4 £)%02 3L\ Ve d \ 2log(2m +1)
N > 2 1 > | — > C 1 — _ 1
= \‘ D% J+ , M =2 <D1> ; n_max{cl|81| Og<|51|>7 C3€2 } (7 )

being satisfied. Then Sy = Sy with probability at least 1—2 exp(—can)—2 exp(—@). The constants
C1,62 > 0 are as in Theorem 4; Ca,c3 > 0 come from Theorem 1 and Corollary 1, respectively.
The total number of queries made is 2(2m+ 1)nN = Q (E’1|Sl| log (ﬁ)) where ¢ > 1 depends on
L,Di,a,0.

Proof. First note that in (3.4), as a consequence of resampling N times and averaging, we have
ntym; ~N(0,0%/N), and n; = ;" —n; ~ N(0,20%/N),i € [n]. Hence we set SPARSE-REC = (P1)
with v = v/2(1 + ¢)o+/n/N.

From Theorem 1, there exist constants ¢1, ¢ > 0 (depending only on ¢, ¢y > 0 defined therein)
so that for the choice n > &[Si|log(d/|S1]), B satisfies £2/¢; RIP with dy5,| < V2 — 1 with
probability at least 1 — 2exp(—can). Conditioning on this event, and invoking Corollary 1 for the
stated choice of v, we have for any given x € x that with probability at least 1 — 2 exp(—c3e2n),
the following holds

2 (%) — 2" (%) oo < [|2*(x) — 2*(x)]|2 < V2Ca(1 +)o/VN. (7.2)

By the union bound over the 2m + 1 elements of x, it follows that (7.2) holds for all x € x with
probability at least

03€2n>

1 —2|x| exp(—c3e®n) = 1 — 2exp(log(2m + 1) — cze?n) > 1 — 2exp<—

if n > % holds. By (7.1), this condition is indeed satisfied and furthermore, we see
that SPARSE-REC is € = v/2Cy(1 + ¢)o/v/N accurate for all x € x with probability at least

032271)

1 —2exp(—éan) — 2exp(— . Now invoking Lemma 1, and using (7.2), it follows that if

V205(1 +¢)o - Dy

VN 3

holds, then the stated choice of € and m ensures exact recovery. Finally, (7.1) ensures that (7.3)
holds and this completes the proof. O

(7.3)

7.2 Bivariate case

In the bivariate case from Section 4, we use Algorithm 2 for recovering the supports S, S1 and
with the Lemma 3 giving sufficient conditions for their exact recovery. Instantiating SPARSE-REC,
with (P2) in (6.7), and SPARSE-REC; with (P1) in (6.2) gives then the results below.

Bounded noise model. The following theorem shows that if A is sufficiently small in the
bounded noise model described before, then Algorithm 2 recovers So and S exactly provided
the parameters m;, n;, €;, ¢ = 1,2 are chosen in a suitable way.
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Theorem 6. For the bounded noise model with the noise uniformly bounded by /\, consider Al-
gorithm 2 with SPARSE-REC, instantiated with (P2) with vo = 4/Angy in (6.7), and SPARSE-REC)
realized by (P1) with vy = 2/\\/n1 in (6.2), respectively. Let HS be a (d,2) hash family. If

. ( Dy D 3L\ Ve _ )
> i >
A<m1n{1204,6c2}, mo _\/§<D2> , ng > ¢3]Sallog(d?/|Sa),

1/« ~ d— 8/531”|
my > (3L/Dy) and ny > ¢1|S1|log T
1

are satisfied, then 3; =38 and :9\1 = &1 with probability at least 1 — exp(—éqng) — 2exp(—cany).

Here, the constants Cy, ¢3, ¢4 > 0 are from Theorem 2, while ¢1, o, Cy > 0 are as defined in Theorem
4. The total number of queries made is

a2 d— |8y
4(2mg + 1)2n2|7-l§l\ +2(2m1 4+ 1)n; = Q <62|82] log (!S\) |’H‘21| + 1|81 log <|‘|9|2’>> .
2 1

Here ¢; > 1 depends on L, D;, o with ¢1 as in Theorem 4.

Proof. We focus on the proof of the exact recovery of So. Once S is recovered exactly, the model
reduces to a univariate SPAM on the variable set P = [d] \ S5*', with & C P. Thereafter, the
proof of the exact recovery of &7 is identical to the proof of Theorem 4.

Since |nil, [mi2ls mi3], mial < A in (4.4) for i € [ng], we obtain ||n]1 < n2||n|le < 4n2A.
Therefore we set SPARSE-RECy = (P2) with v = 4Ans.

Now, as a consequence of Theorem 2, there exist constants ¢z, ¢4, Cy > 0 such that if no >
&3]S2| log(d?/|Sa|), then with probability at least 1 — exp(—cyna),

|1z*(x; A) — 2" (% A) o < |2 (x5 4) — 2" (x3 A)[l2 < 4C4A forallx e | x(h).
heHd

This holds since z*(x;.4) is always at most |Sa| sparse. Thus, with probability at least 1 —
exp(—¢qng), SPARSE-RECy is €3 = 4C4/A accurate for each h € ’Hg, x € x(h). Now invoking
Lemma 3 reveals that if

Dy Dy
404N < == = A
Cy\ < 3 S A< 12C;

holds, then the stated choice of €5 and ms ensures 3; = 8.
In order to derive the lower bound on the success probability of identifying Sy, S, we will make
use of the following simple union bound inequality. For events A, BB, it holds that

P(AUB) = P(AU{A°N B}) = P(A) + P(A° N B) < P(A) + P(B | A°). (7.4)

Hence with A = {3; #+ 82}, B = {3} #+ 81}, we readily arrive at the lower bound on the success
probability.

