N

N

3D-2D Stokes-Darcy coupling for the modelling of
seepage with an application to fluid-structure interaction
with contact

Erik Burman, Miguel Angel Fernandez, Stefan Frei, Fannie Gerosa

» To cite this version:

Erik Burman, Miguel Angel Ferndndez, Stefan Frei, Fannie Gerosa. 3D-2D Stokes-Darcy coupling for
the modelling of seepage with an application to fluid-structure interaction with contact. Numerical
Mathematics and Advanced Applications ENUMATH 2019, Sep 2019, Egmond aan Zee, Netherlands.
10.1007/978-3-030-55874-1_ 20 . hal-02417042

HAL Id: hal-02417042
https://inria.hal.science/hal-02417042
Submitted on 18 Dec 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-02417042
https://hal.archives-ouvertes.fr

3D-2D Stokes-Darcy coupling for the modelling
of seepage with an application to fluid-structure
interaction with contact

Erik Burman, Miguel A. Fernidndez, Stefan Frei and Fannie M. Gerosa

Abstract In this note we introduce a mixed dimensional Stokes-Darcy coupling
where a d dimensional Stokes’ flow is coupled to a Darcy model on the d — 1
dimensional boundary of the domain. The porous layer introduces tangential creeping
flow along the boundary and allows for the modelling of boundary flow due to surface
roughness. This leads to a new model of flow in fracture networks with reservoirs in
an impenetrable bulk matrix. Exploiting this modelling capability, we then formulate
a fluid-structure interaction method with contact, where the porous layer allows for
mechanically consistent contact and release. Physical seepage in the contact zone
due to rough surfaces is modelled by the porous layer. Some numerical examples
are reported, both on the Stokes’-Darcy coupling alone and on the fluid-structure
interaction with contact in the porous boundary layer.

1 Introduction

In numerous environmental or biomedical applications there is a need to model the
coupling between a flow in a reservoir and flow in a surrounding porous medium.
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This is particularly challenging if the porous medium is fractured and the bulk matrix
has very low permeability. Typically the fractures are modelled as d — 1 dimensional
manifolds, embedded in a d dimensional porous bulk matrix. For the modelling
of the fractured porous medium we refer to [3]. Observe however that if the bulk
permeability is negligible the fluid in the reservoir can not penetrate into the fractures
since the d — 1 dimensional manifolds have an intersection of the reservoir boundary
of d — 1 measure zero. This means that such a model can not be used for the fluid flow
between two reservoirs connected by a fracture in an impenetrable medium. Here
we propose to introduce a Darcy equation for the tangential flow on the boundary
of the reservoir. Since this equation is set on a d — 1 dimensional manifold it can
provide an interface allowing for flow from the reservoir to the cracks. The flow
on the boundary communicates with the flow in the cracks through continuity of
pressure and conservation expressed by Kirchhoff’s law. This gives a cheap and
flexible model for flow in reservoirs connected by fractures.

Our original motivation for this model is the particular case of fluid structure inter-
action with contact where the situation described above occurs when two boundaries
enter in contact provoking a change of topology of the fluid domain. It has recently
been observed by several authors [1, 4] that the consistent modelling of fluid-structure
interaction with contact requires a fluid model, in particular a pressure, also in the
contact zone. Indeed, some seepage is expected to occur due to permeability of the
contacting bodies or their surface roughness. Otherwise there is no continuous mech-
anism for the release of contact and non-physical voids can occur. For instance, it
was argued in [1] that a consistent modelling of FSI with contact requires a complete
modelling of the FSI-poroelastic coupling. Similar ideas were introduced in [4], but
for computational reasons. Indeed, in the latter reference an elastic body immersed in
a fluid enters in contact with a rigid wall and to allow for a consistent numerical mod-
elling the permeability of the wall is relaxed. This motivates the introduction of an
artificial porous medium whose permeability goes to zero with the mesh-size. Both
approaches allow for the seepage that appears to be necessary for physical contact
and release. However, in case the contacting solids are (modelled as) impenetrable,
this seepage must be due to porous media flow in a thin layer in the contact zone
due to surface roughness. The complete modelling of the poroelastic interaction of
[1] or the bulk porous medium flow of [4] then appears artificial and unnecessarily
expensive. For such situations the mixed dimensional modelling suggested above
can offer an attractive compromise between model detail and computational cost.

