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—— Abstract

Isomanifolds are the generalization of isosurfaces to arbitrary dimension and codimension, i.e.
manifolds defined as the zero set of some multivariate multivalued function f : R? — R4,
A natural (and efficient) way to approximate an isomanifold is to consider its Piecewise-Linear
(PL) approximation based on a triangulation 7 of the ambient space R?. In this paper, we
give conditions under which the PL-approximation of an isomanifold is topologically equivalent
to the isomanifold. The conditions are easy to satisfy in the sense that they can always be
met by taking a sufficiently fine triangulation 7. This contrasts with previous results on the
triangulation of manifolds where, in arbitrary dimensions, delicate perturbations are needed to
guarantee topological correctness, which leads to strong limitations in practice. We further give
a bound on the Fréchet distance between the original isomanifold and its PL-approximation.
Finally we show analogous results for the PL-approximation of an isomanifold with boundary.
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1 Introduction

Isosurfacing especially in low dimensions is used in many fields of application, such as CT
scans in medicine, biochemistry, biomedicine, deformable modeling, digital sculpting, en-
vironmental science, and mechanics and dynamics [45] and the references mentioned there.
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Topologically correct PL-approximations of isomanifolds

The marching cube approach [41] being the most popular approach taken. However the
result of the marching cube algorithm is not necessarily topologically correct.

Some results on provable correctness were achieved within the computational geometry
community [10, 47] in three dimensions. In case the isosurfacing is based on simplices instead
of cubes, such as in the marching tetrahedra algorithm [28], some bounds can be given [1, 2],
on for example the one-sided Hausdorff distance.

In general homeomorphism proofs in higher dimensions rely on some perturbation scheme
to prove that a triangulation is correct [52, 8, 11, 12, 15]. This is a major difference with
one and two dimensional surfaces where no such requirements exist [30], [49, Section 10.2].
In this paper we shall see that no perturbations are necessary for isomanifolds as well.

The techniques used here are also different from many of the standard tools. Manifold
triangulation/reconstruction algorithms use often Delaunay triangulations [50, 24, 19] and
use the closed ball property [32], see for example [3, 18]. Others use Whitney’s lemma [13] or
are based on collapses [4]. While the current paper mainly relies on the non-smooth implicit
function theorem [22] with some Morse theory.

We stress that this does not solve the general problem of triangulating manifolds with
boundary, because there exist manifolds that cannot be written as the zero set of a smooth
function, because of the existence of manifolds with a non-trivializable normal bundle (gen-
eralizations of non-orientable manifolds). For an excellent introduction to the topology of
such bundles and manifolds we refer to [44]. We note that locally we can always write an
embedded smooth manifold as the zero set of a smooth function, because it can be para-
metrized as a function from the tangent space to the manifold itself as a consequence of
the implicit function theorem. Non-continuous results have been recently obtained in the
neighbourhood of the manifold [20]. We stress that there are now obstructions to global
closest point projection on manifold [33], and this can even be approximately reconstructed
from a point sample [34].

We also emphasize that because we do not use a perturbation scheme, we cannot give
lower bounds on the quality of the linear pieces in the Piecewise-Linear (PL) approximation.
This is a clear difference with previous methods [52, 15, 14, 12] whose output is a thick
triangulation. Although this is an appealing property, it complicates the analysis further
and requires perturbation schemes that work fine in theory, but the constants are miserable
and the methods do not work in practice in high dimension (see a more detailled discussion
in Section 2). Here we ask for less but still provide guarantees on the Fréchet distance and
the approximation of the gradients. Perturbation techniques could be used to improve the
simplex quality (although only to some very limited extent).

This rest of the paper is subdivided in two sections. In the first section, we treat closed
isomanifolds, that is compact manifolds without boundary. In the second section, we prove
similar results for isomanifolds with boundary. Extension to general isostratifolds is briefly
discussed in Section 4. Apart from some Delaunay based work on triangulations of stratifolds
in three dimensions [46, 48, 27, 26, 25], we are not aware of similar results on manifolds with
boundary. Significant effort also went in the detection of strata, in this case in arbitrary
dimension, see for example [6, 5].

We will often give the simplified statement of results in the main text while complete
versions with all constants will be given in the appendix. All proofs can also be found in
the appendix.

This paper is part of a collection of closely related papers. The data structure needed to
efficiently propagate along the manifold is presented in [16], while details of the implement-
ation will be discussed in an upcoming paper.
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2 Isomanifolds (without boundary)

Let f : R — R4~ be a smooth function and suppose that 0 is a regular value of f, meaning
that at every point x such that f(x) = 0, the Jacobian of f is non-degenerate. Then the
zero set of f is a manifold as a direct consequence of the implicit function theorem, see for
example [29, Section 3.5]. We further assume that f~1(0) is compact. As in [1] we consider
a triangulation 7 of R%. The function fpy, is a linear interpolation of the values of f at the
vertices if restricted to a single simplex o € 7. For any function g : R — R¥™" we write g*
for the components of g.

We prove that under certain conditions that there is an isotopy from the zero set of f to
the zero set of fpy. The proof will be using the Piecewise-Linear (PL) map

Fpp(z,7) = (1 —7)f(x) + 7fpL(2), (1)

which interpolates between f and fpr and is based on the generalized implicit function
theorem. The isotopy is in fact stronger than just the existence of a homeomorphism from
the zero set of f to that of fpr.

Our result in particular implies that the zero set fpr is a manifold. So this significantly
improves on the result of Allgower and Georg [2, Theorem 15.4.1]. The conditions are also
weaker, because we do not require that the zero set avoids simplices that have dimension less
than the codimension, see [2, Definition 12.2.2] and the text above [2, Theorem 15.4.1]. The
idea to avoid these low dimensional simplices originates from Whitney [52], which remarkably
was not cited by Allgower and George [2, 1]. Very heavy perturbation schemes for the vertices
of the ambient triangulation 7 are required for the manifold to be sufficiently far from
simplices in the ambient triangulations that have dimension less than the codimension of
the manifold [52, 15]. Various techniques have been developed to compute such perturbations
with guarantees. They typically consist in perturbing the position of the sample points or
in assigning weights to the points. Complexity bounds are then obtained using volume
arguments. See, for example [18, 14, 11, 9]. However, these techniques suffer from several
drawbacks. The constants in the complexity depend exponentially on the ambient dimension.
Moreover the analysis assumes that the probability of the simplices of dimension less than
the codimension to intersect the manifold is zero, which is not true when dealing with finite
precision. As a result, the actual implementations we are aware of fail to work well in
practice except in very simple cases.

We are, by definition, only interested in f~1(0) so we can ignore points that are suffi-
ciently far from this zero set. More precisely, we observe the following: If f¢(z) is positive
on a simplex o then so is fi; and thus is F5; positive on o x [0,1]. The same argument
holds for negative values. So we see that

» Remark. Write 3 for the set of all ¢ € T, such that (f*)~1(0) No # 0 for all i. Then for
all 7, {{,C ‘ FPL(LL',T) :0} C Y.

The results will be formulated in terms of constants defined in terms of f and the ambient
triangulation 7.
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» Definition 1. We define

Jo= inf | det(grad(f") - grad (/7)) ®

7 = sup max [grad(f")| (3)
SN g

o = sup max [Hes(f*)l2 = sup max || (9501f" ). ll2, (4)
EASOI) x

D : the longest edge length of a simplex in 3 (5)

T : the smallest thickness of a simplex in Xg. (6)

Here grad(f") = (9;f;); denotes the gradient of component f?, det(grad(f?) - grad(f?)); ;
denotes the determinant of the matrix with entries grad(f?) - grad(f7), || - ||2 the operator
2-norm, and (9x0,fi)r, the matrix of second order derivatives, that is the Hessian (Hes).

We recall the definition of the operator norm: ||A||, = maxgzern %, with | - |, the p-norm
p
on R™.

We will assume that g, v1,a, D, T € (0,00). The thickness is the ratio of the height over
the longest edge length.

A good choice for T is the Coxeter triangulation of type Aq, see [23, 21], or the related
Freudenthal triangulations, see [35, 40, 31, 51], which can be defined for different values of
D while keeping T constant. In this paper, we will thus think of all the above quantities as
well as d and n as constants except D and our results will hold for D small enough.

The result

We are going to construct an ambient isotopy based on (1). The zero set of Fpr(x,0)
(or f(z)) gives the smooth isosurface, while the zero set of Fpr(x,1) (or fpr(x)) gives
the PL approximation, that is the triangulation of the isosurface after possible barycentric
subdivision. The map 7 +— {z | Fpr(x,7) = 0} in fact gives an isotopy. Without too much
extra work we’ll also bound the Fréchet distance between f(z) and fpr(z).

Proving isotopy consists of two technical steps, which consume most of the space in the
proof below, as well as the use of a standard observation from Morse theory/gradient flow
in the third step. The technical steps are

Let o € T. We first show that {z | Fpr(xz,7) = 0} No x [0,1] is a smooth manifold,
under certain conditions.

We prove that Fp Ll (0) is a manifold, under certain conditions, using techniques from
nonsmooth analysis.

Along the way we shall also see that FIZLl(O) is never tangent to the 7 = ¢ planes, where ¢
is a constant. This implies that we the gradient field of 7 restricted to Fip Ll (0), is piecewise
smooth and never vanishes.

Now we arrive at the third step, which is similar to a standard observation in Morse theory
[42, 43], with the exception that we now consider piecewise-smooth instead of smooth vector
fields. We refer to Milnor [42] for an excellent introduction, see Lemma 2.4 and Theorem
3.1 in particular.

» Lemma 2 (Gradient flow induced homeomorphisms). The flow of a non-vanishing piecewise-
smooth gradient vector field of a function T on a compact manifold generates a homeomorph-
ism form T = c¢1 to T = co, where ¢; and cy are constants.

Bounds on the gradient of 7 on the manifold give a bound on the Fréchet distance.
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Figure 1 A pictorial overview of the proof. The 7-direction goes upwards. Similarly to Morse
theory we find that f5; (0) (top) and f~'(0) (bottom) are homeomorphic if the function 7 restricted
to Fi}(0) does not encounter a Morse critical point.

2.1 Estimates for a single simplex

We now first concentrate on a single simplex o and write fr, for the linear function whose val-
ues on the vertices of o coincide with f, that is f7, is the linear extension of the interpolation
of f.

2.1.1 Preliminaries and variations of know results

We need a simple estimate similar to Proposition 2.1 of Allgower and George [1].

» Lemma 3. Let o C X and let f, be as described above. Then |fi(z) — fi(z)| < 2D«
forallx €o.

We will also be using an estimate similar to Proposition 2.2 of Allgower and George [1].

» Proposition 4. Let 0 C ¥y and let fr, be as described above. Then

|grad f} — gradf’| = \/Z(aj fiz) —0;fi(x))? < 4dDa
J

T )

for all z € o = {v}.
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Topologically correct PL-approximations of isomanifolds

2.1.2 Estimates on the gradient inside a single simplex

We write

Fr(z,7) = (L=7)f(z) + 7fr(2). (7)

We note that Fj, extends smoothly outside 0. Here and throughout we restrict ourselves to
the setting where 7 € [0, 1]. The function F7, has R%~™ as image.
We can now state the following

» Lemma 5. If we write grad, ;) for the gradient that includes the T component, we have

| det(grad, . (F}) - grad, - (F1))ijl > 70 — 91(D), (8)
with g1(D) = O(D). See (18) in Appendiz A for the exact expression of gi.
From the previous statement we immediately have that

» Corollary 6 (£ '(0) is a manifold in a neighbourhood of o x [0,1]). If 7o > g1(D) the
implicit function theorem applies to Fr(x,7) inside o x [0,1]. (In fact it applies to an open
neighbourhood of this set). In particular, we have proven the first of our two technical steps,
{z | Fpr(xz,7) =0} No x [0,1] is a smooth manifold.

