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Uniform Convergence of the Kernel Density Estimator
Adaptive to Intrinsic Volume Dimension

Jisu Kim!, J achyeok Shin?, Alessandro Rinaldo?, and Larry Wasserman?

Tnria Saclay — Ile-de-France
?Department of Statistics and Data Science, Carnegie Mellon University

Abstract

We derive concentration inequalities for the supremum norm of the difference between a
kernel density estimator (KDE) and its point-wise expectation that hold uniformly over the
selection of the bandwidth and under weaker conditions on the kernel and the data generating
distribution than previously used in the literature. We first propose a novel concept, called
the volume dimension, to measure the intrinsic dimension of the support of a probability dis-
tribution based on the rates of decay of the probability of vanishing Euclidean balls. Our
bounds depend on the volume dimension and generalize the existing bounds derived in the
literature. In particular, when the data-generating distribution has a bounded Lebesgue density
or is supported on a sufficiently well-behaved lower-dimensional manifold, our bound recovers
the same convergence rate depending on the intrinsic dimension of the support as ones known
in the literature. At the same time, our results apply to more general cases, such as the ones
of distribution with unbounded densities or supported on a mixture of manifolds with different
dimensions. Analogous bounds are derived for the derivative of the KDE, of any order. Our
results are generally applicable but are especially useful for problems in geometric inference
and topological data analysis, including level set estimation, density-based clustering, modal
clustering and mode hunting, ridge estimation and persistent homology.

1 Introduction

Density estimation [see, e.g. Raol [1983] is a classic and fundamental problem in non-parametric
statistics that, especially in recent years, has also become a key step in many geometric inferential
tasks. Among the numerous existing methods for density estimation, kernel density estimators
(KDEs) are especially popular because of their conceptual simplicity and nice theoretical proper-
ties. A KDE is simply the Lebesgue density of the probability distribution obtained by convolving
the empirical measure induced by the sample with an appropriate function, called kernel, [Parzen,
1962, |Wand and Jones, |1994]. Formally, let X1, ..., X, be an independent and identically distributed
sample from an unknown Borel probability distribution P in R?. For a given kernel K, where K is



an appropriate function on R (often a density), and bandwidth # > 0, the corresponding KDE is
the random Lebesgue density function defined as

1 & x—X;
eRY— pp(x):=— Y K L. 1
rem e = s Y & (5F) m
The point-wise expectation of the KDE is the function
x € R pi(x) := E[pn(x)],

and can be regarded as a smoothed version of the density of P, if such a density exists. In fact,
interestingly, both p;, and p;, are Lebesgue probability densities for any choice of & > 0, regardless
of whether P admits a Lebesgue density. What is more, pj, is often times able to capture important
topological properties of the underlying distribution P or of its support [see, e.g. Fasy et al., 2014,
Section 4.4]. For instance, if a data-generating distribution consists of two point masses, it has no
Lebesgue density but the pointwise mean of the KDE with Gaussian kernel is a density of mixtures
of two Gaussian distributions whose mean parameters are the two point masses. Although P is
quite different from the distribution corresponding to pj, for practical purposes, one may in fact
rely on py,.

Though seemingly contrived, the previous example illustrates a general phenomenon encoun-
tered in many geometrical inference problems, namely that using p;, as a target for inference leads
to not only well-defined statistical tasks but also to faster or even dimension independent rates. Re-
sults of this form, which require a uniform control over || p, — pj||o := sup,cpa || Pn(x) — pu(x)|| are
plentiful in the literature on density-based clustering [Rinaldo and Wasserman, 2010, Wang et al.,
2017]], modal clustering and mode hunting [Chacon et al., 2015, Azizyan et al., 2015]], mean-shift
clustering [Arias-Castro et al., [2016], ridge estimation [Chen et al., 2015alb] and inference for
density level sets [Chen et al., 2017], cluster density trees [Balakrishnan et al., 2013, Kim et al.,
2016|] and persistent diagrams [Fasy et al., 2014, Chazal et al.,|[2014].

Asymptotic and finite-sample bounds on || p;, — pp ||~ under the existence of Lebesgue density
have been well-studied for fixed bandwidth cases [Raol |1983, Giné and Guillou, |2002, Sriperum-
budur and Steinwart, 2012, |Steinwart et al., 2017]].

Bounds for KDEs not only uniform in x € R¢ but also with respect the choice of the bandwidth
h have received relatively less attentions, although such bounds are important to analyze the con-
sistency of KDEs with adaptive bandwidth, which may depend on the location x. Einmabhl et al.
[2005[] showed that,

i Vihd|| p, — ppl|e
imsup  sup
n—e (clogn)/n<h<1 \/10g(1/h) Vloglogn

for regular kernels and bounded Lebesgue densities. Jiang| [2017] provided a finite-sample bound
on ||pn — pnll~ that holds uniformly on 4 and under appropriate assumptions on K, and extended it
to case of densities over well-behaved manifolds.

The main goal of this paper is to extend existing uniform bounds on KDEs by weakening
the conditions on the kernel and making it adaptive to the intrinsic dimension of the underlying
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distribution. We first propose a novel concept, called the volume dimension, to characterize the
intrinsic dimension of the underlying distribution. In detail, the volume dimension d,, is the rate
of decay of the probability of vanishing Euclidean balls, i.e. fix a subset X C R?, then

PBgten) )

rv

dyo] = sup {v € R : limsupsup

r—0 xeX

We show that, if K satisfies mild regularity conditions, with probability at least 1 — &,

51— pa()] < C \/(log(l/ln))++10g(2/5)

e @
n

sup

h>1,xeX nl

for any € € (0,dyo1), {I,} a positive sequence approaching 0 and C is a constant that does not
depend on n nor [,. Under additional, weak regularity conditions on P, the quantity € can be
taken to be 0 in (2)). If the distribution has a bounded Lebesgue density, dyo = d so our result
recovers existing results in literature in terms of rates of convergence. For a bounded density on a
dy-dimensional manifold we obtain, under appropriate conditions, that dyo = dps. Thus, if KDEs
are defined with a correct normalizing factor hm instead of h?, our rate also recovers the ones
in the literature on density estimation over manifolds. At the same time, our bounds apply to
more general cases, such as a distribution with an unbounded density or supported on a mixture of
manifolds with different dimensions. We have also shown the optimality of (2)) up to log terms by
showing that under the mild regularity conditions on K and P,

1
sup  [pn(x) — pa(x)| > C' | —7——- 3)
h>1, xeX ) ) nl,zld ol

We make the following contributions:

1. We propose a novel concept, called the volume dimension, to characterize the convergence
rate of the KDE on arbitrary distributions.

2. We derive high probability finite sample bounds for || p — pj||«, uniformly over the choice of
h > 1, for a given [,, depending on n.

3. We derive rates of consistency in the £.. norm that are adaptive to the volume dimension
of the distribution under conditions on the kernel that, to the best of our knowledge, are
weaker than the ones existing in the literature, and without assumptions on the distribution.
Hence, our bounds recover known previous results, and apply to more general cases such as
a distribution with unbounded density or supported on a mixture of manifolds with different
dimensions.

4. We show that our bound is optimal up to log terms under weak conditions on the kernel and
the distribution.

5. We also obtain analogous bounds for all higher order derivatives of p; and py,.



The closest results to the ones we present are by Jiang|[2017]], who relies on relative VC bounds
to derive finite sample bounds on ||p;, — px|| for a special class of kernels and assuming P to have
a well-behaved support. Our analysis relies instead on more sophisticated techniques rooted in
the theory of empirical process theory as outlined in Sriperumbudur and Steinwart [2012]] and
are applicable to a broader class of kernels. In addition, we do not assume any condition on the
underlying distribution.

2 Notation

Below, we recap basic concepts and establish some notation that are used throughout the paper.
For more detailed definitions, see Appendix [A]

We let || - || be the Euclidean 2-norm. For x € R and r > 0, we use the notation By (x, ) for
the open Euclidean ball centered at x and radius r, i.e. Bga(x,7) = {y € RY: ||y —x|| < r}. We fix
a subset X C R? on which we are considering the uniform convergence of the KDE.

The Hausdorff measure is a generalization of the Lebesgue measure to lower dimensional sub-
sets of R?. The Hausdorff dimension is a generalization of the intrinsic dimension of a mani-
fold to general sets. For v € {1,...,d}, let A, be a normalized v-dimensional Hausdorff mea-
sure on R? satisfying that iss measure on any V-dimensional unit cube is 1. We use the notation

oy ;= Ay(Brv(0,1)) = 1"(75—11) for the volume of the unit ball in RY forv =1,...,d.
2
First introduced by [Federer, [1959], the reach has been the minimal regularity assumption in
the geometric measure theory. A manifold with positive reach means that the projection to the

manifold is well defined in a small neighborhood of the manifold.

3  Volume Dimension

We first characterize the intrinsic dimension of a probability distribution in terms of the rate of
decay of the probability of Euclidean balls of vanishing volumes. When a probability distribution
P has a bounded density p with respect to a well-behaved manifold M of dimension djy, it is known
that, for any point x € M, the measure on the ball By (x,r) centered at x and radius r decays as

P (Bya(x,r)) ~ 1M,

when r is small enough. From this, we define the volume dimension to be the maximum possible
exponent rate that can dominate the probability volume decay on balls.

Definition 1 (Volume Dimension). Let P be a probability distribution on R¢. The volume dimen-
sion of P is a non-negative real number defined as

dyo1(P) := sup {v >0 : limsupsup %)

r—0 xeX

P(Bs(xr)) _ w} |

We will use the notation dyo when P is clearly specified by the context.
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The volume dimension has a connection with the Hausdorff dimension. If a probability distri-
bution has a positive measure on a set, then the volume dimension is between 0 and the Hausdorff
dimension of the set. So, if that set is a manifold, then the volume dimension is always between 0
and the dimension of the manifold. In particular, the volume dimension of any probability distri-
bution is between 0 and the ambient dimension d.

Proposition 1. Let P be a probability distribution on R¢, and dyo be its volume dimension.
Suppose there exists a set A satisfying P(ANX) > 0 and with Hausdorff dimension dy. Then
0 <dyo1 < dy. Hence if A is a dy-dimensional manifold, then 0 < dyo; < dy. In particular, for any
probability distribution P on RY, 0 < dyo < d. Also, if P has a point mass, i.e. there exists x € X
with P({x}) > 0, then dyo = 0.

The volume dimension is well defined with mixtures of distributions. Specifically, the volume
dimension of the mixture is the minimum of the volume dimensions of the component distributions.

Proposition 2. Let Py,...,P, be probability distributions on R, and Ay,..., A, € (0,1) with
" Ai=1. Then

m
dVOl (Z A’lE) — min {dvol(B) . 1 S l S m} .
i=1

In particular, when dq is understood as a real-valued function on the space of probability distri-
butions, both its sublevel sets and superlevel sets are convex.

The name “volume dimension” suggests that the volume dimension of a probability distribu-
tion has a connection with the dimension of the support. The two dimensions are indeed equal
when the support is a manifold with positive reach and the probability distribution has a bounded
density with respect to the uniform measure on the manifold (e.g. the Hausdorff measure). In par-
ticular when the probability distribution has a bounded density with respect to the d-dimensional
Lebesgue measure, the volume dimension equals the ambient dimension d.

Proposition 3. Let P be a probability distribution on R?, and dyo be its volume dimension. Sup-
pose there exists a dy-dimensional manifold M with positive reach satisfying P(M N X) > 0 and
supp(P) C M. If P has a bounded density p with respect to the normalized dy-dimensional Haus-
dorff measure Ag,,, then dyo) = dy. In particular, when P has a bounded density p with respect to
the d-dimensional Lebesgue measure Ay, then dyo = d.

See Section [C] for a comparison of the volume dimension with the Hausdorff dimension and
other notions of the dimension.

Even though, as we will soon show, our bounds for KDEs hold without any assumptions on
the probability distribution and lead to convergence rates arbitrary close to the optimal minimax
rates, in order to actually achieve such exact optimal rate, we require weak additional conditions

on the probability distributions. Note that, from the definition of the volume dimension, the ratio
P (]BR(I (x,r ))

Y is uniformly bounded for v smaller than the volume dimension.



