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Well balanced residual distribution for
the ALE spherical shallow water equations on moving adaptive meshes
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8 Av. C. Guillermin 45060 Orléans Cedex 2, France
and
Team CARDAMOM, Inria Bordeaux Sud-Ouest,
200 av. de la vieille tour, 33405 Talence cedex, France

Abstract

We consider the numerical approximation of the Shallow Water Equations (SWESs) in spherical geometry
for oceanographic applications. To provide enhanced resolution of moving fronts present in the flow we
consider adaptive discrete approximations on moving triangulations of the sphere. To this end, we re-
state all Arbitrary Lagrangian Eulerian (ALE) transport formulas, as well as the volume transformation
laws, for a 2D manifold. Using these results, we write the set of ALE-SWEs on the sphere. We then
propose a Residual Distribution discrete approximation of the governing equations. Classical properties
as the DGCL and the C-property (well balancedness) are reformulated in this more general context. An
adaptive mesh movement strategy is proposed. The discrete framework obtained is thoroughly tested on
standard benchmarks in large scale oceanography to prove their potential as well as the advantage brought
by the adaptive mesh movement.

Keywords: Shallow Water equations; curvilinear coordinates; Arbitrary Lagrangian Eulerian

formulation; Moving Mesh ; Residual Distribution; Well-Balanced

1. Introduction

The Earth’s curvature has a strong impact on wave propagation at large scales. For this reason, effi-
cient and accurate techniques to solve flow equations on the sphere are of interest in many fields, such as
ocean modeling, weather prediction as well as coastal hazards. Our objective is to explore the possibility
of improving the discrete resolution of flows relevant to large-scale oceanographic applications by adap-

tively deforming an initial mesh, possibly already adapted to some of the data (e.g. initial depth or depth
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at rest). Indeed, mesh adaptation is useful to handle not only complex wave patterns, but also complex
bathymetries and coastlines. In this respect, the possibility of working on triangular grids may be useful
especially when approaching shallow areas. On these triangulations, in the spirit of the work done in
We aim to assess the potential of adaptive mesh deformation, as well as its limitations for complex

multi-scale computations.

To achieve this objective, there are several aspects to be dealt with. The first one is the discrete
formulation of the Shallow Water Equations (SWESs) on the sphere. The literature on the topic is quite
large. On structured quadrilateral grids, it is common to formulate the SWEs in covariant curvilinear
coordinates (with the set of covariant coordinates identified by a patchwise parametrization of the sphere).
In the finite volume context, a thorough analysis is discussed in ﬁ’sﬁ%%%%er formulations are proposed
e.g. in Wamgular meshes most works focus on high order local finite element-like mappings as
in e.g. Whﬂy 3D formulation with Lagrange multipliers to locally re-project vectors on the
appropriate basis. A compromise is the initial work of ﬁs,—% which covariant coordinates are combined
with triangular grids and with a Residual Distribution (RD) discretization. An ad-hoc patching at the
poles guarantees the C° continuity of the solution. This provides us with an initial framework to extend
our previous work. In particular, we have shown in %%D method allows to handle very
naturally source terms with a simple design of schemes preserving many known steady equilibria on un-
structured triangulations. This is relevant when considering the SWEs in curvilinear coordinates which
embed several geometrical and physical forcing terms. The RD method also allows to combine high order
with monotonicity and positivity preservation principles. The work of ﬁs—i%wever is limited to steady
state problems, on fixed grids, with constant bathymetry, and linear schemes. Here we present a more
general development of nonlinear second order discrete approximations, for steady and time dependent

problems on complex bathymetries.

Another important aspect is the design of the adaptation strategy on the sphere. The geophysics

kK :92

community has focused on quad-tree AMR techniques based on cell subdivision, see for example ﬁﬁ]ﬁ
cU:15.Fer:16 |L.GB:11,Pop:11 . . . . L

m—ﬂﬁﬂ;ﬁftsunaml propagation. Here we consider a different approach, consisting

in generating an initial grid adapted to the problem’s data (e.g. topography) and then using mesh

deformation to track more accurately the flow features. An elegant way to deal with the underlying moving
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Given an ALE map = = A(X,t) between a reference (fixed) domain and an actual (moving) one, there
are two ways to formulate the PDEs in ALE form: either with respect to the reference coordinates X
or the actual ones x. In the former case, the derivation of the ALE equations in the reference domain
becomes immediate in a spacetime setting: the transformation of the 4-divergence differential operator
under the ALE map introduces an additional ALE transport term. An overview of the fundamental

al
relations necessary to achieve this in a spacetime setting are discussed in e.g. fﬁ]}g (or chapter 2 in

C 48 ,BOSCHERI2014484,VILAR2014188

the book Wsee ﬁifzor applications in geophysics, and or finite volume/elemen
formulations on curved meshes based on similar principles. There is certainly a similarity in the use of
the reference coordinates X to represent the mesh movement and the aforementioned use of curvilinear
coordinates to represent a geometrical manifold. Such analogy between the ALE form of balance laws and
e.g. the governing equations of relativistic hydrodynamics, which are written in a time-dependent curved
spacetime, is discussed in ﬁ

In moving mesh applications, another strategy used very often is to express the differential operators
in the actual configuration, and thus discretize them on the actual (moving) mesh. Within such approach,
a special role is played by the Geometric Conservation Law (GCL), which enforces conservation of the
total volume of the moving domain RIS ,6 (I;;l . :719 was proposed to replace the GCL with the
constraint of reproducing exactly uniform flows, and in ﬁ‘ﬁlﬁ]]:—%has been shown that satisfying the Geometric
Conservation Law (GCL) is a sufficient condition for first order time accuracy on moving meshes. The
compliance of the GCL at a discrete level is referred to as Discrete GCL (DGCL). Although rooted in
fundamental relations of continuous mechanics Wﬁgﬁ]%}%e practical importance/benefit of the GCL and
of its discrete counterpart is sometimes controversial, see e.g. W

The approach that we use is of mixed type M@The spherical map in written with respect to the
curvilinear covariant coordinates. This means that the parametrization of the sphere is embedded in the

:04 . Ros: UlJ:10,R0s:13,Cas:18
. map, on

PDE system with the appropriate metric and source terms as in e.g.
the contrary is written in the actual configuration, which does not require the computation of the ALE
Jacobian matrix. In this setting, the ALE-SWESs on a 2D manifold will be derived using classical transport
formulas and volume conservation statement. A derivation of the governing equations in spacetime is also
given in the Appendix. It will be shown that, for the SWEs on the sphere, the satisfaction of a DGCL
is a necessary condition to retain well-balancedness. To this end, a new ALE closure for RD schemes is

114
proposed, since the one of ﬁ?oes not extend to the sphere, and more in general to manifolds.

The schemes obtained are thoroughly tested both on fixed and moving adaptive meshes on classical
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applications for the shallow water on the sphere, and on a realistic computation of relevance in oceanog-

raphy: the regional propagation and coastal impact of the 2011 Tohoku-Honsu tsunami.

The paper is organized as follows. The standard SWEs in spherical geometry are recalled in section

c:SW-sphergsec:aldsec:ale-SW-sphere . . .
Sections 3] and @] are then devoted to the ALE-SWEs formulation on the sphere. The main notation

. . . . . . . . . :DOt_aS .
and ingredients required for the discrete approximation are the introduced in section ﬁf These are used in
c:RD
sectionE to construct well balanced second order residual distribution. The mesh movement strategy is

c:mmpde c:ex
discussed in section i?ﬁ and sectlonE discusses an extensive evaluation of the schemes. The paper is ended

by a summary and an outlook on future developments.

2. SWEs on the sphere

In this section we recall the Shallow Water Equations (SWEs) on the sphere in covariant curvilinear
coordinates. At every point of the sphere S? we fix an orthogonal but not orthonormal reference system
with covariant basis vectors {g;,g,} together with local curvilinear coordinates {z',22}. The vectors
g, and g, define the tangent plane to the sphere and are used to construct all quantities allowing to
locally describe the manifold. For completeness, in we recall some basic concepts from
differential geometry, as well as many definitions used throughout the following sections. We will consider
the evolution of the fluid depth h(x,t) measured along the radial axis. The bathymetry/topography
height with respect to a given reference level is denoted by b(a). The fluid free surface is defined here
as 7 = h +b. We denote hu® the components of the discharge vector hu = hu'g;. We remark that the

velocity components are not defined in a unitary basis. The SWEs in covariant curvilinear coordinates

Writeﬂ

Ohu? 1 0 | )
- Y ij i
= +\FG(%],(M§T)+S 0

G denotes the determinant of the metric tensor defined in 17-‘_.&_']

are the components of the momentum flux T' = T% g.9;, involving the components of the inverse metric
tensor, also defined in the appendix.

The source term in the momentum balance reads

St = Gijgh% + cphu' + Sfy - s (2)

Istandard summation convention is used, for the notation we refer again to [Appendix A

4
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Besides the effects of bathymetry and friction (first two terms), the source includes also a geometrical force
due to Earth curvature S%, and Coriolis term S¢. The geometric source arises from the space variation of
the covariant basis vectors and reads

5L =T, T (3)
with F;- i being the Christoffel symbols. The Coriolis term is associated to the rotation of the Earth, which

plays an important role in ocean dynamics. It reads
Si = fGYejphuf (4)

with the parameter f = 2Qsin A with A the latitude and €2 the Earth rotation rate, always taken as
Q =7.292 x 1075 s~ ! unless differently specified, and having denoted by & the 2D Levi-Civita symbol.

The SWEs system can also be expressed in a compact vector form

Ou 1 OF
—+t—=5=+S =0 5
G+ Tmge S =0, )
hu?
u= , P = \/6 . ) (6)
hu' T
0 0 0 0
S= . + |+ R . (7)
G”gh% crhu® F}kTch [GYejihu®
St Sf S Se
: -sph ev:97
Equations (B[)-(7) constitute a non-homogeneous hyperbolic system of PDEs. As in HBZIJTV@) remark that

the flux vector depends explicitly on the position making the system non-autonomous.