Lastly, the bound on the total number of queries follows from Lemma 3 by plugging in the
stated bounds on m;,n;; ¢t =1, 2. O

Gaussian noise model. Next, we consider the Gaussian noise model with the noise samples
ii.d. Gaussian (~ N(0,0?)) across queries. Similarly to Theorem 5, we show that if the noise
variance o2 is sufficiently small, then Algorithm 2 recovers So and S for a careful choice of m;, n;,
i = 1,2. We again reduce the variance via re-sampling each query either Ny times (during the
estimation of Sz) or Nj times (during the estimation of &p), and averaging the values.
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Theorem 7. For the Gaussian noise model with i.i.d noise samples ~ N(0,02), say we resample
each query No times (during estimation of Sa) or Ny times (during estimation of S1), and average
the values. Consider Algorithm 2, where SPARSE-REC, and SPARSE-REC) are instantiated with (P2)
with vy = 20(1+¢&)na//No in (6.7), and (P1) with vy = V2(1+¢)o+/n1 /Ny in (6.2), respectively,
for some ¢ € (0,1). Let H$ be a (d,2) hash family. If

2,2 1/a 2 2 d
Ny > {7204(1+€) J L my s f(3L> S max{énggllog (d) 7 2log[(2m?—i—1) 6’%2”}

7TD2 DQ ‘82‘ 0562
18C2(1 4 £)202 3L\ i d— |5y 2log(2my + 1)
Ny > 2 1, > > 1 2
12> { D% +1, m Dy , np > max< ¢1/S1]log S , e?

hold, then 3; =8y and 3; = &1 with probability at least

~ 2 2
1 — exp(—¢é4n2) — exp (—657;26 > — 2exp(—¢any) — 2exp <—C3E2n1> )

The total number of queries made is

2 d— |Syar
4(2mg + 1) %o No|HE| + 2(2mq + 1)ni Ny = <c2|82] log (!S ’> [H3| + |1 | log (M)) .
1

Here & > 1 depends on L, D;,a, 0 with &, as in Theorem 5.

Proof. As in the bounded noise model, we only prove the exact recovery of Ss. First, we note that
n (4.4), as a consequence of resampling each query N» times and averaging, 1; 1,72, 13, M4 ~
N(0, X]—Z), i € [ng] are independent. Therefore n; ~ N(0, 7 do? —). i € [ng] are also independent and we
set SPARSE-RECy = (P2) with vo = 20(1 + )na/+/No.

From Corollary 2, we know that there exist constants ¢s,¢4,¢5,C4 > 0 such that if ny >
23|S2|log(d?/|Sz]), then for any given h € H3, x € x(h), we have for the stated choice of v, that

20

VN2
with probability at least 1 — exp(—é&4ng) — € - exp (—5562n2). This is true since z*(x;.A) is always
at most |Sz| sparse. Therefore, by taking the union bound, (7.5) holds uniformly for all h € Hg,
x € x(h), with probability at least

2% (x; A) — 2*(x; Ao < 127 (x5 A) = 2" (x5 A) 1 < 04\/2(1%’:‘)- =: €2, (7.5)

1 — exp(—é&ng) — (2ma + 1)} HYle - exp (—6552712)

=1 — exp(—€4n2) — exp (log[(sz + 1) HY|e] — 6562712)
2

>1 — exp(—¢ana) — exp (— 657;28 > (7.6)

if ng > 2log[(2m2i1) el#3] holds. We conclude that SPARSE-RECs is es-accurate for each h € 7—[2,
x € x(h) with probablhty at least (7.6).

By the stated choice of Na, we have €5 < % and using Lemma 3 and the condition on my, we
obtain 3; = &S3. The lower bound on the success probability of identifying Si, Sy follows via the
same argument as in the proof of Theorem 6. Lastly, the bound on the total number of queries
follows from the expression in Lemma 3 (taking the resampling into account) by plugging in the
stated bounds on m;,n;, N;; i =1, 2. O
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Remark 8. As discussed in Section 4, we can construct Hg via a simple randomized method (in
time linear in output size) (eg., [15, Section 5]) where |HS| = O(logd), with probability at least
1 —d=M) . Plugging this into Theorem 6 leads to a (worst case) sample complexity of

Q (2|Sa|log(d?/|Sa|) log d + 1|S1 | log(d/|S1]))

in the setting of arbitrary bounded noise.

7.3 Multivariate case

Finally, we consider the most general multivariate setting of Section 5. Based on Lemma 5, we
analyze Algorithm 3 recovering the supports S;; @ € [ro]. The recovery routines SPARSE-REC; are
realized by (P1) in (6.2) for ¢« = 1 and for each 3 < i < r( and SPARSE-REC; is instantiated with
(P2) in (6.7). This leads to the results below.

Bounded noise model. This is the same noise model as described in the preceding subsections.
The following theorem shows that if A is sufficiently small, then Algorithm 3 recovers S; exactly

for all i € [ro] provided the parameters (m;,n;);, are well chosen.