Lemma 4. Let P be a probability distribution on RY, and dq) be its volume dimension. Then for
any v € [0,dy)), there exists a constant Cy p depending only on P and v such that for all x € X
andr >0,
P(Bga(x,r))
rV
For the exact optimal rate, we impose conditions on how the probability volume decay in (5])
behaves with respect to the volume dimension.

<Cvp. )

Assumption 1. Let P be a probability distribution P on RY, and dy be its volume dimension. We

assume that P(B
lim sup sup M < oo, 6)
r—0 xeX pevel
Assumption 2. Let P be a probability distribution on R?, and dy be its volume dimension. We
assume that P(B
supliminf P(Bg(x.r))

xeX r—0 l"dVOl

> 0. (7

These assumptions are in fact weak and hold for common probability distributions. For exam-
ple, if a probability distribution is supported on a manifold, Assumption [I] and 2 hold under the
same condition as in Proposition (3| In particular, Assumption |1|and [2| hold when the probability
distribution has a bounded density with respect to the d-dimensional Lebesgue measure.

Proposition 5. Under the same condition as in Proposition 3| Assumption|[I|and 2| hold.

Also, the Assumption [I] and [2] is closed under the convex combination. In other words, a
mixture of probability distributions satisfy Assumption [I]and [2]if all its component satisfy those
assumptions.

Proposition 6. The set of probability distributions satisfying Assumption|l|is convex. And so is the
set of probability distributions satisfying Assumption

We end this section with an example of an unbounded density. In this case, the volume dimen-
sion is strictly smaller than the dimension of the support which illustrates why the dimension of
the support is not enough to characterize the dimensionality of a distribution.

Example 7. Let P be a distribution on R? having a density p with respect to the d-dimensional
Lebesgue measure. Fix B < d, and suppose p : R¢ — R is defined as

_ d
p) = =BT s g <),
21?2

Then, for each fixed r € [0,1],

sup P(Bga(x,r)) = P(Bga(0,r)) = r'=F.
xeR4

Hence from Definition|l| the volume dimension is
dvol(P) = d_Ba
and from (6) and (7)), Assumption[l|and 2| are satisfied.
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4 Uniform convergence of the Kernel Density Estimator

To derive a bound on the performance of a kernel density estimator that is valid uniformly in 4 and
x € X, we first rewrite

sup | pp(x) — pu(x)]
>l x€X

as a supremum over a function class. Formally, for x € X and h > [,, > 0, let Kx7h(-) =K (%) and
consider the following class of normalized kernel functions centered around each point in X and
with bandwidth greater than or equal to /,, > O:

F i fiyer) = { (1 /H)Kep: x€X, h2 1y}

Then SUPy>;, xex |Pr(x) — pr(x)| can be rewritten as a supremum of an empirical process indexed
by .#, that is,

. 1 ¢
sup [pu(x) —pu(¥)| = sup |-} f(X) —E[f(X)]|.
h>l, x€X FEF K ey | T i=1

®)

We combine Talagrand’s inequality and a VC type bound to bound (8)), following the approach
of Sriperumbudur and Steinwart [2012, Theorem 3.1]. The following version of Talagrand’s in-
equality is from Bousquet|[2002, Theorem 2.3] and simplified in|Steinwart and Christmann! [2008|,
Theorem 7.5].

Proposition 8. /[Bousquet, 2002, Theorem 2.3], [Steinwart and Christmann, 2008, Theorem 7.5,
Theorem A.9.1]

Let (R, P) be a probability space and let Xy, ..., X, be i.i.d. from P. Let ¥ be a class of func-
tions from R? to R that is separable in L..(R?). Suppose all functions f € .F are P-measurable,
and there exists B,6 > 0 such that Epf =0, Ep f2 < 62, and |fll. <B, forall f € %. Let

Then for any 6 > 0,

2Blog %
P (ZZ Ep[Z] ﬂ/(%log%) (02 +2BEp[Z]) + 32‘%5) <$

By applying Talagrand’s inequality to (8), sup;;, vex [Pr(x) — pa(x)| can be upper bounded in
K n|..» Ep[K? ], and

Ep sup
FEF K jine)

L 70) - B (0) ©)

To bound the last term, we use the uniformly bounded VC class assumption on the kernel. The
following bound on the expected suprema of empirical processes of VC classes of functions is
from \Giné and Guillou|[2001, Proposition 2.1].



Proposition 9. (Giné and Guillou [2001, Proposition 2.1], [Sriperumbudur and Steinwart, 2012,
Theorem A.2])

Let (Rd,P) be a probability space and let X1,...,X, be i.i.d. from P. Let % be a class of
functions from R? to R that is uniformly bounded VC-class with dimension v, i.e. there exists pos-
itive numbers A,B such that, for all f € Z, || f|.. < B, and the covering number N (F ,L>(Q),€)
satisfies

aﬂﬂiﬂ%@s(%ﬁf

for every probability measure Q on R¢ and for every € € (0,B). Let 6 > 0 be a positive number
such that Ep f*> < 62 for all f € .F. Then there exists a universal constant C not depending on any

parameters such that
VB AB “ AB
<C (—log (—> + \/vilog (—)) .
n c n c

By applying Proposition |8/ and Proposition @ to.# K [In,c0)» 1t can be shown that the upper bound
of

n

Ly rx)

n=

Ep | sup

fez

sup  |pn(x) — pr(x)|
h>1, xeX

can be written as a function of HKM”M and Ep [Kf ). When the lower bound on the interval [, is
not too small, the terms relating to Ep [Kf ,] are more dominant. Hence, to get a good upper bound

with respect to both n and A, it is important to get a tight upper bound for Ep [Kf ). Under the
existence of the Lebesgue density of P, it can be shown that

Ep[K: ) < K l2llpll-h?,

by change of variables. (see, e.g. the proof of Proposition A.5. in [Sriperumbudur and Steinwart
[2012].)

For general distributions (such as the ones supported on a lower-dimensional manifold), the
change of variables argument is no longer directly applicable. However, under an integrability
condition on the kernel, detailed below, we can provide a bound based on the volume dimension.

Assumption 3. Let K : R? — R be a kernel function with |K|., < e, and fix k > 0. We impose an

integrability condition: either dyo; = 0 or

/ o= sup |K (x)[*dt < o (10)
0

[l x[| =2
We set k = 2 by default unless it is specified in otherwise.

Remark 10. Iz is important to emphasize that Assumption[3|is weak, as it is satisfied by commonly
used kernels. For instance, if the kernel function K(x) decays at a polynomial rate strictly faster
than dyo) [k (wWhich is at most d /k) as x — oo, that is, if

lim sup [|x||%o/*+€ K (x) < oo,
X—ro0



for any € > 0, the integrability condition is satisfied. Also, if the kernel function K(x) is
spherically symmetric, that is, if there exists K : [0,00) — R with K (x) = K(||x||), then the integra-
bility condition (10) is satisfied provided ||K||, < . Kernels with bounded support also satisfy the
condition (10). Thus, most of the commonly used kernels including Uniform, Epanechnikov, and
Gaussian kernels satisfy the above integrability condition.

By combining Assumption [3| and Lemma @, we can bound Ep[K?,] in terms of the volume
dimension dy,.

Lemma 11. Let (R?, P) be a probability space and let X ~ P. For any kernel K satisfying Assump-
tion|3|with k > 0O, the expectation of the k-moment of the kernel is upper bounded as

x—X
K
()
for any € € (0,dyq1), where Cy pk ¢ is a constant depending only on k, P, K, and €. Further, if
dyo1 = 0 or under Assumption|l} € can be 0 in (L).

k

Ep < Cppg.eh™ ¢, (11)

4.1 Uniformity on a ray of bandwidths

In this subsection, we demonstrate an L., convergence rate for kernel density estimators, that is
valid is uniformly on a ray of bandwidths [/, o).
To apply the VC type bound from Proposition[9} the function class,

yK,[ln,oo) = {Kx.,h xeXh> ln} ,

should be not too complex. One common approach is to assume that .# K.[l) 18 @ uniformly
bounded VC-class, which is defined imposing appropriate bounds on the metric entropy of the
function class [[Giné and Guillou, 1999, Sriperumbudur and Steinwart, 2012].

Assumption 4. Let K : RY 5 R bea kernel function with || K||.,, ||K||, < co. We assume that,
R R Y Eh

is a uniformly bounded VC-class with dimension v, i.e., there exists positive numbers A and v such
that, for every probability measure Q on R? and for every € € (0,||K||..), the covering numbers
W(ﬁK[lmw),Lz(Q),S) satisfies

AllK v
JV(gK{ln,oo),Lz(Q)?g) < (%) ,

where the covering number is defined as the minimal number of open balls of radius € with respect
to LZ(Q) distance whose centers are in & K ,[ln,0) fO COver F K [ln,o0)"



Since [I,,0) C (0,00), one sufficient condition for Assumption[]is to impose uniformly bounded
VC class condition on a larger function class,

y]g(Qm) = {Kx7h xeX h> 0} .

This is implied by condition (K) in|Giné et al.|[2004] or condition (K}) in Giné and Guillou [2001],
which are standard conditions to assume for the uniform bound on the KDE. In particular, the con-
dition is satisfied when K (x) = ¢(p(x)), where p is a polynomial and ¢ is a bounded real function
of bounded variation as in |[Nolan and Pollard [[198/], which covers commonly used kernels, such
as Gaussian, Epanechnikov, Uniform, etc.

Under Assumptionand@ we derive our main concentration inequality for sup,~; ex ‘ Pn(x)—

ph(x)|.

Theorem 12. Let P be a probability distribution and let K be a kernel function satisfying Assump-
tion[3land{| Then, with probability at least 1 — 6,

|ﬁh(x)—ph(x)|<C(M+\/(log(l/ln))++\/log(2/5) log (2/6)

sup

— — )
>l xeX nld 2d—dvorte 2d—dvorte nlgd

nl nl

(12)
o 4, V, dyol, Cr—2 pK e, €.

K|

for any € € (0,dyo)), where C is a constant depending only on A,
Further, if dyo) = 0 or under Assumption|l] € can be 0 in (12).

}’ll,‘{ nlﬁd_dvol

When ¢ is fixed and /,, < 1, the dominating terms in are 02U/h) ong \/ log(1/ln) 1f I, does

not vanish too rapidly, then the second term dominates the upper bound in (12) as in the following
corollary.

Corollary 13. Let P be a probability distribution and let K be a kernel function satisfying Assump-
tion|3|and | Fix € € (0,dyo1). Further, if dyo) = 0 or under Assumption|l| € can be 0. Suppose

(log(1/¢,)) +1og(2/6)
nggvolﬂ‘l

lim sup < oo

n

Then, with probability at least 1 — 8,

(log(1£))+ +1og(3)
d—dgie (13)
n

sup [ pn(x) — pa(x)| < Cl\/

h>1,xeX nl

where C' depending only on A, ||K||., d, v, dyol, Ck=2 Pk ¢ €.

4.2 Fixed bandwidth

In this subsection, we prove a finite-sample uniform convergence bound on kernel density estima-
tors for one fixed choice h, > 0 of the bandwidth (we leave the dependence on n explicit in our
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notation to emphasize that the choice of the bandwidth may still depend on n). We are interested
in a high probability bound on

sup | pp,, (X) — pa, (x)] -
xeX

Of course, the above quantity can be bounded by the results in the previous subsection because

sup [Py, (x) = pa, ()| < sup |pa(x) — pu(x)], (14)
xeX h>h, xeX

Therefore, the convergence bound uniform on a ray of bandwidths in Theorem|[I2]and Corollary
is applicable to fixed bandwidth cases.

However, if the set X is bounded, that is, if there exists R > 0 such that X C B. (0, R), then, for
the kernel density estimator with a Mg-Lipschitz continuous kernel and fixed bandwidth, we can
derive a uniform convergence bound without the finite VC condition of [Giné and Guillou, 2001},
Giné et al., 2004] based on the following lemma.