3. Arbitrary Lagrangian Eulerian framework on the sphere

We now introduce an independent configuration A, the Arbitrary Lagrangian Eulerian (ALE) con-
figuration, which we assume to belong to a differentiable manifold (the sphere). For us A will be the
configuration the mesh is attached to. A is composed of points @ identified by the vector  which can be
expressed in the local curvilinear coordinate system z(Q) = a'g,, with i = 1,2. The initial or reference
configuration of the continuous mesh is denoted by Ag and the reference position of the points is denoted
by greek letters X(Q) For this configuration we assign a local covariant vector basis {7,,75} and local
chart {x!, x?} of the tangent plane so that X(Q) = x'v,;. As the mesh moves, also A does. We assume to

be able to uniquely map the initial configuration to the reference one via the mapping:

A: Ay — A x=A(x 1) (8)



90
91

92

93

94
95
96
97

98

99

ale-SW-sphere

100

101

The function A is assumed to be continuously differentiable, with a smooth Jacobian J 4 = g—; Classical

requirements on the Jacobian J 4 are invertibility 3J 21, and the positivity of its determinant J4 =
det J 4 > 0. For a spacetime definition of the ALE transformation see .

The fluid is endowed with various physical properties which may be represented by scalar, vector and
tensor fields. These fields and their rate of change in time and space may be defined in the reference
configuration or in the actual one. Here we choose the actual description: that is, in the following, all
spatial derivatives are expressed with respect to the actual coordinates. The ALE time derivative of a
scalar ¢ is its time rate of change measured by an observer which moves with the mesh point labeled
with x, where X(Q) is the particle’s position in the reference configuration. We will shorten it % K The
ALE/mesh velocity of a point @ in the actual vector basis, o(Q) = ajgj is calculated by applyi);g the
aforementioned definition of ALE derivative, to the position x(Q). Its components write

g
J —
T ot

(9)

X
Using chain rule, we can define relations between Eulerian and ALE time derivatives for these properties:

é%? — é%? + j?%icrj

- | 1
at |, ot " Oud (10

Finally, taking the ALE time derivative of an infinitesimal area on the sphere we obtain the Geometric

166
Conservation Law on the manifold Hﬁ]ﬁ

0

o (VGa) = dags (Vo) (1)

"
N Ox

or, more compactly Oy, (VGJ4) — JaVGV -0 = 0.
1gcl-s . . . .
The GCL 1il i|i 1S a geometrical relation between the ALE Jacobian and the ALE velocity. One can
. l_
check that the integral of 1'1 i|i over the whole computational domain states the conservation of the total
area. At a discrete level this corresponds to preserve the total area of the mesh during the simulation.

:dgcl-s
For this reason in section Eg] we will discuss how to preserve also its discrete counterpart.

4. ALE-SWEs on the sphere

;tra-a ;gcl-s
Using the relations derived in the previous sections, and more particularly an , we can easily

:SW-
recast the SWEs (l ” man ALE form, obtaining the ALE-SWEs on a 2D manifold with respect to the
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actual parametric coordinates:

8\/5.],4/1 0 j J _
X
OVGIshut| |, O (VETY —VGhiio?) +VGIas' = 0 (13)
ot dxI
X

As before, the system can be also cast in compact vector form as

(()at‘ (\/EJAU) + JAi (Fj — \/aaju) + \/EJAS(Q:,U) =

o

9 (14)

Finally, it is useful for the following to recall that the bathymetry, which does not depends explicitly on
time b = b(x), verifies the following identity:

ob ob
atl, "o (15)

. 1_
multiplying by J4v/G and summing it to the GCL (i imlslltiplied by b) we obtain the ALE remap on

the 2D manifold
OVGJ 4b

B} :
— J ) —
o Jag (\/Gba ) =0 (16)

X

Please note that scalar, vector, tensor fields and spatial derivatives are written w.r.t. the actual coordinates

x, in all the expressions above. For completeness in ([Appendix B|) we report an alternative derivation of
. . :SWi-as .
the governing equations with a spacetime approach.

5. Discretization: parametrization and constraints

In this section we discuss the basic aspects of the discretization. These involve the main geometrical
notations as well as the form of the equation used for the discretization. We will introduce an appropriate
form of the ALE-SWEs allowing to combine well-balancedness with geometric conservation. We then show

how to embed discrete analogs of these constraints in a residual distribution setting.

5.1. Unstructured grid representations: main notation

Points on a manifold are represented by a proper parametrization through the use of geometrical map-
pings. In particular, when working in ALE formalism, a point 4 will be expressed in the parametrization
of the initial configuration by a vector x; = {x!, x?}, while @; = {x!, 22}, will refer to the configuration
attached to the mesh. Note that the discussion here is general, even though the numerical applications

will only consider a latitude longitude parametrization of the sphere. This particular choice is known

eq:b_ALE_remay
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il:07
to introduce a singularity at the poles, which is nowadays well handled by meteorologists Pm._smce we
are interested in oceanic applications we circumvent this issue by adopting a simple fix. A patch-wise
o as el : 96 Lo
parametrization of the sphere (see e.g. m%ﬁnd references therein) is deployed, namely a polar cap
defined by a limiting latitude Aj;, in which we use a rotated reference system (2/, ', 2') = (x, 2z, —y). To
account for this ”patching”, a rotation operator needs to be applied when updating vectors in elements
crossing the patch boundary. In our case, this applies both to physical velocities, as well as mesh nodes
s:13
velocities and position. In all right hand side evaluations this is accounted for following § to which we
refer for details.

We consider a discretization of S? composed by non overlapping triangular elements K. To each
element K we can associate an element defined in the parametric space, which we denote by K. For each
element, we define the spherical area and median dual cell of a node as

e x|
IK(t)| = Gdz, |G| = Z Y (17)
K(1) KeD;

For moving meshes we also have:

|um:L¢mN@u. (18)

denoting by K the element in the initial parametric space. Please note that, after the change of coor-
dinates, we assume in the above expression that \/W . This duality of integral formulas via the
ALE mapping applies to all integrals and will not be recalled explicitly unless necessary.

For a given mesh, we label by h the largest element diameter in the parameter space M?2. For a
smooth enough initial mesh, and on a smooth manifold, we unduly assume that the number of elements
Ng verifies

Ng|K| < c|M?| (19)

for some bounded constant. We also denote by u}, the P! approximation of a quantity u
un(@) = Y uspi() (20)
i

having denoted by ¢; the standard P! bases. We now define elemental contributions to the Galerkin mass

matrix

(mGAK = /K 0ip; VG () d (21)

as well as to the lumped mass matrix

ij

eq:sp-tr

eq:sp-tr-ALE

eq:mesh-smootl

eq:fem

eq:gal-mass

pa R

eq:gal-mass-L



‘ 5.2. Well-Balancedness and GCL on the sphere

For shallow water flows, a very important role is played by the lake-at-rest steady state:

hu =0, h+b=rmny = const (23) |eq:lake_at_re:

The exact preservation of this (initial) steady state at the discrete level is referred to as the C-property,

V:94
or Well-Balancedness FFS?QJ_IH other words, well-balanced schemes provide a discrete analog of the balance

:SW-sph
(cf. equation (Eii .

OF7
— +VGS=0. 24
507+ (24)
. . .SW1_aS . . . . . .1
1o Written in the form @,_t'h? ALE-SWEs require the simultaneous satisfaction of several compatibility
131 constraints in order to devise well-balanced schemes. These constraints include:

132 1. well-balancedness for the Cartesian SWEs on fixed grids: 8,:(gh?/2) + ghd,:b =0, Vi ;
. 1_
133 2. a discrete analog of the GCL on moving grids 1!] I i;c .

:b_ALE_rema
134 3. the ALE remap of the bathymetry (i gi;
:Ric apD-a
135 4. the metric relations @Lgiven in (Appendix Al);

We will show in the following of the paper how we can embed ezactly the first two constraints at a discrete

:SWi-
level. Concerning the third, replacing u = 0 in the first of 1'[%5 we igset

0 8t(\/§JAh)‘ — Ja8y (VG oI h)

25
OGIan)| — Jadhs (VGd3) - {@(fc TAb)| = 940, (G o b)} >

L . :SWi-as .
If n = ny we see that a necessary condition for the lake-at-rest to be a solution for system 1!1%5 1s to verify
hC:13
both the GCL, and the ALE remap of the bathymetry. Some authors meave proposed to directly use a
:b_ALE_
discretization of 1!] g) T evoive the topography on a moving mesh. The drawback of this approach is that
it significantly modifies the bathymetry during the computation, which cannot be accepted in practical
. . . rR:17 . :SWi-as | . .

applications. For this reason, here we follow WT and modify (Il% by solving instead the system obtained
by adding to the first equation the ALE remap of the bathymetry:

(VGTaw) + Jars (P = VGow) + VIS, =0, w= | (26)

X hu

0
ot
Note that, with this notation, we have F7(u) = F7(w;b), as the bathymetry is required to evaluate the flux

starting from the w array. Concerning now the fourth requirement, we consider the momentum balance
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SW-aswb
obtained when replacing the lake-at-rest solution in @hSEE‘t]Tng II = gh?/2 for short, we have

0= Ja {a,r,- (VGG + VGT GIFTL + gh/G G aﬂb}

y y . (27)
= T4 {VGG (ghd,b+ 0,/T0) + 11 [0, (VGG) + VGT 6|}

The first group in parentheses vanishes if the first property (well-balancedness for Cartesian SWEs on
fixed grids) is satisfied. The remainder is nothing else that the combination of the two metric relations.

