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Abstract—Optimizing inter-vehicle distances is very important
to reduce trafﬁc congestion on highways. A modiﬁcation of the
constant time headway policy (CTH) has been proposed in [1].
This modiﬁcation signiﬁcantly reduces inter-vehicle distances,
but this reduction in the inter-distance may increase the risks
of collisions. In this paper, the safety of the modiﬁed CTH
applied to a homogeneous platoon is addressed. Many critical
scenarios are discussed, including hard braking of the leader and
followers in the event of communication loss. Safety conditions
are presented. In addition, a method to ﬁnd the maximum allowed
delay to inform all the vehicles about communication loss, is also
presented. Simulations have been run with 10 vehicles to check
safety in the proposed scenarios.

Critical scenarios are discussed. These scenarios include leader
and followers hard braking simultaneous to communication
loss. The delay of informing all the vehicles about communication loss is also addressed and the maximum value of this
delay, without losing safety, is determined.
The paper is organized as follows. Section II describes
the vehicle and platoon models. The control is presented in
section III. Section IV introduces safety and critical scenarios.
In section V we present the simulations. Finally, in section VI
conclusions and perspectives are presented.
II. M ODELING

I. I NTRODUCTION
Nowadays, trafﬁc congestion, pollution, and people safety
problems become more and more important due to the explosion in the number of cars.
Driving in platoon has many advantages. It increases trafﬁc
density and security, and at the same time it decreases fuel
consumption and driver tiredness [12].
Many platoon models and control laws can be found in [14].
Some of the proposed models do not require inter-vehicle communications, while others may require full communications.
Other authors have modeled platoons using physics-inspired
models [17], mimicking animal interaction behaviors or using
multi-agent systems model [8].
The stability of a platoon is deﬁned by String stability [14],
[11]. String stability means that errors do not amplify as they
propagate through the platoon, and that errors have the same
sign to avoid collisions.
In addition to string stability, safety must be ensured. Th
platoon is safe if it is guaranteed that no vehicle (or platoon)
will collide with the vehicle (or platoon) a head of it at a relative speed greater than a prescribed limit [5]. In the literature,
there are two ways to ensure safety: 1- by imposing some
constraints on the control law and its parameters [13], [10],
[6], [5], [4], 2- using supervisors to observe the state of the
system and manage the switch between low level controllers
[7]. The ﬁrst method usually leads to simpler systems.
In this work, we concentrate on the longitudinal control of
platoons on highways. We study the safety of the homogeneous
platoon when using the modiﬁed CTH law proposed in [1].

In the case of platooning on highways, where the road
curvature is small, it is well known that longitudinal and lateral
controls can be considered as decoupled. In this paper, we also
make this safe assumption, and we study only the longitudinal
control.
A. Longitudinal Dynamic Model Of The Vehicle
By using Newton’s law and applying exact linearization, we
get the following second order linear system [16], [1] :
ẍ = v̇ = W

(1)

where x is the position of the vehicle, v the speed of the
vehicle and W is the control input for the linearized system.
B. Platoon Model
The platoon is a set of vehicles following each other,
running at the same speed and keeping a desired distance L
between two consecutive vehicles, as shown in ﬁg. 1.
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Fig. 1. A platoon

Assuming a point mass model for all the vehicles, we deﬁne
the spacing error of the ith vehicle:
ei = Δx − L = xi−1 − xi − L

(2)

where xi is the position of the ith vehicle, Δx the spacing
between the ith vehicle and the (i-1)th vehicle, and L the
desired inter-vehicle distance.
The platoon model shown in ﬁg. 2 is called ﬂatbed tow
truck model [3]. In this model, the vehicles in the platoon are
carried on a virtual truck which moves at a speed V , and the
ith vehicle moves with a speed vi − V relative to the truck.
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Fig. 2. Flatbed tow truck model

III. P LATOON C ONTROL W ITH AND W ITHOUT
C OMMUNICATIONS
We have proposed in [1], [2], [3] a modiﬁcation of the
classical CTH law. This modiﬁcation allowed to reduce the
inter-vehicle distances. required to ensure string stability of
the platoon, making them nearly equal to the distances in the
case of the constant distance policy.
We have proposed the following control law :
1
λ
ėi + ei − λ (vi − V )
h
h

(3)

This control law make the platoon stable with the following
transfer function of the spacing error:
Gi (s) =

1
ei (s)
=
ei−1 (s)
h s+1

The unsafe impact deﬁnition is given in [4] and it is said
to happen at time t between ith vehicle and (i-1)th vehicle if
Δx ≤ 0

and

− Δẋ ≥ vallowed

(5)

where aL is leader’s acceleration, amax is the maximum
leader acceleration, amin is the maximum leader deceleration,
vL is the speed of the leader, vmax is the maximum speed.

