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MAGNETIC CONFINEMENT FOR THE 3D ROBIN LAPLACIAN

BERNARD HELFFER, AYMAN KACHMAR, AND NICOLAS RAYMOND

ABSTRACT. We determine accurate asymptotics of the lowest eigenvalue for the Laplace
operator with a smooth magnetic field and Robin boundary conditions in a smooth 3D
domain, when the Robin parameter tends to +o0o0. Our results identify a critical regime
where the contribution of the magnetic field and the Robin condition are of the same order.
In this critical regime, we derive an effective operator defined on the boundary of the domain.

1. INTRODUCTION

1.1. Magnetic Robin Laplacian. We denote by 2 C R? a bounded domain with a smooth
boundary I' = 992. We study the lowest eigenvalue of the magnetic Robin Laplacian in L*(2),

P, = (—iV +a)?, (1.1)
with domain
D(P,)) ={ue H*Q) : in-(—iV+a)u+yu=0 ondN}. (1.2)

Here n is the unit outward pointing normal vector of I', v > 0 the Robin parameter and
a € C%(Q). The vector field a generates the magnetic field

b :=curla € C*(Q). (1.3)

Our hypotheses on a and b cover the physically interesting case of a uniform magnetic field
of intensity b, a = %(—xg, x1,0) and b = (0,0, b).

The operator Pg is defined as the self-adjoint operator associated with the following qua-
dratic form (see, for instance, [3, Ch. 4])

H'(Q) 3 ur— Q(u) := / |(—iV + a)u(:zc)‘2 dx — ’y/\u(x)|2ds(:c) : (1.4)
Q r
Our aim is to examine the magnetic effects on the principal eigenvalue
2(u
Ayb) = =W (1.5)

ue H' (2)\{0} HUH2L2(Q)

when the Robin parameter v tends to +oo.
The case v = 0 corresponds to the Neumann magnetic Laplacian, which has been studied
in many papers [8, 14, 17].
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1.2. Mean curvature bounds. In the case without magnetic field, b = 0, Pankrashkin and
Popoff have proved in [16] that, as v — 400, the lowest eigenvalue satisfies the following

)‘<77 O) = _72 - 27/€max(Q) + 0(72/3) ) (16)
with
fimax (£2) := max ra () (1.7)

where k(z) = kqo(z) the mean curvature of 90X at x.
The same asymptotic expansion continues to hold in the presence of a y-independent mag-
netic field b. In fact, we have the non-asymptotic bounds

A7,0) S A7, ) < A7, 0) + [[allfeq) - (1.8)

The lower bound is a simple consequence of the diamagnetic inequality, while the upper

bound results by using the non-magnetic real eigenfunction (the eigenfunction corresponding

to the eigenvalue A(v,0)) as a test function for the quadratic form Q3. Note incidently that

the upper bound can be improved by minimizing over the a such that curla = b.
Consequently, we have

Al7,b) = - - 2YKmax(§2) + O<72/3) . (1.9)

It follows then, by an argument involving Agmon estimates, that the eigenfunctions concen-
trate near the set of points of maximal mean curvature, {kq(x) = Kmax(2)}.

1.3. Magnetic confinement. The asymptotics expansion (1.9) does not display the contri-
butions of the magnetic field, since the intensity of the magnetic field is relatively small.

Magnetic effects are then expected to appear in the large field limit, b > 1. We could
start with the following rough lower bound, obtained by the diamagnetic inequality and the
min-max principle,

A(y,b) = (1 — 5)A(1L_5,0) LOA0,b) (0<d<1),
which decouples the contributions coming from the large Robin parameter and the large
magnetic field. According to (1.6), the term A(vy,0) behaves like —7? for large . The

Neumann eigenvalue A(0, b) was studied in [8]; it behaves like ©gby in the regime

by 1= ;cle%fg Ib(x)]| > 1,

where O € (%, 1) is a universal constant (the de Gennes constant). This comparison argument
shows that the magnetic effects are dominant when by > ~2. In this case, the effective
boundary condition is the Neumann condition (7 = 0) and the role of the Robin condition
appear in the sub-leading terms (see [10, 9] for the analysis of these effects in 2D domains).