2.1.3 Transversality with regard to the 7-direction

We will also prove the main result which we need for the third step, that is the gradient of
7 restricted to Fpr(x,7) = 0, is piecewise smooth and never vanishes. We now prove inside
each o X [0,1] the gradient of 7 on F, = 0 is smooth and does not vanish.

1 ) ,Ud—n

We first give a simple lower bound on the lengths of vectors v-, . .. , assuming that

the norms [v?| are upper bounded and the determinant of the Gram matrix is lower bounded.

» Lemma 7. Letvl,..., 04" € R, |vi| < 1, for alli, and assume that det(v'-v7); ; > 0.
Then |v'| > Ao/7i "

We also need to bound the angle of the vectors grad(m’T)(F};) and the x plane, that is
R? C R¥*!. We recall the definition. If v € Rt is a vector and Z = R? € R%t! is the
space spanned by the d basis vectors corresponding to the z-directions, the angle between
vand Zis Z(v, Z) = infez Z(v, w).

» Lemma 8. Let = be as above. We have

< 2D%«
- \/,%//yldf’nfl _ 4d7?0( :

tan A(grad(xﬁ) (F£)7 E)
In particular the manifold Fgl(O) inside o x [0,1] is never tangent to the T = ¢ planes,
where ¢ is a constant.

Combining Lemma 8 and Corollary 6 gives:

» Corollary 9. If v > g1(D), and ./fyo/’yf_"_l > M% , then inside each o x [0,1] the
gradient of T on F; '(0) is smooth and does not vanish.
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2.2 Global result

We are now going to prove the global result. For this, we need to recall some definitions
and results from non-smooth analysis. We refer to [22] for an extensive introduction.

» Definition 10 (Generalized Jacobian, Definition 2.6.1 of [22]). Let F' : R¥*! — R4~ where
F is assumed to be just Lipschitz. The generalized Jacobian of F' at z¢ denoted by Jg(xzo),
is the convex hull of all (d —n) x (d 4 1)-matrices B obtained as the limit of a sequence of
the form Jg(x;), where z; — xo and F is differentiable at x;.

Following [22, page 253] we also define:

» Definition 11. The generalized Jacobian Jr(zg) is said to be of maximal rank provided
every matrix in Jp(zo) is of maximal rank.

Write R4 = R x R9~" and denote the coordinates of R4t by (x,y) accordingly.
Fix a point (a,b), with F(a,b) =0 € R4, We now write:

» Notation 12 ([22, page 256]). Jr(zo,Y0)ly s the set of all (n+ 1) x (n + 1)-matrices M
such that, for some (n+1) x (d —n)-matriz N, the (n+ 1) x (d + 1)-matriz [N, M| belongs
to Jr(zo,Yo)-

With these definitions and notations we now have:

» Theorem 13 (The generalized implicit function theorem [22, page 256]). Suppose that
Jr(a,b)|y is of mazimal rank. Then there exists an open set U C R™*! containing a such
that there exists a Lipschitz function g : U — R~ such that g(a) = b and F(z,g(z)) =0
forallz € U.

We recall the definition of Fpy,
Fpp(z,7) =1 —7)f(z) + 7fpL(). (1)

Because of the definition of a, see (4), and Proposition 4, we have that grad, ;) Fpr(z, )
and grad, ) F'pr(Z,7) are close if  and & are. In particular,

» Lemma 14. Let v be a vertex in T, x1,22 € star(v), and 171,72 € [0,1], such that
grad(, - Fpp(z1,m) and grad, . Fby (z2,72) are well defined, then

10d®>Da

7+ 4y, D + 4D?*«

|grad , - Fpy(z1,71) — grad, , Fpp(x2,72)| <
We now immediately have the same bound on points in the convex hull of a number of
such vectors:

» Corollary 15. Suppose we are in the setting of Lemma 14 and xg,x1,...,T, € star(v),
T0,- -+, Tm € [0, 1], and suppose that 1, . .., m are positive weights such that gy +- -+ i =
1 then,

; % ; 10d*Dox 2
grad, - Fpr (2o, 70) — Z prgrad , - Fpp(wg, )| < —F +4vD + 4D«
k=1

Using Lemma 5 we see
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» Lemma 16. Let v be a vertex in T, x1,...,%y € star(v), and T1,...,Tm € [0,1], such
that grad(w,T)F};L (g, 7k), K =0,...,m are well defined. If we moreover assume D <1, and
% < 1 we have that

‘ det <(Z i grad(zJ)F}L(xk, Tk)> . <Z pk grad - Fpr (2, Tk)>> ‘ > — g2(D),
k=1 k=1 i,j
with go(D) = O(D). See (19) in Appendiz A for the exact expression of gs.

From the previous lemma we immediately have that

» Corollary 17 ({z | Fpr(z,7) = 0} is a manifold). If D < 1, 8422 <~ and vy > g2(D) the
generalized implicit function theorem, Theorem 13, applies to Fpr(x,7) = 0. In particular,
{z | Fpr(z,7) = 0} is a manifold.

We notice that this bound is stronger than the bound in Corollary 6. This means that
{z | Fpr(z,7) = 0} is a Piecewise-Smooth manifold if the conditions of Corollary 17 hold.
The second technical step of the proof is now also completed.

The fact that Fy(z,7) = 0 is a Piecewise-Smooth manifold and Corollary 9 give that
the gradient of 7 is a Piecewise-Smooth vector field whose flow we can integrate to give a
homeomorphism from the zero set of f to that of fpy.

We summarize in a theorem:

» Theorem 18. If, D <1, Gdjl?o‘ <1, v/ > %, and yg > g2(D) then the zero
set of f is isotopic to the zero set of fpr. We stress that one can satisfy all conditions by
choosing D sufficiently small.

2.2.1 Fréchet distance

To bound the Fréchet distance (dp) between the zero sets of f(x) and fpr, it suffices to
bound the angle that the gradient of 7 (as restricted to Fp(x,7) = 0) makes with the
(ambient) 7-direction.

For this we will use the angle bound of Lemma 8, together with some estimates that are
similar in spirit to those in [7, Lemma C.13].

» Lemma 19. Let v',... 0% " € R4 |vi| < 7y, for all i, and assume that det(v® -
v1);j > F0 > 0. Let e, a unit vector. If for all i, cos(Lv',e;) < ¢o, then for any w €
span(vt, ... v9")

(d _ n)dd—n—l(bo,%i—n
Vo

Let e, be the 7 direction and let g, be the gradient of 7 restricted to FISLl(O), whenever it
exists. We want to bound the angle of g, and the 7-direction. Because the homeomorphism
is given by the gradient flow, this bounds the Fréchet distance.

There is one subtlety, because the manifold is only Piecewise-Smooth, we need to take
into account the points where g, is not uniquely defined. Because for each simplex o, Fp,
extends to a neighbourhood of ¢ x [0, 1], there exists a limit of g,(x;,7;) for any sequence
(x;,7;) that lies in int(o) x [0, 1], where int denotes the interior. This means that if we bound
g- for each simplex we also bound its limits, where the limits are as just described.

We are now ready to combine Lemmas 8, 19, and Theorem 18.

cos Z(w, e;) <
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» Corollary 20 (Bound on the Fréchet distance). Suppose that the conditions of Theorem 18
are satisfied. Then, dp(f~1(0), fp; (0)) < tanarcsin g3(D), with g3(D) = O(D?), where we
think of vo, 71, d, n, T and « as constants. See (19) in Appendiz A for the exact expression
of g2.

€T

The most important thing to observe is that tan(arcsin(z)) = i so that we find
that dr(f1(0), f5; (0)) = O(D?), where we think of vy, 71, d, n, T and « as constants.

3 Isomanifolds with boundary

We’ll now consider isomanifolds with boundary. By this we mean that on top of the function
f : R — R4 " we’ll have another function fy : R* — R and the set we consider is
M = f~10)n fgl([O, o0)). This is a manifold with boundary if the gradients of f¢ span
a (d — n)-dimensional space at each point of f~1(0) and the gradients of f* and fs span a
(d — n + 1)-dimensional space at each point of IM = f~(0) N f;'(0), as a consequence of
the submersion theorem.

We'll again write fp;, for the PL interpolation of f. Similarly we write fg pr, for the PL
interpolation of fp.

We prove that, under certain conditions, there is an isotopy from f~*(0) N f;*([0, 0))
to fp(0)N fa_’}lpL([O, 00)). The conditions are very similar to the conditions we have before,
but of course we need to include bounds on the gradient of f5 pr.

Overview of the proof

We will again construct an isotopy, but in this case it will consist of two steps.

In the first step, we isotope the part of f~1(0) that is far from f;'(0) to its piecewise
linear approximation, while leaving the part of f~1(0) that is close to f;'(0) smooth.
We will denote the result by My = (Fpr1(-,1))7(0).

In the second step, we consider a (small) tubular neighbourhood around f;'(0) as
restricted to M; by looking at all f;'(e) for |e| sufficiently small.! We then isotope
Minfy 1(e) to its piecewise linear approximation. Again the isotopy is chosen in such a
way that for e relatively large (for the points such that M is already Piecewise-Linear)
it leaves M; N fy !(€) invariant. This gives an isotopy of a tubular neighbourhood of
MyNfy L(0) to its Piecewise-Linear approximation.

We will first partition the manifold in two parts using a smooth bump function ¢ : R —
[0,1] that is zero in a neighbourhood of zero and ¢(y) = 1 if |y| > yo, for some yo > 0.
Such bump functions can be easily constructed, see for example [39, Section 2.2]. We will
be using the function ¢ (ZZ(]”)2 + fg).

The first step will be using the zero set of the following function:

Fppa(z,7) = (1 —7¢ (Z(W + m)) fle)+76 <Z<fi>2 + f§> feo(x), 9)

% %

on which we’ll apply the same gradient flow argument as before.

1 We stress that e may be negative.

00:9
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Figure 2 Top: we see the original isosurface with f; ' (—1/10), f;'(0), f5 '(1/10), and f; *(2/10)
indicated in blue. Bottom left: we see that at the end of Step 1 the neighbourhood of the boundary
is intact, while the rest has been isotoped to a Piecewise-Linear approximation. Bottom right:
we have also isotoped the neighbourhood of the boundary to a Piecewise-Linear approximation by
isotoping f; (e), to its Piecewise-Linear approximation for all sufficiently small e.

The resulting set M; is the same zero set of fpy as before if we stay sufficiently far
away from OM and the isotopy leaves the manifold invariant close to M. In particular,
oM, = O0M.

In the second step, we define an isotopy that will act only on a small neighbourhood of
OM. Consider the sets By(e) = M; N f, () and, for each of them, define the function

K2

Fprae(z,7) = (1 - TY (2:(]”‘)2 + f§>> (Fpra(z,1), fa(z) —€)

+ 7 <Z(fi)2 + f§> (fpr(x), fo,pr(z) —¢), (10)

i

where ¢ : R — [0, 1] is now a smooth bump function that is 1 in a sufficiently large neighbour-
hood of zero (somewhat larger than yg) and zero outside some compact set. We stress that
Fpp 2. is a mapping from R x [0, 1] to R4~"*1. Using the result for isomanifolds (with some
modifications), we can prove that each individual set Bj () is isotopic to fp7(0) N fa, br(€)
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for small € while, for sufficiently large ¢, it leaves the set invariant.