Lemma 14. Suppose there exists R > 0 with X C Bpa(0,R). Let the kernel K is Mg-Lipschitz con-
tinuous. Then for all n € (0,||K||.,), the supremum of the N-covering number N (Fg n,L2(Q),N)
over all measure Q is upper bounded as

d
2RMgh~! + |yKy|w>

sup N (T i La(0) 1) < (
0 n

Corollary 15. Suppose there exists R > 0 with X C Byra(0,R). Let K be a Mk-Lipschitz con-
tinuous kernel function satisfying Assumption 3| Fix € € (0,dyo)). Further, if dyo) = 0 or under
Assumption|[l] € can be 0. Suppose

(tog (1/hn))  +10g(2/8) _

hmnsup T
Then with probability at least 1 — 0,
. (log(5-))+ +1log(5)
sup|pp, (x) — pi, (x)| < C"\/ Y aaTE (15)
xeX nhy, vol

where C" is a constant depending only on R, Mk, ||K||.., d, V, dvol, Ck=2 pk.¢» €.

S Lower bound for the convergence of the Kernel Density Esti-
mator

Consider the fixed bandwidth case. In Corollary (15} it was shown that, with probability 1 — &,

(log (1/hn)) ;

sup |ﬁhn (X) — Phn, (X)| < Cg 2d—dy
I’lhn VO

xeX
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where Cg might depend on 6 but not on n or 4,. In this Section, we show that this upper bound is
not improvable and is therefore optimal up to a log(1/h,) term, by showing that there exists a high

probability lower bound of order 1/ nth dvor

Proposition 16. Suppose P is a distribution satisfying Assumption 2| and with positive volume di-
mension dyo > 0. Let K be a kernel function satisfying Assumptionwith k=1andlim;_,g ian X<t K(x)>

0. Suppose lim,, nhZV"l = oo, Then, with probability 1 — 8, the following holds for all large enough
n and small enough h,,:

N 1
Sup ‘phn (X) — Ph, (X)l > CP,K,S 2d—dyg *
xeX I’lhn Vo

where Cpy s is a constant depending only on P, K ,and 6.

This gives an immediate corollary for a ray of bandwidths.

Corollary 17. Assume the same condition as in Proposition and suppose l, — 0 with nlf,l“’1 —
oo, Then, with probability 1 — 0, the following holds for all large n:

Pux) — pul)] = € :
Sup |Pp\X) = Ph\X)| Z CPK.SA\| d—d
h>1, xeX 7 nl,%d ol

By combining the lower and upper bounds together, we conclude that, with high probability,

i (log(£)+
S S s, () = i, (9] S 4|
it~ SR ) =P OLS

for all large enough n. Similar holds for a ray of bandwidths as well. They imply that the uni-
form convergence KDE bounds in our paper are optimal up to log(1/A,) terms for both the fixed
bandwidth and the ray on bandwidths cases.

Example 18 (Example[7] revisited). Let P be as in Example[/|and let K be any Lipschitz continuous
kernel function with K(0) > 0 and compact support. It can be easily checked that the conditions
in Corollary |15 are satisfied with R = 2, dyo = d — B and the kernel satisfies the integrability
Assumption 3| with k = 1,2. It can be also shown that lim,_,oinf),) <, K (x) > 0. Therefore, for
small enough hy,, Corollary|[I5|and Proposition[l16]|imply

[ 1
Cl hd+ﬁ < Sup|phn( ) phn(‘x) —
n xe

with high probability for all large enough n. That is, the L., convergence rate of the KDE is of order

ﬁ (up to alog(1/hy,) term). Hence, although it has a Lebesgue density, its convergence rate
nhy

is different from which is the usual rate for probability distributions with bounded Lebesgue

hd’
density.

12



6 Uniform convergence of the Derivatives of the Kernel Density
Estimator

In this final section, we provide analogous finite-sample uniform convergence bound on the deriva-
tives of the kernel density estimator. For a nonnegative integer vector s = (s1,...,s4) € ({0} UN)?,
define |s| =51 +--- +s4 and

sl
oxy' - ox
For D’ operator to be well defined and interchange with integration, we need the following smooth-
ness condition on the kernel K.

D’ =

Assumption 5. For given s € ({0} UN)?, let K : RY — R be a kernel function satisfying such that
the partial derivative D°K : R? — R exists and |D*K||,, < o~.

Under Assumption [5, Leibniz’s rule is applicable and, for each x € X, D*pj,(x) — D°p,(x) can
be written as
14 1 1

D’ py(x) — D’ py(x) = " ; Jd+s] D’Kyj(Xi) — Ep {mDst,h} 3

where K, ;,(-) =K (’%), as defined it in Section 4| Following the arguments from Section @ let
g%v[lm‘”) = {Dst,h xeX h> ln}

be a class of unnormalized kernel functions centered on X and bandwidth greater than or equal to
l,,, and let
= 1
o) . S .
L/K,[ln,oo) = {hd'ﬁ‘SD Kx7h X e X, h 2 l}’l}
be a class of normalized kernel functions. Then supj~; ex [D°pr(x) — D’py(x)| can be rewritten
as

sup D pu(x) — D' pu(x)| = sup (16)
h>1, xeX feji(~[lnaw)

To derive a good upper bound on sup;,>; ,ex |D°pp(x) — D°py(x)], it is important to first show

a tight upper bound for Ep[(D*K, ,)?]. Towards that end, we impose the following integrability
condition.

Assumption 6. The derivative of kernel is such that

/ 1o~ sup (D°K)? (x)dt < oo. (17)
0

[ x]|>2

Under Assumption @, we can bound Ep[DSKih] in terms of the volume dimension d,, as
follows. /

13



Lemma 19. Let (Rd, P) be a probability space and let X ~ P. For any kernel K satisfying Assump-
tion[6} the expectation of the square of the derivative of the kernel is upper bounded as

DK x—X\\?
h
for any € € (0,dyo1), where Cs pk ¢ is a constant depending only on s, P, K, €. Further, if dyo) =0
or under Assumption[l] € can be 0 in (18).

Ep < Gy pi.eh® ¢, (18)

To apply the VC type bound on (16), the function class .# ;(,[lmoo) should be not too complex.

Like in Section 4] we assume that 7} ln.00) is a uniformly bounded VC-class.

Assumption 7. Let K + &/ be a kernelfunciion with |D'K .., | DKl < =, We assume ihat
T o) = {DKen: xEX,h > 1, }

is a uniformly bounded VC-class with dimension v, i.e. there exists positive numbers A and v such
that, for every probability measure Q on R? and for every € € (0, ||D*K||..), the covering numbers
N (T s oo),LZ(Q),e) satisfies

AHDSKHM>V

N Fhg o 2@.0) < (12

Finally, to bound sup,~; cx |[D*pn(x) —D*pp(x)| with high probability, we combine the Ta-
lagrand inequality and VC type bound with Lemma The following theorem provides a high
probability upper bound for (I6), and is analogous to Theorem [I2]

Theorem 20. Let P be a distribution and K be a kernel function satisfying Assumption[5} 6] and|7}
Then, with probability at least 1 — 8,

sup  |D’pp(x) — D’ py(x)|
>l xeX

_C<(10g(1/ln))++\/ (log (1/1n)) +\/ llog(2/5) +log(2/5)>7 (19)

d 2d+2|s|—d. £ 2d+2|s|—d. £ d
nln+|s| ln +2|s|—dyo1+ b + M vol T I’Lln—Hs‘

D'K|

for any € € (0,dyo1), where C is a constant depending only on A,
Further, if dyo) = 0 or under Assumption|l] € can be 0 in (19).

0or d, v, dvoly CS’P’K“«;, E.

log(1/1,)

When /, is not going to 0 too fast, then , /| —z=55=—
nl,

term dominates the upper bound in (19)

as follows.

Corollary 21. Let P be a distribution and K be a kernel function satisfying Assumption 5} 6] and[7]

Suppose
(log(1/1,)) . +1og(2/9) -

dyo—€
nlnvol

lim sup
n
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for fixed € € (0,dyo1). Then, with probability at least 1 — 9,

(log(1/1y)) +1og(2/8)

2d+2|s|—dyo1+€ ’ (20)
n

sup |D°pp(x) — D’ pp(x)| < C'\/

h>1, xeX nl

DK|

where C' is a constant depending only on A,
under Assumption[l} € can be 0.

o &y V, dyol, Cs Pk e, €. Further, if dyo = 0 or

We now turn to the case of a fixed bandwidth /,, > 0. We are interested in a high probability
bound on

sup |D*pp, (x) — D’ pp, (x)].
xeX
Of course, Theorem [20|and Corollary [21]are applicable to the fixed bandwidth case.
But if the support of P is bounded, then, for a Mg-Lipschitz continuous derivative of kernel
density estimator and fixed bandwidth, we can again derive a uniform convergence bound without
the finite VC condition of [|Giné and Guillou, 2001, |Giné et al., [2004].

Lemma 22. Suppose there exists R > 0 with X C Bpa(0,R). Also, suppose that D°K is M-
Lipschitz, i.e.
ID°K (x) = D°K(y)[l, < Mg [lx = ll, -

Then for all € (0,||D°K||,,), the supremum of the N-covering number N (F}. ,,L>(Q),N) over
all measure Q is upper bounded as

ORMyh~! + HDSKHm)d

Sup.H (e 12(0).1) < ( -

Corollary 23. Suppose there exists R > 0 with supp(P) = X C Bga(0,R). Let K be a kernel
function with Mk-Lipschitz continuous derivative satisfying Assumption|[6] If

(log (1/hn)), +1log(2/6)

limsu
p nhgvol —&

n

< oo,

for fixed € € (0,dyo1). Then, with probability at least 1 — 8,

(log(7-))+ +log(5)
2d+2|3|7d\,01+£
n

sup|D°py,(x) — D°py(x)| < C”
xeX nh

21

DK

where C" is a constant depending only on A,
or under Assumption|l| € can be 0.

o d, My, dyol, CS,P,K,S, €. Further, if dyo) =0
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SUPPLEMENTARY MATERIAL

A Backgrounds and Basic Definitions

First, we define the Hausdorff measure ([Pesin, [1997, Section 6], [Falconer, 2014, Section 2.2]),
which is a generalization of the Lebesgue measure to lower dimensional subsets of R¢. For a
subset A C RY, we let diam(A) be its diameter, that is

diam(A) = sup{||x—y| : x,y € A}.
Definition 2. Fix v > 0 and 8 > 0. For any set A C R?, define H{ be

H3(A) = inf{z:(diamU,-)V : A C | Ui and diam(U;) < 5} :
i=1 i=1

where the infimum is over all countable covers of A by sets U; C R? satisfying diam(U;) < 8. Then,
let the v-dimensional Hausdorff measure H" be

H(4) = lim HY (4).

Then, the Hausdorff dimension of a set is the infimum over dimensions that make the Hausdorff
measure on that set to be 0.

Definition 3. For any set A C RY, its Hausdorff dimension dp (A) is
dy(A) :=inf{v: H"(A) =0}.

