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e Geometric optimal control

. Maximum principle
. Second order optimality conditions (local, conjugate points)

e Swimming at low Reynolds number

. sub-Riemannian (SR) geometry framework

. Varational approach to find trajectoires of a Hamiltonian system with periodic
projections

. Find optimal stroke (efficiency concept)
. micro-device implementation (D. Takagi, M. Chyba)



min ¢(4(0),4(T))
subject to g=F(q,u), ¢° = L(q,u)
(4(0),4(T)) € B

e final time T is fixed
e §=1(q,9°), q state, € R
e u(.) e L~([0,T],U), U CR™

e B : smooth closed set of R” x R", (¢(0),q(T)) € B stands for mixed boundary
conditions.

Ex. : B={q(0) = ¢(T), ¢’(0) = 0},
B ={q(0) = q0,¢(T) = gy, ¢°(0) = 0} ..



(g,u) optimal = 3 p= (p,p°) : [0,T] — (R" x R) abs.
continuous and A > 0 cst with (p,A) # (0,0) and s.t.

. J0H . oH
N:_~7 N:__~7 H NaNa — % ~7N7
i=35 P="% (4, p,u) =max H(q,p,v)

where (g, p,u) = p- F(q,u) + p’L(q,u).
Transversality conditions:

(70, ~FD) = ( 5755 @O.AT). 52 @OLTT) ) € TgonairyB)*

Definition 1. (¢,p,A,u) is a normal extremal if A >0, abnormal if L =0. An
abnormal trajectory g which is not a projection of normal extremal is said strict.
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CoPEPOD MODEL (TAKAGI, 2014)

Symmetric 2-link swimmer

[ e*zﬁ)\\l \91(
o=n  A0) ) 9=0
\/ 91(1‘)
92(1‘)

Controlled dynamic (Takagi, 2014)

ZZ 2 6;sin(6))

, 0, =u;,i=1,2, state constraints: 0< 0, < 6, < 7.
C24Y72 sin’(6)

Criterion : min of the dissipative energy: ¢S(q)¢T™ where ¢ = (x,0;,60,) and S is a

positive-definite matrix = quadratic form in (u,uy).
6



Definition 2. An admissible stroke is a periodic motion of the shape variables (0, 6,)
associated with a periodic control and producing a displacement of the position
variable after one period T (we can fix T =2rx).
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(Left) Trigonometric controls. (Right) Piecewise controls.



& = Geometric Efficiency = x(T)/Isz(q)

iwla) = [ VEG@ @ ar, Lig.u) =a(g)d+2b(q)uree + elg)id

T T
min [sp(g) <= min / |7 df = min / L(q,u)dt
0 0

2 T
g = Z u;F; < min/ L(q,u)dt,
i=1 0

T
max & < min/ L(q,u)dr with x(T) fixed, then select rr%a))uf
0 x(T

N 7
-~

transversality cond.

Compute points on the SR-sphere —
provide candidates to maximize the efficiency.



2
i=Y uF(a).  q=(x61,6)

A =2+s5in*(0;) + sin?(65)

PMP:
H(z,u) = u1 Hy(z) +us Ho(2) + p°L(q,u),  z=(q,p)

with Hi=p-F, i=1,2.
e normal case: p’ = —1/2 and u;,i = 1,2 given by 9.#/du =0
H, = 1/2(a(q) H{ +2b(q) HiH> + c(q) H3)
e abnormal case: p® =0 hence H; = H, = {H;,H,} =0, then

uj {{Hl,Hz} ,Hl} +u2{{H1,H2} ,Hz} =0.



Proposition 3. The surface X : {q; det(Fi(q),F>(q),[F1,F>](q)) =0} contains abnor-
mal trajectories and is characterized by

@0, =0orm, fori=1,2,

e 0, =0,.
— physical boundary of the state domain.: 6, [0,7], i=1,2,0; < 6.
T
: abnormal trajectories
in the plane (61, 6,)
o T 6,
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x(0) =0, x(T)=x; (fixed) ,
6,(0) = 6,T), i =1,2
\ p9,<0) :pei(T)a i=1,2
e HamPath  indirect method: based on the PMP, Newton type algorithm and

compute necessary second order optimality conditions, not robust w.r.t.
initialization.

7\

e Bocop direct method: give an initialization of the shooting algorithm of the
HamPath code.
11



First conjugate time z.: the exponential mapping
equO:Rng_)Mv (t7p0>'_>Q(t7QO7p0)

is not an immersion at (7., po).

Theorem 4. Let q: [0,T] — R" a strict normal stroke. If q(.) has at least one
conjugate point on |0,T[, then g is not a local minimizer for the L~ topology on
controls, considering the fixed extremities problem.

s

¢ = {po | H*(q0,po)+H3(q0,p0) =1}

12
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Numerical fact:
Only simple loops doesn’t have a conjugate point on |0,T[: they are the only
candidates for optimality.

Theorem 5 (Numerical result). For each fixed displacement x(T), one can find a
simple loop associated with an energy level —> one parameter family of strokes.

0,
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Geometric efficiency, ¢(g(0),q(T)) = —x(T) / lsz(q)

px(T) = ¢°(T)/x(T),

% Abnormal
--- Optimal

*

I | I I I I I I L | I .

0.06 0.08 0.1 012 014 016 0.8 0.2 022 024 0.26 0 @ t 2m 0 oy t 2m
xzo(T

Efficiency curve with continuation method on x(T). Corresponding optimal stroke

Theorem 6. The abnormal stroke is not minimizing for the two costs (length
with fixed displacement and geometric efficiency).
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e More general models,

e Local geometric study

T
X=uF1+uF,, min/ (u% + u%) dr
0

. Interior point of the triangle: weigths xj,x; < 1, x3 <2

. d d 5 0

F Za—+x2(1+Q(x1 362))a o F= o

— simple loops and limacons families

. Point on the edges and +# vertices of the triangle: weghts xj,x; <+ 1,
X3+ 3

0
—x1 (1+0(x1,%2)) 5— o

F = b=
b= 8x1 + 2 a)@’ 2 8X2

metric : g = (1 Sin OCXQ)zdxl + (1 - ,Bx1 + YXZ)deQ.
— eight strokes 17
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