Theorem 8. For the bounded noise model with noise uniformly bounded by /\, consider Algorithm
3 with

(a) SPARSE-REC; instantiated with (P1) with v; = 2°A\/n; in (6.2) fori € {3,...,r0},
(b) SPARSE-REC, instantiated with (P2) with vy = 4Ang in (6.7),
(c) SPARSE-REC) instantiated with (P1) with v1 = 2A\/ny in (6.2), respectively.

Let ’HZDZ be a (P, i) hash family for each 2 < i < 1o and let P; denote the set P C [d] at the
beginning of i*™ iteration (with Py, = [d]). If

- : D; Dy D 3L(Vi)\ Ve
A< { — s ) }7 el e ) € s
e By 230, 1200 605 S T\ T Dy i € [ro]

Ty 256|SZ|210g <|7jl‘)a i€{37"'7T0}a
ny > &3|Sa|log(|P2|?/|S2])  and ny > &|Si|log(|P1l/IS1])

are satisfied, then S =8 for all i € [ro] with probability at least

0 ~
C7n; - .
1-— exp <— ) — exp(—c4no) — 2exp(—cany).
> exp (5 ) — exp(~zina) — 2exp(~om)
Here, the constants Cy, ¢3, ¢4 > 0 are from Theorem 2, while ¢1, ¢, Co > 0 are as defined in Theorem

4. The constants ¢g, ¢y > 0 depend only on the constants cg,c7 > 0 defined in Theorem 3. The total
number of queries made is

ro
Z 21(2m; + 1)'n; | HT |

i=1
N2 Pl o - Pal*N (- P
= Z[Cﬂ\&‘\ log(|Pi)[H; ]| + c2|S2|log 5 [H5| 4 €1]S1[log S
i=3
where fori=3,...,19, each ¢; > 1 depends on D;,L,a,t, and ¢1,¢2 > 1 are as in Theorem 6.
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Proof. Say we are at the beginning of i*" iteration with 3 < i < rg and 3\[ = §; holds true for each
!l > i. Hence, the model has reduced to an order ¢ sparse additive model on the set P; C [d], with
s, ... 8 C P

7 & g—10 1 - (N

From (5.5), we see for the noise vector n € R that

2t
Ns = Z(fl)digit(z_l)nw for all s € [n;]. (7.7)

z=1

Since |ns,.| < A, this implies ||9]jo < 2°A and thus ||n)]2 < 2°A,/n;. This bound holds uniformly
for each x at which the linear system is formed. So we now instantiate SPARSE-REC; with (P1) in
(6.2), with v; = 2°A/n;.

As a consequence of part 1 of Theorem 3, there exists constants ¢g,¢7 > 0 depending on
c6,c7 > 0 (as defined in Theorem 3) so that if n; > &]S;|? log ('7?‘")7 then with probability at least
1 —exp (—%), the matrix B € R%*("%") satisfies la/ly RIP with dy;5,| < V2 — 1. Conditioning
on this event, it follows from Theorem 3 that

125 (x5 A) = 2°(x; A) oo < (175 (x5.4) — 2 (x5 A) |2 < 2PACy =i ¢ forallxe | ] x(h).
~——

’P.
|S;| sparse heH] i

Thus, with probability at least 1 — exp(— gﬁ;), SPARSE-REC; is ¢;-accurate for each h € HZ-D",
x € x(h). The assumption on A ensures that ¢; < D;/3 and by Lemma 5 it follows that the stated
choice of (m;, €;) ensures exact recovery of S;.

Hence if
D;

A< i _
e (3o} 2130y

is satisfied and m;, n;, €; satisty their stated bounds (for 3 <i < rg), then we can lower bound the
probability that S; = S; holds for all i = 3,...,rg via the following simple generalization of (7.4).
For events As, ..., Ay, it holds that

PUZgAi) < P(Arg) +P(Arg—1 | A7) +P(Arg2 | AL NVAT ) 4 + P(As | M2, AD). (7.8)

Therefore plugging A; = {3} #+ Si} in (7.8), we readily have that 32 = §; holds for all 3 < i < rg

with probability at least
0 ~
Cr1y;
1- exp <— > .
ZZ; il

Once S; are identified exactly for all 3 < i < rg, we are left with a bivariate SPAM on the
set P, with 51,851) C Po. Therefore by invoking Theorem 6, we see that if furthermore A <

min {15—54, 6%2} holds, and m1, n1, me, no satisfy their respective stated conditions, then the stated

instantiations of SPARSE-REC;, SPARSE-REC, (along with the stated choices of v1, 1) ensures :S’I =8
and 3; = S with probability at least 1 — exp(—¢ésnz2) — 2exp(—¢éany). The stated lower bound on
the success probability of identifying each S; (i = 1,...,7) follows readily from (7.4) by plugging
A=nN2, {gz #* SZ} and B = ﬂ?zl {gl =+ SZ-}. This completes the proof for exact recovery of S;’s
for all i € [ro).