In this note, we will focus exclusively on the modelling aspect. The coupled
Stokes-Darcy model is introduced in section 2. Then, in section 3, we show how
the ideas of [4] can be used to model FSI with contact together with the mixed-
dimensional fluid system. Finally, we illustrate the two model situations numerically
in section 4. First, the Stokes’-Darcy reservoir coupling (section 4.1) and then the
full FSI with contact (section 4.2). In the latter case, we also give comparisons with
the results from [4]. The numerical analysis of the resulting methods will be the
subject of future work.
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2 The coupled Stokes-Darcy system

We consider the coupling of a Darcy system in a thin-walled domain Q; = %; X
-5,5) € R4 for d = 2,3 with a Stokes equation in the bulk domain Q. The Darcy
problem on ; writes

in €, (1)

Ml+KVpl=0
V-u=0

where u; denotes the Darcy velocity, p; the Darcy pressure and K is a d X d matrix
that allows for the decomposition

KVp; = K:Vep; + K0,y

We denote the upper boundary of ©; which couples to Q¢ by vy and the outer
boundary by y,. The normal vector n of the middle surface Z; of ; is chosen in
such a way that it points towards y,,.

By averaging across the thickness €, Martin, Jaffré and Roberts derived in [3] an
effective equation for the averaged pressure across the thickness

1
Pri=— [ pr
€ J_

£
2

M

Under the modelling assumption that the average pressure is equal to the mean of
the pressures on the upper and lower boundary

1 .
Pi= 3 (pilys +pilyo) in % 2
the authors derived the system

-V (eK: Vo Py) = ul,nb’f - ul,nl’yo
€ -1 in 21. (3)

4n (ul,nb’o + ul,nb’f)

pilys = P+
Here, u; ,, = u; - n denotes the normal component of the velocity and 7 is a tangential

vector of X;. We will couple (3) to Stokes flow in

Oiur—V - X =0
{Pf iy ar(us, pr) in o @

V-u f = 0
where uy denotes the fluid velocity, py the pressure, pf the fluid density,

o(up, py) == p(Vuy + Vuy) = prl,

the fluid Cauchy stress tensor and u the dynamic viscosity. We assume that the
coupling to the Darcy system (1) on vy takes place via the interface conditions
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Of,nn = —PI
TTO'fI’l =0 on vy, ()
Ufn = ULn

where oy = Vuy — prl and 07, = n! ogn. In the lower porous wall y,, we assume
for simplicity that u; , = 0. Then, the relations (3) can be written as

-V:- (EKTVTPI) = Ufn

eK;l in .
Ufn

Ofnn = -P; -

Note that the only remaining porous medium variable is the averaged pressure P;. In
the limit of permeability K,, — 0, the system converges to a pure Stokes system with
slip conditions on y; with an extension of the fluid forces into the porous medium
pressure P;.

We have the following coupled variational problem for (uy, py, Pp):

pf(atuf, Vf)gf + (O'f(uf, pf), VVf)Qf + (Qf, V- uf)gf
€K'

+(P1, Vf,")Zl + 2
(GKTVTPI, Vqu)Z[ - (uf,ns ql)zl = Oa

(uf,n, va”)Z, = 0, (6)

for all v, g¢, q;, where n = ny is the outer normal of the fluid domain Q.

3 The fluid-structure-poroelastic-contact interaction system

Now, we consider a fluid-structure-contact interaction system with a thin porous layer
on the part of the exterior boundary, where contact might take place. The moving
boundary of the solid is denoted by Z(¢) and the porous layer by X;. In absence of
contact, we have the following system of equations

Our =V -op(ur,pr) =0
{Pf rug oy(ug, pr) in Q)

V. ur = 0
psatd -V. O-\(d) =0 in Qs(t),

ur=d, ogn=on in X(1),
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-V, (GKTVTPI) = ul,nlyf

€K'
Ofnn = _Pl - ul,nlyf in ¥ (7)
l’
—,,————
op
TTO'fn =0

where, in addition to the quantities introduced above, ps denotes the solid density, d
stands for the solid displacement and oy denotes the tensor of linear elasticity

o = ’1—23 (Vd + VdT) + %tr (Vd + VdT) .

In addition, we impose that the solid {2 can not penetrate into the porous medium
%
dy,—g<0, 1<0, ANd,-g)=0 onZX(?). ®)

Here, g denotes the gap function to ¥; and A is a Lagrange multiplier for the no-
penetration condition defined by

A= 0Tsnun — Of,nn on X(t) \ Iy,
A=0gunm—0p on X(t) N %;.

The “switch” on the right-hand side occurs, as the solid on one side of () couples
either to the fluid Qy or the porous medium X; on the other side of X(f). The
conditions (8) can equivalently be written as

/l:yc[dn—g—yal/lL on X(t)
~— ————
P7

for arbitrary y¢ > 0. Using this notation, we can characterise the zone of “active”
contact as follows
() ={xeZ@)| Py, > 0}.