3.1 Stepl

The proof closely follows the proof for the case without boundary in Section 2. The main
technical difficulty will be to provide bounds that serve as the counterparts of Lemmas 5
and 16. To be able to do so we first need to discuss bounds on the bump functions ¢ and .

3.1.1 Bump functions

Following [39, Section 2.2] we write,

Cl(x):{o if £ <0

e 1T if x>0

For 0 < y; < y2 we write (o() = Ci(z — y1)C1(y2 — ). Then we define ¢; : R — [0, 1] by
o) = [;° C2($')d33’/ o Ca(a’)da’ . Finally define ¢ : R — [0,1] by ¢y(z) = ¢i(|z]), and
let ¢(x) =1 — ¢p(x).

» Lemma 21. We have ¢,(x) € [0,1] and, writing 2y1 = y2 = Yo,

4 2
e3(w2—v1) e3v0

e R (11)

3.1.2 Inside a single simplex

Similarly to Lemma 5, we now give a condition that ensures that the zero set of Fp | (z,7)
is smooth inside o x [0,1]. In fact, similarly to (7), we define

Fiy(z,7) = (1 —7¢ (Z(ﬂ)z - fa)) i)+ 7o (Z(W - f§> fi(z)

l l

= f(x) +7¢ <Z(fi)2 + f§> (fL(z) = f'(2)),

K2

where ¢ is as defined above. Observe that F£’1($7T) can be extended to a neighbourhood
of o x [0,1].

» Remark. For the constants, it is better if yg can be chosen as large as possible, but we need
y1 to be quite a bit larger than yo. In turn, we cannot choose y; arbitrarily large because
this would mean that the gradient field gradfa|s-1(o) (seen as restricted on f~1(0)) would
never vanish. The latter is in general impossible thanks to the hairy ball theorem [17].

We introduce the following definition that complements Definition 1:

» Definition 22.

grad (Z(W + f§>

l

=2 sup
TEX)

Yo = sup
rEX)

> flgradf! + fogradfy (12)
l

We have then the analog of Lemma 5:

00:11
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» Lemma 23. We have :
| det(grad, ,F} 1 (z,7) - grad, - F{ (2, 7))ij| > 70 — ga(D),
with g4(D) = O(D). The exact expression of ga is given in (21).
The following corollary is then the analog of Corollary 6:
» Corollary 24 (FL_%(O) is a manifold). If v0 > g4(D), where g4(D) = O(D) is as in Lemma

23, then Fg%(O) is a smooth manifold inside an € neighbourhood of o x [0,1].

3.1.3 Transversality with regard to the 7-direction
We note that, similarly to Lemma 8, we have

» Lemma 25. Let = be as in Lemma 8 and vy as in (11).

< 2D%¢
= Ao/ — eve2D%a — 4dDa

tan Z(grad, ,(Fr1),E)

In particular, if \/0/7i """ > y2y42D%a + 2dDa FL_i(O) (if it is a manifold) is never
tangent to the T = ¢ planes, where c is a constant.

Now, similarly to Corollary 9, we find that

» Corollary 26 (Transversality with respect to 7 for Step 1). Suppose that vo > g4(D) and
that \/70/7 "t > y9ys2D%a + %. Then, inside each o x [0,1], the gradient of T on
FE%(O) is smooth and does not vanish.

3.1.4 Global result

We now have to prove that F;Ll’l(O) is a manifold. For this, we shall use a bound similar to
the one given in Lemma 16, so that we are able to apply the generalized implicit function
theorem if this bound is satisfied. But first of all, we need the following bound, which is
similar to Lemma 14.

» Lemma 27. Assuming that the gradients are well defined, we have

lgrad, . Fpp i (21,71) — grad(, . Fpp 1 (22, 72)| < g5(D),
with g5(D) = O(D). The exact expression for gs is given in (22).

Just as in Corollary 15, we immediately have the same bound on points in the convex
hull of a number of such vectors:

» Corollary 28. Suppose we are in the setting of Lemma 27 and xg,x1,..., Ty € star(v),
T0y -+ Tm € [0,1], such that grad(r’T)F}gL’l(m, 7;) s well defined for all i. Further assume
that p, ..., b, are positive weights such that py + -+ - + o, = 1. Then,

grad(, - Fhy 1 (t0,70) = 3 jugrad o Fpp 1 (o, 7)| < g5(D).
k=1
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sz » Lemma 29. Under the same conditions as in Lemma 16,

374 det ( (Z Mk grad(z,T)F}i’L,l(‘rk7 Tk)) ‘ (Z M grad(w,T)FIjDL,l (@, Tk)) )
1,J

k=1 k=1 i
as > — 9a(D) = gs(D),
s with ge(D) = O(D). The exact expression of gg is given in (23).

377 Lemma 29 immediately yields that

ss » Corollary 30 (F;lel(()) is a manifold). If, 70 > g4(D) + ge¢(D) the generalized implicit
w0 function theorem, Theorem 18, applies to Fpr1(x,7) = 0. In particular F;£,1(0) is a
w0 manifold.

381 We stress again that inside the set {z|¢ (3°,(f")%(z) + f2(z)) = 1} the zero set of
2 Fpr1(x,1) coincides with the zero set of fpr(x).

w 3.2 Step 2

s Before we can proceed we have to specify the bump function ). We suppose that

1 if |z < 10
385 ¢($) = { | | - looyo

0 if |z| > 2yo.
s In particular we pick ¢ (z) = ¢p(x), with the choice y; = %yo and yo = 2yp.
387 First we stress thatthe zero set of Fipr, 2 ((, 1) coincides with the zero set of (fpr(z), fo,pr(x)—
s €), provided that (Y, fi(z)? + fa(2)?) = 1.
389 Secondly, we now claim the following:

s0 B Lemma 31. The zero set of Fpp2.(x,1) is a subset of the zero set of fpr(x), for each e.

301 The technical result that remains to be proven is the counterpart of Theorem 18 for
2 Fpro.(r,7) and for each sufficiently small e. To be precise it suffices for ¢ < 2y,. We
a3 remark that it is likely that this bound on e can be improved.

304 We again follow the same path to prove this result. That is we first concentrate on a
35 single simplex and prove that inside that simplex the zero set of Fipy, 2 . is a smooth manifold
s on which the gradient of 7 as restricted to the manifold does not vanish. We then prove
s7 - that is the zero set of Fpr o is globally a manifold.

w  3.2.1 Assumptions and notations

10 Because we are now faced with both f(z) and fs(z) we need to introduce a bound on how
wo far the gradients of all there are from being colinear. We write

a1 fB(@) = (f(2), fo(x)). (13)

402 Before we were only interested in the set ¥, similarly here we sometimes concentrate
w3 on a neighbourhood of the zero set of both fs and f. Therefore we write B, for all o € T

we such that (3°,(f)% + (f2)?) " ([—2v0, 2y0]) N o # 0.

405 We define 7 in terms of the determinant of the Gram matrix of the gradients, that is
B . i J

= f det d . d il 14

406 Yo xeé?mzo‘ et(grad(fp) - grad(f3))i;l (14)
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We note that because we take the gradients we can just ignore the e constant. For the
lengths of the gradients of fp we define,

7 = sup max [grad(fj)|, (15)
z€X, !

forall 1 <i<d—mn+1. Similarly to «, we define § as the bound on the operator 2-norm
of all Hessians of fg, that is

= sup max|[Hes(f5)[l2 = sup max [[(r00f5) . l2- (16)

rz€Xy ¢ z€Xo

We stress that we have chosen our definitions such that a < 3.

We use the same notation for the ambient triangulation 7, the lower bound on the
thickness of the simplices 7" and upper bound on the longest edge length D. We also need
to introduce a bound on the differential of the bump function . Similarly to (11) we define,

4

—t P () _400
233(y27y1) 263(290— T00 ¥0) 200 e2®7vo (17)
Yo = = = — R
v Y2 — Y1 200 — By 99 wo

because we picked y; = %yo and yo = 2y, for .

3.2.2 Inside a single simplex

Similarly to Lemma 23 we now give a conditions that ensure that the zero set of Fp, o (2, 7)
is smooth inside o x [0,1]. In fact similarly to (7) we define

3

Froc(z,7)= (1 — T <Z(fi)2 + f§)> (Fpai(z,1), fa(x) —€)

+ 79 (Z(fi)? + f§> (f1(@), fou (@) —€),

which can be extended to a neighbourhood of o x [0, 1].
» Lemma 32. For all e,
det(grad y, ) F7 5.0 (2,7) - grad y, ) F} 5 (€,7))i; = 78 — 97(D)
with g7(D) = O(D). The exact expression of g7 is given in (24).
We again have the following corollary.

» Corollary 33 (Fg;E(O) is a manifold). We have that Fgée(o) is a smooth manifold inside
an small neighbourhood of o x [0,1] provided Y& > g7(D), with g;(D) as in Lemma 32.
As usual this can always be satisfied by choosing the triangulation fine enough, that is D
sufficiently small.

3.2.3 Transversality with regard to the 7-direction

Once more similarly to Lemma 8 we have

» Lemma 34. Let E be as in Lemma 8. We have
2D?p
) S = maas 25 _ 12dD5 "
Vo /() = (72(27g +7p) +1)2D?8 — =55

tan Z(grad, . (Fr2,), =
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In particular the manifold Fgée(O) inside o x [0,1], if well defined, is never tangent to the
T = ¢ planes, where ¢ is a constant, if

12dD
VA IGPYI2 > (a2 ) + 1)2D%5 + 22225,

Now similary to Corollary 9 we find that

» Corollary 35 (Transversality with respect to 7 for Step 2). Suppose that the conditions of
Corollary 33 are satisfied. If moreover

e 12dDj
VARG > ({29 + ) + D2D28 + =7,

then inside each o x [0, 1] the gradient of T on FL_;G(O) is smooth and does not vanish.

3.2.4 Global result

We now have to prove that FJ;Ll,z,e(O) is a manifold, for all sufficiently small e. For this we
shall use a bound similar to the one given in Lemma 16, so that we are able to apply the
generalized implicit function theorem if this bound is satisfied. For this we first need the
following bound, which is similar to Lemma 27.

» Lemma 36. Let v be a vertex in T, x1,22 € star(v), and 11,72 € [0,1], such that
grad(, Fpp o (x1,7) and grad, - Fby 5 (22,72) are well defined, then

|grad(;c,T)FIi3L,2,e(x1’ i) — grad(z,r)FJiDL,z,e(@a )| < gs(D),
with gs(D) = O(D).The exact expression of gs is given in (25).

Just as in Corollary 15, we immediately have the same bound on points in the convex
hull of a number of such vectors:

» Corollary 37. Suppose xo, 1, ..., &m € star(v), 1o,...,Tm € [0,1], such that grad(w,T)ngL,Q,e(xi, Ti)
is well defined for all i. Further assume that pi,..., Wy are positive weights such that
w1+ -+ pm = 1. Then,

grad(w,r)FIiDL,Q,e(xO’ TO) - Z :ukgrad(w,T)FIiDL,Ze(xk? Tk) < gS(D)

k=1

» Lemma 38. Under the same conditions as in Corollary 37,

det ( (Z ke grad(m,f)FfSL,z,e(xk, Tk)) . <Z Lk grad(m’T)F};LVQ’E(xk, Tk)) >
%,

k=1 k=1
> — g1(D) — go(D),
where go(D) = O(D). The exact expression of gg is given in (26).
Lemma 38 immediately yields that

» Corollary 39 (The generalized implicit function theorem in Step 2). If, 7 > g7(D) +
go(D) the generalized implicit function theorem, Theorem 13, applies to Fpr1(x,7) =0. In
particular F;j—il(O) is a manifold.
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We stress that this condition only needs to be satisfied in a when Y_,(f!)% + (f5)? is small,
outside this neighbourhood the isotopy leaves the zero set invariant.