A. Control Law

Wi =

A. Safe Control

Where vallowed is the maximum allowable impact speed.
We deﬁne the set XM S ⊂ 3 as the set of triples
(Δx, Δẋ, vL ) which do not satisfy condition (5).
A control law W for the trail vehicles is said to be safe for
an initial condition (Δx(0), Δẋ(0), vL (0)) if for all t ≥ 0 it
satisfy the following [5] :


∀ aL ∈ [amin , amax ]
(Δx, Δẋ, vL ) ∈ XM S ,
(6)
0 ≤ vL ≤ vmax

h.kp (vi −V )
vi+1 −V
kv ėi+1

IV. S AFETY

(4)

This control law was deeply studied in [1], [2], [3]. String
stability of the platoon was proved. Robustness to actuation
lags was also studied and the condition of stability in presence
of lags was presented. The effectiveness of the control law even
in case of total communication loss has also been proved, but
the safety of the platoon was not discussed.
B. Control In The Event Of Communication Loss
Introducing the parameter V in the modiﬁed CTH implies
inter-vehicle communication. In [1], [3], we proved that the
only condition on the value of V , to ensure string stability, is
to make V identical for all vehicles at any sample time. We also
proved that stability can be preserved even if communication is
totally lost, by switching to the classical time headway policy
(V = 0) and using only on board information [9].
Switching to classical mode must be smooth to prevent
undesirable response. This can be achieved by decreasing the
value of V smoothly. When the communication is lost, each
vehicle must decrease V , independently from other vehicles,
using the same predeﬁned decreasing rate. This ensure that
string stability is preserved. We will discuss later how to set
the value of this rate.

B. Hard Braking Of The Leader
One method to check the safety of the platoon is to consider
a hard braking scenario. In this scenario, the leader vehicle
applies an emergency stop with its maximum deceleration
and the other vehicles in the platoon brake according to their
control law [15].
In the following, we prove that the spacing between the
leader and the ﬁrst follower Δx1 is the minimum inter-vehicle
spacing in the platoon in case of any disturbance in Δx1 .
Then, we ﬁnd the conditions on the control law which maintain
this minimum distance always greater than zero, so we ensure
safety.
In [1] we have proved string stability of the platoon, when
using the control law given in (3), using a sufﬁcient string
stability condition found in [11]:
e1 ∞ ≤ ... ≤ ei ∞ ≤ ei−1 ∞

(7)

So in the case of any spacing disturbance between the
leader and the ﬁrst follower, the maximum amplitude of the
ﬁrst spacing error e1 ∞ will be the largest spacing error in
the platoon. So bounding e1 ∞ in normal and leader’s hard
braking scenarios ensures safety of the whole platoon.
Choosing vL as the shared speed V and using eq. (3) and
(1), in addition to aL = ẍL , where xL is the position of the
leader, we get the dynamics of the ﬁrst error in the platoon:
h ë1 + (1 + λh)ė1 + λ e1 = h aL
We calculate the transfer function:
h
e1 (s)
G1 (s) =
=
aL (s)
h s2 + (1 + h λ)s + λ

(8)

(9)

In this case the impulse function is g1 (t).
So e1 is deﬁned by the acceleration of the leader. From
[14] we get ||G(ω)||∞ = ||g(t)||1 when we choose g1 (t) > 0.
Hence, the maximum value of e1 (t) can be bounded by the
following relation:

|e1 (t)| ≤ G1 (ω)∞ ||aL (t)||∞

(10)

Keeping |e1 (t)| < Le < L ensures that Δx > 0, so
according to deﬁnition (5) no unsafe impact takes place. Le
will be the maximum limit for spacing error using the modiﬁed
CTH. L − Le is the safety distance margin. In this case, the
following inequality is a sufﬁcient condition to ensure safety:
|e1 (t)| ≤ G1 (ω)∞ max(|amax | , |amin |) ≤ Le