We use the normalized v-dimensional Hausdorff measure so that when v is an integer, its mea-
sure on V-dimensional unit cube is 1. This can be done by defining the normalized v-dimensional
Hausdorff measure A, as

<

T
Ay =——v—-H
Y23 +1)
Now, we define the reach, which is a regularity parameter in geometric measure theory. Given a
closed subset A C R9, the medial axis of A, denoted by Med(A), is the subset of R4 composed of the

points that have at least two nearest neighbors on A. Namely, denoting by d(x,A) = inf,ca ||g —x||
the distance function of a generic point x to A,

Med(4) = {x € R\ A[3g) # g2 € A, [lg1 — x| = [Ig2 — x]| = d(x,4) }. (22)
The reach of A is then defined as the minimal distance from A to Med(A).
Definition 4. The reach of a closed subset A C RY is defined as

T4 = infd(q,Med(A)) = inf —x|- 23
2= infd(gMed(a))= _ inf . la=A (23)
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B Proof for Section 3

We show Lemma [ first, which is a simple argument from the definition of dy,; in (4) in Definition

Lemma @ Let P be a probability distribution on R?, and d.q) be its volume dimension. Then
for any v € [0,dyq1), there exists a constant Cy p depending only on P and v such that for all x € X
and r > 0,

Proof of Lemma] From the definition of dy,) in (@) in Definition |1} v € [0,d,)) implies that

P(B
lim sup sup M < oo,
r—0 xeX r

Then there exist ry > 0 and C(,’ p > 0 such that for all » < r and for all x € X,

<Cp (24)
And for all » > ry and for all x € X,

1
<. (25)

Hence combining and gives that for all » > 0 and for all x € X,

P(Bra(x,r)) 1
—,— <max C(,7P,% .

r

]

Then we can show Proposition[I| by using Lemma [ and the definition of Hausdorff dimension
in Definition 3

Proposition Let P be a probability distribution on R?, and d.q) be its volume dimension.
Suppose there exists a set A satisfying P(ANX) > 0 and with Hausdorff dimension dy. Then
0 <dyo <dy. Hence if A is a dy;-dimensional manifold, then 0 < d,o < dy. In particular, for any
probability distribution P on RY, 0 < dyor < d. Also, if P has a point mass, i.e. there exists x € X
with P({x}) > 0, then dy,; = 0.

Proof of Proposition|l| We first show dyo > 0. For any x € X and r > 0,

P(Bga(x,r))

<1 < oo,
r0 -

Hence d,; > 0 holds.
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Now we show dyo) < dy = dp(A). Fix any v < dy,], and we will show that HY(ANX) > 0. Let
{U;} be a countable cover of ANX, i.e. ANX C Ui~ U;, and let r; = diam(U;). For each i, we can
assume that U; N (ANX) # 0 and choose x; € U; N (ANX). Then U; C Bra(xi,ri) C Bgra(xi,2r;),
and hence N

ANX C |JBga(xi,2r:).
i=1
Then with x; € X, applying (3)) from Lemma 4] gives

Hence -
v P(ANX)

y> 0 .
i:erl ~ 2%Cvp

Since this holds for arbitrary covers of AN X, Hg’ (ANX) > Pz(fcmv Ei) forall 6 >0. AndANXCA
implies '

P(ANX)
2VCy p
Since this holds for arbitrary v < d,,), the definition of Hausdorff dimension in Definition (3| gives

that

H'(4) = HY(ANX) = lim HY(ANX) > > 0.
—

dy =inf{v: HV(A) =0} > dyor-
Now, if A is a djys-dimensional manifold, then the Hausdorff dimension of A is dy, and hence

0 <dyo < djs holds. In particular, setting A = R4 gives 0 < d,o < d for all probability distributions.
Also, if there exists x € X with P({x}) > 0, then setting A = {x} gives dyo = 0. O

Proposition [2]is again a simple argument from the definition of d, in () in Definition I}
Proposition Let Py,..., P, be probability distributions on R, and Ay, ..., Ay € (0,1) with
Y™, A= 1. Then

m
dyol (Z /L'R‘) =min{dyo(P): 1 <i<m}.
i=1

In particular, when dq is understood as a real-valued function on the space of probability distri-
butions, both its sublevel sets and superlevel sets are convex.

Proof of Proposition[2] It is enough to show for the case m = 2. Let P := A1 P, + A, Ps.
We first show dyo) (P) > min{dyo1(P1),dyo1(P2) }. Fix v < min{dyo1(P1),dyo1(P>) }, then Defini-
tion[I] gives that

P (B P (B
limsupsup—l( Rd(x’r)),limsupsup—z( Rd(x’r)) < oo,

v v
r—0 xeX r r—0 xeX r
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And hence

{AIPI (BRd(X,Y‘)) i )LZPZ(BRd(x7 I’)) }

rV rv
P (B P (B

< l] limsupsupw_klzlimsupsup 2( ]Rdv(xy I’)) < oo,

r—0 xeX r r—0 xeX r

P(B
lim sup sup M = limsup sup
r—0 xeX r r—0 xeX

And hence dyo((P) > min{dyo(P),dyo1(P2)} holds.
Next, we show dyoi(P) < min{dyo(Py),dyo1(P2) }. Without loss of generality, suppose dyo) (Py) <
dyol(P,), and fix v > dyo1(Py). Then Definition 1] gives that

Pi(Bga (x,r))

limsupsup —— = = oo,
r—0 xeX r
Then from P > A, Py,
P(B MP (B
limsupsupw > lim sup sup = 1 I%d(x’ ) = oo,
r—0 xeX r r—0 xeX r

And hence dyo((P) < dyo1(P1) = min{dyo1(P1),dyo1(P>)} holds.
]

For Proposition [3]and[5] we need to bound the volume of the ball on the manifold. The follow-
ing is rephrased from Lemma 3 in |Kim et al.|[2019].

Lemma 24. Let M C R? be a dy-dimensional submanifold with reach ty. For a subset U C M
and r < 1y, let U, == {x € R? : dist(x,U) < r} be an r-neighborhood of U in R%. Then

d!
;LdM (U) < —rdM_dkd(Ur).
dy!
Then, the following Lemma is by combining Lemma 5.3 in Niyogi et al. [2008] and Lemma

Lemma 25. Let M C R? be a dy-dimensional submanifold with reach ty. Then, for x € M and

r < Ty,
dy

2 2
r d d' d. d
1—— Mey < Ag,,(MNB < —2Mq,.
( 472) r d > dM( Rd(-X,r))_d ! r d

Proof of Lemma[25] The LHS inequality is from Lemma 5.3 in [Niyogi et al|[2008]. The RHS
inequality is applying U = M NBga(x,r) to Lemma24{and A4(U,) < Ag(Bga(x,2r)) = (2r)? ay.
]

Now, we show Proposition [3|and [5] simultaneously via the following Proposition:
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Proposition 26. Let P be a probability distribution on R%, and dyo be its volume dimension.
Suppose there exists a dy-dimensional manifold M with positive reach satisfying P(M NX) > 0
and supp(P) C M. If P has a bounded density p with respect to the normalized dy-dimensional
Hausdorff measure Ag,,, then dyo) = dy, and Assumption|I|and 2| are satisfied. In particular, when
P has a bounded density p with respect to the d-dimensional Lebesgue measure Ay, then dyo = d,
and Assumption [I|and 2| are satisfied.

Proof for Proposition Let 7, be the reach of M.
We first show d,, = dy and Assumption |1} Since the density p is bounded, for all x € X and
r > 0, the probability on the ball By, (x,r) is bounded as

P(Bga(x,7)) < [[plle Ady (M N Bga (0, 7). (26)

Then for r < Ty, Lemma implies Ay, (M NBga(x,r)) < dd—AJ!Zd r®™ gy, and hence

limsupsupw < Hpr£2d(od < oo, (27)
r—0 xeX rem du!
which implies
dvol > dM .
Then from Proposition|I]
dyol = dpy.

Now, shows that Assumption [I]is satisfied.
For Assumption [2| define a density ¢ : RY — R as

I(%+1) P(B
q(X):hm ( 2d ) ( R‘:l(xﬂ/)).
r—0 ETM remM
Since M is a submanifold with positive reach, P is A,,,-rectifiable. This imply that such limit g(x)
exists a.e. [Ag,], and for any measurable set A,

P(A) = /A )y ).

See, for instance, Rinaldo and Wasserman| [2010, Appendix], Mattilal [1995, Corollary 17.9], or
Ambrosio et al.| [2000, Theorem 2.83]. Then from

PIMNX) = [ q(x)day(x) >0,

there exists xog € M N X with g(xp) > 0. And hence

P(B
supliminfw > q(xp) > 0,

xeX r—0

and hence Assumption [2]is satisfied.
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The proof of Proposition [f]is simply checking the convexities for Assumption [T] and Assump-
tion

Proposition [6 The set of probability distributions satisfying Assumption[I|is convex. And so
is the set of probability distributions satisfying Assumption 2]

Proof of Proposition|6] Suppose P;, P, are two probability distributions and A € (0,1). Let P :=
AP + (1 — A)P,. Then Proposition [2|implies that

dyot(P) = min{dyq (Py),dyo1(P2)}.

Consider Assumption (1| first. Suppose P; and P, satisfies Assumption|l| Then for all x € X and
r < 1, applying dyo1(P1) < dyoi(P1),dyol(P>) gives
P(Bga(x,r))

Pi(Bga (x, ) Py (Bga(x, 7))

rdvol(P) - A{ ydvol (P) * (1 B A) rdvol(P)
P (Bga(x,r)) Py (Bga(x,r))
Sl rdvol(Pl) +(1_l) rdvol(PZ) '
Hence,

: P(Bga(x,r)) _ . P (Bga(x,7)) Py (Bga(x,r))
hljl_?élpilelg rdvol(P) S llr:l_félp )Sclélslz A rdvo] (Pl) T (1 N A) rdvol(PZ)

. PI(BRd(x>r)) . PZ(BRd(xar))

< Alimsupsup = R+ (14 imsupsup = ZEHE

< oo,

and Assumption [1]is satisfied for P = AP, 4+ (1 —A)P;.
Now, consider Assumption 2] Suppose P; and P, satisfies Assumption [I} and without loss of
generality, assume dyo)(Py) < dyo1(P>). Then there exists xp € X such that

timing 2L (Bra (X0,7))

> 0.
r—0 rdvol (Pl)

Then P > AP and dyo)(P) = dyoi(Py) give

.. PBga(xo,r)) _ .. . APi(Bpa(xo,7))
LV REF T >
h?l}(glf rdvol(P) - h}'ll}(l)lf rdvol (Pl)

Hence

P(B
supliminf M >0,

xeX r—0 rdvol(P)

and Assumption [2|is satisfied for P = AP, + (1 — 1) P».
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C Volume Dimension and Other Dimensions

In this section, we compare the volume dimension with other various dimensions.

For a set, one commonly used dimension other than the Hausdorff dimension is the box di-
mension ([Pesin, 1997, Section 6], [Falconer, 2014, Section 3.1]). This has various names as Kol-
mogorov entropy, entropy dimension, capacity dimension, metric dimension, logarithmic density
or Minkowski dimension.

Definition 5. For any set A C RY and § > 0, let N(A, §) be the smallest number of balls of radius
0 to cover A. Then the lower box dimension of A is defined as

logN (4,5
d; (A) := liminf €N 14:9)
§—0 —logé

and the upper box dimension of A is defined as

logN(A, o
dg (A) :=limsup M.
550  —logd

The Hausdorff dimension and the lower and upper box dimensions are related as [Pesin, [1997,
Theorem 6.2 (2)]:
forall A C R?, dy(A) < dg (A) < djf (A). (28)

So far the Hausdorff dimension in Section [Al and the box dimension is defined for a set. For a
probability distribution, there are two ways for natural extension. One way is to take the infimum
of the set dimensions over all sets with positive probabilities ([Mattila et al., 2000, Section 2],
[Falconer, 2014, Section 13.7]). We will use this as the definition of the Hausdorff dimension and
the box dimension.

Definition 6. Let P be a probability distribution on R?. Its Hausdorff dimension dy(P) is the
infimum of the Hausdorff dimensions over a set with positive probability, i.e.,

dg(P):= inf dy(A).
HOP) = o™ )

Similarly, the lower box dimension dg (P) and the upper box dimension dj (P) is the infimum
of the lower box dimensions and the upper box dimensions, respectively, over a set with positive
probability, i.e.
dp (P):= inf dj(A),
5 (P) A:P(A)>0 5 ()
dy(P):= inf dj(A).
5 (P) ar 5(A)

Another way is to take the infimum of the set dimensions over all sets with probabilities 1
[Pesin, 1997, Section 6]. We will denote these dimensions as Hausdorff support dimension and the
box support dimension to differentiate from the previous dimensions.
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Definition 7. Let P be a probability distribution on RY. Its Hausdorff support dimension dps(P)
is the infimum of the Hausdorff dimensions over a set with probability 1, i.e.,

dys(P) = A-Pi(gi;zl dH(A).

Similarly, the lower box dimension dgzg(P) and the upper box dimension dj(P) is the infimum
of the lower box dimensions and the upper box dimensions, respectively, over a set with positive
probability, i.e.

dgs(P) = inf dy(A),

A:P(A)=1
dys(P) = Ij(ggzld; (A).