:Bic
Indeed just by replacing the second relation of into Ricci’s Lemma we obtain

0= VG (%Gj +GITT 4T Gm
(28)

The symmetry of the Christoffel symbols H\IZHU]'_aﬂows to recover exactly the last expression in parentheses in
Wﬁ“ he above relation is thus necessary for the lake-at-rest solution to be verified. At the discrete level,
the easiest way to make sure this condition is embedded is to combine high order quadrature with the
direct use of the analytical formulas. Even though low quadrature errors can be obtained with relatively
few quadrature points, due to the smoothness of the functions involved, in this way the C-property would
be satisfied within this quadrature error. Also, compared to the Cartesian case, the necessity of using
higher order quadrature would still give a considerable overhead. For this reason we have chosen to embed
the metric relations analytically. Whenever possible we discretize the momentum balance in the following

form:

(\/GJAhui) +Jags (\Fhu (w J‘)) + JAVG G (a(;(ghQ/Z) + gh8b>

ot|, du (29)
+Ja \/ési =0.
For later use in the paper, we introduce the short notation
AJaV G
(Aai\tfw)’ + JAR(w,b) =0 (30)
X

. . . : SW-aswb legq: qdm-wb
for the system obtained with the first in , plus

5.3. DGCL on the sphere

:gcl-s
We consider now the satisfaction of the discrete analog of the GCL an a 2D manifold @gﬁ already
:SWil-as
said, differently from the Cartesian case, a uniform flow is not an exact solution of 1il %i embedded with the
;gcl-s
GCL (i i , even for constant bathymetries and in absence of friction and Coriolis force. As a consequence

hL:79
we cannot define the DGCL through the original characterization of EFQ“S , 1.e. the preservation of a uniform

10
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154

flow. On the sphere, we could replace the preservation of uniform flow with some other particular cases,
as e.g. the preservation of zonal or meridional flows. However, the most relevant characterization of the
GCL for the applications of this paper is the one we have introduced in the previous section, namely the
satisfaction of the lake-at-rest state.

It is thus in the perspective of obtaining well balanced schemes on moving grids that we consider the

:gcl-s
issue of mimicking @gﬁ_ﬁhe discrete level. As we will shortly see, the main issue is properly defining the
components of the mesh velocity ¢/ along certain directions, as well as an approximation of the divergence
B . . rR:14,ArR:17 .

operator 0, (\@03). The DGCL closure used in previous works by the authors H;33, 1], and inspired by
oF : 96 .GuF : 00 o L . . . .
29,130], 1s based on a piecewise linear P* interpolation of the mesh displacements. This definition allows to
recover naturally an element-by-element DGCL when integrating the divergence of the displacements over
the half time step average element K"+1/2 = (K™*! + K™)/2. Due to the presence of the coefficient VG,
the extension of this approach is not at all straightforward. We have thus chosen to use a generalization

L. . aY:06
of the closure originally proposed in ﬁqﬂﬁ

Iuvl

K" +1

Figure 1: Swept area decomposition of area variations for mesh element K. | fig:swept-area

To describe this closure, we consider an element K of the mesh, or equivalently its projection in the

parametric space K. We study the discrete approximation of the area variation

n+1 n
K — K| = U JA\/EdX} - U JA\Fde}
Ko Ko

We decompose this variation in components associated to the area swept by each face, as illustrated in

ig:swept—area .
figure e have in particular

O K = A0 vy @)

jEK

11
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. . ig:swept-area .
Denoting by Q; the quadrilateral ({z;, z)}"™ ; {z;, 21 }" ) (cf. figure li ;, Uy, 1s the average edge velocity
tangent to the manifold and normal to the edge defined by

vy, = é/\/@dﬂ: (32)

In practice, the integral is computed by a high order quadrature formula
/ VGdz = |Q; ) w,VG(y) (33)
Qj P

where the quadrature grid is built simply by tensorizing 1D quadrature points over each edge, and the
signed volume |Q;| is evaluated using the surveyor’s (or shoelace) area formula T ]M

To discretize the ALE-SWEs we now need to provide a discrete approximation of the curvilinear
divergence appearing in the GCL. For the purposes of the paper we would like this definition to be

compatible with the following relations

tn+1
9 A
n+l _ gn  _ __ J
K+ K / /JAaxj(\/éa )’dedt (34)
t" Ky
el
ket —kr = / /JA 0 — foﬂ) dedt (35)
tTL
gntt
/ JXH‘/a%Wh—/ TGy, = / /JA ©i 7 \FUJ)’KWh dx dt (36)
Ko Ko in

with wy the approximation of the same data on the different meshes associated to the mappings with
Jacobians JTH'1 and J}. The first relation is the spacetime integral of the GCL while the second and the
third relations are useful to derive a consistent finite element method, and mass lumping. The practical
evaluation of each of the integrals on the left hand side plays here a fundamental role in our ability to
satisfy exactly the three relations above. We have the following characterization.

Proposition 1. (Approximate quadrature on the manifold and DGCL) Consider a one point quadra-

ture approximating the integral over a time step as

gl

/ /KJAf x) dx dt = At/K Jaf(x)dxdt = At/f ) d dt

and the constant-by-element approximation of the divergence

eq:ivc-s

9 ,
5 (VG| o= S v (37)

JEK

12



. . . . :gal-ma al-mass
Consider also the approximate quadrature defining full and lumped mass matrices an gien by

K1+ 6,5 K
Py G =y . ) [cgimed

s We have the following properties:

. - d -r dgcl-rels3
166 1. Relations , and are verified exactly;

- . . . :mesh-smooth . . . :gal-mass-d
167 2. For a smooth C" function, with r > 1, if 15 true, the projection associated to 1S al least

168 second order accurate.

169 Proof. See . ]

170 Remark 1. (Higher order quadrature in mass matrices). The approzimate quadrature (@ﬁl}s-‘$l_ns;sy-d
m required to embed exactly the GCL in the scheme. In absence of mesh movement, higher order (or exact)
w2 quadrature can be used to define the mass matriz entries, which will differ from ‘ Z}lz_mﬁzs_de quadrature
w3 error just proved. In practice we have seen mo advantage in using more accurate quadrature in these for-
e mulas. For completeness, the modifications necessary to account (on fized meshes) for the exact evaluation
s of the mass matrices for Residual Distribution and stabilized finite elements are provided in .
176

177 Note that in practice, when using the sphere with lat-lon parametrization, the gradient of /G appearing
s in the error estimate in the appendix is given by R2sin A with A the latitude, which is clearly bounded.
179 Finally, note that the choice of J is arbitrary and has no impact on the satisfaction of the DGCL. For
1 accuracy reasons, here we have kept a mid-point approximation J4 = (Ji + JX“) /2. This means that,
11 most geometrical quantities are evaluated as averages on the elements "' and ™. This is implicitly

122 assumed in all the formulas which will follow. For simplicity, in the text we will drop the superscript

183 altogether, unless necessary in the formula.

182 6. ALE Residual Distribution on the sphere

185 A first extension of Residual Distribution (RD) to general covariant coordinates has been proposed by
0s:13
186 F[LS . The work of the reference is limited to steady state computations, with linear schemes and without
17 bathymetry. This paper presents a general second order and well balanced formulation allowing time
188 dependent computations on moving meshes. The construction proposed here is a generalization of the
. . . . rR:17 . ec:17 ,AR:17 .
10 work done in Cartesian coordinates in WI . We refer the interested reader to %M, 45] and references therein

w0 for a thorough discussion of the properties of residual distribution.

13
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The RD discretization of unsteady problems can be described starting with an analogy with stabilized
continuous finite elements. Given a triangulation of the parametric domain S?, to solve L£(wy,) = 0, one
can formally recast a RD scheme as

/52 w; L(wp)dx =0 (39)
where w; = p; + ; is a Petrov-Galerkin test function, with 7; an appropriately defined bubble function.

For consistency, on each element K
dowi=1, (40)
K SW-aswb
. —asw
which implies > ;i =0. We define the element residual associated to Egl as the area integral over the

element of the full differential operator:

oK = [ L(wp)dx. (41)
K
. :rd—-consiistency0 L. ’ .
The consistency (BU[) allows to define the distributed residuals

oK = /wiﬁ(wh)dx (42)
Ko
which verify the consistency condition
K K
> ek = ok, (43)
JjEK
In actual computations, the main component of the distributed residuals is evaluated by means of distri-
bution matrices ,BiK which also verify consistency
> oBr=1. (44)
jeEK

The bridge with finite elements is completed by the requirement

1
K _K
o= [ widx =w; . 45
B T / X (45)
Ko
which leads to form of the distribution used in practice:
B = B+ [ (wi — wl)Llm) dx (16)
Ko

The formula above shows the key design elements of the method which are the integration strategy used
to evaluate ®¥, and the definition of the distribution matrices and of the associated test functions. Note

that the first term in the above formula is enough to have a consistent and conservative method (in the

:rd-consiistencyl . . .
sense of J. The second Term has an impact on the accuracy and stability, but none on consistency as

clearly >~ (w; — wl) =0.
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6.1. Two-step explicit method

Concerning the time marching technique, we consider here a fully explicit multi-stage strategy, relying

on the ideas discussed in %:_ﬁ?fﬂ?_i%&(%recent implicit space-time strategies we refer to W@M
Concerning the scheme used here, we recall for completeness in its construction which,
starting from @Bgrelies on the following steps:
1. replacing L(wy,) by W
. mapping integrals on the reference domain and their evaluation on the current configuration (mesh);

. use of a simplified residual based stabilization involving an extrapolation of the time derivative;
I'd-cl rels3

2
3

dgddardgalt-relbsy
4. use of Proposition 1, as well as of 1_ﬂ| (130,
5

. lumping of the Galerkin mass-matrix.