To summarise, we have the following interface conditions:

» Contact condition on X(¢):
dy—g<0, 1<0, Ad,-g) =0 on X(2).
 Kinematic coupling on Z;(f) = Z(£)\X;
up = d on Zrsi(t).
¢ Dynamic coupling on X(¢):

osn=An—opn=ryc[Pylin—opn onX(t)NZ,

osn=An—oyn=yc[Pylsn—opn onX(1)\ X.
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We have the following Nitsche-based variational formulation: Find uy € Vi, py €
Ly, d € Vi, P € V; such that
(Osup, V), + (0rd, w)a, + af(ug, pr; v, q) + as(d, w)
— (ofnv = wWsons, — (W = d, o (v, =q))s\x; + %(Mf —d,v - Wiy
—(@p,v - Wspz) = (@, w - Mgz + ([Pylesw - 1)y,
+ (€K Ve P, Veq)s, = (g, @1) g 50y = (s @1) 5,050y = O
Vv eVr,qge Ly,weVs,q €V

The porous stress o, is given by

-1
ek -P; + Ko u onX; \ X(¢)
op=—Pr+ Tn“l,n|7f = EI?;] 'f,n ©
-P; + 7 d, onXnNn Z(l).

4 Numerical experiments

Here we will report on some numerical experiments using the above models. First we
consider the mixed dimensional Stokes’-Darcy system and then the fluid-structure
interaction system with contact and porous layer in the contact zone.

4.1 Stokes-Darcy example

In this example, we consider two disconnected fluid reservoirs, the domain Q,
connected through a thin-walled porous media located on the bottom wall %;, as

(0,1) ry (0,0.8) ry

(0.0) (0,0.9) %1 (2.0)

Fig. 1 Geometrical configuration for the Stokes model with a thin-walled porous medium on the
bottom wall.

shown in Figure 1. The physical parameters are u = 0.03, py = 1, € = 0.01 and
K: = K,, = 1. We impose a pressure drop across the two parts of the boundary I' }V .
The purpose of this example is to illustrate how the porous model is able to connect
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the fluid flow between the two containers. This can be clearly inferred from the
results reported in Figure 2, which respectively show a snapshot of the fluid velocity,
the elevation of the fluid pressure and the associated porous pressure.

xeoordinate

Fig. 2 Left: Snapshot of the fluid velocity. Middle: Elevation of the fluid pressure. Right: Porous
pressure.

4.2 Fluid-structure interaction with contact

To test the FSI-contact model, we consider flow in a 2-dimensional pipe, where the
upper wall is elastic, see Figure 3. Due to the application of a large pressure P on the
left and right boundary, the upper wall is deflected downwards until it reaches the
bottom. Note that when contact occurs, the configuration is topologically equivalent
to the situation in section 4.1. Shortly before the time of impact we set P to zero, such
that contact is realeased again after a certain time. This model problem is taken from
[4], where further details on the configuration and the discretisation can be found.
To deal with the topology change in the fluid domain at the impact, we apply a
Fully Eulerian approach for the FSI problem [2]. In order to obtain a continuous and
physically relevant transition from FSI to solid-solid contact, we use the FSI-contact
model derived in section 3 and place a thin porous domain X; on the lower boundary.

i
7 4
D D
ri z Q5 (0) zl" K3
— T'©) .
P Q) P
N| N
r o r

L

Fig. 3 Geometrical configuration for the FSI-contact model. We apply a porous medium model on
the (rigid) lower wall, where contact might take place.

In Figure 4 we compare this model for different parameters K = K, = K,, and
€ with the approaches for FSI-contact problems introduced in [4] in terms of the
minimal distance of the solid to X, over time. In [4] two approaches were presented
in order to extend the fluid stresses to the contact region during solid-solid contact,
namely a so-called relaxed and an artificial fluid approach. It was observed that for
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the artificial fluid approach contact happens earlier, as penetration of the fluid flow
into the artificial region is prevented only asymptotically, i.e. ur,, — 0(h — 0) on
X,, in contrast to uy,, = 0 for the relaxed approach. In the model presented here, we
have similarly from (7) and u;,, = uy,, on X,

upn ==V (eK:0:P;) - 0 (eKy — 0).

For this reason we observe in Figure 4 that the impact happens earlier for a larger
value of €K. The time of the release seems to depend also on €K, !, which appears
in the definition of o, (9). A detailed investigation of this dependence and the
investigation of stability and convergence of the numerical method are subject to
future work.

dmin dmin
0.25 ‘ ‘ - 0.03 s : ‘
( ~4e=10"2 Voo . in4 . 103
o H 0025 L3 ? C e
e 73 ; 1025 14 3 K=10"%e=10
i€ Tfho " (=103 =102 -
artr.mnun -

artf.fluid -
relaxed === relaxed -

0.02 [}

kY
015 \ 0.015 |

0.1 - 4 0.01

0.005

-0.005

0.001 0.002 0.003 0.0012 0.0016 0.002 0.0024

o

Fig. 4 Minimal distance of Q; to the lower wall Z,, over time. Right: zoom-in around the contact
interval. We compare the new approach presented in Section 3 for different parameters with the
artificial fluid and the relaxed contact approach studied in [4].
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