» Theorem 40. If,

4dD
VAT > pevs2D%a + = (Corollary 26)
Y0 > ga(D) + g6(D) (Corollaries 24 and 30)
o 124D3
VIE /) T > (12(23 + ) +1)2D%8 + — (Corollary 35)

V5 > g7(D) + go(D), (Corollaries 33 and 39)

then f=1(0)Nf5 ([0, 00)) is isotopic to fp; (O)Ofg,}JL([O, o0)). We stress that one can satisfy
all conditions by choosing D sufficiently small. We refer to Appendix A for the definitions
of g:(D).

4 |sostratifolds

There is no obstruction in principle that prevents us from extending the approach above
to isostratifolds. By isostratifolds we mean stratifolds that are given by the zero sets of
functions. For example suppose that we want to find a PL approximation of the unit sphere
centred at 0 in R? including the PL approximations of the intersections of the sphere with
slightly deformed « = 0, y = 0, and z = O-planes, as depicted in Figure 3. This would also
give PL approximations of the respective ‘octants’ of the sphere.

Figure 3 An example of an isostratifold.

We could follow the same procedure as for a manifold with boundary to give density con-
ditions that ensure that the PL approximation is correct. However this would mean that we
have to introduce an extra bump function for each stratum as well as an extra isotopy. Even
though that in theory this should be possible the analysis becomes prohibitively lengthy.
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A Overview of constants

We give an overview. We write X for the set of all ¢ € T, such that (f*)~1(0) No # for all
i. We write B, for all ¢ € T such that (3°,(f))%+ (f2)?) 1 ([—2y0, 2y0]) N o # 0. We write

fe(z) = (f(x), fa(x)) (13)

Yo = ’I‘IGIIEfO | det(grad(f*) - grad(f7)): ;| @)

o= | LY. iy,

W0 = e in | detlerad(f5) - grad(f5)).l (14)

71 = sup max [grad(f")] (3)
€Sy U

7 = sup max grad(fp)| -
FASIIN T

72 = sup |grad <Z(fl)2 + fg) ‘ = sup |y _ f'gradf' + fogradfy (12)
FASOIN) 1 €50 p

o = sup max [Hes(f") 2 = sup max (94 2 (4)
z€X, T A

B = sup max |[Hes(fp)|l2 = sup max || (9x01f5)kll2 (16)
z€Xy zex, ¢

D : the longest edge length of a simplex in g
T : the smallest thickness of a simplex in Xg.
Z = R? C R is the space spanned by the d basis vectors corresponding to the z-directions.

The bump functions give rise to the following:

2

e 3v0
Vg =4 " (11)
200 e %o .
- 2" 1
799y (17)
The precise expressions for the g;(D) are:
6dDa\ """ 4dDac (6dDa\?
o o S o (42
14dD 24d*D
go(D) =n"*1 (22”—17%" ( T O‘) +5" 71" (2d + 5) ( 7 * 5 971D)) (19)
d —n)d*="1 A52D%ar " (41 + 2D%) "

\/’70 + (2D2ary‘11—n—1)2\/’yo 34, (%)2n—1 nn-i-l,y%ndﬂ%

n—1
4dDa\?
ga(D) =n (n (71 +(1+ 727¢)2D2a + T ) )

4dD 4dDa\
‘n <2 <(1 + ’Y2V¢)2D2a + T a) Y+ ((1 + ’727¢)2D204 + T a) )) (21)

4dDa>

(22)

g5(D) =2VddaD + 2 <(1 +7274)2D%a + T

n—1
4dDa\ ?
g6(D) =n"T! <<'71 + (1 +7274)2D%a + Ta> )
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o - (2 (2\/3daD +2 ((1 +2v0)2D%a + 4dDa>) (vl + (1 +9270)2D% + 4dDa>
+ <2\/EdaD +2 ((1 +270)2D%a + 4dfo‘>)2> . (23)
w (D) =(n+1) (m #1) (28 + (a2 )+ 020% + 227 )

&0 “(n+1) (2%3 <(72(27¢ +7¢) +1)2D*B + IZC;Dﬁ)

o51 + ((72(2% +y) + 1)2D%5 + 12dTD5>2> (24)
652 gs(D) =2VddBD + 2 ((72(2% +9p) +1)2D%3 + 12dTDﬁ > (25)
o go(D) =(n+ 1) <<le + (26 +0) + 1)20% + 227 ) n

: <2 <2\/Ed5D +2 <(72(27¢ + ) +1)2D%3 + WTMD

(98 + (g 420 + 20% + 2120

+ <2\/EdﬂD +2 ((72(2% +7p) +1)2D%3 + 12‘;&8))2) (26)
e If 44Da < 4 g, (D) can be replaced by the simpler 34 - (3)*" 7" pntlq2ndDa
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B Recap of essential standard results

We now quickly recall two essential results, namely the smooth implicit function theorem
and Friedland’s determinant bound.

» Theorem 41 (Smooth implicit function theorem). Let F : R4t — R4~ be a continuously
differentiable function. Write R¥TT = R* x R4 and denote the coordinates of R4 by
(z,y) accordingly. Fiz a point (a,b), with F(a,b) =0 € R4=". If the Jacobian Jg,(a,b) =
(s
U C R™! containing a such that there exists a unique continuously differentiable function

g:U — RI™™ such that g(a) = b and F(x,g(x)) =0 for allx € U.

(a,b))i; s of mazimal rank (or equivalently invertible), then there exists an open set

The following result by Friedland [36] will also be used throughout the proofs:
| det(A + E) — det(A)| < nmax{[|A]lp, [|A + El,}" | E], (27)

where A and E are n x n-matrices and || - ||, is the p-norm, with 1 < p < cc.



670

671

672

673

674

675

676

677

678

679

680

681

682

683

684

685

686

687

688

689

690

6

©

1

692

693

694

695

696

J.-D. Boissonnat, and M. Wintraecken

C Proofs

C.1 Proofs of variations of known results in Section 2.1

The following proofs are not exactly the same as the original, but do not differ greatly from

known results. We have included the results for completeness.

Proof of Lemma 2. This is a straightforward consequence of the existence and uniqueness

of the solution to a differential equation.

The following two proofs are similar to the proofs in Allgower and George [1], however

<

because the statement are a bit different and for completeness we have included these.

Proof of Lemma 3. Taylor’s theorem, see for example [29, Theorem 2.8.4], yields that

o) = f1(@) + D0 (x)(ok — =) + R(v), (28)
J
with
R(og) =23 (or — ) (vg — 2)' / (1= )20, (vg — t(vp — 2))dt
G 0
— )2 i .
+ 2; ((”’“2””))/0 (1= )22 (0g — t(vg — a))dt
<20y — za (by (4) and Cauchy-Schwarz)
<2D%a (x €0)
The function fr, at the point & = >, Ay, where >~ Ay = 1, is by construction
Fi(@) =" et (vr)
k
=D M | Fi(@) + D09 f (@) (o — x) + R(up) (by (28))
k J
=D Mf @)+ D0 ()OO Mo — ) + Y MeR(v)
k j k k
= [(x) + 0+ Y AR(vy)
k
Thanks to the bounds on R(v;) and Cauchy-Schwarz one has
|fL(x) = f(2)] < 2D%a
|
Proof of Proposition 4. We again use that
Fioe) = fi(x) + > 05 () (e — ) + R(vg), (28)
J
with
|R(v)| < 2D« (29)
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Subtracting fi(v;) from fi(vy) now yields

fiog) = fi(u) = Zajfi(z)(vk —v)” + R(vg) — R(vy).

Because fr, is the linear interpolation of f, we have fi(vy) — fi(v;) = > 9i fi () (vk — vp),
and thus

Z(ajfz(f) =0 f'(z))(vx — w)?| < |R(vk) — R(uv))| < 4D%a.

Let now u = upv® and w = fipvp, with S pp = > jip = 1, that is u,w € o. Clearly
> pg — i, = 0, so u — w can be developed in a sum such that the m-th term in the sum is
Em (Vi (m) — Vi(m))s With ¢ > 0, and 37 [en| = 1. We stress that vy ,,,) may be the same as
Vk(mry» With m 7 m/. We now see that

D (051 (x) = 05 (@) (w —w) | = | (0, f1(x) = 05 (%)) em (Vi (m) = Vim))’

J J,m
J
(by the triangle inequality and ¢, > 0)
< Z4cmD2a (because Y |cm| = 1)
= 4D%a. (30)

Because the simplex o contains a ball of radius the smallest altitude over d centred at its
barycentre, that is TD/d with T the thickness, the vector u — w can be chosen to be any
vector of length less than ¢D/d. In particular we can choose

D (@fi@) -9 @)
b0 () = 0 ()

Plugging this choice into (30) gives
tD i i 2 2
= Y (05 fi (@) = 9;f1(x))? < 4D%a
J
So that

i i 5 4dDo
\/;@fm—ajf (@) < 402,

(u—u))j =

C.2 Proofs of new results in of Section 2.1

» Lemma 5. Let grad(f*) = (9;f:); denote the gradients of the components f*. Suppose
that the absolute value of the determinant of the Gram matriz of these gradients is lower
bounded, that is

| det(grad(f*) - grad(f7))s ;| > o,
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and |grad(f")] <
satisfied, then

. ] n—1)
| det(grad(F7) - grad(F}))i ;| > 7o — n"* (71 + T) (2% T

If we write grad,,

| det(gra’d (z T)(

Y1, for all i.

) grad (z T)(

where g1(D) = O(D), precisely

g1(D) = n"*! (71 +

(grad(f*) - grad(f7))i; = (V)i

T

6dDa> 2=

4dDa

)) g1(D),

! ) 4dDa+ 6dDa\ 2
Y1 T T .

Proof of Lemma 5. In this proof we shall be using the following notation:

and write Y; ; for the entries of the matrix.
By definition of F,, we have that

det(grad(Fy) - grad(Fg))m»
= det(grad((1 — ) f*(x) + 7fr(x)") - grad((1 — 7) 7 (x) + 7f1.(x)7))s 5

= det(grad(f'(z) + 7(fr(z)" —

We shall write

(X)i; = (grad(F}) - grad(F}))i;

Proposition 4 now yields that

| Xi; — Yi,l
=|grad(f'(z
— gmd(fz

=|grad(r(fL (=

+ grad(7(

4dD«
<2

)+7(f
()

[

) =
fu(@)' -

r(z

T

<4dDa

T

)i~ £(2))) - grad(f(x) + 7(fr(x) ~

f1(@))

)

z)) - grad(f(z))]
fi(@))) - grad(f7(z)) + grad(r(fr(z)" —
~grad(r(fu(z) — (@)

4dDa

Assume further that the conditions of Proposition 4 are

F(@)))

i

for the gradient that includes the T component, we find that

f1(2))) - grad(f? (z) + 7(fr(x)’ = F(2))))is

T

fi(2))) - grad(f7 (=)

(31)

(8)

(32)

(33)

This estimate is used to bound the ||E||, term in Friedland’s bound, for p = co. In particular,

(X =Y)ijllec < (271

Furthermore,

| X ;| = |grad(f*(x) + 7(fr(z)’ —

< ('714‘

4dDa
T

).