Finally, the stated sample complexity bound for the total number of queries made by Algorithm
3 follows in a straightforward manner by plugging in

m; = Q (31/a\f¢L1/aD;1/“) ,icro]; mi= QS log [P]), 3 <i <
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along with the complexity bounds for ni,ns into the expression for total number of samples from
Lemma 5. This completes the proof. O

Gaussian noise model. In the Gaussian noise model with noise samples i.i.d. Gaussian (~
N(0,0?)) across queries, we again reduce the variance via re-sampling each query N; times (during
the estimation of S;) for every i € [rg] and averaging the values. We show that if the noise
variance o2 is sufficiently small, then Algorithm 3 recovers S; exactly for each i € [rg], provided
the parameters m;, n;; i € [ro], are well chosen.

Theorem 9. For the Gaussian noise model with i.i.d. noise samples ~ N(0,0?), consider Algo-
rithm 8 wherein we resample each query N; times during estimation of S; and average the values.
Let

(a) SPARSE-REC; = (P1) with v; = 2/2(1 4+ €)o\/n;i/N; in (6.2) for 3 <i < ro,
(b) SPARSE-REC, = (P2) with vy = 2(1 + ¢)ona/+/N2 in (6.7) and
(¢c) SPARSE-REC, = (P1) with vi = /2(1 +¢)a+/n1/Ny in (6.2), respectively,

for some € € (0,1). Let ’HZJ’ be a (Pj,i) hash family for each 2 < i < ry, and denote P; to be the
set P C [d] at the beginning of i** iteration with Py, = [d]. If

2(1 291 52 . 21 2 + 1) Pi
N@-zf@( +e) UJH niZm&X{édsﬂglog(\?Z\)’ oglemi + V' o
7

D? cae?
1/
3L(Vi)® .
m; > <(Dl)> ;e [’r‘o],
72C2(1 + €)202 2\ 2log[(2 1)2e|H >
Ny > { il +25) g J + 1, ng > max< é3|Ss|log <|P2| >, ogl( m2~—|—2) s ;
7TD2 |52| C5€
18C3(1 252 21log(2 1
le \‘ 2( _;E)G J+1, nlzmax{51|81|log(|7)1|>, Og( m21+ )}
Dl |Sl| C3€

hold, then S =S, for all i € [ro] with probability at least

"0 Ccrn; c £2ni
1— Z[exp (— ";P) + 2exp <_ 32 >}

1=3

o 2 2
— exp(—¢4ng) — exp <—C5n226 > — 2exp(—€any) — 2exp (— C3€2n1> . (7.9)

The constants Cy, €3, C4, C1, Co, Ca, Cg, 7 > 0 are as explained in Theorem 8, while ¢5,c3 > 0 come
from Corollaries 2, 1 respectively. The total number of queries made is

To
> Ni2'(2m; + 1)'ni | H] |

i=1
i P; / Pal*\ P Py
=0 (3 [eictiisiP os(PDHP] + coiselion (T ) 112+ chlsiltog ()
i=3 2 !
where for ¢ = 3,...,rg, ¢; > 1 depends on o,D;, and ¢; > 1 depends on L, D;,a,i. Moreover,

&y, > 1 are as in Theorem 7.
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Proof. Again, in the beginning of it iteration 3 < i < ry with ‘SA‘l = & for each [ > 4, the model
has reduced to an order i sparse additive model on the set P; C [d], with S(l) Sz(l)l, 81 C P
The noise vector is again given by (7.7) As a consequence of resamphng each query pomt N;
times and averaging, we get s, ~ N (0, —2) iid. for all s,z and, therefore, n, ~ N(0, %7 Zo? ) ii.d.
for each s. From part 1 of Theorem 3, we know that if n; > &|S;|? log (ml), then with probability

érn;
[Si]2

la/lz RIP with &y, < v/2—1. Let us condition on this event. Then by setting SPARSE-REC; = (P1)

with v; = (1 +¢) <2 & \/UNA/E ) and invoking Corollary 1, it follows for any given h € 7—[ , x € x(h)
that

o (1Pl .
at least 1 — exp (— ) (with ég, ¢7 depending only on c¢g, ¢7), the matrix B € R x(7) satisfies

2% (x; A) — 2" (x; A) oo < ||2*(x;.4) — 25(x; A)||l2 < 272C5(1 4 €)or/ni/N; =: € (7.10)
N—_——

|S;| sparse

with probability at least 1 — 2exp(—c3e?n;). By the union bound, it follows that (7.10) holds for
all h € Hz)i, x € x(h), with probability at least

1—2(2m; + 1)’]HZ)Z| exp(—c;gEZni) =1 — 2expl[log[(2m; + 1)Z|HZ)’H — 0352ni]

2.
>1—2exp (_03521%)

2 10g[(2mi+l)i|7{fi
c3e2

for the aforementioned choice of n;, SPARSE-REC; is ¢;-accurate for each h € HP , x € x(h), with

probability at least 1—2exp ( €3¢ ”l) —exp <— ﬁ,}?ﬁ; ) By the condition on N;, we obtain ¢; < D;/3

and from Lemma 5, it follows that for the stated choice of m; and ¢;, we have 3} = §;. Thus we
conclude by the union bound in (7.8) that S; = S; holds for all 3 < i < rg, with high probability,
for the stated choice of m;, n;, €;, N;.

Finally, say 3\1 = §; holds for all 3 < i < rg. Then we are left with a bivariate SPAM on the set
Ps, with Sy, 82(1) C Ps. Thereafter, we only need to invoke Theorem 7, which guarantees that 3; =
Sy and :5'\1 = & holds with high probability for the stated choices of SPARSE-REC;, v;, m;, n;, €;, IN;;
i = 1,2. The lower bound on the success probability of identifying each S; (i = 1,...,rg) then
follows via the same argument as in the proof of Theorem 8. This completes the proof for the exact
recovery of &;’s.