The volume dimension, the Hausdorff dimension, and the lower and upper box dimensions
have the following relations.

Proposition 27. Let P be a probability distribution on R with P(X) > 0. Then its volume dimen-
sion, Hausdorff dimension, lower and upper box dimension, Hausdorff support dimension, and
lower and upper box support dimension satisfy the following inequality:

dvol(P) < du(P) < dy (P) < dj (P),

and
dyol(P) < dps(P) < dgs(P) < djis(P).

Proof. Since P(supp(P) NX) = P(X) > 0, dyo1(P) < du(P) is direct from Proposition I, Now,
combining this with dy (P) < dj (P) < dj (P) and dys(P) < dgg(P) < djs(P) from (28) and that
dp (P) < dys(P) gives the statement.

O

Now, we introduce the g-dimension, which generalizes the box support dimension [Lee and
Verleysen, 2007, Section 3.2.1].

Definition 8. Let P be a probability distribution on RY. For ¢ >0 and 8 > 0, define C,(P,8) as
C(P.8) = [ [P(Bga(x.8)))4dP(v).
Now for g > 0 and q # 1, the lower g-dimension of P is

1 P,
d-(P) — liminf 122Ca(P9)
1 -0 (g—1)logd

and the upper g-dimension of P is

logC, (P, 6
d; (P) := limsup qu—u.
50 (g—1)logd

For g =1, we understand in the limit sense, i.e., d| (P) =limy_,1 d; (P) and d; (P) =lim,_ d; (P).
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This g-dimension is a generalization of the box support dimension in the sense that when
q = 0, the lower and upper g-dimensions reduce to the lower and upper box support dimensions,
respectively, i.e. dy (P) = dgs(P) and dyf (P) = djg(P) Pesin [1997, Section 8]. When ¢ = 1, the
g-dimension is called the information dimension, and when g = 2, the g-dimension is called the
correlation dimension.

The volume dimension and the g-dimension have the following relation.

Proposition 28. Let P be a probability distribution on R? with P(X) = 1. Then for any q > 0, the
volume dimension and the g-dimension has the following inequality:

dvol(P) < d (P) < d; (P).

Proof. Since d_ (P) < d; (P) is obvious, we only need to show dyoi(P) < d, (P).
Fix any v < dyoi(P). Then from P(X) = 1, C,(P,§) can be expressed as taking an integration
over X. Hence applying (5) from Lemma ] gives

C(P.3) = | IP(Bul3)) " aP(x)

~1
< /X [P(Bga(x,28))]9" ' dP(x)
< (2°Cyp8" )0

And hence d (P) is lower bounded as

logC,(P, 6 log(2VCy p&Y
d; (P)= 1iminf0g‘7—(’) > hminfog(—wp)
1 -0 (g—1)logd ~— 5-0 log &
log(2VC
— 4 liminf EECvn) _,
50 log

Since this holds for arbitrary v < dyo(P), we have
dvol(P) < d;(P)'
]

We end this section by comparing the volume dimension and the Wasserstein dimension [Weed
and Bach| 2017, Definition 4].

Definition 9. Let P be a probability distribution on RY. For any § > 0 and © € [0,1], let the
(0, 7)-covering number of P be

N(P,8,7) :=inf{N(A,d) : P(A) > 1—1},
and let the (8, 7)-dimension be

__logN(P,6,7)

dg(P,T): —log5
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Then for a fixed p > 0, the lower and upper Wasserstein dimensions are respectively,

d.(P) = limliminfd;(P,)

d,(P) =inf{s € (2p,o): lignsgpdg(P, 5%) <s}.
ﬁ

Proposition 29. Let P be a probability distribution on R with P(X) > 0. Then its volume dimen-
sion and lower and upper Wasserstein dimensions satisfy the following inequality:

dyol(P) < dys(P) < d.(P) < d,(P).

Proof. Since P(supp(P)N ) P(X) > 0, dyo1(P) < dy(P) is direct from Proposition (I, The
inequality dyy (P) < d.(P) < d;,(P) is from Weed and Bach|[2017, Proposition 2].
[

D Uniform convergence on a function class

As we have seen in (8) in Section uniform bound on the kernel density estimator sup h>1, xEX ‘ Pn(x)—
x)| boils down to uniformly bounding on the function class sup feFx e } Yo (%) —Ef(X)]|.

In this section, we derive a uniform convergence for a more general class of functlons Let % be a
class of functions from R? to R, and consider a random variable

sup
feF

Zf —E[f(X)]|. (29)

As discussed in Section 4] we combine the Talagrand inequality (Theorem[§]) and VC type bound
(Theorem [9) to bound (29), which is generalizing the approach in [Sriperumbudur and Steinwart
[2012, Theorem 3.1].

Theorem 30. Let (R?, P) be a probability space and let X, ..., X, be i.i.d. from P. Let F be a
class of functions from RY to R that is uniformly bounded VC-class with dimension v, i.e. there
] < B, and for every probability measure
Q on R? and for every € € (0,B), the covering number N (F ,L,(Q), €) satisfies

N 12(0).6) < (@)

&

Let 6 > 0 with Epf? < 62 for all f € .F. Then there exists a universal constant C not depending
on any parameters such that sup sc g ‘% LX) —E[f(X )H is upper bounded with probability
at least 1 — 6,

1 n
sup (= Y f(Xi) —E[f(X)]
fez |2
1 1
e _Blog<2AB)+\/v0210 (ZAB) o2log(L) Blog(d)
n n n n



Proof of Theorem[30}, Let 4 := {f —Ep[f]: f € .#}. Then it is immediate to check that for all
g€Y,
Epg =Epf—Epf =0,
Epg® = Ep(f —Epf)* <Epf* < 07,
18l < /1l +Epf <2B. (30)
Now, sup/c & ‘%Z?:l f(Xi) —E[f(X)]| is expanded as

Ly rx) —Elf(x

i3

sup
feF

= sup
gceY

AN

Hence from (30), applying Propositionto above gives the probabilistic bound on sup,cy | % Y e(X) ’
as

n

1
P | sup|-) g(X;)
[ ”; l

n

1
< 4Ep sup —Zg(Xi) +
ge9 |0

202log() N 2Blog(5)

n n

>1-9. 31)

It thus remains to bound the term Epsup,y |+ Y- ¢(X;)|. Let.# :={f —a: f € #,a € [-B,B]}.
Then .# being a uniform VC-class with dimension v implies that for all € € (0, B),

sup A (F,L2(P),€) < sup A (F,La(P), ) sup. A ([-B.BL|- 1,5
P P P

=(%)
E

Hence from (30), applying Proposition @ yields the upper bound for Epsup,.¢ ‘ YreX )‘

Zg <2C (Mlog (Z%B) + \/(v +n1)6 log (2i3)> ' (32)

Hence applying (32) to (31) yields that, sup ;. 5 |%Z?:1 f(X:) —E[f(X)]| is upper bounded with
probability at least 1 — & as

1 n

Epn sup | —
geg | N

sup -2 (X)) —E[f(X)]
niz
<2(v+1 2AB> \/(v+1)62 (2AB)>
+ log
n o
0'210g % ZBlog %
2 c2log(+) Blog(+
< 16 2AB +\/Vi1 g(ZA_B)+ g(z) , Blog(3)
n o n n
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E Proof for Section 4

Lemma I 1]is shown by the calculation using integral by parts and change of variables.
Lemma Let (]Rd ,P) be a probability space and let X ~ P. For any kernel K satisfying
Assumption 3\with k > 0, the expectation of the k-moment of the kernel is upper bounded as

k()
K

h
for any € € (0,dyq1), where Cy pk ¢ is a constant depending only on k, P, K, and €. Further, if
dyo1 = 0 or under Assumption|[l} € can be 0 in (TT].

Ep < Cpieh®™®

Proof of Lemma[l1} We first consider the case when dyo = 0. Then Ep [

bounded as
% x—X k
h

Now, we consider the case when dy, > 0. Fix € € (0,dyo1). Under Assumption (1, € can be
chosen to be 0.
Let Cr ke := Jo tdvo—e! SUP| |y <t |K(x)|¥dt, then it is finite from and ||K||., < e in

vol,€ =
Assumption [ as

XZX ) ’k] is simply

Ep < [IK <A

o0 1 *
/ tdvolfgfl sup ‘K(X) |kdt S / tdvolfgfl HKHOOdt +/ tdvolfl sup |K(.X) ’kdt
0 0 !

x| < [lxll <t

” ”°° / o=l sup |K (x)[*dt < oo.

vol — |Ix]| <t

Fix n > 0, and let Ky, : [0,00) — R be a continuous and strictly decreasing function satisfying
o k 0 dyoi—€—1( kY gp

Kn () > supjy >, [K(x)|* for all # > 0 and [g"t%o 57 (Ky () — supy >, |[K(x)|*)dt = 1. Such ex-
istence is possible since 7 — supj >, |[K (x)|¥ is nonincreasing function, so have at most countable
discontinuous points, and [;° %o —¢~1 Sup| < [K (x) [Kdt < oo. Then it is immediate to check that

K (x)|F < Ky (||x||) for all x € R. (33)

Then [;°t% =€~ 1K (¢)dt can be expanded as

/ (o =e 1R (1) di = / ho—e=1 qup |K(x)[Fdr + / o =e=1 (R (1) — sup [K(x)[¥)dr
0 0 | 0

xl<t e

= Cr K dy,e TN < o0 (34)
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Now since Ii'n is continuous and strictly decreasing, change of variables ¢ = Kn (u) is applicable,

and then Ep [‘K (%) ]k] can be expanded as
k
> t> dt

(5 (e ()
:LOP (‘K(X;ZX) k>1€,,(u)> dRy (u).
Now, from (33) and K, being a strictly decreasing, we can upper bound Ep [|K (%) ﬂ as
x—Xx\/|f 0 /- [|x=X|| ~ -
K( - ) ]gLP(Kn( _ )>Kn(u)>dKn(u)

- LOP (Hx;hXH < u) ARy (u)

— /m " P (B (. t)) d e ().

k
Ep

Ep

Now, from Lemma4|(and (6) for Assumption|T|case), there exists Cy,,, ¢ p < o with P (Bga(x,r)) <
Ciyyy—e.pr™ ¢ for all x € X and > 0. Then Ep UK (=2) ‘k] is further upper bounded as

€(5°)

k

0
Ep < / Ciy—e,p ()™ 2dR (u)

0
= Cy e phthoe / U dR (). (35)
Now, fo?, u~€dK (u) can be computed using integration by part. Note first that [§t%o~¢ 1K (t)dr <
oo implies

lim €K (1) = 0.

oo

To see this, note that 1% ~¢K(t) is expanded as

t
1R "R (1) = /

t
W AR (1) + / (dyot — €)u0 e R () du,
0 0

then [3(dyol — €)u® ¢ 'K (u)du < oo and [ju®~€dK(u) being monotone function of ¢ imply
that lim; .. %1 ~€K (1) exists. Now, suppose lim;_,..t% €K (t) = a > 0, then we can choose fo > 0
such that 1% =€k (t) > 4 for all t > 19, and then

oo>/ tdvolgll?(t)dtz/ tdvolell?(t)dtzg/ tldt = oo,
0 1 I

0 0
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which is a contradiction. Hence lim,_..t%1~€K(t) = 0. Now, applying integration by part to
19 udvi=2 g R (1) with dyo; — € > 0 gives

0 . .10 0 .
/ o= (u) = [ubo R (w)|_— / (dyot — &)u™ = R () du
_ / (dyot — €)ubo ¢~ R (u)du. (36)
0
Then applying and to gives an upper bound for Ep “K (%) ‘k} as
k
x—X
K
(5
And then note that RHS of (37) holds for any 11 > 0, and hence Ep DK TX ‘k] is further upper
bounded as
()
K
h

Ep

< Cppye.p(dyol — )V 8 (Cr ke +1)- (37)

Ep

< Tlll;f {Cd ol—E P(dVOI - )hdvol £<Cdev017£ + n)}

dyg—
=Cypy— eP(dvol —&)Crk dyyeh™
= Cr.px,eh™"

where Ci pi e = Cy,—e,P(dvol — €)Ck K dyyy.6-

E.1 Proof for Section 4.1]

Theorem [12] follows from applying Theorem

Theorem [12} Ler P be a probability distribution and let K be a kernel function satisfying
Assumption 3| and [} Then, with probability at least 1 — 8,

p 18406 pa(x) SC((log(l/zn»++ \/(log(l/zn»++ \/mg(z/é) log<2/6>>

— 2 _
h>1, x€X nlfl’ nl,%d dyol+€ nlnd dyo1+-€ f’llfll

for any € € (0,dyq)),
Further, if dyo) = 0 or under Assumption|l] € can be 0 in (12).