In its final form, the scheme evolves nodal values of the state vector w with a two-step procedure, in which

the new solution value is obtained from:

CrH(witt —wi) = —At Y of (47)
K>i

where the nodal residuals ®X are a splitting of the element residual

1 1 * 7 1 n a3
Z o = off = At /(JX+1fWh TV Gwi)dx + §¢K(Wh7 bp ) + §¢K(Whabh) (48)
jEK %

with ®% (w,b) the fluctuation (the area integral over the element K of only advective and source terms)

. 0
n’ d8—|—/ e 3 dx
. K| G0, (912 12) + ghob)

(h? — o)

hut(u? — o)

ch:faK\FG

0
+/\/§ dz
K

Sf4+87+8¢

Please note that the fluctuation integral is evaluated with respect to the actual parametric coordinates
after using de = Jadx. The predicted nodal values w; are computed from
G (wy —wi') = =AY S (wir, b)) (50)
K3i

with the ®X defining a splitting of the geometrically non-conservative fluctuation (cf. li

" - hu? , 0
Zcbf:ch:%\/é u n]ds—l—/\/a . dx
JEK oK hu'u? . K G (0,5 (gh?/2) + ghd,;b)
51)
0
/fa]—da:—i—/ VG dx
K ST +87+ 8¢
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6.2. Evaluation of the integrals

To begin with, unless explicitly specified, in all quadrature formulas we have used analytical expressions
for both the Jacobian v/G, and the metric tensor G¥. At the quadrature points, the mass flux components
(hu')y, are evaluated simply using the P1 expansion, while velocity components are obtained from the
interpolated values of momentum (hu'), and depth hy,. The wet/dry region is handled as discussed in

iB:09,Ric:15 . . . :gal-mass-d | | .
Hqg, T1]. Consistently with the approximation @%i of Proposition 1, volume integrals of the unknown are

computed as

jEK jEK

’Cn—i—l
/J;;“@wh dx =Y K |w; = | 3 | > w, (52)
K

In all boundary integrals, scaled constant-by-face values of the normal mesh velocity o’/n’ are computed
:ive-s ;div-dgcl
consistently with the DGCL closure @W (ﬁ% , namely
(VGoin?); = vy (53)
Concerning the non-conservative ALE term in ®¥ this has been evaluated as

J
/\/@ ]%dm—% \/éwhganydsi/ Wh@\fa dae (54)
oK K oxJ

where the face values 1E?§.isare used in the boundary integral, while the element integral is evaluated by
div-dgcl
means of the constant divergence of the DGCL @?i HEES

0 K+ — K|
/\@Jﬂdw—vawfl—w K = K | | va (wy, —wg) (55)

OxJ
€K ieK

where the average values wy and wg are simple arithmetic averages over the faces and over the element.

i -t
The integrals of the source terms in @ and are computed as
K
/\FSda:fvl ‘Zs (56)
JEK

Finally, the hydrostatic term is computed as
045

—N—
/\FGJ 0y (gh} /2) + ghy,sby) dac—/ VGG ghy, (0,5 hy + 8,5y ) dex

(57)
/ \/éGijghhd:B) 61177}1 ’K ~ |K‘ ( Z wq\/aGij (mq)ghh(xq)>8zmh|l{
K q

Several (second or higher order) quadrature formulas have been tested for the term in parentheses without
any visible impact on the results.
6.3. Distribution of the residual and main properties

In RD schemes stability and accuracy properties depends on how the residual is distributed. The

computation of the split residuals for the two RK steps <I)ZK and &Df‘ is performed following ezactly the

16
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ic:15
steps discussed in %In particular, following the construction in the reference, the residual splitting
* n

;rd-splitil L .
can be more explicitly written as
wh —w"

B = PR+ S BN + ) 3 i = 8)
JjE

In the above expression, the first term is the consistent one, namely the one satisfying > j ,BJK = 1. The

ic:1 iA:10
last two terms do not contribute to the consistency of the method, as indeed one can show that IllL Z[E .

S B+ 30 Sy Mg (59)

jEK JEK keK

These additional terms are essentially stabilization terms allowing to avoid spurious modes appearing in
smooth regions (cf. Mﬁﬁ%ﬁaﬂsﬁ and can be embedded in the last integral in @ﬁ%st one is a
streamline upwind type stabilization, the second is a correction to a mass-lumping operator. These terms
are in practice evaluated exactly as discussed in mee refer for details. Concerning the
first term, as in ﬁ% is a distribution based on a blending, via the smoothness sensor §(wy,), between
a central splitting and a limited nonlinear splitting. The latter is obtained using a standard procedure
in RD schemes involving the application of a bounded and sign-preserving mapping to a first order and
positivity preserving Lax-Friedrich’s like distribution (see for example %%r the chapters %}@ﬁ%’lﬁhis
allows to combine formal second order of accuracy with depth non-negativity preservation.

Finally note that the distribution functions for the predictor step @% easily deduced from @R_getting

* = w", and replacing ®¥ by PK.

w

Remark 2. (Metric terms treatment, accuracy, stability). It is worth noting that the scheme is
formally identical to the one obtained in the planar case. The treatment of the geometric source term
boils down to the modification of the cell residual. This is a substantial simplification when conceiving and

coding the scheme compared to other methods (e.g Finite Volume).

Concerning the properties of the final discretization, the two main tools of analysis are a consistency
property w.r.t. a variational form evaluated for smooth solutions, and a positivity preserving property
rooted in the positive coefficient schemes theory (see it Deca:rll7 references therein). For the schemes
used here, high order of accuracy is formally ensured by the boundedness of the distribution matrices, and
more generally of the test functions {w;};cx in @%ﬁ% analysis of the depth positivity-preservation
property of this Lax-Friedrich’s-type scheme (as well as of the one obtained applying the limiter), the

ic:15
interested reader can refer to m—for the Eulerian case. In the ALE case, an additional limiting step is

17
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rR:17
required, as proposed in [I[. This is to control the mismatch between the update in the mass equation,

:batale
performed in terms of 7, and the one of the bathymetry based on ﬁ)g and not on the ALE remap.

6.3.1. Well-balancedness, DGCL and mass conservation

The first property we can easily show is the following.

Proposition 2. (DGCL and well-balanced on the sphere) For any given mesh displacement on the
— '_t
sphere, the residual distribution prototype @% with the quadrature strategy defined in Proposition 1
;aleterneq:hyd . X X . . :RD | .
and by @W‘@%ﬂnd with the distribution functions @_ﬁ;emﬁes the C-property on moving and fired

meshes, as well as for Cartesian and curvilinear coordinates.

Proof. The proof is obtained by applying the scheme to the initial solution w? = [y, 0, 0]'. With
alete delta-K
the hypotheses made, and by virtue of g% combined with @I J, and using Wlth 1 constant over the

mesh, we deduce immediately that ®* = 0, thus ®X = 0, and w} = w?.

:hyd
In the corrector step the element residual, evaluated with constant 1 and invoking @_,yr_educes to
K _ IICI”+1 K" o
P S it L . P (60)
JjEK
:RD
due to the definition of vy. Combined with the previous results and @_ﬂﬁs implies w" Tt = w0, O
This proposition corroborates the choices made in the previous sections concerning the form of the

SWEs. As already mentioned, however, the choice of w as a main unknown has a drawback concerning
=~ COrr

. . ed .
mass conservation. Indeed if we sum both and EE)) over all the mesh nodes we obtain

Z Icn+1|wn+1 Z |Cn+1|w — _Atz Z @K = _Atz Z @f( = —Atz oK (61)
K

i K31t K ieK

- 1-int
Using @% (5? We 1cnzm further modify the mass balance to
At
D ICH W =D ICH w = Z O (wi, b)) — Zch wi, o) (62)
If we only consider the mass equation, the right hand side gives

2N (§ VB ety + VG~ netyind)] =0 (©8)
K

2 oK oK

face integrals of neighbor elements canceling each other. As a consequence we end with

Solertnrt =Y jeriny - (Dol = Y lerier ) (64)

% i i

18
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rR:17
As remarked in }r\'[ the error in total mas conservation is related to the error in satisfying a discrete ALE

rR:17
remap of the bed. To minimize the mass error, we use here the same technique proposed in HAT . We set:

e [T VGh 0 dx (65)

where b(x) is a high resolution (analytical, or reconstructed using a finer mesh) description of the topog-
rR:17
raphy. We then evaluate the last integral using a higher order quadrature as done in WI . In particular, if

the quadrature is of order x we have, considering a smooth enough manifold:
St =30 / JENG(x) dx + S 0w ) = [ Vab(@)de+om ) (66
i i /O i M2

where the O(h**3) is the local error modeled as a polynomial of degree (at least) s + 1, readily obtained

using e.g. a truncated Taylor series, and accounting for the fact that || = O(h?). The second equality
:mesh-smooth

uses 1li§i?eslﬁosfnéo§10w that the first term in the final expression is actually time independent as long as

M? = M, which is in practice the case. Since also the integrand is a time independent quantity, we have

=O(h™) (67)

DSl = 3 ey

S—-error
s« which combined with 15%5 shows that we can conserve h within an arbitrary accuracy.

5 7. Adaptive mesh movement strategy

The mesh adaptation technique used here is based on an error dependent mesh movement. The main
principle is to define a mapping A(x, t) from a reference/initial configuration, described by the coordinate
X, to a physical mesh described by coordinate @, such that the error associated to a certain density is
equi-distributed. The error density is often referred to as a monitor function m(x) %IB]:.l:'sThe differential
form of this principle is referred to as Moving Mesh Partial Differential Equation or MMPDE for short.
The simplest method in the multidimensional case is the elliptic generator based on the MMPDE:

0 oz®
o () =0 )

H:01
This PDE is the Euler-Lagrange equation corresponding to the minimization of the energy functional }%2]7

1 1 ox® Ox®

_ = 2 _ - . -
Blo) =g [ miVellax=3 [ mg5ix. ©

6 It consists in a set of decoupled quasi-linear elliptic equations mapping each coordinate. Many efficient

. . 2 I01m)] de_Ch . . . . . .
»7  numerical methods are available to solve 15%5. i he counterpart of its simplicity is that special care must

19
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259

260

261

262

263

be taken to avoid the degeneration of the quality of the mesh, or mesh tangling. If carefully implemented,
:mmpde-ch . aT:03.JIN200668.ChT:08 Xul:13 . Zho:13,ZhC: 13, PAN2015207
the MMPDE 5% can be quite effective (see, e.g. [63; B4, B5, b6, 20, 40, H7] and references therein).
The design of moving mesh methods on the sphere is a relatively recent subject of research. Optimal
. . eB:16.McR:18 . . 5
transport method have been discussed in R’BS, 09| using finite differences or finite-elements to solve the
Monge-Ampere type nonlinear PDEs involved. The results shown in terms of mesh quality and mesh
refinement are very interesting. It is however unclear whether the error reduction compensates the CPU
time overhead of mesh adaptation. Based on our previous experience, here we have opted for a simpler
version of mesh movement on the sphere, trying to remain as much as possible close to the simplicity of
:mmpde-ch . ;efun-ch . .
15% ). l% 1S known that functional 1E§i can be generalized to model a mapping A : 3,240 — Si x = A(x,t),
from a computational sphere with metric tensor G;; and local coordinates x to a physical sphere with
metric H,g and local coordinates x:
1 y 0z 0P
E@)== | mG9H.s————VGdx. 70
@)= 5 [, MG Has g g Vi (70)
. . . iL:06 o
Unfortunately, the above functional is similar to the harmonic map energy of %mjiwhere it is shown that
the minimization problem associated may lack a unique solution. This is what has led several authors
. . ilL:06.WeB:16,McR:18 | . .
to consider more complex techniques [60; B&|, b9 To obtain a simpler formulation, we propose to use a
mapping form the reference sphere to the parametrization of the adapted one. So we map the sphere to
a plane A : Sy, — E*> = = A(x,t). This corresponds to a flat target metric is H,s = dap and to an

energy functional:

1 . 0x® Ox® 1 i 0 O™
= — v R = — w _
E(x) 5 /QX mG OxT O Gdx 5 /QX mG N VGdx (71)

having used the fact that G% is diagonal. In practice, all goes similarly to when mapping two planes.
. L ;hm-e2 . . .
The catch is that when minimizing 1!” ), we will obtain an adapted mesh which will depend on the

parametrization. In our opinion this is not a problem as long as the same parametrization is used for the

flow equations. The MMPDE obtained in this case is

1 0 0T\

which, as in the Cartesian case, constitutes a decoupled system of PDEs in which the only non-linearity

is associated to the monitor function m = m(x) which will depend on the solution (as in the Cartesian
case). We use a straightforward P! Finite Element method to discretize the MMPDE, and a Newton-

Jacobi iteration to update nodal displacements reading

it =ot— (Yak) Y Y a@he, alt =ar ottt (73)

K>i K>ijeK
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subsec:mon

273
274
275
276
277
278
279

280

with afg- the entries of the stiffness matrix arising from a straightforward finite element approximation

;mmpde-chs
of @,_{%ﬂq_fhe only source of nonlinearity being the monitor function m = m(x). In some of the
R:97 .BuH:09
computations a standard Laplacian mesh smoothing step is also added Eju 1162 =

118
To test the moving mesh algorithm we use a benchmark from %._The monitor function is:

2 2
m =1+ 10sech® <5 <||x—x1||2 - %)) + 10sech® <5 <||:c—:1:2|2 - %)) (74)

ig:t5-t6
with 10 = (:t‘/Tg,O, —3). The resulting mesh in shown in figure EF The mesh is highly compressed

cR:18
around the bands. The result is quite close to those presented in ¥59R, although clearly the optimal
transport method of the reference gives a smoother mesh. Somewhat nicer results are obtained when

including Laplacian smoothing, as shown on the right picture on the same figure.

:test_mmpde
Figure 2: Adaptation to the monitor function Eg‘ Lelt: computational (icosahedral) mesh. Center: adaptation without
smoothing. Right: adaptation with Laplacian smoothing with smoothing coefficient 1/2.

7.1. Monitor function

. . . in:67
In this paper we use the arc-length type monitor function of ﬁ_

m=/1+a;f2, fi*:min< L) (75)

b Binaxacn I
In the tests of section @%ﬁ:}%}zphysical quantities f; have been chosen depending on the phenomenon under
study. For gravity waves, we have selected, as in Wﬁ]%nly one term f; = ||Vn]| the free surface gradient,
in order to detect free surface wave patterns and bore development. In presence of wet/dry transitions as
in ﬁ]m_v% have added a second term fy = F'(h) where the function F is a regularized Heaviside function
going from 1 to zero in vicinity of dry regions. When considering barotropic instability we have taken
fi =1V xul|| and fo = ||VV x u]| in order to follow roll-up of the vorticity field. For all other details on
our implementation of the MMPDE method please refer to i‘ilrzd references therein. The values of the

c:.ex
tuning coefficients «;, 8 are given for each test in section
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7.2. Moving Mesh PDE-ALE algorithm

For adaptive computations, the MMPDE-ALE algorithm starts with a triangulation at time n and
the solution w’. Setting the initial conditions for the MMPDE m] = m! and &' = ", where m is the
monitor function evaluated with wj’, we proceed as follows.

DO k=1,kmax

Step 1. Move the mesh according to the Newton-Jacobi iteration (69).

Step 2. Use the ALE schemes to get a remap on the new mesh as discussed e.g. in H;Ir .i’;miIZd re-evaluate
the monitor function using the new solution

ENDDO

Step 3 Let x"T! = ¥+l define the new triangulation, evolve the underlying balance law in ALE
framework on the half time step mesh as discussed in section BGC_RD

Step 5. IF (t = Thpa) EXIT ELSE GO TO Step 1.

As remarked in ﬁ%e remap from one mesh to the new one here is only needed to evaluate the error
function. This allows to simplify the mapping if necessary. The interested reader can refer to Wfﬁfg a

discussion.

8. Numerical experiments

In all computations presented hereafter we have set, unless otherwise stated, R = 6371.22 x 10®m,

g =9.80616m2s~ ! and Q = 7.295x 107° s~!. Meshes with two topologies have been tested: one generated
R:97

with the unstructured mesh generator Gmsh félil]ﬁmd more regular icosahedral grids. The typical mesh
ig: sphere-mesh

topologies are illustrated on figure t%f As%lgf)efamff(s)n is performed with 5 iteration of the Newton-Jacobi

:relax .. . .. .. .
method @._W'henever additional smoothing steps are used, this is explicitly said.

8.1. Fized grid: zonal flows of Willitamson et al.

In this paragraph we test only the Eulerian (fixed grid) RD on some classical benchmarks taken from
the test suite of %%}:.ﬂGrid convergence studies gave been conducted on 5 meshes generated with Gmsh
and with reference sizes starting from hx R~! = 0.16 and halved from one mesh to the other. The meshes
thus obtained are composed of 1306, 4990, 19568, 75478, and 300426 triangles respectively.

Relative errors are evaluated following Hdﬁil%]%izss

. llellzz
||hem”L2
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Figure 3: Computational grids on the sphere. Top row: mesh #1 generated with gmsh. Bottom row: third level of refinement

for icosahedral mesh.

with h., the exact solution and

27 pm/2
||€||L2:\/ / / (@)~ he)? VG (77)

Case #2 is an exact steady geostrophic equilibrium allowing to measure the order of accuracy in presence

of Earth rotation. The velocity ( given directly in covariant basis) and height fields are initially given by:

with ghy = 2.94 x 10*m2s=2 and ug =

1
ho — ; (QRUO +

—upsin psina

2
u20) (— cos Acos psin o + sin A cos )

ug (cos a + cos p tan Asin ) (78)

. Two orientations are tested @ = 0 and o = /4. The errors

. b:ch-cpu . . .
obtained at day 5 are reported on table E] below. The total error obtained on unstructured triangulations

:06
is comparable to previous results such as the Lax-Wendroff scheme on a cubed staggered grid of ﬁs._The

expected second order of accuracy is obtained.

L. ig:zon-err . . .
As it is customary we report on figure ﬁ] the crror maps after 5 days of simulation on the fourth grid

(hxg R~1 = 0.02). Particular attention should be put along the interface line (it is a discontinuity for the

coordinates). Error iso-countours are very smooth for the RD scheme proposed, with seemingly no effect

ig:zon-icoerr
of the patching treatment used for the poles. For comparison we also report on figure E] %Ee error plot

23
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grid # (a = 0) RD grid # (a = %) RD
1 4.176589¢-03 1.656259¢-02
2 9.286403e-04 3.496469¢-03
3 1.846086e-04 9.512542e-04
4 4.462182e-05 2.466671e-04
5 1.028603e-05 6.292595e-05

Order 2.17 Order 2.00

Table 1: Steady zonal flow. I3 error. tab:ch-cpu

a0 relative to the computation on the fourth-level icosahedral mesh (81920 nodes) which has roughly the

20 same reference size. The error (||e|[z2 = 4.084761e — 05 for o = 0, ||e|[z2 = 2.634469¢ — 04 for o = F)

sn result is very close, showing no impact of the mesh topology.

RD Error- Day 5 RD Error- Day 5
90 T T T T T T T
B | 1 I I | | |
| | I | | | |
| | | I | | |
R e
L | | | | | | |
| | | | | | | 200 200
[ J ! ) | i J 4 150 150
I | | | | | | |
Pt e il o0
e e i e
+ | | | | | 1 |
B = = s ===F=SSS==F==Sa - = = ===
I | | | I | | |
| I | | | | |
L | | I I | | |
1 1 1 1 1 1 1
9?1 U‘ = ‘135“ "9U‘ 4 0 45 = ‘BU‘ T 180

Figure 4: Steady zonal flow. Absolute value of local error on gmsh grid hx R~! = 0.02. Black areas correspond to 2m error,

white areas to zero error. Left: o = 0. Right: oo = 7/4.

RD Error - Day 5 RD Error - Day 5
T T

E | | | | | |
| | | 200 | | | 200
: : : 150 : : : 150
b —— - — = - = —— - - = - - - 1.00 o - e SIS _ e - - - - S 1.00
t 050 t 050
| B R - - DR
= | | | | |
-45 1 1 1

-— = 45 - — — e — — — — R = SR — =
I I I I I F i I I |
I I I I I [ I \‘ I I
[ 1 1 | | | [ | | | |
Jey I 1 | Ly I .80, _ - L L
-180 120 90 5 0 45 90 135 180 -180 -135 -90 -45 0 45 20 135 180

Figure 5: Steady zonal flow. Absolute value of local error on icosahedral grid (forth-level refinement) hx R~! ~ 0.02. Black
ig:zon-icoerr | areas correspond to 2m error, white areas to zero error. Left: a = 0. Right: o = 7/4.
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Case #5 is a perturbation of the previous one. The initial velocity and height fields are given by (t?%i

with o = 0, hg = 5960m and ug = 20m/s. An isolated mountain is now added with the profile:

b= by (1 - %) (79)

with by = 2000m, R = 7/9, r? = min(R?, (p — ¢9)? + (A — X\¢)?) and with the center of the cone in

(00, Ao) = (3/2m,7/6). Simulations are performed on the fourth mesh of the gmsh suite (hx R~ = 0.02).
ig: -1

Figureg pr%c{/liaes the contour lines of the water height after 5, 10, and 15 days of physical time. For this

case one typically checks the conservation of total mass and energy:

1 h
E=h(llull*+g5+gb), (80)
2 2
Note that mass error is only related to the change of the coordinate system across the edges that delimit
the polar cap. Regarding energy, none of the schemes proposed have provable energy conservation prop-
erties, which makes the definition of the actual discrete evaluation of the energy somewhat arbitrary. In
practice, here the energy is computed directly from nodal quantities, and then integrated using a linear
. . . . . i :mou_2 . .
approximation. The resulting error evolution is reported on figure iff The evolution obtained, as well
as errors obtained, for the mass and energy are comparable to or better than those typically reported

in literature for computations on structured grids, and with the high resolution results by the German

Weather Service (DWD) http://icon.enes.org/swm/stswm/node5.html.