Since each query is resampled N; times, with N; = 1 + Q(2¢0?/D?), we obtain the stated sample
complexity bound by proceeding as in the proof of Theorem 8. O

if n; > I holds. This gives us the stated condition on n; for 3 < ¢ < rg. Hence

Remark 9. As discussed in Section 4, we can construct H{ (for t > 2) via a simple randomized
method (in time linear in output size) (eg., [15, Section 5]) where |H{| = O(tetlogd), with proba-
bility at least 1 — d=0) . Plugging this into Theorem 8 leads to a (worst case) sample complezity
of

o 7) 2 P
Q (Z [C e 12‘8 ’ (log(\P D) + 52’82‘ log <“822‘| > log(|732|) + 01‘81‘ log <||Sl||>>
=3

in the setting of arbitrary bounded noise. Since |P;| = O(d), this leads to the expression in (1.2).
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8 Discussion

We start by providing a brief summary of our results with remarks concerning certain aspects of
our algorithm. We then discuss how the components ¢ can be identified, and also compare our
results with closely related work. Finally, we discuss an alternative approach described in [43] in
more detail.

Summary of our results. Let us recall that in the setting where the queries are corrupted
with arbitrary bounded noise, Algorithm 3 succeeds with high probability in identifying each S; for
i=1,...,79 provided the noise level is sufficiently small, and makes

ST d? d
Q 1i2|S;|? log? d log [ — | logd log [ —
(Z[m + ¢2|Sa| og(‘52|> ogd+c1|Si] Og(Sﬂ))

=3 Identifying S;

Identifying Sa Identifying S1

queries. This is the same expression in (1.2) and is a consequence of Theorem 8 (see Remark 9).
For each 3 < ¢ < rg, the term 622‘2|S¢\2 log? d represents the sample complexity of identifying S;.
In particular, cf arises from the size of the i-dimensional grid x(h) for a given hash function A in
Algorithm 3, with ¢; depending on the smoothness parameters L, o, D; and scaling as v/i with i.
The term i|S;|*logd = O(|S;|* log (f)) arises from the sample complexity of estimating a i** order
sparse multilinear function in d variables (with |S;| terms) and follows from Theorem 3. Finally,
the term ie’logd arises from the size of a (d,i) hash family (see Remark 9) where the e’ factor

is subsumed by ¢;. The term c2|S2|log (‘g—;) log d is the sample complexity for identification of

Ss. Here, ¢ arises from the size of a two-dimensional grid in [—1,1]?; |Ss|log (‘g—;) is the sample
complexity of estimating a sparse bilinear function (see Theorem 2), and log d arises from the size

of a (d,2) hash family (see Remark 8). Finally, the term ¢;|S;|log (ﬁ) is the sample complexity

for identification of S; where ¢; arises from the size of a grid in [—1, 1] and |S;|log (ﬁ) is the

sample complexity of estimating a sparse linear function (see Theorem 1).
The following points are worth noting for our algorithms.

e In general, we do not need to know the exact values of the smoothness parameters «, L, D; for
1=1,2,...,r9 . It suffices to use lower bounds for o, D; and an upper bound for L. Similarly,
it is also possible to work with just the upper bound estimates of 79 and |Si|,...,|Sy|.

e The computational cost of Algorithm 3 is typically dominated by SPARSE-REC. At iteration
i = ro, for a given hash function h and base point x € x(h), the computational complexity of
SPARSE-REC is at most polynomial in (n,,,d") (recall Remark 6). Since there are O(m2|HZ |)

base points, the total cost (over i = 1,...,rg) is at most polynomial in the number of queries
and d".
Identification of ¢;’s. Once the sets S1, 5o, ...,S;, are known, then one can identify each com-

ponent in the representation (5.1) by querying f along the corresponding canonical subspaces.
Indeed, for a given 1 < p < rg, and 1 < r < p, let us see how we can identify the r-variate compo-
nent ¢; for a given j € Sj(f). Consider any x = (z1...74)7 € [~1,1]¢ which is supported on SI()I),
e,z =0ifl ¢ SI(,I). We then have from (5.1) that

f(X) = [+ Z ¢u(wu)+ Z ¢u(xu) +oF Z ¢u(xu)+ Z ¢u(xu>-

uesyH uesy” ues uesy
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In particular, it follows from (2.3) that

> (=D (I (x)) = 5(xy), (8.1)

icj

with IT;(x) denoting the projection of x on the set of variables i. Hence by querying f at the 24!
points {II;(x) :i C j}, we can obtain the sample ¢;(x;) via (8.1). Consequently, by choosing x;
from a regular grid on [—1,1}J, we can estimate ¢; from its corresponding samples via standard
quasi interpolants (in the noiseless case) or tools from non parametric regression (in the noisy case).