Kl o)

d’ v, dVOl’ Ck=2,P,K78’ €.

Proof of Theorem[I2] ForxeXandh>1l,,1etK, : RY — R be Kon(-)=K (%), and let jK,[ln,oo) =

{#vah xeXh> ln} be a class of normalized kernel functions centered on X and bandwidth
in [1,,0). Note that p;(x) — py(x) can be expanded as

Pr(x) = p(x) = — 5 Zn:K( ) —Ep {hidK (x_hxi)] = %ihidl(x,h(xi) —Ep {%Kx,h} :
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Hence sup;,>; rex |Pr(x) — pr(x)| can be expanded as

. [
sup [pn(x) —pu(x)|= sup |- Z —Ep[f(X)]]. (38)
h>l, xeX fejK.[ln,w) ni i=1
Now, it is immediate to check that
£l < L 11K (39)

For bounding the VC dimension of .%, K. [ln.00)> cOnsider 35,(7[,”700) = {Kx,h xeXh> ln} be a class

of unnormalized kernel functions centered on X and bandwidth in [I,,). Fix n < [, ¢|K||., and a
~1/d

probability measure Q on R¢. Suppose {ln, (ﬁ) } is covered by balls { (hi — %,hi +

ld-H

. 14 .
2d||K\|w> 1<i <N1} and (F |1, ), L2(Q)) is covered by balls {IB%LZ(Q) <fj, ”2n> 1< < Nz},

Z1/d
and let f; ; := hi’dfj for 1 <i<Njand 1< j<N,. Also, choose hg > (ZHZII ) , X0 € X, and

oo

let fo = %KxO,ho. We will show that

{BLZ(Q) (fi,j,T]) 1<i<N,1<5< Nz} U {IB%LZ (fo,m )} covers ﬁlg[lmoo)- (40)

For the first case when 7 < <H_1?H_> , find 7; and f; with h € (hl- _ lytm it ﬁ) and

2d[[K]j ™ 2d[[K]].

d
Ky € By ( fis l”Tn) Then the distance between hlde,h and hLd fj 1s upper bounded as

1 1 1 1
‘ hd xh dfj ‘ h_de,h - h_de,h + ‘ hd xh dfj (41)
L (Q) i L,(Q) hi L (Q)
Now, the first term of (41)) is upper bounded as
‘ 1 % 1 % 1 1 HK H
7a5xh ™ T B h =74 1d xh|| L 0)
h h Ly (Q) h hi 2
N pedy -1k
= |hi—h Z Wi “h ||KxahHL2(Q)
k=0
< = hldi; " KL < - 42)
Also, the second term of is upper bounded as
1 1 1
Ken—fil| =g l[Ken =S|
d Xy d J d X, J L
‘ h h 1,(0) K 2(0)
. n
<5 Ken = fill o) < 5 (43)
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Hence applying and to gives

1
‘ hd xh dfj < n
hi Lr(Q)
~1/d
n 1 1 n
For the second case when /& > <2HKIIOO> , h_devh ‘Lz(Q) < thle L < 7 holds, and hence
1 1
—Ken—Jfo ' —Kn + ol Ly < M-
’ h L@ I e ’

Therefore, is shown. Hence combined with Assumption @] gives that for every probability
measure Q on R? and for every n € (0,h¢||K].,), the covering number N (T 1,000, L2(Q), M)
is upper bounded as

sup N (F g [1,.0): L2(Q); M)

0
—-1/d d+1 d
n ) Iit'n ( lnn)
by | =——— ) sup A | 7, ; 0),— | +1
(ZHKHM ] X ’2dHKHw> Kl L2(Q) 2

M(
2d |K||.. (2[IK[.\"Y 24K\

< ——=) +1

Ry n I4n

24d ||K||\ Y
s(—ld”n ”°°> : (44)

Also, Lemma([l 1] implies that under Assumption 3] for any € € (0,dyo1) (and € can be 0 if dyo; = 0
or under Assumption E]),
1 2
()

Hence from (39), (@4), and @3)), applying Theoremto gives that supy,~; x| Pn(x) — pr(x)|

Ep < Croa piely 24T —¢, (45)
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is upper bounded with probability at least 1 — 9 as

sup | pp(x) — pu(x)]
>l x€X

2(v+2 leo < — ) 2(v+2 Ckfzp lo < — )
( )H || g ,—Ck:2,RK,elr(ldV01 €)/2 ( ) ,PK 108 ’—Ck:ZﬁP,K,slr(ldvol €)/2

<C

nl,‘,l nlrzldfdvoﬁrs
Ck:Z,P,K,slog(%) ||K||oolog(%)
P24 +e nld

(re(2)), [Cx (). (it e
<c VS ")t og (5) og(5)
= YA K |lo0,d,V,dyol,Ck=2,PK & nl,‘{ 24— dvoi+E 24— vl E nlf )

n n

where CAJ|K ||V dyo Cizpi € depends only on A, ||K||.,, d, V, dyol, Ck=2,pk ¢ €.

]

Then Corollary [13]is just simplifying the result in Theorem 12}
Corollary I3}  Let P be a probability distribution and let K be a kernel function satisfying
Assumption 3| and 4| Fix € € (0,dyo1). Further, if dyo) = 0 or under Assumption |I} € can be 0.

Suppose
log(1/¢, log(2/6
limsup(Og(/ l);:gog( /9) _
n n nvo

Then, with probability at least 1 — 9,

(IOg(i))Jr + log(%)
2d—dyo te ’
n

sup [pn(x) — pa(x)| < Cl\/

h>1, xeX nl

K|

where C' depending only on A, o @&, V, dyol, Ck=2 PK &, E.

Proof of Corollary[I3] From (12)) in Theorem SUpy>, vex |Pr(x) — pr(x)| is upper bounded
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with probability at least 1 — J as

sup | pp(x) — pu(x)|
>l x€X

(o2 (1)),

S CA7HKHocnd?vadVO]7Ck:2f’,](,878 nld +
n

(o2 (1)),

2d—dygt€
n

log(§)  log(3)
2d—dyo e tE n[g
n

nl nl

= CA7HKHoo7d7v7dV017Ck:2ﬁP.,K7878

(e (). (] ez (i), +\/ log (3) \/log(%)ﬂ

nl’%d*dvol+8 nlgvolfg lrzld*dvol+£ nlflivolfe

log( L log( 2
Then from limsup,, (log( 4 )d)pL og(3)

—€
l’lan01

< oo, there exists some constant C’ with (log (%)) +
n) )+

log (%) < C'nl®'™¢. And hence SUpP;>;, vex |Pr(*) — pr(x)| is upper bounded with probability
1—6as -

sup | pp(x) — pr(x)]
h>1l, xeX

(o2 (1)),

2d—
nlnd dVOl +&

(o (1)), *1ox(3)

n l%d —dyol € ’

log (&
S Ch Kl vdicarrs (vesr) ey ) (ver)

2d—dyo+-€
I

< /
- CA7 ”KHoo7d7v7dV017Ck:2,P,K,£ €

where C'

ALK ooidV dyol Coz.px € depending only on A, || K||.,, d, V, dyol, Ck=2 Pk > €.

E.2 Proof for Section

Lemma|l4|is by covering X and then using the Lipschitz property of the kernel function K.

Lemma Suppose there exists R > 0 with X C Bpa(0,R). Let the kernel K is Mk-Lipschitz
continuous. Then for alln € (0, ||K||,.), the supremum of the N)-covering number N (Fk j,L2(Q),N)
over all measure Q is upper bounded as

2RMyh~! + ||K||oo)d

sup A (Fg n,12(0), M) < (
0 n
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Proof of Lemma([l4} For fixed n > 0, let xq,...,x) be the maximal n-covering of Bp.(0,R),
with M = # (Bga(0,R),||-||,,m) being the packing number of By (0,R). Then Bpa(x;,n) and
Bga(x;,1) do not intersect for any i, j and Y | Bra (x;,n) C Bga(x;,R+1), and hence

o

I
—_

Aa (Bra(xi;1)) < Ag (Bga(xi, R+1)). (46)
Then Ay (Bga(x,7)) = A4 (Bga(0,1)) gives the upper bound on .# (Bga(0,R), ||-||,, 1) as

d
M (BaO,R). || 1) < (1+§) .

Then X C Bya(0,R) and the relationship between covering number and packing number gives the
upper bound on the covering number .4 (X, ||-||,,7) as

2R\

Now, note that for all x,y € X and for all z € RY,

Ky p(z) — Ky_‘h(z)‘ is upper bounded as

Kea@— K@) = [ () = (25) | < 2 52— -2 = 2 ol

Hence for any measure Q on RY,

Kyn—Kyp || L,(0) is upper bounded as

M
1K = Kyl 1,0y = \//(Kx,h(Z) —Ky4(2))?d0(z) < TK [Jx—=yll, -

Hence applying this to implies that for all 1 > 0, the supremum of the covering number
N (Fk n,L2(Q),n) over all measure Q is upper bounded as

2RM ) d

) =
sup AN (Fk.p, L AN) <A NX A —=— ) < [ 1+
up. N (Fi e a():) €N (K137 -

Hence for all ) € (0,]|K]|..),

<2RMKh1 T |]K||w>d.

sup N (Fkp,L2(Q), M) < 7?

0
]

Then Corollary follows from applying Theorem [30] with bounding the covering number
from Lemma
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Corollary Suppose there exists R > 0 with X C Bra(0,R). Let K be a Mg-Lipschitz
continuous kernel function satisfying Assumption 3| Fix € € (0,dy)). Further, if dyo = 0 or under
Assumption|[l] € can be 0. Suppose

(log(1/hy)) . +log (2/5)
l’thVOI £

lim sup
n

Then with probability at least 1 — 6,

(log(7-))+ +log(3)
A /! n
sup [ pp, (x) — pu,(x)| < C \/ 24 te ’

xeX

where C" is a constant depending only on R, Mk, o @, V, dyol, Ck=2.pK ¢ €.

Proof of Corollary[I5] Forxe X, letK,: R? R be Kon(-)=K (%) , and let :951(,;1 = {hLde,h :
X € X} be a class of normalized kernel functions centered on X and bandwidth 4. Note that

Pr(x) — pp(x) can be expanded as

N 1 x—X; 1 1 1

Pu() — pa(n hde( %) e |k ( h’)]zﬁgh—m,h() Er | K]
1=

Hence sup,.x |Pn(x) — pn(x)| can be expanded as

. 1 ¢
sup [ p(x) — pa(x)] = sup |= Y F(X; F(X)]|- (48)
xeX fegxn|ti=1
Now, it is immediate to check that
£l < H 4[] (49)

Also, Since ﬁK,h = h_dﬁlgh, VC dimension is uniformly bounded as Lemma gives that
for every probability measure Q on R4 and for every n € (0,A~?|K||..), the covering number
N (Fk n,L2(Q), M) is upper bounded as

SUPJV( FrnL2(Q),M) = Sgpﬂ(fK,h,Lz(Q),hdn)

2RMxh— ' + HKHOO

2RMk |K||..
: (W | o

Also, Lemma[l 1] implies that under Assumption 3] for any € € (0,dyo1) (and € can be 0 if dyo; = 0
or under Assumption E]),
1 2
()

Ep < Crogpieh 2 HH0¢, (51)
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Hence from (#9), (30), and (51), applying Theorem [30|to gives that sup, x| pr(x) — pp(x)| is
upper bounded with probability at least 1 — § as

sup | pp(x) — pr(x)]
xeX

2RMk|K ||, 2RMk|K ||,
2d ||K ||°o10g( Nyl 2dCi—2 pk e log Tl

<C i + nh2d—dvote
Cr—2PK e log(%) ||K||oo10g(%)
nth*dvolﬂLs + I’lhd
1 1 2 2
e (log (), , [(og(a)). [ log(5) | log(3)
— RvMK7HKHoavd7v7dV017Ck:2,PA,KA,87€ nhd + nth—dvol—H:‘ nh2d—dvo1+£ nhd )

K|

where CR,MK,HK||oo,d7v7dvol7Ck:2yP’K7£7g depends only on R, Mk, > A, V, dyol, Ck—2 PK ¢, €. 0

F Proof for Section

Proposition |16|is shown by finding x¢ € X where the volume dimension is obtained, and analyzing
the behavior of |py, (x0) — pn, (x0)| by applying Central Limit Theorem.