Aiming to understand the competition between the Robin condition and the magnetic field,
we take the magnetic field parameter in the form

b=7"B with0<o<2 and BeC'(Q). (1.10)

Such competitions have been the object of investigations in the context of waveguides with
Dirichlet boundary condition (see [13]).
Our main results are summarized in the following theorems.
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Theorem 1.1. Assume that (1.10) holds. Then, as v — 400, the principal eigenvalue
satisfies
A(7,b) = =9+ E(1,b) +0(y7),
where
£(7,b) = min (b~ n(@)| - 2ra(2)7)
Remark 1.2. This estimate in Theorem 1.1 is also true for all the first eigenvalues.
Remark 1.3. The asymptotic result in Theorem 1.1 displays three regimes:

(i) If 0 < 1, the magnetic field contribution is of lower order compared to that of the
curvature, so the asymptotics in Theorem 1.1 reads

A(y,b) = =% - 27(%5 fm(:c)) +o(7) -

(ii) If 0 = 1, b = 4B, the contributions of the magnetic field and the curvature are of the
same order, namely

Ay, b) = = + ’ygeliarsl) <|B -n(z)| — Q/m(x)) +o(v).

(iii) If 1 < o < 2, the contribution of the magnetic field is dominant compared to that of the
curvature, so
A(y,b) = =7+ 97 min [B - n(z)| + o(y")

Let us focus on the critical regime when ¢ = 1. Under generic assumptions, an accurate
(semiclassical) analysis of the first eigenvalues (establishing their simplicity) can be performed.
Theorem 1.4. Consider the regime o = 1 in (1.10). Assume that

002> x— |B-n(z)| — 2kq(x)
has a unique and non-degenerate minimum, denoted by xy and that
B - n(zy) #0. (1.11)
Then, there exist co > 0 and ¢y € R such that, for alln > 1,
An(7,b) = =7 + 5 (B - n(wo)| — 260 (z0)) + (20 — Ve + 1 + O(y72) .

Moreover, we have

_y/det(Hess,, (|B - n| — 2kq))
2|B - n(zo)|
Remark 1.5. Note that our assumption on the uniqueness of the minimum of the effective

potential can be relaxed. Our strategy can deal with a finite number of non-degenerate
minima.

Co

Theorem 1.4 does not cover the situation of a uniform magnetic field and constant curva-
ture, since (1.11) is not satisfied. Theorem 1.6 covers this situation, which displays a similar
behavior to the one observed in [8, 19]. The contribution of the magnetic field is related to
the ground state energy of the Montgomery model [15]

vy = gl“IelIf&/\(C) :
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where

M) = inf [ (WP + (¢+5) fuls)P) ds
[ (e (c+5) wer)

u#0

Theorem 1.6. Assume that b > 0, Q = {x € R® : |z| < 1} and the magnetic field is
uniform and given by

b = (0,0,7b).
Then, as v — +00, the eigenvalue in (1.5) satisfies

A(7,b) = =7 = 2y + web" % + 0(*?) .

Remark 1.7. We can expect that the expansion “of the form” given in Theorem 1.6 is also
true for a generic domain 2 when (1.11) is not satisfied.

Comparing our results with their 2D counterparts [10, 12|, we observe in the 3D situation
an effect due to the magnetic geometry which is not visible in the 2D setting. It can be
explained as follows. The 2D case results from a cylindrical 3D domain with axis parallel to
the magnetic field, in which case the term B - n vanishes and the magnetic correction term
will be of lower order compared to what we see in Theorem 1.1.

1.4. Structure of the paper. The paper is organized as follows. In Section 2, we intro-
duce an effective semiclassical parameter, introduce auxiliary operators and eventually prove
Theorem 1.1. In Section 3, we derive an effective operator and then in Section 4 we estimate
the low-lying eigenvalues for the effective operator, thereby proving Theorem 1.4. Finally, in
Appendix A, we analyze the case of the ball domain in the uniform magnetic field case and
prove Theorem 1.6. We also discuss in this appendix v-independent uniform fields (which
amounts to considering the case o = 0 in (1.10)).

2. PROOF OF THEOREM 1.1

2.1. Effective operators.

2.1.1. Effective 1D Robin Laplacian.
We fix three constants' C, > 0, o € (0,2), and h > 0 (the so-called semiclassical parameter).
We set

1 1
d=h""5 with0O<p< 3" (2.1)

For every x, € 02, we introduce the effective transverse operator
1d d
L. = —h2(w, ()" = (w.(t)— 2.2
(w.0) "5 (w05) (2:2)

in the weighted Hilbert space L? <(O, h?); w*dt>, where

w,(t) =1 —2k(x, )t — C.t*,
and the domain of L, is

D(L,) = {u € H*(0,h") : ¢ (0) = —h =u(0) & u(h?) = 0}.