SPAMs. To begin with, we note that our work generalizes the recent results of Tyagi et al. [42, 43]
in two fundamental ways. Firstly, we provide an algorithm for the general case where rg > 2 is
possible, the results in [42, 43] are for the case g = 2. Secondly, our results only require f to be
Holder continuous and not continuously differentiable as is the case in [42, 43]. We also mention
that our sampling bounds for the case rg = 2 are linear in the sparsity |S1| + |S2| even when the
noise samples are i.i.d. Gaussian. However the algorithms in [42, 43] have super-linear dependence
on the sparsity in this noise model. This is unavoidable in [42, 43] due to the localized nature of the
sampling scheme, wherein finite difference operations are used to obtain linear measurements of the
sparse gradient and Hessian of f. In the presence of noise, this essentially leads to the noise level
getting scaled up by the step size parameter, and thus reducing the variance of noise necessarily
leads to a resampling factor which is super linear in sparsity.

Dalalyan et al. [14] recently studied models of the form (1.1) with a set S, of rp-wise in-
teraction terms. They considered the Gaussian white noise model, which while not the same as
the usual regression setup, is known to be asymptotically equivalent to the same. They derived
non-asymptotic Lo error rates in expectation for an estimator, with f lying in a Sobolev space, and
showed the rates to be minimax optimal. However, they do not consider the problem of identifica-
tion of the interaction terms. Moreover, as noted in [14], the computational cost of their method
typically scales exponentially in |Sy,|, 70, d. Yang et al. [49] also studied models of the form (1.1) in
a Bayesian setting, wherein they place a Gaussian prior (GP) on f and can carry out inference via
the posterior probability distribution. They derive an estimator and provide error rates in the em-
pirical Lo norm for Hélder smooth f, but do not address the problem of identifying the interaction
terms.

Functions with few active variables. There has been a fair amount of work in the literature
on functions which intrinsically depend on a small subset of k < d variables [15, 38, 13, 12]. To
our knowledge, this model was first considered in [15], and in fact, our idea of using a family
of hash functions is essentially motivated from [15] wherein such a family was used to construct
the query points. A prototypical result in [15] is an algorithm that identifies the set of active
variables with (m + 1)*|H%| + klog d queries, with m > 0 being the number of points on a uniform
grid along a coordinate. The randomized construction of H¢ yields |HY| = O(ke*logd) (see [15,
Section 5]) which results in a sample complexity of m*e*klogd. The exponential dependence on k
is unavoidable in the worst case, and indeed our bounds are also exponential in ¢ (see (1.2)).

e When ro > k, (1.1) is clearly a generalization of this model.

e In general, the model (1.1) is also a function of few active variables (those part of S;’s); more
precisely, at most »_:°, i|S;| variables. However, using a method that is designed generically
for learning intrinsically k-variate functions would typically have sample complexity scaling
exponentially with Y%, |S;|. This is clearly suboptimal; our bounds in general depend at
most polynomially on the size of S;’s. This dependence is actually linear for the case ry = 2.
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An alternative approach. Next, we discuss an alternative approach for learning the model
(5.1) which was mentioned already in [43]. It is based on a truncated expansion in a bounded
orthonormal system. For simplicity, we assume that f takes the form

fx) =) ¢5(xp), xe[-1,1% (8.2)

§€Sr

Let {¢},cz be an orthonormal basis in Lg([—1,1]) with respect to the normalized Lebesgue
measure on [—1,1]. We assume that ¢¥p = 1 and we define {9;};.;a to be the tensor product
orthonormal basis in Ly([—1,1]%), where

d
Yi(x) = Q) v (z1), x€[-1,1]%
=1
For the components of (8.2) we obtain (for each j € S,,) the decomposition

Gi(xy) = > apai(x) = > agai(xg). (8.3)

iezd i€Z4:suppiCj

In the last identity, we used that f_ll Yr(t)dt = 0 for every k € Z \ {0} and, therefore, aj; =
(¢5,1) = 0 if i; # 0 for some | ¢ j.

Using the smoothness of ¢;, we can truncate (8.3) at level N € N (which we will determine
later) and obtain

o5(x5) = Z a;¥i(x5) + rj(x;) forall jeS,. (8.4)
icZ%||il|cc <N
supp iCj

Summing up over j € S,, we arrive at

fx)=> ( > aj,izpi(xj)) +r(x) with r(x)= > r(x;). (8.5)
JE€Sry “iez:|i||oe <N JESH,
supp iCj
The worst-case error of the uniform approximation of Holder continuous functions with exponent
a > 0 (i.e., functions from the unit ball of C') is bounded from below by the Kolmogorov numbers
of the embedding of C* into L, cf. [46],

I3 (3¢5) oo 2 [(2N)7°]770 = (2N) ™ and  [r(x)l|oo % [Sro|(2N) 7

1/
B0l o ensure [|r(x)[loo S e

~

Thus for any € € (0,1), we typically require N = (

Furthermore, the number of degrees of freedom D in (8.5) is lower bounded by

D= (1)emr

To

If the basis functions 1; are uniformly bounded (i.e. they form a Bounded Orthonormal System
(BOS)), it was shown in [17, Theorem 12.31] or [36, Theorem 4.4], that one can recover a = (aj;)
in (8.5) from m > |S,,[(2N)™ log*(D) random samples of f by £;-minimization. Plugging in our
estimates on D and N, we arrive at m > |S,,|'+70/® - log?(d). This bound is always superlinear in
|Sr| and (if o € (0,1]) with the power of dependence at least 1 + ro.
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A Proofs for Section 2