Proposition [16|  Suppose P is a distribution satisfying Assumption [2] and with positive vol-
ume dimension dys > 0. Let K be a kernel function satisfying Assumption 3| with k = 1 and
lim, o inf <, K(x) > 0. Suppose lim, nh® = oo, Then, with probability 1 — 8, the following
holds for all large enough n and small enough h,,:

R 1
sup |, (x) — pn, (x)| > Crk.s\| —2d—a
xeX nhn Vo

where Cpy s is a constant depending only on P, K ,and 6.

Proof of Proposition Note that lim;,o infj| <, K(x) > 0 implies that there exists 9, Ko € (0, )
such that
K(x) = Kol ([lx[| < 10). (52)

P(B .. P(B ,
PBga(x:r) > 0, we can choose x( € X such that liminf, ¢ P (x0.r))
rdvol d

Also, from sup, cx liminf,_ i
0. From {h, },cn bounded, there exists rp > 0 and py > 0 such that ry > hyty for all n € N and for
all r <y,

P(Bga(xo,r)) > por®. (53)
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Forx € Xand h >0, let f,;,: RY - Rbe f, ), = hld (Kyn —Ep[Ky ), so that at xo € X, py, (x0) —
Pn, (x0) is expanded as

P, (x0) = pa, (x0) foo,h,,
Below we get a lower bound for Ep| f ] First, fix € < V°l . Then from Lemma
Ep [|Keyn|] < Cim1 px eh™ . (54)
Now, we lower bound Ep [K2 1)+ By applying (52), Ep[K? ] is lower bounded as

)

_Xi

Ep (K3 ;] > Ep {KOI <

= KgP(BRd (XQ, ht())).

Then applying gives a further lower bound as
Ep [K2 4] > Kgpotg " hol. (55)

X

Then combining (54) and (53)) gives a lower bound of Ep[f> o) as
1 2
2 2
Ep [f2.4] = 757 (Br (K2 4] = (Br [Kip]))
> hdvol 2d (Kgp()t()wl _ C]%:] 7RK?gl,ldvol72&‘) ]

Hence from dy, —2€ > 0, there exists hpk and C;,7 x depending only on P and K such that h,, < hpg
implies

Ep [fon,] = Chihi 2. (56)

Now, let s, := \/Zl L Ep[f? o, (Xi)]. Then (56) gives

Sp > \xchnh;’ml*Z".

Then for any € > 0, when n is large enough so that nhﬁ“’1 >

IK |2

ey , then

Feom |l < VK], < €1/Ch b4 <,

05 PK

Hence Lindeberg condition holds as for n large enough so that nhﬁf“’1 > HZIEU“’ then
PK

E [£2 1, I (| from, (X0)] > €54)] = 0.

:D’N| -
1=

1

i
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Hence, Lindeberg-Feller Central Limit Theorem gives

_n
EP[fxzmhn]

Hence, for fixed 8 € (0,1), let g5/, € R be such that P(|Z| < gs/,) = g for Z ~ N(0,1), then

(Py(x0) — Pi, (x0)) 5 N (0,1).

n . 9]

lim P —————= (P, (x0) — P, (x0))| = 52 | =1— 5.
o= VBl ) : 2

And hence there exists N < oo that for all n > N,

Ep [fxz(),hn]

P [Pn,(x0) =, (x0)| = g5/2 0 >1-56.

Then applying (56) implies that with probability at least 1 — J,

2 /
95/2Crk c 1
_ —LPK,S _
nl’l;%d dyol nh’%d dyor’

where Cpx 5 =452 Cpx depends only on P, K, and 6. Then from

| Pn, (X0) — P, (X0)| >

sup | P, (X) = P, (X)| > | P, (x0) — P, (x0)]|
xe

we get the same lower bound for sup,cx |y, (x) — pp, (x)| with probability at least 1 — & as

1
CP.K A T od—d. -
e nh’%d_dvol

sup | pp, (x) — pa, (x)| >
xeX

G Proof for Section

For showing Lemma|[19] we proceed similarly to proof of Lemma[T1] where we plug in D°K in the
place of K.

Lemma Let (Rd,P) be a probability space and let X ~ P. For any kernel K satisfying
Assumption[6} the expectation of the square of the derivative of the kernel is upper bounded as

(rx(55))

for any € € (0,dyo1), where Cs pk ¢ is a constant depending only on s, P, K, €. Further, if dyo; =0
or under Assumption|l} € can be 0 in (18).

Ep < Cs,RKﬁthOI_ga
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Proof of Lemma[I9, We first consider the case when d,o = 0. Then Ep [(DSK (%) )2} is simply

bounded as
DK x—X 2
h

Now, we consider the case when dy, > 0. Fix € € (0,dyo1). Under Assumption (1, € can be
chosen to be 0.
Let CS K.dy,€

in Assumption l as

Ep

< |D°K||2, .

= [ tha—e1 supHxHSt(DsK(x))zdt, then it is finite from and ||D*K||., < oo

) 1 o
/ 14—~ qup (D°K (x))2dt < / 14 —€=1 DSK || dt + / 1% =1 sup (DK (x))dt
0 0 1

[ <t [ x]| <t
DK
H ‘|oo_+_/ dyo—1 sup Ds ( ))2dl<°°.

vol — lxll <t

Fix n > 0, and let Kn : [0,00) — R be a continuous and strictly decreasing function satisfying
Ky (1) > SUP|y| >+ (D*K(x))? forall# > 0 and [yt —¢ 1Ky (1) — supHxHZt(DsK(x))z)dt =1. Such
existence is possible since  — sup >, (D°K (x))? is nonincreasing function, so have at most count-

able discontinuous points, and [;° %o —€~1 Sup|y|<(D°K (x))%dt < oo. Then it is immediate to
check that
(D*K(x))* < Ky (||x]) for all x € R. (57)

Then [;°t% =€~ 1K (t)dt can be expanded as

/ (o1 R (1) = / (ha=e=1 sup (DK (x))2dr + / do=e=L(R (1) — sup (D°K (x))?)dr
0 0 e x>
=CsKdyg e TN < oo (58)

Now since K'n is continuous and strictly decreasing, change of variables ¢ = Kn (u) is applicable,
and then Ep [(DSK (%) )2} can be expanded as

(x (D (e (5) =)o
_ Lop ((DK (X;ZX)Y >zz,,<u>) dR (1),

Ep
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Now, from and K, being a strictly decreasing, we can upper bound Ep [(DSK ( ’%))2] as
-x\\* 0 X ~
(DSK (x . )) < / P (K,, (”x ; “> > Ry (u )) dRy (1)
_ / (”"‘ u) AR (1)

- /x’ P (Bga(x,hu)) dKy (u).

Now, from Lemma4|(and (6) for Assumption(T|case), there exists Cy,,, ¢ p < o with P (Bga(x,r)) <
Ciyyy—e.pr™ € for all x € X and 7 > 0. Then Ep [(D“K (%) )2} is further upper bounded as

(rx (X))

Now, | 0 ydo—eqR (u) can be computed using integration by part. Note first that [3°t%vo~¢~ 1K (¢)dt <
oo implies

Ep

Ep

0
< / Cay—e.p ()™ EdR (1)

0
=Cy,y—eph™ ¢ / U dR (u). (59)

o)

lim t*o €K (1) = 0.

t—o0

To see this, note that 1% ~¢K(t) is expanded as

t t
(AR (1) = [ SR )+ [ (o~ € R ()
0 0

then [5°(dyor — €)u® ¢ 'K (u)du < oo and [§u~€dK (u) being monotone function of ¢ imply
that lim; ., 1% ~€ K (¢) exists. Now, suppose lim; 1% €K (1) = a > 0, then we can choose #o > 0
such that 1% €K (t) > & for all t > 19, and then

(oo} - o0 - a (o}
oo>/ thOl_e_lK(t)dIZ/ Do~ E- 1R (1) dt > 5/ t7ldt = oo,
0 fo

To

which is a contradiction. Hence lim, ..t*~€K(t) = 0. Now, applying integration by part to
19 ydvi=2 g R (1) with dyo1 — € > 0 gives

0 3 10 0 3
/ u™o ¢ dR (u) = [udVO'_sK(M)} _/ (dvor — &)u™ ™~ K (u)du

_ /O (o — €)u " R () du. (60)

Then applying and to (39) gives an upper bound for Ep [(DSK (’%))2] as

(e (5))

Ep < Cyye.p(dyol — )M 8 (C gy +1)- (61)
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And then note that RHS of (61) holds for any 7 > 0, and hence Ep [(DSK (%))z] is further
upper bounded as

(e (X))

Ep

< %I;f {Cd ol — & P(dVOI - )thOI_S(Cva7dV017€ + n)}

dyol—€
= CdVO|_£7P(dV01 - S)CS7K7dVOI7Sh vl

dyol—€
s,PK,eh™ ",

Where CkaRK7£ = CdV01_87P (dV01 - 8)C57K7dvol7£'

O

For proving Theorem [20, we proceed similarly to the proof of Theorem [I2] Analogous to
bounding Ep[K?,] by Lemma we bound Ep[(D*K, ;)?] by Lemma

Theorem @. Let P be a distribution and K be a kernel function satisfying Assumption 3} [6}
and|[7| Then, with probability at least 1 — 8,

sup  |D*pp(x) — D’ py(x)|
>l xeX

coftost, | [Toel/., [“logCl5) _ tox(2/9))

5| 2d+2|s|—dyo1+€ 2d+2|s|—dyo1+€ d+s|
for any € € (0,dyq),
Further, if dyo) = 0 or under Assumption|l] € can be 0 in (19).

0or d, v, dvoly CS’P’K“«;, E.