(11)

so we get:
ω 4 + ((1 + λ h)2 − 2λ)ω 2 + λ2 −

h2 a2min
≥0
L2e

∀ω (12)

The above inequality holds if one of the following sufﬁcient
conditions is true:
1) The 2nd degree polynomial in ω 2 has no root (the
|
discriminant is negative) and λ ≥ h |aLmin
.
e
2) The coefﬁcients of the polynomial are both positive.
This gives us the following sufﬁcient conditions for safety:
⎧
⎪
⎨λ ≥

h |amin |
Le

⎫
⎪
⎬

⎪
⎭
⎩ η 2 − 2λ > 0 ⎪

or

⎧
⎪
⎨λ ≥
⎪
⎩ η4 +

h |amin |
Le
4h2 a2min
L2e

⎫
⎪
⎬
⎪
< 4λη 2 ⎭

(13)

where η = (1 + λ h).
We can see that the maximum spacing error is deﬁned by
Le and amin the maximum deceleration only, regardless of the
speed of platoon.
C. Follower Hard Braking
The safety of the platoon in leader’s hard braking scenario is
not sufﬁcient to ensure platoon safety. One important scenario
to discuss is a hard braking of a vehicle other than the
leader. In this scenario, the nth vehicle applies a hard braking
Wn = an = amin . It no longer follows the platoon control
law, so it leaves the platoon. This may introduce a big problem
concerning the other vehicles moving behind the decelerating
vehicle. Safety requirements impose to change the control laws
of the follower vehicles and to stop following the original
platoon. So the original platoon will be divided into two sub
platoons. The ﬁrst platoon consists of the vehicles ahead of the
decelerating vehicles; this platoon will keep moving without
any changes (assuming that the shared speed V is equal to
vL ) and without any effects on stability and safety. The second
platoon consists of the decelerating vehicle and all the vehicles
behind it. The decelerating vehicle becomes the leader of the
new platoon. The control law for the followers is the same as
in (3), except that the shared speed V becomes, equal to the
speed of the new leader vn :
1
λ
Wj = ėj + ej − λ (vj − vn ) , j > n
(14)
h
h
From the previous control law we can see that we can
apply all the discussion done before. We get the same error
dynamics, hence the same spacing transfer function. This gives

us the same stability and safety conditions. So in follower hard
braking scenario, we get two stable and safe platoons without
any additional conditions. The only thing to do is to divide the
original platoon into two sub platoons and the ﬁrst decelerating
vehicle becomes the leader of the second platoon.
D. Safety With Communication Loss
As discussed before, each vehicle decreases the value of
V separately when a communication loss is detected. To
maintain stability the decrease rate must be the same for all
vehicles. The rate is imposed by safety requirements in the
worst communication loss scenario. The worst scenario is to
lose communication during hard braking.
In the hard braking scenario with full communication, the
rate of deceleration of V is equal to amin because V = vL . We
also choose this rate (amin ) as decrease rate for V in case of
communication loss. This gives the platoon a similar response
in hard braking with and without communication. So we get a
smooth response and we maintain platoon safety without any
additional safety conditions.
Losing communication is more critical in follower braking
scenario. In this scenario, the vehicles behind the decelerating vehicle must be informed to stop following the original
leader and to follow the new leader. No problem appears if
communication is not lost. On the other hand, the decelerating
vehicle may not be able to inform all the vehicles in case of
communication loss. But this is not critical because all vehicles
automatically switch to autonomous mode. Each vehicle begins
decreasing the value of V with the maximum deceleration rate.
So the vehicles behind the decelerating vehicle react exactly
as if there were a communication (V decreasing at the same
rate as vn ) even without knowing about the hard braking. So
the platoon is still safe without any additional conditions. The
hard braking of the leader in the event of communication loss
is a special case of the previous scenario.
Decreasing V at amin rate makes V reach zero rapidly.
This may cause discomfort to the passengers after each communication loss. To decrease this bad effect we can change
the value of control parameters h, λ in such a way that we get
comfortable response without losing safety and stability.
E. Communication Loss Manoeuvre Delay
Inter-vehicle communication loss cannot be detected instantaneously. It usually takes some time δt to detect and to inform
all the vehicles about the event. This interval has a critical
effect on platoon safety. δt can be ﬁxed and well determined
so that all vehicles in the platoon are simultaneously aware
of communication loss. In the following discussion we give
a method to check the safety of the platoon in the worst
communication loss scenario, taking δt into account. Other
communication delays and clock synchronization between vehicles are not discussed.
In this case the worst communication loss scenario is to lose
communication at th when moving at maximum speed and at
the same time the leader applies hard braking. This scenario
is divided into three stages shown in ﬁg. 3:

- Stage 1 begins at th , when the leader applies the hard
braking and at the same time communication is lost. The leader
decelerates at the maximum deceleration rate. The value V is
not updated any more and remains equal to the last broadcasted
value. The worst case is to assume that the last received speed
is V = vmax , and all the follower vehicles are moving at
speed vmax .
- Stage 2 begins at tc when all vehicles are informed about
communication loss. They switch to full autonomous mode by
decreasing V at maximum deceleration rate.
- Stage 3 begins when the leader stops at tsL , until the ﬁrst
follower stops at ts1 .
To check the safety of the platoon we have to study the ﬁnal
value of the spacing between the leader and the ﬁrst follower
Δ(ts1 ) = xL (ts1 ) − x1 (ts1 ). It must be greater than zero,
otherwise a collision takes place.
To calculate Δ(ts1 ) we assume the worst case in the ﬁrst
stage, then at the second and third stages we have to ﬁnd the
dynamics of ﬁrst spacing error. This enables us to calculate the
ﬁrst error and its derivative at ts1 . The dynamics of the ﬁrst
error given in (8) cannot be used in this scenario because V is
not equal to vL any more. The new dynamics can be calculated
using (3), and by adding and subtracting h aL , λ vL we obtain:
h ë1 + (1 + λh)ė1 + λ e1 = h aL + λ h (vL − V )

(15)

=
amin ,
During the second stage we have aL
V = vmax + amin t and vL = vmax + amin (δt + t). So
we get :
h ë1 + (1 + λh)ė1 + λ e1 = h amin + λ h amin δt

(16)

We ﬁnd the solution of the previous differential equation
with the initial values at tc given in ﬁg. 3 and we get e1 (t)
and ė1 (t) in the interval t ∈ [tc , tsL ]:
e1 (t) = α1 exp
ė1 (t) =

−(t−tc )
h

+α2 exp−λ(t−tc ) +α3

(17)

−(t−tc )
hamin (1 + λδt)
amin (h + δt)
exp h −
exp−λ(t−tc )
(λh − 1)
(λh − 1)
(18)

where
δt(λ h−1)+2Le λ+amin (2h−λ δt2 ))
2(λ h−1)
2 Le λ+amin (2 h−λ δt2 )
, α3 = h amin λ(1+λ δt)
λ (λ h−1)

α1 = − h(2amin
α2 =

(19)

The second stage ends at tsL when the leader stops, so
. We calculate the initial values
its duration is δt1 = − vamax
min
x1 (tsL ), v1 (tsL ) and e1 (tsL ) for the third stage using (19)
and (18) at tsL . During the third stage we have vL = 0 and
aL = 0 so from (15) we get the dynamics of x1 :
h ẍ1 + (1 + λh)ẋ1 + λ x1 = λ h amin t + h xL (tsL ) (20)
Solving the differential equation with the initial values at
tsL we get x1 (t) and v1 (t) :
x1 (t) = β1 exp

−(t−ts )
L
h

+β2 exp−λ(t−tsL ) +β3 (t − tsL ) + β4
(21)

t ∈ [tsL , ts1 ]
v̇1 (t) = γ1 exp−λ(t−tsL ) +γ2 exp

−(t−ts )
L
h

+h amin

(22)

where:
β1 =

h (v1 (tsL )+x1 (tsL ) λ−h xL (tsL )+λ h2 amin )
λ h−1

β2 =

(x1 (tsL ) λ+λ v1 (tsL ) h−h xL (tsL )+h amin )
(λ h−1) λ

β3 = h amin , β4 =
γ1 =

−v1 (tsL )
λ h−1 , γ2

(−h amin λ+xL (tsL )−amin ) h
λ

=−

(23)