Proof of Proposition 1. For U C [d], we define

(Pun)ea) = F(Paje;) and fulxo) = 30 (=) VI(Py e,

jeu VCuU

Here, {e1,...,eq} is the canonical basis of RY,
By its definition, fy is a continuous function. Furthermore,

> fulxw) = ZZ DV ) = D BrHexv) Y (00
UCld]

dVeuU vCd] Uov
= Z (Pvf)(xv) Y. (=)™
VCld] WCld\V

The last sum can be rewritten as
d—|V|

> o= eV

WC[d)\V k=0

which is equal to (1 — 1)?~IV = 0 for all V C [d] except V = [d]. This leads to (2.4).
If x; = 0 for some j € U, we get

fulxv) = > (=DIVIPy £)(xv)

VCU
= > [EDIEIR ) + (=) Py D kvogy)| = 0
VCU\{j}

as all the terms in the last sum are equal to zero.
Finally, the uniqueness follows by induction. The statement is obvious for d = 1. Let now d > 1
and let us assume that a given function f € C'([—1,1]%) allows a decomposition

= fulxw), xe[-1,1)%,
UCld]

which satisfies the properties a)-c) of Proposition 1.
Let W be a proper subset of [d] and put for xy € [—1,1]

gw (xw) = f(Z ﬂfj%‘)-

JjeEW

W]

Then gy € C([—1,1]"1) and using ¢) of Proposition 1 we obtain
S (S ), - 5 A o) - 5 st
UCld UCld]  jeW Ucw

This decomposition of gy satisfies a)-c) of Proposition 1 with |W| < d — 1. By the induction
assumption, this decomposition is therefore unique. We conclude, that fy is uniquely determined
for all U C [d]. Finally, also

is uniquely determined. O
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Proof of Proposition 2. Let f be given by (4.1) and let us assume that it satisfies all the assump-
tions of Proposition 2. We show that (4.1) coincides with its Anchored-ANOVA decomposition as
described in Proposition 1 and (4.1) is therefore unique.

Let U C [d] with |U| > 3. Then

fulxw) = Y (=)WVIPy £) (xv)

VCU
=S Y @) Y v @)}
VCU JESUSH J=(j1,42)€S2
_”Z IU\ \VI+ Z ¢j(wj)2(_1)\U\—lVl

VCU ]eslusgar VCU

jev

+ > 60 > =V N SN )V ((av )y, (v ))-
JESIUSH VCuU J=(j1,42)€S2 VCEU

Jgv
It is easy to see, that the first three terms are zero. Finally, the last term can be split into a sum
of four terms depending on if j; € V or jo € V, i.e. terms of the kind

Z ¢j(xj1’xj2) Z (_1)\U\—|V|’

J=(j1,52)€S2 vau
Jl:j2€v

which also vanish. Therefore, fy(xy) = 0.
If U = {j1,j2} with 1 < j; < j2 < d, then 0, {j1}, {j2} and {j1,72} are the only subsets of U
and we obtain

fulxv) = > (=D)I"=VIPy £)(xv)

VCU
= (P@f)(()) - (lef)(le) - (szf)(‘rh) + (P{jhjz}f)(xijh)
= J0) = f(zjie5) — fwjoesn) + fzgej + xj0€5)
= Z [@b]( ) — QS]((x]leJl) ) — ¢J((szejz) )+ ¢j((xj1ej1 + szejQ)j)]

jESIUSYeT

+ Z ¢J ¢J 37]1ej1) ) ¢J((xj2ejz) ) + (z)j((leejl + szejé)j)]‘

JES2

The first sum vanishes for all j € §; US3*", which can be easily observed by considering the options
J & {j1,j2},d =71, 0r j=jo. If (]1,32) ¢ Sa, then also the second sum vanishes. If (ji,j2) € S,
then

Fi1 g (levsz) = Pji.jo (xjusz) — ®j1 s (le,()) = i1 (0, sz) + @1 ja (0,0) = G o (xijjé)'

Finally, if [ € [d] then () and {l} are the only subsets of {l}. If furthermore | ¢ S; US35*", we get

fay (@) = —f(0) + f(zier)

=—(n+ Y 60+ G0)+(rr X 60+ 65(0) =0

JESIUSI JES JES1USI?T JjeS2

Similarly, f{l}(l‘l) = ¢i(x) if 1 € S USH. -
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B Some standard concentration results

First, we recall that the sub-Gaussian norm of a random variable X is defined as
1X |, = sup p~ /(B[ X |P)M/P
p=1
and X is called sub-Gaussian random variable if || X||,, is finite. Similarly, the sub-exponential
norm of a random variable is the quantity
1X [l = supp™ " (B|X[7)'/P
p=1
and X is called sub-exponential if ||X||,, is finite. Next, we recall the following concentration
results for sums of i.i.d. sub-Gaussian and sub-exponential random variables.

Proposition 4. [}4, Proposition 5.16] Let Xi,...,Xn be independent centered sub-exponential
random variables, and K = max; | X;|y,. Then for every a = (a1,...,an) € RY and every t > 0,

we have
P ‘Z X;|>t] <2e [ i { t t H
a; X;| > < 2exp |—cmin , ,
e K2[all3’ Klall

where ¢ > 0 is an absolute constant.