RD Total Height - Day 5 RD Total Height - Day 10 RD Total Height - Day 15
T T

T I
e T B i i

N :

0 : ‘ /\/ j\/:—-A“\—//"\/ ‘ \O ~

0, L 20
180 [ES &0 35 i e o0 ) iE] 180 735 a0 45 Q 35 90 35 18 a0 135 o0 25 ] 45 a0 [ES

Figure 6: Zonal flow over an isolated mountain. Snapshot of the numerical solution for fixed grid simulation on gmsh mesh

hxgR~1 =0.02 at day 5,10 and 15. Contour levels are from 5050 m to 5950 m in intervals of 50 m.

8.2. Advection of cosine bell

To assess the numerical accuracy of our algorithm for unsteady problems and in presence of mesh
i1:92
movement, we revisit test #1 of the Williamson suite P{IG’S For this test, the advective component is

tested in isolation: only the mass equation is a prognostic equation while the wind (always expressed in
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Figure 7: Zonal flow over an isolated mountain. Relative conservation error for mass (left) and energy (right) on gmsh mesh

hx R~ =0.02.
covariant components) is constant and given by
u(x,0) = wup(cosa+ cosptan Asin ) (81)
u?(x,0) = —ugsinpsina (82)
We compute the transport of a cosine bell given by:
% (1+cos(3r)) +ho ifr<n/3

h(z,0) = (83)
ho otherwise

where hg = 1000, ug = %, and r is the great circle distance from the center of the bell (¢c, A¢):
r = Rarccos (sin A¢ sin A + cos A¢ cos A cos(p — ¢¢)) (84)

We have tested two different wind directions @ = 0, and @ = 7/2 for which the bell is transported
through the north and south poles, crossing four times a polar cap interface. To test the accuracy of the

ALE formulations we have added an independent unsteady motion of the mesh nodes according to the

transformation:
o(t) =@+ 0.5cos (P)cos (A)sin (4£) (85)
A(t) = A+0.5cos(®)cos (A)sin (47) (86)

with ®, A the computational or reference coordinates. The typical deformations obtained can be seen on
ig:cb-mesh . . . .
figure Ef ['his motion will act as a background perturbation to the cosine bell advection.
. . ig:cb-conv
The mesh convergence for fixed and moving meshes is reported on figure Ef The expected second order
of accuracy is recovered. Moreover, we see roughly the same level of error for the two configurations (zonal
and meridional advection). This suggests that the polar patching does not affect significantly the error
constant, nor the slope. We also observe that the unsteady mesh distortion does not spoil neither the

order of accuracy nor the error level. This validates the ALE formulation, at least in terms of accuracy
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Figure 9: Advection of cosine bell: grid convergence. Left: a = 0. Right: o = 7/2

8.3. Circular hump

:04
This is a test proposed in lﬁ].i”['he initial condition is a circular depth disturbance at the equator:

2 if arccos(cos(z!) cos(z?)) < 0.2

h(x,0) = , u(x,0) =0 (87)

0.2 otherwise

This initial condition is symmetric about the point (z!,22) = (0°,0°), and should remain symmetric in
absence of rotation. We run computations on two half sphere meshes generated with gmsh: a coarse one
with 7122 points and 14034 elements; a fine one with 39699 and 78900 elements. Adaptive computations
. . . c:mmpde .
on the coarse grid are performed using the MMPDE of section m and the ALE formulation. We report
ig:ch-iso
the solution contours obtained with the RD scheme on figure IHiE We1 can see on all meshes good shock
capturing and good symmetry in all radial directions. We can observe that the mesh adaptation itself also

preserves a good symmetry of the grid, and allows an extremely sharp resolution of the inner and outer

shocks.
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Figure 10: Circular hump on a sphere: depth iso-contours (RD solutions, 20 levels between 0 and 0.55) at times t = 0.6

(top) and t = 0.9 (bottom). From left to right: fixed coarse mesh solution, fixed fine mesh solution, ALE adaptive mesh

solution, adaptive mesh.

ig:ch-cut . N
To further evaluate the results on figure ﬁ ii we plot the line cuts of the fluid depth along the equator.
:04
In the same figure our RD implementation is compared against the numerical solution of fs; obtained with
high-resolution FV (Lax-Wendroff flux with MC limiter) on a Cartesian grid composed of 34680 points.
We can see the sharp capturing of the discontinuities on all grids, and the improvement brought by the
MMPDE adaptation on the coarse one. In these plots the adaptive mesh solution is indistinguishable
from the fine mesh one.
. b:ch-cpu . . .

Finally on table EI we report the CPU times for all computations. We compute the overall time and
also isolate the time associated to the MMPDE part (both mesh equation, and solution projections). We
can see that the moving adaptive mesh computations are twice less expensive than the fine mesh ones,
and also that even with our simplified formulation adaptation counts for non-negligible component of the
simulation, mode than half for the RD scheme.

We repeat the same test adding the effects of the rotation. We set the dimensionless rotation rate to

ig:chc-iso . .

Q=5 1In ﬁgureli 2] we report snapshots of the depth contour lines on fixed (coarse and fine) and adaptive
meshes. As in the previous case, we see the higher resolution obtained with the adaptive moving mesh
and the ALE formulation. This time mesh nodes are clustered both around the shock waves and also in

. X b:chc-cpu .
correspondence of smoother features where high gradients appear. On table ﬁ] we report the CPU times.
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Figure 11: Circular hump on a sphere. Solution along the equator.

ALG Mesh (Nodes) | RD[s] (%MMPDE)
FIX-COARSE 7122 46.89
FIX-FINE 39699 674.66
ADAPT-ALE 7122 368.57 (51.5%)

Table 2: Circular hump on a non rotating sphere. CPU times.

8.4. Barotropic instability

This test, contained in %%]%onsists of a geostrophically balanced mid-latitude jet, to which a small
perturbation is added to initiate an instability. Here we test the RD scheme on a fine mesh with reference
size of hx R~' = 0.01, and compare with adaptive simulations on coarse grids with hxR™! =~ 0.02.
The fine mesh has roughly 300k triangles, while the coarse ones have approximately 80k triangles. For
the adaptive simulations we compare results on the icosphere as well as on a gmsh mesh. In particular,
adaptation has been performed using in the monitor function relative vorticity and its gradient through the
formula of section ﬁ%’%‘%l = 10,3 = 40,8 = 0.1. One iteration of Laplacian smoothing (smoothing
coefficient 0.25) is used.

ALG Mesh (Nodes) | RD[s] (%AMMPDE)
FIX-COARSE 7122 81.39
FIX-FINE 39699 1056.39
ADAPT-ALE 7122 638.22 (50.2%)

Table 3: Circular hump on a rotating sphere. CPU times.

29



Figure 12: Circular hump on a rotating sphere: depth iso-contours (RD solutions, 20 levels between 0 and 0.55) at times

t = 0.8 (top) and ¢t = 1.2 (bottom). From left to right: fixed coarse mesh solution, fixed fine mesh solution, ALE adaptive

mesh solution, adaptive mesh.
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Figure 13: Circular hump on a rotating sphere. Solution along the equator. fig:chc-cut
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383
384
385
386
387
388
389

390

392
393
394
395
396

397

sec:toho |

399
400
401
402
403
404
405
406

407

ALG Mesh (Nodes) RD [s] (%MMPDE)

FIX-FINE gmsh 150215 246629.4
ADAPT-ALE gmsh 41681 116126 (53.3%)
ADAPT-ALE | icosahedral 40962 86642.7 (52.8%)

Table 4: Barotropic instability. CPU times.

In figure ﬁivég_lshow the vorticity field corresponding to a physical time of 6 days. The top figure
reports the field obtained with the fine mesh, which is very similar to the results typically reported in
literature (e.g. see the high-order FV of H%ﬁ%ﬁld it is considered here as a reference solution. The last
row on the bottom show the same fixed mesh computation on the coarse grid. We can clearly see that
the onset of the instability as well as its evolution are wrongly reproduced on this mesh level. Note that
the result is the same independently on the mesh topology, the icosahedral mesh providing very similar
results to the one generated with gmsh.

Second and third rows report the adaptive simulations on the coarse meshes. We can clearly see that
the adaptive mesh movement allows to correctly reproduce the global instability process, with a slight
smoothing of last part of the instability (¢ <~ —180°) for the gmsh mesh, while the result on the coarse
adaptive icosahedral is almost identical to the fine mesh one. 3D visualization of the vorticity fields on
the adaptive meshes and the corresponding meshes obtained are reported on figure ﬁigﬁ%wing a nice
capturing of the instability. Finally, we report the computational times on table @%&%‘c&:ﬁe computations
cost more then one third of the fine mesh simulation. This is an encouraging result confirming the potential

of the schemes and of the mesh adaptation technique proposed here.

8.5. Adaptive simulation of the Tohoku 2011 tsunami

As alast application we consider the simulation of the 2011 Tohoku-Honsu tsunami with the RD scheme
and the MMPDE-ALE approach proposed. The computational domain is a relatively large chunk of the
Pacific ocean (650 [km] x 650 [km]), on which an initial waveform computed in H%ﬂ%th the approach
of }fgg]—iléb imposed. To asses the potential of the MMPDE-ALE approach on a multiscale problem, we
consider the initial propagation from the source to the coast, and the runup and flooding of the complex
bathymetry of the coast. Both topographic data and initial wave elevation and currents are provided
by BRGM within the research program TANDEM (see http://www-tandem.cea.fr). A sketch of the
domain and of the initial solution is reported on figure ﬁﬁﬂ%‘uion is based on a constant Manning

L:10
coefficient of n = 0.03125 [sm~1/3] %9]7
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Figure 14: Barotropic instability. Vorticity field at day 6. Contour lines are from —1.1e — 45~ ! to —1.5¢ —4 s~ ! in intervals
of 2¢ — 55~ 1. Top: fixed fine mesh. Second and third rows: adaptive (respectively icosahedral and gmsh) coarse mesh.