4dDo

T

()

fi(2))) - grad(f? (z) +

m(fr(z) —

F (@)l

(34)
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where we used Cauchy-Schwarz. Note that the latter estimate is used to bound the max{||Al|,, || A+
E||,} term in Friedland’s bound, for p = co. In particular,

4dDa\?
- .

10011 < (3 +
This means that Friedland’s bound now yields

| det(X);,; — det(Y)i ;| < n([(X)ijllee)" (X = Y)

Thus,

| det(grad(Fy) - grad(F}))i| = | det (grad(f'(x)) - grad(f? («)))

4dDa\ 2"V
o 22 o

2(n—1)
> <2’71

4dDox

> 9 —n"tl ('yl + —

il

oo

ij |

4dDo

(36)

T

()

4dDa N 4dDa\ ?
T T '

The addition of the 7 component gives a small extra contribution to the inner product to

the gradients

X’i’j :grad(z Fi -grad(x’T)Fi

)

=grad(f(x) + 7(fL(2) — f'(2))) - grad(f () + 7(f{ () — ' (x)))

+ (fi(2) = fl@)(fi(2) = [ (@)).
Combining this with (33) and Lemma 3 yields

|Xi7j - }/i,j| = |grad(z,T)FIi, ’ grad(m,T)F[]; - grad(fl(x)) : gra'd(fj (:E))‘

<27

4dDao 4dDo
T T

2
) + (2D%a)?
Similarly to (35), we also have that

4dDa

|Xi 5| = lgrad g Fy, - grad (g ) F7 | < (% +
Applying Friedland’s bound again gives

| det(X)i’ﬂ = det(grad(z,T) (F[l/) ’ grad(wn’) (F;,))%J

n—1
4dDa\ >
> 9 —n" Tt <<’yl + T ) + (2D2a)2> . (271

)2 + (2D%*a)?.

4dDa

T

T

6dDa\ > 4dD 6dDa\ >
> o —n" Tt (71 + a> <2'yl G ( a) .

T

T

+ (4djl?a)2 + (2D2a)2>

(because T' < 1)

<

» Corollary 42. If on top of the conditions of Lemma 5, we also assume that M% <,
the bound (31) can be simplified, at the cost of weakening the bound, to

det(grad(Fi) . grad(Fg))m >0 — 3- 22"t ()

21 dDa

T
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The bound (8) can be simplified, at the cost of weakening the bound, to

2n—1
i j 5 n LdDa
| det(grad, - (F) - grad, -)(F7))ii] > 70 — 34 - (2> n" g -

Proof of Corollary 42. If we assume 4‘1? & < 4, a short calculation shows that (31) reduces
to
. , e 4dDa
det(grad(F}) - grad(FL))ss1 > 50 = 07+ ()" (30 2% )
dDa
— _ .22n+1 n+1 2n—177
Yo —3 n"" (1) T

A straightforward calculation shows (8) reduces to

2n—1
5 ) 4dDao = 3 6dDo
det(X)i,; > yo —n"* <71> (271 tam )

2 T T
2n—1
5 dDa
<
Proof of Lemma 7. Let A; = span(v?,...,v¢""). Write v} for the projection of v* on A;.

Note that the vector v% is d — n-dimensional. By construction,
det(v' - 07); ; = det(vly - v))i; = det((v4)i(vh);) = det((vy):)?,

where (v%); denotes the (d — n) x (d — n)- matrix whose columns are vy, and (v4)! its
transposed. Moreover, |v?| = |v%,|. Hadamard’s inequality [38] now gives

det((v});) < [T W4l < A4 vl
J

Using that det(v’ - v7); ; > 70 now yields /o/7{ "1 < [v}]. <

Proof of Lemma 8. The statement follows fairly straightforwardly from Lemma 7 and Lemma 3.

In particular the 7 component of grad, . (F;) is bounded in absolute value by |fL(z)" —
fi(x)| < 2D%a. On the other hand the x component is lower bounded by

e 4dD«
\/’770/’711 T T?

as a consequence of Proposition 4 and Lemma 7. This gives that

, 2D«
tan Z(grad , (FL),Z) < — P
(=7 NGRS

C.3 Proofs of Section 2.2

Proof of Lemma 14. Using the standard bounds on matrix norm, see for example [37,
Equation (2.3.11)], and (4), we have that vda > |00, %], for all k, [ and i. Because the
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supremum of the absolute value of a derivative of a function bounds the Lipschitz constant
of the function, we have that

|01f (1) = O f (w2)| < Vdalwy — as] (39)
[ (@1) = fi(z2)] < mlar — 2af. (40)
Note furthermore that
|z1 — 22| < 2D, (41)
by the triangle inequality.

Lemma 3 gives that |5, () — fi(z)| < 2D?«. Using the triangle inequality we now find
that

\fpr(x1) = for (@) < [fbp(x1) = f1(m1) + f'(21) — fi(w2) + [ (22) — fpp(z2)l.

<2y, D + 4D« (42)
Because
i d(fi(x) + T (fi i
grad, - Fpr(z1,71) = ( grad(f (x;;DL( 1)(fp;1(22) fi(@))) >’

we find that

|gra‘d(z,r)F};’L(l’17 Tl) - grad(z,r)FIgL(w% TQ)‘
<30 ) — 0F ()
l

+ > nlOifpr () = Of ()| + D 7ol O fpr(w2) — O f (w2)]
l

l

+ (1) = f1(21) = fop(22) + f1(22)]

<2V/ddaD (by (39), and (41))
+ de;?a (Proposition 4, and 71,72 € [0,1])
+2y1D +4D%a + 2y, D (by (40), (41) and (42))
<2vddaD + d@ + 4y, D 4 4D%a
< md;D © 4+ 49D +4D%,
where we used the triangle inequality several times. |
» Lemma 16. Suppose that
| det(grad(f?*) - grad(f7))i | > Y0,
and \grad(f’)| < v, for all i. Let now v be a vertex in T, x1,...,%Tm € star(v), and
Ti, .. € [0,1], such that grad(LT)F};L(xk, Ti), k=0,...,m are well defined. Then,

‘ det < (Z pur grad , 1 oy (xk, TM) : <Z p grad , o Fp (o, Tk)) ) ‘
k=1 4,7

k=1
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> o —n"t! <71

— "t ((71 +
9 10d? Do
T
10d?’ Do
T

If we moreover assume D < 1, and % < 71, the expression can be simplified, at the cost

of weakening the bound, to
m .
‘ det ( (Z pi grad g oy Fpp (@, k)
k=1
with g2(D) = O(D), in fact

14dD«
T

92(D) =n""! (22"1%271 (

5 gives that

| det(f()i’j| = | det(grad(I’T) (Fi (0,

> 9 —n"T! <m+

> +5" 17 (2d + 5) <

+6dDa 2n—1 ) 4dDa+ 6dDa\ 2
T nTr T
4dDa\? 5 o
T + (2D%«)

+4mD + 4D2a> <71 +

n—1

4dDao

+ 2dD2a>

2
+4vD + 4D2a> ) .

) - (Z [k grad(m,T)FJgL(xkaTk)>> ’ > 70 — g2(D),
k=1 i,]

s

7o) - grad, - (FIJJ (z0,70)))ij

6dDa\ "1 ) 4dDa+ 6dDa
T nTr T

We want to use this together with Corollary 15 and Friedland’s bound, see (27), to give the
bound we search for. However to do so we also need a bound on the operator norm, for this

we notice that the bound (38) also holds for the convex hull, that is

k=1

We write

Zij = <Z 1 grad(z’T)F};L(xk, Th)
k=1

Similarly to (36), we have that

4dDa\ N
T

(

1(2)islloo < 1 ((v n

We note that

grad(w,T)FlgL (1‘0, TO) ‘

‘ (Z pur grad, o Fpp (2, Tk)) : (Z pk grad , o Fpy (wr, Tk))

k=1

grad(f*(z) + 7(fp.(2) — f(2)))

> : (Z HE grad(z,r)Flz’L(xk7Tk)

k=1

(2D2a)2>

)

for(x) = f(z)

24d? Do

) |

< (’Yl+

4dD«

+ 9711))) .

Proof of Lemma 16. Let zo € star(v) and 7o € [0,1], be such that grad, . F} (o, 70) is
well defined. Note that it is sufficient for z( to lie in the interior of a d-simplex in 7. Lemma

)

00:29

)2 + (2D%a)?.
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Corollary 15 now gives

|Zij — Xij| =

k=1

— grad, .\ Fpy(x0, 7o) - grad , 1 Fhp (20, 70)

k=

—

hE

o

=1

— grad, ) Fpy(z0,70) - grad, . F (€0, 70)

<

+

_|_

<9 <10d

10
i

(Z Hi grad(m,T)F}’L (‘rkv Tk)

T

4dD
& L 2dD%a

<m+

(because grad(f?) < 1, Proposition 4, and Lemma 3)

) (&

Z HE grad(m,T)Flz‘L (mk? Tk))

(44)

(2)%gmmﬂ%ame—gm@ﬂ%a%nw+ym@ﬂ%Ammﬁ

)

i grad(ITT)FIJ;L(:ck, TR) — grad(z’T)Flj;L(xo, 70) + grad(z’T)F{;L(ﬂcm T0)>

k=1

k=1
m

=1

2Da

d®>Da

2
7+ 4y D + 4D2a>

Similarly to (34), we have that

uZ—X»mm<m(

<1Od2Da
n

10d? Doy

Indeed, Friedland now gives,

|det(Z)Z-,j| = |det <<

Z K gra‘d(zJ)FIgL ((Ek, Tk?)
k=1

+ 4D + 4D2a> (71 +

grad(, -\ Fhr (20, 70) = > pkgrad , ) Fir (i, 7)

grad(az,'f‘)F}Z'L (ZL’o, TO) - Z /jfkgrad(:v,'r)Flj:"L ((Ek, Tk)

grad(, . Fpp(z0,70) = Y pregrad, - Fpp (2x, i)
k=1

grad(w,v’)FI]‘;’L (l‘o, TO) - Z ngra'd(x,T)F}jDL (xk’ Tk)
k

+4v1D + 4D2a> (71 +

2
+ 4D + 4D2a>

)

4dD«

+ 2dD2a)

grad(LT)F}J;L(xm 7'0)‘

‘grad(xyT)F};L(xo, 7'0)‘

(by Corollary 15 and (44))

(by Corollary 15)

4dDo

+ 2dD2a)

Z Kk grad(m,T)FIJ;L(xm Tk?)
k=1

(45)
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>rp —n" Tt (71 +—

— "t ((’71 +

10d’ Do

2 n—1
4djl?04> + (2D2a)2>

10d*D
. (2 <0Ta + 4y D + 4D2a) ("/1 +

00:31

T T

dDa\*" ! 4dD dDa )\ ?
M) (271 4 (6 a> ) (by Lemma 5)

(by 43)

4dDo

+ 2dD2a>

)

(by 46, note that n was factored out)

If we further assume that D < 1, and Gd% < 71, we can simplify the bound to

4dDa

|det(Z); 5] 270 — n™ ! (291)7" (2%

— 1 (23)” + (2D)?)