Proposition 5. [44, Proposition 5.10] Let X1,..., XN be independent centered sub-Gaussian ran-
dom variables, and K = max; || X;||y,. Then for every a = (a1,...,ay) € RN and every t > 0, we

have
P ’ZaX >t] <e ep[ ct? ]
iXi| 2 Se-exp | ~75rm9 |
: K?[al3

where ¢ > 0 18 an absolute constant.

Let n = (m n2 ... nu)T, where n; ~ N(0,0?) are ii.d. for each i. The Proposition below
is a standard concentration result, stating that ||n|l2 = ©(cy/n) and ||n|1 = O(on), with high
probability. We provide proofs for completeness.

Proposition 6. Let n = (m1 n2 ... n,)T where n; ~ N(0,02) i.i.d for each i. Then, there exists
constants c1,ca > 0 so that for any € € (0,1), we have:

1. P(|nll2 € [(1 — e)oy/n, (1 4+ €)oy/n]) > 1 —2exp (—c1e’n), and

2. P <||77H1 € [(1 — e)na\/%, (1+ e)na\/ﬂ) >1—e-exp (—@)

Proof. 1. Note that n; are i.i.d. sub-Gaussian random variables with ||7;|ly, < Cio. Hence n?
are i.i.d. sub-exponential? with

2 2 2
175 1y < 2[nillg, < Coo
for some constant Cy > 0. This implies that n? — E[n?] are i.i.d. sub-exponential with

Hn? - E[nzz]”% < 2”771'2“201 < 03‘72

*A random variable X is sub-Gaussian iff X* is sub-exponential. Moreover, || X||7, < || X?||y, < 2/ X7, (cf. [44,
Lemma 5.14]).
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for some constant C3 > 0. Using Proposition 4 with ¢ = neo? for 0 < € < 1, we obtain for
some constant ¢; > 0

P (’Z(n? — E[n?])‘ < TL60'2> >1—2exp [—cimin{e’ e} n].
i=1

Together with some standard manipulations this completes the proof.

2. Note that |n;| — E[|n;]] is sub-Gaussian with

7l = Ellnilllly, < 2[Imilly, < Co,

for some constant C' > 0. Using Proposition 5 with ¢t = neE||n;|] for € > 0, we hence obtain

o2

- come? 2
P (‘Z(\m! - E[!ml])\ < ndEHmH> >1—c-exp [_2‘(1“3“771”)]
i=1

for some constant ¢y > 0. Finally, observing that E[|m|] = O'\/% (cf., [48]) completes the

proof.
O

C Proof of Theorem 2

The proof of part (1) follows in the same manner as [9, Proposition 1], with minor differences in
calculation at certain parts. For completeness, we outline the main steps below.

Invoking the Hanson-Wright inequality for quadratic forms [21], we get for some constant ¢ > 0
and all t >0

T T . t? t
P(BTAB — E[STAG) > 1 szexp[—cmm{ AT 7 A,H, (1)

where |||y, < K. For a Rademacher random variable 3;, K =1 and

EB"AB] =K BifjA; =0.
i#j

Using [|A|| < ||Al|F, (C.1) implies for every ¢ > 0

T , t2 t

We will now find upper and lower bounds on E[|37 A3|]. The upper bound is easy since (C.2)
implies

E|87AB| = /0 P(8TAB| > t)dt < ¢|[Alr. (C3)

In order to find the lower bound, we have via repeated application of Cauchy Schwartz inequality

(EI8"AB2)” < B[8TAB|) - E|B"ABY] < E[|8"AB]] - (E[B8TAB)"* - (E[8T A"
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and
(E[IBTAB[*])3
E[|BTABIY]

Since B3 consists of i.i.d. Rademacher random variables, we obtain
E[|BTAB%] = 2|AlE = ||all3.

Moreover, an argument similar to (C.3) gives E[|BTAB|Y] < ¢”||A||%. Hence,

E[BTAB| >

8l A%

E[|BTAB|] >
HB IBH = C//HAH%

= ¢l AllF. (C.4)

Egs. (C.3), (C.4) give us upper and lower bounds for E[|3TAB|]. As a last step, we consider the
zero mean random variables X1, ..., X, where X; = |37 AB;| — E|3] AB;|. A simple modification
of (C.3) shows that they are sub- exponentlal with || X;|ly, < c||A|lr. We can therefore apply a

standard concentration bound (see [44, Proposition 5.16]) to bound the deviation

‘HBalh - Le(Ba|)

A straightforward calculation then yields the statement of part (1) of the Theorem.

Part (2) follows from standard arguments based on e-nets, detailed for instance in [2].

The proof of part (3) copies that of [9, Theorem 3], which again is inspired by [7]. We sketch
the main steps below for completeness. Denoting a = a + h, we have by feasibility of a that
L)Bh|j; < 2. Denoting Q2 to be set of indices corresponding to the k largest entries of a, we get
a = aqg, +aqg. For a suitable positive integer K, we define {2y as the set of indices of K largest
entries of hgg, €22 as the set of indices of K largest entries of h on (Qo U Q)¢ and so on. Following
this argument of [7] gives the proof.

The proof of part (4) follows by choosing K = 4(462) k. Indeed, (6.9) gives

1 —’y}€b+K k: c1 (V2 —1)c;
—— = (L — 2%y = =35>0
/2 ( 'YK) 2\/‘ 2 8¢y 4 B

if n > cy(k+ K)log(d?/(k + K)), with probability at least 1 — e~“4" for some constant Cy > 0.
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