Bottom: fixed coarse.
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Figure 15: Barotropic instability. Relative vorticity field with corresponding adapted mesh at day 5, 5.5 and 6.

vert+horiz disp.

oo u

Figure 16: Tohoku-Honsu tsunami: domain with position of the GPS probes (left) and initial wave height (right). Colour

legend in meters.

A reference computation has been run on a fine unstructured mesh strongly refined in proximity of
the coast, where the mesh size is reduced from 5 km used offshore to 120 [m]. The coarse mesh used for
the MMPDE-ALE method has local mesh size respectively of 360 [m] in the proximity of the coast, and
an offshore size of 15 km. This allows to cut by a half the number of mesh elements resulting in a mesh
composed by 364864 nodes and 728874 elements. Mesh adaptation is performed as discussed in section
ﬁs\;}z_cl%nﬁi%uning parameters a; = 20, ap = 60 and 5 = 0.1.

Figures ﬁﬁ%ﬁ%e visualizations of the first 10, 20, and 30 minutes of propagation, showing

water height and the adaptive meshes obtained in vicinity of the Japanese coast. We can see how the
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Figure 17: Tohoku tsunami. Snapshot of the free surface level (close up of the Iwate and north of the Miyagi prefectures,

same colour legend of previous figures) at ¢ = 0:10’ (time origin is 11 March 2011 14:51:18 LT).

~

Figure 18: Tohoku tsunami. Snapshot of moving mesh (close up of the Iwate and north of the Miyagi prefectures, same

colour legend of previous figures) at ¢ = 0:20’ (time origin is 11 March 2011 14:51:18 LT).
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Figure 19: Tohoku tsunami. Snapshot of the free surface level (close up of the Iwate and north of the Miyagi prefectures,

same colour legend of previous figures) at ¢t = 0:30’ (time origin is 11 March 2011 14:51:18 LT).

mesh adapts to the complex tsunami wave pattern. This becomes visible especially when the wave shoals
and the mesh points gather in correspondence of the largest gradients of the incoming waves train. To
further evaluate the quality of the adaptive computations we compare on figure ﬁﬁsl_?time series of the
water elevation in the GPS gauges. Both the fine mesh and the adaptive ones agree quite well with the
GPS observations, with an accurate computation of the arrival time and of the peak of the leading wave.
The complex interaction between incoming and trapped waves that follows is also well reproduced, see
others published results %ﬁlﬁ%ﬂlark that the adaptive computations allow to reproduce the
fine mesh results with half of the mesh elements.

We now consider the approximation of the flooding of the Japan coastal prefectures. We focus on three
bays in the south of the Iwate prefecture: they are the Kesennuma, Hirota and Ofunato bay, as they appear
in figure ] :frlct))rt}l_ 1south to north. The figure shows on the left the fine mesh with the initial coastline
superimposed, a visualization of the initial coastline in the middle and the position of the inundation front
after 40 minutes from the beginning of the event. The figures give an idea of the geometrical complexity
of the front line, with inundation scales of the order of magnitude of 10 meters, which can be compared
with the propagation scales of several hundreds of kilometers.

The handling of this complexity with the MMPDE is represented on figure ﬁ:ﬁ%g the meshes
adapted to the initial coastline and to the coastline after 40 minutes. We can see here the limitations
of the moving mesh approach which is stretched here to its maximum. For some of the features, as for

example the thinner lands close to the Osimaseto Strait and those around Hirota bay, clearly the density
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Figure 20: Simulated sea level displacement recorded at GPS buoys with fixed embedded mesh and moving embedded mesh.
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Figure 21: Tohoku tsunami. Flooding of the Iwate prefecture computed with RD scheme on fine fixed grid mesh. Left: zoom

of the mesh, Right: snapshot of the inundated areas at at ¢ = 0:00” and ¢ = 0:40’ (time origin is 11 March 2011 14:51:18 LT).

of mesh nodes is not enough to allow a capturing of all the interfaces present. This results in parts of

the emerged coast to be represented essentially with one stretched element. This is especially true for the

mesh at 40 minutes (right picture), and has of course an impact on the approximation of the moving wet

dry front in these areas. From the same picture we can also already see that the mesh follows well the

:floo-1

inundation front obtained on the fine mesh, and visible on the rightmost picture on figure
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Figure 22: Tohoku tsunami. Flooding of the Iwate prefecture computed with RD scheme.

and t = 0:40’ (time origin is 11 March 2011 14:51:18 LT).

To go further in the comparison, we consider the runup plot in the same
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Figure 23: Tohoku tsunami. Green zones are flooded areas in Iwate prefecture. Left: fix coarse simulation. Middle: fix fine

Che:14
simulation. Right: adaptive ALE simulation on coarse mesh. Red dots denotes surveyed points, from .

the runup obtained on the fine mesh (left picture), and with the adaptive computation (right picture).
In both pictures the flooded computational areas are represented in green, while red symbols denote the
surveyed inundation in the real event. The fixed fine mesh computation gives a good prediction of the
runup process, with exception of some fine detail as the inundation of two narrow channels at the end of
Hirota bay, which remain dry throughout the simulation.

The result of the MMPDE-ALE scheme is acceptable as it does cover most of the surveyed inundation
areas. However, there is no improvement w.r.t. the fine mesh, and we clearly see the main limitation of
the approach: the effect of the mesh stretching introduced in the dry region close to the wet/dry areas
(cf. right picture on figure ﬁ%‘c as soon as a point becomes wet, the inundated region covered
geographically is unrealistically large. To cope with this phenomenon one could either look for a recipe to
a-priori tune the density of mesh nodes, so that all features may be resolved. One may also try to move
more points in the dry region to improve the resolution, however for such multi scale problems, a more
realistic path is to combine the MMPDE with a re-meshing step. We think the result obtained here is a
good example of the how much MMPDE can be stretched for this type of problems.
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9. Conclusions and outlook

We have discussed approximations of the rotating shallow water equations on the sphere using fixed
and moving meshes. The main principles of the ALE form of the equations have been derived, and the
relations between the GCL and well balancedness have been shown. A numerical approximation based
on residual distribution has been proposed, with a numerical closure allowing to combine DGCL and C-
property. A simplified elliptic PDE for mesh adaptation has been proposed and tested as a basis for a time
dependent MMPDE-ALE method. The numerical results have shown that on fixed unstructured meshes
the RD scheme proposed achieves accuracy close to te one usually presented in literature on structured
grids. For flows with discontinuities and unstable fronts the MMPDE-ALE adaptation allows to enhance
this accuracy, allowing in principle a considerable reduction in CPU time. For the cases considered here
this reduction goes from 30% to 50%. We have also shown that for genuinely multi-scale problems, as the
Tohoku-Honsu tsunami computation of section @:—%‘% technique reaches its limitations and a re-meshing
phase is clearly necessary.

This work is a first step toward several generalizations which will involve both higher order approx-
imations based on stabilized continuous polynomial approximations, an ad hoc combination of mesh
movement and local remeshing, and possibly improved treatments of the pole problem, following e.g. the

ern:09
finite element mixed 3D /2D approximation proposed in f’? .
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Appendix A. Notation and concepts from differential geometry

This appendix recalls some basic concepts from differential geometry, and used in the main body of
the paper. We adopt a spacetime formalism which is better suited to time-deforming frame of reference.

In particular, we work with spacetime coordinates {z°, 2%, 22}, where the first is understood to be time
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20 = t, while {27 }j=1,2 are purely spatial ones. In all the formulas that will follow, standard summation

convention is implied, unless otherwise stated.

Appendiz A.1. Spherical transformation

2

We consider a steady transformation from the set of Cartesian coordinates » = {r!,r% r3} to a set of

curvilinear coordinates = {x',2%}. The curvilinear coordinates describe a sphere embedded in R? with

covariant vector basis which are tangent to the sphere {g,, g,}. The transformation reads:
r=F(x) (A1)

We can define the Jacobian matrix of this mapping, and of the inverse mapping, as

=[] F=[%] (A2)

An important role is played by the metric tensor G, which is a symmetric tensor that allows to define a

measure of length on the sphere ds = G;jdz'dz?, with
Gij=9; 9, (A-3)
The metric tensor can also be evaluated directly from the mapping Jacobian using the relation
G=JpJp (A4)

The determinant of G will be denoted by G = det G. The determinant of the transformation then reads
Jrp = VG. We use the inverse metric tensor G~ ! whose entries are denoted by G¥. We also introduce for
later use the second-kind Christoffel symbols:

ag;

;‘k = QZ'% (A.5)

with g° the contravariant vector basis. We recall two important properties of the Christoffel symbols:

dG" . ; ; . OVGE
ijpm ) mj __ CSS) T
Bhe + GV, +T1%,G™ =0 (Ricei’s Lemma), and VGTY; = 9

114
for the demonstration, see ]ﬁi .

Even though the above relations are valid on general 2D manifolds, all the numerical results in this paper

(A.6)

are obtained for a latitude longitude (lat-lon or A-¢) parametrization of the sphere for which the metric

tensor and Christoffel symbols of second kind write respectively as:

0 —tan A sinAcosA 0

R%cos?\ 0

Jg; Jg;

G = t=g' =2 = 2 =qg2. 22 _
, g D2 s g D2

0 R? —tan \ 0 0 0

with R the sphere radius.
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Appendiz A.2. ALE transformation

. c:ale . . . .
In section t%l we have considered an ALE transformation in the parametric domain from the actual
curvilinear coordinates © = {z', 2%} with covariant basis {g,,g,} to a set of reference/ALE curvilinear

coordinates x = {x!, x?} with covariant basis {7, v, }:
x= Al ) (A5)

Two different time derivatives have been introduced: the Eulerian time derivative % and the ALE one

% |X. Then, the spacetime Jacobian matrix and its inverse for the ALE transformation are
ot ot
1 o0 1 0 . 1 g5 1 0
Ja= . | = S , | = . (A.9)
oz’ oz’ ot o ox't  ox i X
ot X ox? Ox7 ot Oxd Oxd

In the above expression we have used the definitions of covariant mesh velocity, in actual covariant com-

ponents o' and in reference ones X?. The relationships between the two is given by X! = O’

— Ox7

o’. One
can show that the determinant of the ALE Jacobian reduces to the determinant of the spatial Jacobian
Ja = det(gTX;).