9 14d?Da
T

+ 471D) (271 +2dDa) + <

T

n—1

()

10d®>Da
T

2
+4v1D + 4D2a> >

(because D < 1,and T < 1)

>y — "t (29,)7 (271

nn+1 (57%)7L—1

. (2 (14d2Da
T

+ 471D) @2y +m)+ (

4dDo

4dD« 6dDa
T "N\ T
10d2D 2
. @ 4D —|—'le) )

>0 — " (29,)7 ) <271

14d*D
nn+1 (571 (6’)/1 < «

T

()

10d2D
+4’V1D> + ( T a

2
+ 5’}/1D> )

>’yO _ n+1 2n 1 ( 4dDCK>
14d?> Do 10d?’ Do
n" 1 (5 ( (6’)/1 ( 4’)/1D) + (Qd’yl + 5’}/1D) ( + 5’}/1D>>
14dD
>n0 — nn+122n—1712n ( = a)
24d% Do
n T2 ((Qd% +571) ( + 9V1D>>

14dD 24d?D
Z’YO _ nn-‘rl (22n—1712n ( Oé) + 5n—1,}/%n—1 (2d+ 5) ( T 8]

dDo
» Corollary 17. IfD <1, & T

14d D«
T

Yo >g2(D) = n" T <22n_1712" (

T

o)

<

+onD))

<7, and

24d? Da
T

) +5" 1 (2d + 5) (

the generalized implicit function theorem, Theorem 13, applies to Fr(x,7) = 0.
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» Theorem 18. Let f : R — R4 be a smooth function. Write fpr, for the Piecewise-
Linear function that is the linear interpolation of the values of f at the vertices, if restricted
to a single simplex o € T. Write Xq for the set of all o € T, such that (f\)~1(0) N o # for
all i. Suppose that X¢ is compact. Suppose that for in each simplex in Xy we have that

lgrad(f*)| < 1, for all i.
| det(grad(f?) - grad(fj))i,j

If moreover, D <1, Gdjl?a <m, ,/'yo/'yf”“l > %, and

_ 14da 1 9n— 24d%
Yo >g2(D) = n"*? (22” Lygm (T > + 5121 (2d + 5) ( T +971>> D,

> 7o, for all i, j.

then the zero set of f is isotopic to the zero set of fpr,.

Proof of Lemma 19. Write

w = Iulvl + -+ Nd—nvdiny

with p1, ..., td—n € R. By definition,

cos Z(w,e,) = 2 1V er = 2ifav - er

[wl \/Zi,j Hipjv* - v7

We note that | Y, pv" - ;| < (d — n)|u|F1¢0, where p denotes the vector (u;).
The matrix (vi -0l )” is a symmetric positive definite matrix, because it is a Gram

matrix and its determinant strictly positive, by assumption. This means that the smallest
eigenvalue Apin of (v°-v7); ;, gives a lower bound, that is

Zﬂiﬂjvi vl > )‘min|ﬂ|2~
1,7

The determinant of a square matrix is the product of its eigenvalues. The largest eigenvalue is

bounded by the operator norm, which in turn is bounded by the Frobenius norm [37, (2.3.7)],

denoted by || - ||. This gives that the largest eigenvalue Ayax of ((v%,v7)) is bounded:
Amax < ([0 07)[l2 < [@)Ell2ll (v )illz < [[(07)illF < 4237,

For the smallest eigenvalue we now find that

Fo < det(v’ - v7); ; < X Ay < 2D

max

Combining these results gives

(vt — A _ d—n—1,4 xd—n
cos Z(w, e,) = 2 (V' er) < (d—n)lpln¢o _ (d—n)d P07’

St (v, v7) \M|W‘/Zjd—n—l V0

» Corollary 20. Suppose that the conditions of Theorem 18 are satisfied. Then,
dr(f71(0), f51(0)) < tanarcsin g3(D),

with g3(D) = O(D?), in fact

(d— n)dd_"_1m2D2a7f7"71 "+ 2D2a) d=n

Vot 2D2as{= ) o =31 (3)"7 T g ape

93(D)
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o2 Proof of Corollary 20. Lemma 8 gives
2D20fyf_"_1
V70 ’

osa and thus using the notation of Lemma 19,

933 tan Z(grad(%T)(Fi)’E) <

, 2D%
935 cos(Zgrad,,, .\ (F"),e,) < sinarctan — -
(z,7) \/70/%1 T _ 4d7€)
2D

\/'770/’)’?7717174(17?‘1
2
2D2«
f ——
2D«
\/(\/%/,Y{lfnfl o 4d7?04)2 + (2D2a)2

936 =

937 ==

os By Corollary 42

T

~ 5\>"" ., 4,dDa
939 Yo =" —34- <2> n" g

s Lemma 3 and |grad(f?%)] < v; give
041 Y1 =7+ 2D%q.

> Plugging this into Lemma 19 gives

9:

=

(d —n)d=""12D%a (y1 + 2D%a) o

—n— a 2 2n—1 n n a
V (VAo/Aim " = 49D2)? | (3D20)? [y — 34 (3)7" " ntiq2ndla

s withw € span;(grad, . (F")). Because the tangent space to Fy, = 0 is normal to span,(grad, . (F})),
ws  we see that

043 cos Z(w,e;) <

)

(d —n)d=""12D%a (11 + 2D%a) =
Vi =) s @0ty a4 (3

oz This means that the angle between g, and e, is very small (we can choose D arbitrarily
ws small). This means that as 7 € [0,1] the distance between begin and end point of the
o gradient flow, and thus the Fréchet distance, by tan Z(g-,e,), that is

o  dp(f7H0), f51(0))

946 sin Z(g.,-,&,-) < .
2n—1
n+142n dDa

nnt 1T

9

=

(d —n)d*""'2D%a (v + 2D%a) -

o a)? 2 n—1 5 n «a
\/(ﬁ/vf nol_ 4dDa)" oy (2D2a) \/70734. (3)" ! pn1y2n dDa

952 |

051 < tan arcsin

«s C.4 Proofs of Section 3.1

sse  Proof of Lemma 21. As mentioned, by construction ¢(x) € [0,1]. Because 9,0 (%ﬂ) =
s 0 and this is the only zero of the derivative in the open interval (y1,y2), we see that

w Bla)<p (yl;”) _ ewitm,

SoCG 2020
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Hence,

Y1

Because B(x) is monotone on [y,

because S(z) >0

)

B(x) < (y2 — yl)eﬁ

Yy > 2V

Y1

2

We now have

S e

(3

Y1 +y2

| we also have

Y1+ in) = %e%u;éyz)

Y1
4
ey17y2
< ———%—
7?/25?/1 e3(v1-v2)
4 ____16
evi—v2 3(y1—-v2)
Y2 — U1
4
e32—v1) .
— —— (DefCphi)
2— U1
<

» Lemma 23. Suppose that

| det(grad(f") - grad(f7))s,

and |grad(f%)| < 1, for all i and that the bound (12) is satisfied. Then,

det(grad(fc,T)Fli,,l(xa 7—) ! grad(aﬁ,‘r)FIJ;,l(x7 T))imj > — 94 (D)7

with g4(D) =

O(D), in fact,

n—1
4dDa\ 2
ga(D) =n (n(71+(1+vﬂ¢)2D2a+ T ))

4dD 4dDa\ 2
‘n <2 ((1 +7274)2D%a + T a) v + ((1 +7274)2D%a + T a) >> ,

Proof of Lemma 23. We start with an estimate on the individual grad, . F} ;(z,7)

(

gradf*(z)

0 ) - gra‘d(z,r)F};,l(im T)

_ ‘( red (o) ) ~ grad, ) (fu) +70 (Z(W + f§> (Ji (@) - f"(w») ‘

‘ grad <T¢ (

>

l

l

(% + f§> (fi(2) = fi(ﬂc))> ’
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o =TT B ) s (g et )
¢ ((f)* + 13) (fi ( ) = fi(x))
. - ( riwa (o (S0 +2) ) U0 o 70 (004 13 st )
l l

1/2

9

=3
2

N <¢ (ZW N f§> (o) - fi(x») )

< |rgrad <¢ (Z(fl)z + fa)) (Ji(@) - ()

l

9

@

2

+ o (zw + f§> grad (i (2) — ()

l

+ (by the triangle inequality)

9

©
@

¢ (Z(fl)2 + f§> (fL(@) = f'(2))

l

984 §'72'7¢|f£(x) _fl($)|+

¢ (Z(fl)2 + f§> grad(fL,(z) — f*(x))

l

(because T < 1, (12), (11))

085 +1fi(x) — fi(2)] (because ¢ € [0,1])
o8t < 92l fL(@) = f1(2)] + [grad(fL () — f'(2))] (because ¢ € [0, 1])
87 +1fL(@) = £ ()|

9 4dDa o
988 < (14 %7$)2D%a + T (by Lemma 3 and Proposition 4)

989 (47)
w0 We now write
991 (Xl)i-,j = (grad(z,T)FIi/,l(:L'? T) : grad(z,T)Fi,l(‘r? T))i’j'

92 Expanding yields

o = (st ata - () (50))
(emtertaten - (500 ) (5800 Y))
o (e piatnn - (FE ) ()
(st = (5 ) ()
(e (7)) (o))
G e N R e )))
(R )
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. (grad(wJ)Fg’l(m,T) - ( gradgj(f”) )))j (48)

where we again used the notation
(grad(f*) - grad(f?))i; = (¥)i;-
We now see by Cauchy-Schwarz and the triangle inequality that

4dDo

4dDa) 2

|X1(7j - Yi»j| <2 ((1 + ’YQ’Y¢)2D204 + -

) Y1+ ((1 + 7270)2D%a +

by (47). This also means that for the operator norm of the matrix we find

4dDa 4dDa\?
1X = V)il Sn<2 ((1+727¢)2D2@+ ! )w (<1+W>zD2a+ = ) )

(49)
Similarly to (35) and (36), we also see that (47) gives
4dDa\*
x01< (n+ @ mng2ta s 00 ) (50)
and thus,
4dDa\?
[ X7 jllse <m (71 + (1 +y274)2D%*a + T ) . (51)
Friedland’s bound (37) now gives
det(grad(x,T)Fi,l(x7 T) : grad(iﬂ')Fg,l (l’, T))i,j
4dpa\?\""
a
> —n (Tl <’>’1 + (14 727)2D%a + T > >
4dD 4dDa\?
n (2 ((1 +727¢)2D%a + T a) T+ ((1 +727¢)2D%a + 7 a) >) ,
where we used (49), and (51). <

Proof of Lemma 25. As we have seen in the calculation in (47), the 7 component of grad, . (F*)
is bounded in absolute value by |fr(x)!— f(x)| < 2D%a. On the other hand the x component
is lower bounded by

e 4dD«
VI /N = 62D - ——,

as a consequence of Proposition 4 and the calculation in (47). This gives that

< 2D%«
= 0/ — eys2D2a — 2dDa

tan Z(grad, . (Fr1),E)
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» Lemma

| grad,

< g5(D) = 2VddaD + 2 <(1 +7274) 2D +

27. Under the same conditions as Lemma 14 we have

A Fbpi(w1,71) — grad, - Fhp (22, 72))|

Proof of Lemma 27. By expansion we see that

| grad,

» Lemma

N ( grad f(wzs)

0 ) - grad(x,T)FlgL,l(x% TQ)

N ’( grad f(zs)

0 ) - grad(w,T)F}’L,l ($2, TQ)

<2VddaD + 2 ((1 + 7127¢)2D%a +

,T)FIiDL71 (l'la 7'1) - grad(w,r)FIiDLxl(xz’ TQ)‘

gradf'(z1)

= grad(z,T)FIiDL,l(xl? Tl) - ( 0

gradf*(z1)

<|grad(, . Fpp,(z1,71) — ( 0

4dDo

4dDa

)

00:37

>+ < grad](;i(xl) )_ ( grad{;(u) )

(=) ()

(by the triangle inequality)

> (by (39), (41) and (47) twice)

29. Under the same conditions as in Lemma 16,

k=1

>0 — 9a(D) — gs(D),

with ge(D)
fact,

k=1

> mkgrad , . Fpp i (2, Tk)) : (Z pr grad , o Fpp o (z, Tk)))
ij

o

<

= O(D), where as usual we regard, o, y1, V2, Vo, d, n and T as constants. In

4dD«
’)’1 + (1 +7274)2D%a + T>

Y1+ (1 +7274)2D%*a +

4dDao
(2( (1+7274)2D a+T)71+(
(i 2:) n—1

4dDo

: (2 <2\/8daD +2 ((1 + 7279)2D%a +

+ (2\/ﬁdaD +2 ((1 +727¢)2D%a +

4dDa
T

2(n—1)

Do\ 2
1+ v974)2D%a + 4d
( Y2Ve) T

>) <71 + (1 +7274)2D%a +

)

4dD«
T

Proof of Lemma 29. The proof is more or less the same as the proof of Lemma 16, but with
more complicated bounds. Let z € star(v) and 7o € [0,1], be such that grad, F*(zo,70)
is well defined. Note that it is sufficient for xzy to lie in the interior of a d-simplex in 7.