ProofofTheorem- Forx € Xand h > I,,let D°K, , : R? - R be D’K, () =D°K (%) and let
js

K [leo) = { ] DKy x € XJh >, } be a class of normalized kernel functions centered on X
and bandwidth in [[,,, ). Note that D*p;,(x) — D* p;(x) can be expanded as

D* pa(x) — D py(x) = hdl+|s|2 SK<x—hXi>_]EP{ 1 DSK<X—X,.>]

hd+ls| h

IR e[ 1
__Zhd+\s|DKXh( i)~ Ep hd+|s|DKXh

Hence sup;,>; .ex |D’pr(x) — D’ pj(x)| can be expanded as

n
sup |D*p(x) =D’p(x)| = sup |-} f(Xi) —Ep[f(X)] (62)
h>1, xeX FeFy iz
Now, it is immediate to check that
—d—
Il < PIDK]. (63)
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For bounding the VC dimension of J K [lneo)? consider %% = {DSKX nixeXh>l, } be a

class of unnormalized kernel functions centered on X and bandwidth in [,,, ). Fix n <[, 4l |D*K||.,

—1/(d+|s])
and a probability measure Q on R?. Suppose {ln, (W) ’ } is covered by balls { (hl- _

K,[ly,00)

d+\s\+1n d+|s\+1

st\
n . ; : n
(d+|S|)HDSKHm’h’+ (d+|s\)||DSK||m> : 1<z<N1} and (& K[l )’ ,L>(Q)) is covered by balls {BL (f], ) :

1<j< Nz}, and let f;; := hl._d_|s|fj for 1 <i<N;and 1 < j <N, Also, choose hy >

Nt
<2HD5KH°°> , X0 € X, and let fO d+|Y\D K,

o.ho- We will show that

{Bryo) (fij;n) : 1<i<Ni, 1< j <N U{By,0) (fo,n)} covers.Z, K [1y)° (64)
—1/(d+ls])

d+\s\+1

For the first case when i < ( W,hz +

n ) _—
2||DSK||M) , find h; and f; with h € (h

d+|s|
) and Ky, € By, () < S 1 ) Then the distance between

ld+\s\+l
—n I
2(d+|sDIID* K],
is upper bounded as

s D’ Kp and d+|s\ i

hdﬂs\

1 1
i 2 K = i i
i L (Q)
! D’K ! ——D’K. ! D’K ! i 65
pdtls] 7 R s + Bt xﬁ_Wf/ 65)
i L>(Q) i i L (Q)
Now, the first term of (63)) is upper bounded as
(- 1 N 1 )
s DKo = DK = - W IP°Keill o)
i L(Q) .
sl k—d—|s|; —1—k SK
bl Y H P Kol o)
k=0
< b=kl @+ 1) T IDR L <20 66)
Also, the second term of (63) is upper bounded as
1 1
hd—i—\s\D Ken— hd+|s|f hd—i—\s\ I’k fHLz
i i L>(Q) i
—d—

<l DK~ Al 0 < 5 (67)

Hence applying (66) and (67) to (63) gives
1 1

S

— DKy — ——fi <.
1d+1s] h;l+|s|

L(Q)
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—1/(d+|s])
For the second case when i > (W) , mDSKM ‘L 0 < hd+\lesth ‘ <2
o 2
holds, and hence
1
——D'Kyn— fo ' — DKy + 1 follLy0) < M-
‘ Rl L) I ) @

Therefore, (64) is shown. Hence combined with Assumption [7] gives that for every probability

measure Q on R? and for every n € (0,2~ | D*K||,,.), the covering number J/(ﬁKj[lmw),Lz(Q), n)
is upper bounded as

sgp,/t/(ﬁKy[ln,w),Lz(Q), n)

n —1/(d+]s|) d+|s|+1r’ 5 ldﬂs‘n
< AN by | = , v o |
- (2||DSKIIOO) B TeEr |)HDSK|]°° o Kl L2(Q), =5 |+

2(d+|s) DKL (21PK]\ /D (24 DKL
|+l

ZZHS'H n n l;l+|s|n
S v+2
<<zud+mow>mp> )
- ld+\s\ ’
n M

Also, Lemma implies that under Assumption |§|, for any € € (0,dyo) (and € can be 0 if dyo) =0

or under Assumption |I|),
1 2
(hd+|s DK, h)

Hence from (63), (68). and (69), applying Theorem [30| to (62) gives that sup,s; ,cx |D*pr(x) —
Dpy, (x)‘ is upper bounded with probability at least 1 — 0 as

sup  |D°pp(x) — D’ pp(x)|
h>1, x€X

2(v+2)| DSK”wlOg( 2A<d+s>||DbK||m) 2y +2)CS7P7K7810g( 2A(d+]s]) [ DKL )

2 d,1—€)/2
\/ CspK sln ol =€)/ —I— V CS~P~,KA,SZ£1 vol =€)/

d 2d+2|s|—d. €
nln+|5| nl; +2[s|—dyor+

Ep <CS‘PKEZ —2d—-2|s|4+dyo1— 8 (69)

<cC

+¢qwﬂ%g>nmmw%%v

2d+-2|s|—d, £ d
l’lln + ‘S| vol nln+|s‘

S CA7 HDSKHomdavvdVOl 7CS,P.,K£

(e (), | (roe(2)), \/ log(3)  log(3)
l

d 2d+2|s|—d € 2d+2|s|—d. € d ’
l’lln+|s| l’lln +2|s|—dyo1+ nl; +2|s|—dyo1+ nln+|s|

46



¢ depends only on A,

D'K|

where Cy 1 psk ||, d,v.d

vol.Cs,PK & 00? d’ v, dVOl’ CS.,P,K,& E.

]

For showing Corollary 21} we proceed similarly to the proof of Corollary I3 where we plug in
DK in the place of K.
Corollary 21} Let P be a distribution and K be a kernel function satisfying Assumption [3] [6]

and[7} Suppose
(log(1/1x)) +1og(2/8)
nldvolfe

lim sup
n

< oo,

for fixed € € (0,dyo)). Then, with probability at least 1 — 8,

(log (1/1,)), +log (2/8)

nlr%d"'zls'_dvol'i‘e ’

sup |D°pp(x) —Dpp(x)| < C’\/

h>1, xeX

DK|

where C' is a constant depending only on A,
under Assumption|l] € can be 0.

Proof of Corollary21] From (19) in Theorem SUpy>, xex [P Pr(x) — D pp(x)] is upper bounded
with probability at least 1 — J as

w a4, V, dyol, Cs px ¢, €. Further, if dyo) = 0 or

sup |D’pu(x) — D’ pu(x)|

h>1, x€X
1 1
(e (£)), | (oe(#)). log(3)  log()
= CA | DKoV dot Copx el + 24205~ dwarte + 2428 ~dvrte + a4t
n n n n

= CA7HDSKHoo7d7v7dV0]7C'S,P,K,£

(2 (1)),

2d+2|s|—dyo+€
n

X

log (3) log (§)
+1 |+ \/nl,zld+2s_dV°l+g nlgvol_g +1

< oo, there exists some constant C’ with <10g (%)) +
n) )+

don1—
l’ll nlnvol €

(log(7;))., log(5)

dyo1—€
nlnvol

Then from limsup,,

log (%) < C'ni® ™. And hence sup,>;, xex [P’ Pr(x) — D° pj(x)] is upper bounded with probabil-
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ity 1 — 0 as

sup  |D°pp(x) — D’ pp(x)|
h>1, x€X

log i log (%
S CA7HDJKHoo7d7v7dV017C.3‘A,PA,KA,€ ( ( >>+ (\/6—'_ 1> + \/ l (6) <\/6+ 1>
n

2d+2|s|—dyo1+€ 2d+2|s|—dyo1+€
nly, "

(1) +ostd

2d+2|s|—dyo1+€ ’
n

< /
- CA7‘|DSKH0<>7d7V7dV01aCSAP,K,8 nl

where C/

3 A\
DK, Vidver Co pice depending only on A, | D*K||,., d, V, dyol, Cs.pk e, €.

]

For proving Lemma[22] we proceed similarly to the proof of Lemma[14] where we plug in D°K
in the place of K.
Lemma Suppose there exists R > 0 with X C Bga(0,R). Also, suppose that D°K is
Myk-Lipschitz, i.e.
IDK(x) ~ DK ()|, < M [x—yll,.

Then for all € (0,||D°K||,,), the supremum of the N-covering number N (F. ,,L2(Q),N) over
all measure Q is upper bounded as

<2RMKh1 + ||DSK||°O)"

Sgp‘/V(ﬁIA;,huLZ(Q%n) < n

Proof of Lemma[22] For fixed 1 > 0, let xq,...,x) be the maximal n-covering of Bp.(0,R),
with M = .# (Bra(0,R),||-||,,n) being the packing number of By (0,R). Then Bya(x;,n) and
Bga(x;,1) do not intersect for any i, j and U | Bra (x;,n) C Bga(x;,R+1), and hence

M
Y Ad (Bga(xi,1)) < Ag (Bga(xi,R+1)). (70)
i=1

Then Ay (Bga(x,7)) = A4 (Bra(0,1)) gives the upper bound on .7 (Bga(0,R), ||-||,, 1) as

d
~%@WQMJMJDSO+§)-

Then X C Bya(0,R) and the relationship between covering number and packing number gives the
upper bound on the covering number A" (X, ||-||,,n) as

2R\?
N 1) < A BralOR) o m) < (Bra0.R. 15 7) < (1427)
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w1(2) — DKy 4(2)| is upper bounded as

kst -0t = |k (57 ) -k ()

Mk M

K
< r=2) = (7= 2) |y = S Iyl

wh— DK p || L,(0) is upper bounded as

M
||Dst,h hHL \// (DK, n(z DSKy,h(Z»ZdQ(Z) < TK lx=yll5-

Hence applying this to implies that for all 1 > 0, the supremum of the covering number
N (Fk n,L2(Q),n) over all measure Q is upper bounded as

h
sup A (2@ o) < (Kl gt ) < (14
Q K

Hence for all ) € (0, ||D*K]|..),

2RMxh~' + ||DSK||OO)d

wp.# (F L @mns( .

]

For Corollary we proceed similarly to the proof of Corollary where we plug in D°K in
the place of K.

Corollary Suppose there exists R > 0 with supp(P) = X C Bra(0,R). Let K be a kernel
function with Mk-Lipschitz continuous derivative satisfying Assumption|[6] If

. (og(1/hn)) +10g(2/8) _
imsup e
n n n

for fixed € € (0,dyo1). Then, with probability at least 1 — 8,

(log(;1))+ +1og(3)
sup |D° p(x) — D*py(x)| < C" "
xeX nh%d+2|s|7dvol+£

where C" i

or under Assumption|l| € can be 0.

0o? d, M, dvol’ Cs,P,K,s: €. Further, ifdvol =0

Proof of Corollary23] Forx € X, let D°K, j, : R? — R be DKy j(-) = DSK( ) and let 91?11 :

{ D Kt x € X} be a class of normalized kernel functions centered on X and bandwidth 4.
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Note that D°p,(x) — D*pp(x) can be expanded as

. x—X; 1 : x—Xi
D’ pp(x) — D’ pi(x) hd+|s| Z < > —Er {hd“D§K< h )}

! 1
1 Z e DK (X)) — Ep {WDSK’“’?} .

Hence sup, x |D°pj(x) — D’ pj(x)| can be expanded as

n
sup [D°pu(x) —=D°pu(x)| = sup |~ ) f(Xi) —Ep[f(X)] (72)
xeX feﬁth n i=1
Now, it is immediate to check that
Ifll. <=4 H|D°K]]... (73)

Also, since .% IS( =hd-blz IS< 4» VC dimension is uniformly bounded as Lernma gives that for

every probability measure Q on R? and for every 1 € (0,h~4~Bl||D*K]|.), the covering number
N (FE 4, L2(Q), M) is upper bounded as

SZPJV (Zkla2(Q),n) = Slépc/V(ﬁ’Kh,Lz(Q),hdH”n)

_ (2RMgh™' + | D°K]|.. ¢

2RMxk |IDK||\ ¢
< k [|ID°K]|., _ (74)
hd+\s\+1n

Also, Lemma implies that under Assumption |3} for any € € (0,d,,) (and € can be 0 if dyo) =0
or under Assumption ,
! ——DK ’
pdtls| T

Hence from (73), (74), and (73)), applying Theorem[30|to gives that sup,..x |D°pp(x) — D’ pj(x)|

Ep < Cs,P,K,eh_Zd_zthVOl_e~ (75)
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is upper bounded with probability at least 1 — 9 as

sup | pp(x) — pu(x)]
xeX

2d||DsK||°olog< 2RM D KL )

2RMk||D*K ||,
\/Cs PK Ehl+(dvol_£)/2 2dCS>P7K7£ log ( \/Cs P.K.8h1+<dV01_€)/2

<C

_|_

nhd-+ls| nh2d+2|s|—dyo+€

Copkelog(y) | [D°K]..log(5)
71]/12“ll"~_2'|s‘_dvol‘|'8 nhd

S CR,MK7||DSK||oovd7v7dVOI aCS,P,K,E 58

oog(%»uJ (o (1)) . W oz (3) , 1oz(3)

nhd nh2d+2s|—dyo+e nh2d+2|s|—dyo+¢ nhd ’

where Cg yry | DK]|...d.v,dve Cr.px c.c d€pends only on R, Mk, |D°K]||.,, d, v, dyols Cs Pk e €.
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