For the time-dependent ALE transformation, Christoffel symbols change with time. We can express

-al-christ
them with respect to the actual components such as in l%tgi) or with respect to the reference/ALE

components:
hm g (A.10)
the relationship between the two being
: . 09, 0g;(A(x.t) ox"
le — (2 J — at. J All
Jm 9 ggm =9 oxk Oxm ( )
i ax"

Moreover Christoffel symbols relative to the time derivative (denoted by the index 0) can be expressed by

chain rule

Oy
ko

i i ag](A(X7t)) i 89] ox™ _FZ oM —
0=9 ot 9 g o | T T

X X

o™ =T 5k (A.13)

Finally we distinguish tensor quantities in actual covariant components T' = T 9,9, from tensor quantities

in reference covariant components T' = T* YiYj-
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Appendix B. ALE-SWESs on a 2D manifold derived with a spacetime approach

With the definitions of , the derivation of the ALE-SWEs in curvilinear coordinates
is immediate. We consider only momentum conservation since the mass equation is a particular case.
Momentum conservation is expressed in terms of the 4-divergence of a second order tensor T. We denote,
as it is custom, the first row of the tensor as the momentum vector which represents the conserved quantity,

e.g. T = hu’. Then the divergence in curvilinear reference/ALE coordinates writes

10

T = -2
v J ot

-4 ]_ .. —. — 4 .
‘ (J hu ) + j% (JT) + D ghu + T, T (B.1)
X

Note that the total Jacobian J comes from the composition of the spherical and of the ALE transfor-
mations, J = J4J p with determinant J = J4v/G. Moreover we have separated the Christoffel symbols
related to time and space variation of the basis vectors.

The last step consists in transforming each {hfui, T, T} into actual components {hu', T, T2}

. . _1 -ale_jac
through the inverse Jacobian J
' = h (B.2)
T9 = %T“" — Y hat (B.3)
Ok '

. t . 1 2
If we replace the transformed variables @uﬁ%@%e note that ALE terms related to Christoffel

symbols cancel out. This leads to the ALE-SWEs in the reference parametric coordinates:

1 0 ) 1 0 8Xj i L . 8Xk .
———| (JaVGhu' — | JAVG =T — JAavVG X hu' r,—1T"™"=0 (B4
,]A\/Gat‘x( aVG u)+ JaVG OxI ( 4 OxF A ”) + ik §gm (B4)

S:03
which appear in the same form of WE}]‘except that momentum components are covariant and not physical.

-ALE-SWEs-ref
To get the counterpart of 1‘%%% into actual components it suffices to apply chain rule to each term.

The advective term then reads

9 N ik _ 5 0 9 i i 0 (0
. (JA\/E T ) = Jagar o (Ver®) + var 57 (71500

(\/5 T““) (B.5)

0
Tagw

The second term on the right hand side is set to zero thanks to the metric identity. The ALE term goes

similarly:
3 - o 0 o R V¥
j i _ i i
e (JavEsimt) = T 5 (VG o nu') + VGothu o (JAazk
9 / kp, i
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522

523

- chri - ALE-SWEs-ref
d (@% 1'%@1) we ggfrf?he ALE-SWEs on a 2D manifold with respect to the

actual parametric coordinates:

% : (VGIahu') + s

0

W(\FT” VG hu aJ)+\FJAF' Tk = (B.7)
”

. Mom-as
Except for the physical source terms, the above set of equations coincides with mﬁh is the momentum
. . . . . . . c:ale-SW-sphere . .
equation discretized in this article. In section B[ 1t has been obtained by a more classical procedure

combining transport formulas and the GCL.

Appendix C. Proof of proposition 1

: dg ddarradd sl

i<les ddgpHgcl-rels3 . ;div-dgcl
The validity of 1_2] (135]) as a consequence of the constant definition @Tﬁ%ﬁaﬂy shown
:delta-K

i ive-si
using an| e definition of the integrated edge velocities @T@._Cﬁcerning the accuracy of the

projection, we remark that by virtue of the mean value theorem
K| :/_ VG(z)dz = |[K|VG(z) %/_ (VG(z) — VG(7.))dE = 0 (C.1)
K K
L . . :gal-mass-d . .
for some &, within the element. Estimating the error of (t?%]i 1S equivalent to estimating the error of

[ ©i () fu(®)VG(Z)dE ~ / 0i(Z) fu(2)VG(Z.)dZ
K K

i1 117
To this end, we follow the consistency analysis used e.g. in M?ﬁtake the difference between the two
expressions, sum over all the elements, multiply by the sampled nodal values of an arbitrary test function
¥ € C" (r > 1), and sum over all the nodes. We end up with the following global error

‘ —\ZZ/ 0y, (@) () (V@) ~ V(@ ))da| = | T [ n(@)h(@)(VG(@) - VG(a))do

K jek

elG
The trick is now to use @_ﬁ) remove nodal values 1; f;, leading to

\ZZ/ LG fh ‘”jfj(@(@)—@(@*))d@‘

K jeK

We now use the relation (ab)s — (ab); = (a2 +a1)(ba —b1)/2+ (a2 — a1)(bz + b1)/2 and recast the error as
1/1h + Vi - Ju(®) + f _ Y e
=TT [ O @) - 1)+ -0 PEED) (Va@) - V(e adl
K jeK
We can now use standard arguments to bound this quantity as

=3 [ A2rilin@) - i+ -0 2O Vo) - vae.)

K jeK

dx

< 1l (46l sup [0, £l + sup ||am||mo||fum) U 0 VG 12
J J J
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s Appendix D. Stabilized FEM and RD in moving curvilinear coordinates

. . = : RD . .
527 We sketch here the derivation of the predictor corrector scheme (@% and provide some details
ss  concerning the computation of the mass matrices with and without the simplified quadrature of proposition
529 1.

530 We start with the following explicit unstabilized predictor:

<pi\/aJn+1W*dX—/ @i\/éjnw”dpu—At/ ©0iJa ij(Fj—\/@ajw)"+\/5S" dx =0 (D.1) |eq:al
fo/artwas [ oG f }

531 which we recast as

Jntt — gn
/ gﬁi\/aJZH(w* 7Wn)dX+At/ i VGHA—— AW dy
5’2

o At
2
+At/ %JA{ S (F = vVGolw)" +\/55”}dxzo.

532 For a fixed mesh, J4 = 1 and ¢/ = 0. For a moving mesh (and only for a moving mesh) we assume
s13 that the mass matrices are computed following proposition 1. Otherwise, on fixed meshes we can either

: S :gal-mass
s use the approximate quadrature of the proposition, or exact (or higher order) quadrature of )

;gal-mass-L . . . ;dgcl-rels3
s and . In any case, either by cancellation, or by virtue of , we can recast the scheme as

/ e VGIT (W' — w™)dx + At/
52

S2

oida {aﬂ(Ff’)" — VG W + \/55"} dx = 0. (D.3)

rR:14
536 As in W%We 1) stabilize the predictor step using an incomplete residual which does not involve the

s time increment, and 2) lump the Galerkin mass matrix to obtain:

(ZICi)(wf—W?)—i—At/Szij{ 00 ()" —VBo9 0w +VGS"  dx

K>,
o 04) [oaad]
+ALY /%JA i (F))" = VGoI W™ + \FGSN} dx =0.
KBZK
iA:10,ArR:14
s where ~y; is a properly defined stabilization bubble. In particular, following |46 E{ 1t 1s assumed that for

s RD schemes the definition of the right hand side is such that

[0t 000 {0 (P = VG0 4 VGS"} dx = B

Ko
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541

542

543

544

545

546

547

548

549

—pred 3 al-mass-d
To recover we use the second in o0 replace the lumped mass matrix with |C;|.

The corrector step is derived in a similar manner. We start from the second stage Runge-Kutta

iteration for the unstabilized Galerkin scheme:

/(pi\/éJZ“w"de—/ <p2\/>JAw"dx+f/ nszA Dyi (F — VGolw)" +\/§S"}dx
52 52

At

+— @lJA{ i (FF —VGolw)* —&-\/ES*}dsz

2 Jg

o

iA:10,ATR:14

As proposed in EL . we stabilize the scheme using the approximate shifted residual in which w”t!

is replaced by w*:

/ @i\FGJZHW"HdX —/ @i\/éng"der%/ ©0iJa {(%(Fj — \/éU‘jW)n + \@S"} dx
52 52 52
At

+? <,02-j,4 {axj(Fj - \FGUjW)*—I—\/aS*}dX

+Z/ Vi f Twr - VGTy —JA[xj(Fj—\/éajw)—&—\/@S]n

K>i

oy

gjA [ Dpi (F — VGo'w) —&-\/@S]* }dx =0

We now add and remove the term |, g2 @i\/éJXHW*dX to obtain the following error correction form

iA:10
of the stabilized scheme H%ﬁ]*

/52 e VG I (Wt — w¥) Z /K i + 'yl VGITH W — VG

K>i
—I-AtJA { Dyi (FI — \/aajw) + \/ésr (D.7)
A

t *
+— JA{ J(FF —VGoow )—i—\@S] }dx
For piecewise constant (per element) values of ;, we can see that in general the form of the full mass
matrix on a manifold is
K

Mgy = (m?}AL)K + Kjvi

If proposition 1 is valid, the last expression becomes

52] +1 <l
3 Vi
The standard RD mass matrix corrections are obtained by setting v, = ﬁZK — 1/3, while the final form

—Ccorr . . . . RiA:10
@_ot—the scheme is obtained by recalling the hypothesis H%ﬁ]i

= [Kl=5—
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