Lemma 23

| det(X’

gives that

)i il =l det(grad(xﬁ)(F

i(xo’ 7-0) ’ grad(wn’)(

Fj(l’o,To)))i,ﬂ

SoCG 2020
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4dD 2(n—1)
1050 >0 — nntl ((’71 +(1+ 72’7¢)2D2C¥ + Ta>
4dD 4dDa)\?
. (2 ((1 +7274)2D%a + T a) T+ ((1 + 7274)2D%a + T O‘) )) .

w2 We want to use this together with Corollary 28 and Friedland’s bound, see (27), to give the
103 bound we search for. However to do so we also need a bound on the operator norm, for this
s« we notice that the bound (50) also holds for the convex hull, that is

m m
105 ‘ <Z Kk grad(x,T)FIiDL,l(xh Tk)) ’ <Z Mk grad(w,T)Flj:’L,l(xk7 Tk)) ‘

k=1 k=1

4dDa\?
1056 < (71 +(1+ ’72’7¢)2D204 + T > .

s We write
1058 Zi ;= <Z s grad(LT)F}';L’l(xkﬁk)) . <Z i grad(m,T)Ff;L’l(mk,Tk)> .
k=1 k=1

w0 Similarly to (36), we have that

/ 2 4dDa 2
1060 1(Zijll00 < {71+ (L4727)2D %+ — (52)
w1 We note that
, 4dDo
1062 grad(x}T)F};L’l(:ro, T())} <m+ 1+ ’YQ’V¢)2DQOZ + T
(because grad(f?) < 1, and (47))
1063 (53)

wse  Similarly to (45), we find that

1065 1z, - X}, = (Z . grad, - Fpp o (zk, Tk)) : (Z pr grad , o Fhp (o, Tk))
k=1 k=1
1066 —grad(, - Fpp, 1 (20, 70) - grad, - Fpp 1 (0, 7o)
1067 < grad(LT)F};L’l(mo, To) — Z ukgrad(LT)F};L’l(a?k, Tk) grad(LT)F}J;L’l(xo, 7'0)‘
k=1
1068 + grad(IJ)Ff;L’l(xo, To) — Z pkgrad(IJ)F{;L?l(mk, Th) ‘grad(myT)F};L’l(xo, 7'0)’
k=1
1060 + |grad, .y Fpp 1 (w0, 70) = > pegrad, o Fhp i (zr, 7)
k=1
. Fl - do, F?
1070 grad(w,T) PL,1 (ZL'O, TO) Z Hegrad ;. ~LI'pr g (.’Ek, Tk)
k=1
4dD 4dD
1071 <2 <2ﬁd0¢D +2 ((1 + ’yz’y¢)2D2Oé + TOé)) (’Yl +(1+ 72’y¢)2D2a + T a)

(by Corollary 28 and (53))
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+ <2¢8daD +2 ((1 + 7127¢)2D%a +

Similarly to (34), we have that

1(Z = X")ijlloo <21 (2\/EdaD +2 ((1 +727)

Indeed, Friedland’s

| det(Z"); 5] =

>

. <2 ((1 + Y27¢)2D?

_nn+1 <<,>/1 4 (1+72’Y¢)2D20[+

: (2 (2\/&daD +2 ((1 + 727¢)2D%a +

C.5 Proofs of

det ( (
k=1

> pkgrady, o Fhp  (zn, Tk)) : (Z p grad, o Fhy | (wk, Tk)) )
i

k=

+n (2\/&1@1) +2 <(1 +7276)2D%a +

bound now gives,

+ (2\/&daD +2 ((1 +7276)2D%a +

Section 3.2

o+

T

4dDa

(0%

4dDo

2
)) (by Corollary 28)

4dDo

1

2D%*a + T)) (71 + (14 7274)2D%«

4‘? O‘>>2 (54)

2(n—1)
)

—n" ((% + (1 +7274)2D% + ——

4dD 4dDa\
1 2D?
T >’Yl+(( + Y2v0) a+ T )))
n—1
4dDa\?
T

4dD
T a)) (71 + (14 y274)2D%a +

we)’)

(by Lemma 23)

(by 52)

(by 54, note that n was factored out)

Proof of Lemma 31. We focus on the first n coordinates of (1

(1 — (Z(W + 13

i

(o)

2

+ (Z(f’)

3

(-
(- (r
((-<fe

+ fa) frr(x

-

o(xu

?

7o)

7e))e(5

o2

7

>> Fpra(z,1)+ 9 (

— ¢ (Z(J“)Q +f3

i

<

0). We see that

S+ f§> fro(z)
>> fl@)+¢ (2:0”)2 + f§> fro(z

i

+fa>> f(x)

(Z(fi)Q + f§>> fro(z)

+fa) +

o) oo

>

i

(f)? + f§)> fri(z), (55)

00:39

_%

4dDa
T

4dD«
T

)

SoCG 2020



00:40 Topologically correct PL-approximations of isomanifolds

w2 where we used that
1093 1—9 (Z:(JM)2 + f§> =0,
1004 if

. 101
1095 Z(f )+ f5 < TooYo

i

1006 and

(1 —¢ (Z(fi)2 + f§>> =0,

1098 if

ws Y () + 13 =0

)

uo  We can further rewrite (55),

((1 — ¢ (Z(f")Q - fa)) <¢ (Z(fi)Q + f§> -1+ 1) +1 (Z(fi>2 + fa)) fro(z)
= ((1 — ¢ (Z(ﬂ)"’ +f§>> <¢ <Z(fi)2 - f§) — 1) + 1) fro(z)

w = (),
noe  where we used the same argument as before. |
us B Lemma 32. For all e,

wo  det(grad(, ) Ff 5 (2,7) - grad,  FL o (2,7))i; > 78 — g7(D)

nor  with g7(D) = O(D) In fact,

2 n
g7(D) =(n+1) ((n +1) <le + (72(2v6 + v) + 1)2D%5 + 12‘?5) )

1109 : (Tl + 1) (2’)/1B (('72(2’}/¢ + ’Y¢) + 1)2D25 + 126;1D6>
2
1110 + (('}/2(2’)/¢ + ’Yw) + 1>2D2ﬂ + 12(;Dﬂ> )

un  Proof of Lemma 32. We start with an estimate on the individual grad(xJ)Fi,lE(m, 7). We
e will write (v, w)? for the i-th coordinate of the composed vector (v,w). We now see that

74/ .
\( BRI ) o P (o)

1114 = ‘ < gradélg(a:) > — grad(gm) <<1 - T”(/J <Z(fl)2 + fg)) (FL,l(.T; 1)7 f@(l') - E)i

l




1115

1116

1117

1118

1119

1120

1121

1122

1123

1124

1125

1126

1127

1128

1129

1130

1131
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+7Y (Z(fl)2 + f§> (fr(z), fo,r(x) — €)i> ’

l

- ‘( gradgﬁ(x) > —grad, ) ((1 — 7Y (le(fl)2 +f§>>

: <<1 —¢ (Z(flf + fa)) f@)+o (Z(flf + f§> fr(@), falx) - )
l l

(by definition of Fp, 1)

+7Y (Z(fl)2 + f§> (fr(z), fo,L(z) — €)i> ’

l

= ’( gradg}g(x) > - grad(x,f) ((1 —TY (zl:(fl)2 + fg))

: <f(af) +¢ (Z(fl)2 + fé) (fr(z) = f(@)), fo(z) — e)

l

+79 (Z(fl)2 + f§> (fr(x), fo.L(z) — €)i>

l

_ l ( grad/5(7) ) ~ grady, ) ((fm +o (Z(W + f§> (fr@) = F@)); fol) - >

l

i (ZW + f§> (fm:) ~ f@)— ¢ (ZW + f§> (fu(@) = F(2), o (@) - fa<x>> )
l

l

—gradg (<¢ (2:0”1)2 + f§> (fr(x) = f(2)), 0) (by definition of f}())

), fa,L(x) — fa(ﬂ) )

00:41

+<7gmd(¢(zl<fl> +£3) ((1- (2;( )+ £3 )(f() @), fo.L(@) — fola >>”)>‘
Y ) (f

(2 + 13) (=0 (Xi(F)? + f3) — f(@). fo.(x) — fal2))’
grad (qﬁ <Z(fl)2 + fg) (fl(x) = f7 (x))) ‘ (by the triangle inequality)

< max
’ l

1
(because T € [0,1])

(because ¢(y), %(y) € [0, 1], for all )

+((fe(2) = f(@), fo,L(@) = fo(x))’

grade (Z(W - f§>

l

/2 (z) = ()]

< max
J

+ |grad (¢ (Z(fl)2 + f§> <<1 —¢ (Z(f’)2 + fé)) (fr(z) = f()), fo..(x) — fo(x
l

>))
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00:42 Topologically correct PL-approximations of isomanifolds

lgrad(f (z) — f*(x)]

1132 + max

¢ (Z(W + f§>

l

(by the Leibniz rule, Cauchy-Schwarz, and the triangle inequality)

grad (w <Z(fl)2 + fa)) ((1 —¢ (Z(W + fa)) (f(x) = f(x)), fa.r(x) — fa(:v)>
l l
) (Z(W + f§> grad (((1 —¢ (Z(W + f§>> (fulz) = f@)), fo.rlz) = fa<x>> )
l

!
(by the Leibniz rule, and the triangle inequality)
135 +2D?p (by Lemma 3)

wo <l )~ P )+ maxlamd( () — )
(by Lemma 21, (11), (12), and since ¢(y) € [0,1])

((1 —¢ (Z(fl)2 + f§)> (fr(x) = f(2)), fo.L(x) — fa(@)

l

1133 +

1134 +

1137 + Yop Y2

(by Lemma 21, (12), (17))

grad (((1 6 (ZW T fa)) (f@) ~ F@), for(a) - fa<x>> )
l

(because ¥(y) € [0, 1])