h(−λ v1 (tsL )+amin (λ h−1))
λ h−1

From (22) we calculate the time needed for the ﬁrst vehicle
to stop (ts1 − tsL ). Then we can compute the ﬁnal value of
x1 . To check the safety we check if xL (ts1 ) − x1 (ts1 ) > 0.
The previous calculation can be performed for a range of
values of δt and we draw the spacing as a function of δt. The
value of δt at which the ﬁnal spacing becomes equal to zero
will be the maximum value of δt that keeps the platoon safe.
V. S IMULATIONS
Simulations have been performed to check the effectiveness
of the proposed control and its safety in the previous proposed
scenarios. We used Matlab to check the control law using
the ideal system model given in (1). We have also used The
Open Racing Car Simulator (TORCS) to verify the safety of
the platoon with a more realistic model. The results given
in the paper are those obtained with TORCS except the ﬁrst
simulation which was done in Matlab. TORCS is one of the
most popular car racing simulators for academic purposes. It
features a sophisticated physics engine (aerodynamics, fuel
consumption, traction...) as well as a 3D graphics engine for
the visualization of the races.
Simulation were performed using a straight track. A platoon
of 10 identical cars move along this track. The desired intervehicle distance is 5 m, the maximum speed in normal
mode vmax = 140 km/h and maximum deceleration
amin = 5 m/s2 . Control parameters are h = 1.5 and
λ = 3. These parameters give a maximum control error
Le = 2.5 m.
To check safety we test the following scenarios:
1) Applying hard braking when the platoon is moving at
very high speed, to check the maximum limit of the
error.
2) Leader hard braking with full communication,
3) Follower hard braking with full communication,
4) Leader hard braking with total communication loss,
5) Leader hard braking with total communication loss and
with large interval δt.
In ﬁg. 4 the platoon accelerates with maximum acceleration
until it reaches very high speed (250 km/h) then maximum
hard braking is applied. This simulation is done in Matlab,
just to show that the maximum error will saturate at a limit
Le deﬁned by amin regardless of the maximum speed. It
is obvious that the errors saturate at this maximum error
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limit Le , although the vehicles are still accelerating. Then
when the vehicles reach the maximum speed and they stop
accelerating, the spacing errors decrease toward zero. In hard
braking scenario, the errors also do not exceed Le . But in this
case, the errors do not converge again toward zero because the
vehicles are stopped. So no collision will take place even at
very high speeds.
In all the following experiments, the platoon moves at
the maximum allowed speed when we apply a hard braking
according to each scenario.
In the second scenario, the leader applies hard braking with
full communication. Fig. 5 shows the results. It is clear that
the platoon is safe, since the spacing is always greater than
zero.
In the follower hard braking scenario shown in ﬁg. 6, the
ﬁfth vehicle applies a hard braking. The platoon is divided into
two platoons. The ﬁrst platoon continues to move safely at the
same speed without any change in the spacing and speed. The
second platoon decelerates until it stops without any collision.
Notice that Δx5 , increases since the ﬁfth vehicle stops and the
fourth vehicle is still moving.
In ﬁg. 7 the leader applies a hard braking and, at the
same time, communication between vehicles is totally lost.
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to inform all vehicles about communication loss has also been
studied. A method has been proposed to ﬁnd the maximum
delay without losing safety. Simulations have been performed
with 10 vehicles to check the safety in the proposed scenarios.
The effect of lags and communication delays must be
studied in the near future to verify the robustness and the safety
of the control in even more realistic scenarios. In addition,
passenger comfort must also be taken into account.

Fig. 8. Leader hard braking and communication loss with maximum allowed
delay to inform all vehicles about communication loss

We can see that the platoon is still stable and safe. We can
see a non linear change in spacing just before stopping. This
non linearity is due to non perfect linearization of the car in
TORCS, especially when changing the gears. It is obvious that
the leader changes its deceleration rate before stopping, so the
amplitude of the spacing error changes accordingly.
In the last experiment we check the maximum allowed delay
interval to inform all the vehicles in the platoon about communication loss. We perform the computation of the spacing
for a range of delay values. Then we draw the spacing as a
function of δt. The value of δt for which the spacing becomes
equal to zero is the maximum bound for the delay. In our case
we found δt ≈ 0, 35. To check the validity of this value we
run a simulation with a large delay δt = 0, 3. In this case the
spacing becomes very small but the platoon is still safe, as
shown in ﬁg. 8.
VI. C ONCLUSION
We have addressed the safety of platooning on highways
when using the ﬂatbed tow truck model and the modiﬁed
CTH. We found safety conditions of the platoon and proved the
safety of the platoon in the most critical hard braking scenarios
with and without communication loss. The effect of the delay
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