1138 +

1139 + QDQ,B

4dD
1140 < 7¢722D2a + T a (by Lemma 3 and Proposition 4)
a1 + 14722D?B (by Lemma 3 and since ¢(y) € [0,1])
12 + |grad (f1(x) = f(2), fo.(x) = fol(x))’
1143 + |grad <<¢ (Z(fl)2 + f§> (fr(z) — f(x)), 0) ) (by the triangle inequality)

l

1144 + 2D2ﬂ

4dD
1145 < v4722D%3 + TB (because by definition o < f3)
1146 + ’yw’YQ2D2/B
1147 @ (by PI‘OpOSitiOn 4)
+ max |grad <¢ (Z(W + f§> (fi(@) = fj(x))> ‘

1
1149 =+ 2D2,8
8dD

1150 < ('72(’}%) + 7¢) + 1)2D2ﬁ + Tﬂ

|(Fh @) = F(@))|

1151 + max
J

gradg (Z(fl)Q + f§>

l




1152

1153

1154

1155

1156

1157

1158

1159

1160

1161

1162

1163

1164

1165

1166

1167

1168

1169

1170

1171

1172

1173

1174

1175
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+ max |6 (Z(W + f§>

l

[grad (£ () — (@)

(By the Leibniz rule and the triangle inequality)

8dDS
< (20 + ) +1)2D%B + ——
+ v4722D% (by Lemma 21, (11), (12), and Lemma 3)
4dD
+ TB (because ¢(y) € [0,1], Proposition 4, and « < 3)

12dD3
7 (56)

= (72(276 + ) +1)2D*B +
We now write

(X/B>%J = (grad(w7r)F£,2,e(x7 T) : grad(w7T)F£72,e(x’ T))i>j'
Similarly to (48), we see that

s = ( (1 #0560 ) o 50 )
) J J
: (grad(m,r)Fi,z,e(m,T) - ( grang(x) ) + ( grad(])”B(x) )))U
= ((grad(z,T)FLQ,er,Z,e(xv7_) - ( gradng(x) ) + ( gradle(x) ))

' (grad@.,T)Fi,g,E(m) - ( Erad /5 (z) ) " ( ad (o ))
=(Ys

)i.j

).
(lrmtttaten=(#))- (=)
<(gradf3 ) (grad( >FL2€(w,T>—<grade >>>
(Pt - (2450

_ ad fI
: <grad(m,7)Fi,2,e(I,T) - ( i gB(x) ))) 7
ivj

where we used the notation

(grad(f5) - grad(f$))i; = (YB)i;
We now see by (56), (15), Cauchy-Schwarz and the triangle inequality that
12dDg

T

_%

(Xi)is — (V)ey| <297 (m(m )+ 1)2D%6

12dDB>2

+ ((Wz(z%b + ) +1)2D%8 + T

This also means that for the operator norm of the matrix we find

T
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2
+ ((w@w + ) +1)2D%8 + 12dTD5> ) (57)

Similarly to (35) and (36), we also see that (56) gives

12dDB\°
T )

X0 < (713 (27 + ) + 1)2D%5 + (58)

and thus,

12dDB\ >
[ X jlloo < (n+1) (713 + (72(27 + 1) + 1)2D?8 + T )

Friedland’s bound (37) now gives

det(grad(m,T)Fi,Q,e(x7 T) ’ grad(m,T)Fi,Q,e(x’ T))ivj

2 n
>y — (n+1) <(n +1) (%B + (72(296 + ) + 1)2D%6 + 12?6) >

124D
)

(n+1) <2le ((72(2% + ) +1)2D?8 +

2
+ ((alre +0) + 1207+ 2222 )

where we used (57), and (59). <

Proof of Lemma 34. As we have seen in the calculation in (56), the 7 component of grad, . (F} , )
is bounded in absolute value by ‘((fL(x) — f(2)), fa.n(z) = fa(z))'| < 2D%3. On the other

hand the x component is lower bounded by

12dD
VB IGEY"2 — (a2 + 9 + 1202 - 2922,

as a consequence of Lemma 7 and the calculation in (56). This gives that
) < 2D%p3
T VG /P2 = (a(29 + 1) +1)2D28 — 2928

tan Z(grad, ) (FL2.), 2

<

» Lemma 36. Let v be a vertex in T, x1,22 € star(v), and 11,72 € [0,1], such that
grad , \Fpp o (x1,71) and grad, . Fp; o (w2,72) are well defined, then

lgrad(, .\ Fpp o (1,m) — gradg, Fpp o (22,72)| < gs(D),

with gs(D) = O(D). In fact,

gs(D) = 2Vdd3D + 2 ((72(2% ) + 1)2D%6 + 120;’175)

Proof of Lemma 36. The proof follows the same steps as the proof of Lemma 27. By
expansion we see that

|grad(x,T)FIi3L,2,e('r17 7-1) - grad(x,T)FlgL,Z,e(x% 7-2)|



1202

1203

1204

1205

1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224
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grad(m,T)F};’L,Q,e(ml’ 71) - ( 0

rad % (z ,
+ ( g -}:)B( 2) ) 7grad(m)T)F;3L727e(x277—2)

i rad % (x rad £ (
grad , . Fpp o (T1,71) — ( & ];B( 1) >’+‘< g fOB( 1)

rad % (z _
+ ’< g -];B( 2) > 7grad(r7T)FI’LJL727E(J:27T2)

<2V/ddBD + 2 ((72(27¢> +p) +1)2D%6 + WTD8>

0

<

gradfi (a1) ) N ( gradfj(x1) ) _ <

)-(

0

gradf}9 (z2)

00:45

)

grad f&(xs) > ’

0

(by the triangle inequality)

(by (39), (41) and (56) twice)

» Lemma 38. Under the same conditions as in Corollary 28,

det ((Z Kk grad(m,r)F}DL,z,e(:Ek, Tk)) . <Z ik grad($’T)F{;L’2’e(xk7 %)

k=1 k=1
> & — g7(D) — go(D),

where go(D) = O(D). In fact,

g7(D) =(n+1) ((n+ 1) («le + (1(2vs + 7o) + 1)2D%8 + 12dTDﬁ) )

12dDB>

“(n+1) (2%3 <(72(27¢ + ) +1)2D°B + T

2
+ (e +0) + 120%+ 227 )

2 n
go(D) =(n +1)"*! <<71B + (12275 +7y) +1)2DB + 12§Dﬁ> )

. <2 <2\/EdﬂD +2 <(72(27¢ + ) +1)2D°8 + 12dTD5>)

12dD5>

: (713 + (2(295 + ) + 1)2D°B + T

2
+ (2‘/361517 +2 ((72(27¢ + ) +1)2D%8 + 12d;76>) )

Proof of Lemma 38. The proof is more or less the same as the proofs of Lemmas 16 and

).

<

28, but with even more complicated bounds. Let zg € star(v) and 79 € [0, 1], be such that

grad, .\ Fpp 5 (0,70) is well defined. Note that it is sufficient for ¢ to lie in the interior

of a d-simplex in 7. Lemma 23 gives that

| det(Xp)ij =|det(grad, ») (Fpr2.c(20,70) - grad s o) (Fpy 5 (20, 70))):,

>v8 = (n+1) ((n +1) <le + (72(27¢ + yp) + 1)2D?B +

il

12dDp
T

))
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12dDB

“(n+1) (2713 ((72(2% + ) +1)2D?8 + T)

2
+ ((72(2’}/45 +vy) + 1)2D2ﬂ + 12dTDB) ) .

We want to use this together with Corollary 28 and Friedland’s bound, see (27), to give a
bound on the determinant of

(Zp)ij = (Z 1k grad(r,T)FfSL,z,e(Ik,Tk)> : <Z Fk grad(z,T)FfQL,z,e(ka)> :
k=1 k=1

As before we also need a bound on the operator norm ||(Z%)i,j||oc- This bound for this
we notice that the bound (58) also holds for the convex hull, that is

k=1

‘ <Z Kk gra’d(z,r)F]iJL,Z,e(xkv Tk)) ) (Z Kk grad(z,T)FIj;’LQ,e(xkv Tk)) ‘

k=1

12dDB\*
< (le + (72(2v + 7)) + 1)2D*B8 + T ) .

And thus, similarly to (52), we have that

1(Zh)islle < (n+ 1) (%B (27 + ) + 12D +

12dDB\ >
T

‘We note that

grad(, - Fpr, o (20, To)‘ <A+ (72(2v +7y) +1)2D%B +

12dDB
T

(because grad(f%) <~P, and (56))
(61)

Similarly to (45), we find that

(Z5)i.j

<

— (XB)i4l

’ (Z Pk grad(m,T)FIgL,Q,e(xka Tk)) ’ (Z Kk grad(z,T)FIJ;L,Q,e(xk’ Tk))

k=1 k=1

- grad(w,T)F]i:‘L,Q,e(mO’ TO) ' grad(w,r)FlgL,Q,e(x07 TO)

m
grad(w,r)F}—’L,Q,e(l’O’ TO) - Z ngra'd(x,‘r)FlgL,Q,e(wk> Tk)
k=1

’ ’grad(z,T)FIgL,Q,e(‘rO? 7_0) ’
m

+ grad(x,T)FlgLQ,e(‘xO? TO) - Z Uk‘grad(ac,*r)FIJ;L,Q,s(xkv Tk)
k=1

: ‘grad(m,T)F};’L,Ze(mO’ 7—0) ‘

+ grad(m,r)FIiDL,Z,e(xO? TO) - Z ngrad(I,T)F;L,Q,s(xkﬂ Tk)
k=1




1248

1249

1250

1251

1252

1253

1254

1255

1256

1257

1258

1259

1260

1261

1262

1263

1264

1265
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grad(x,T)FIZ‘L,Z,e(xm TO) - Z /J’kgrad(m,’r)Flj:"L,Q,e(xk7 Tk)

k=1
<2 (2\/EdﬂD +2 ((72(274; +v4) +1)2D?8 + 12(15?5)) (by Corollary 37)
(98 + (a2 ) + 12075+ 222 (by (61)

12dDB
T

2
+ (2\/EdﬁD +2 ((’yg (296 +74) + 1)2D*B + )) (by Corollary 37)

Similarly to (34), we have that

(25~ Kol <20+ 1) (218D +2 (a2 +0) + 12075+ 222 )

12dDB
)

: (%B + (72279 +79) +1)2D?B +

+(n+1) (2\/&(151) +2 ((72(2%15 )+ 1)2D28 + 12?175))
(62)

Indeed, Friedland’s bound now gives,

det (Z pr grad , ) Fpp o (2, Tk)) : (Z p grad, o Fhp o (wk, Tk)> |

k=1 k=1

| det(Zp)i| =

2 n
>y = (n+1) ((n +1) (%B + (1227 +79) + 1)2D%6 + 12‘”35) )

T
12dDB
T

“(n+1) (2713 <(72(27¢ + ) +1)2D%B +

2
+ ((72(2% + ) +1)2D?8 + IQdTDﬂ) > (by Lemma 32)

~ (4 1y <('le (236 +0) + 120% + 227 ) (by (60))

. (2 (2\/&d5D +2 ((72(2% + )+ 1)2D°6 + 12?1”))

12dDB

- (%B + (72(279 + 1) + 1)2D?8 + T)

2
+ <2\/&d,@D + 2 ((’72(2’y¢ +vy) + 1)2D2ﬂ + 12?Dﬂ)> )

(by (62) and foctoring out (n + 1))

<
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