1 The constant C, depends on the local geometry of Q near some point x, € 9, see (2.22). By
compactness of the boundary, C, can be selected independently of the choice of the boundary point ..
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The change of variable, 7 = h_%t, yields the new operator

L.:=—h*s (w*’h(T))_lf_f (w*yh(T)%) (2.3)

with domain N
D(L,) = {u € H*(0,0) : u'(0) = —u(0) & u(d) = 0}.
The new weight w, s, is defined as follows
Wy p(17) =1-— 2m(x*)h§7' — C,hor?.
Using [4, Sec. 4.3], we get that the first eigenvalue of the operator L, satisfies, as h — 0,
ML) = K25 A(L,) = —h?~+ — 2k(z, )% 7 + O(h?). (2.4)

2.1.2. Effective harmonic oscillator.
We also need the family of harmonic oscillators in L?(R),

Tyt = (=ihdy —m)* + (€ +m+ns)?, (2.5)

where (m, &, n) are parameters.

By a gauge transformation and a translation (when n # 0), we observe that the first
eigenvalue of Tv?@z is independent of (m,&). By rescaling, and using the usual harmonic
oscillator, we see that the first eigenvalue is given by?

A(TED) = |nlh. (2.6)

2.1.3. Effective semiclassical parameter.
In our context, the semiclassical parameter will be

h=~"7 with0<o<2. (2.7)
Under the assumption in (1.10), the quadratic form in (1.4) is expressed as follows
Q5(u) = h™%qn(u),
where
qn(u) = / [(—ihV + A)ul*dz — ho‘/ lu|?dz (2.8)
curl A = B is a fixed vector ﬁelds,2 and ”

aza@%zQ—%E(ﬂmé). (2.9)

We introduce the eigenvalue

i qn(u)
b B) = > _gnu) 2.10
w ) ue H'(Q)\{0} ||U||%2(Q) ( |

Then we have the relation

h=~"7 and A(y,b)=h"2u(h,B). (2.11)

2We will use the inequality A(T;ig) > |n|h (which is obvious when n = 0).
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2.2. Local boundary coordinates. We follow the presentation in [8].

2.2.1. The coordinates.
We fix € > 0 such that the distance function
t(z) = dist(z, 00) (2.12)

is smooth in €, := {dist(z, Q) < €}.
Let zg € 0 and choose a chart ® : Vj — &(1p) C 99 such that zy € (V) and 1} is an
open subset of R?. We set

Yo =D (rg) and Wy = d(Vj). (2.13)
We denote by
G = Z Gij dy; ® dy,
1<6,5<2
the metric on the surface W, induced by the Euclidean metric, namely G = (d®)Td®. After
a dilation and a translation of the y coordinates, we may assume that
Yo = 0 and Gij (yo) = 52‘]‘ . (214)

We introduce the new coordinates (y1,y2,ys) as follows

O (Y1, Y2,y3) € Vo x (0,€) = ®(y1,92) — tn(q)(yl,yz)) )

and we set
Up=®(Vy x (0,)) C Q. (2.15)
Note that y3 denotes the normal variable in the sense that for a point x € Uy such that

(y1,92,y3) = @~ (z), we have y3 = t(x) as introduced in (2.12). In particular, y3 = 0 is the
equation of the surface Uy N OS2

2.2.2. Mean curvature. We denote by K and L the second and third fundamental forms on
0. In the coordinates (y;,y2) and with respect to the canonical basis, their matrices are
given by

K= Y Kjdy®dy and L= Y Ljdy&dy;, (2.16)

1<i,j<2 1<i,j<2

or 8n> <(9n 8n>
K= (28 0N qnq L, = (22
<8Z/z' ayj ! 0y, 33/;’

The mean curvature « is then defined as half the trace of the matrix of G™'K = (k;j)1<i j<2-
For x = ®(y;,y2), we have

where

1 1
K(r) = —tr(GflK) = —(Kll(y1,y2) + K22(?/1>y2)) . (2.17)
2 (yiy2) 2
In light of (2.13) and (2.14), we write
1
K(z0) = 5(Kn(o) + K2(0)) . (2.18)
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2.2.3. The metric.
The Euclidean metric gy in R? is block-diagonal in the new coordinates and takes the form
(see [8, Eq. (8.26)])

go = (d®)"dd = Z gij dy; ® dy
1<i,j<3
= dys ® dys; + Z (Gii (v, y2) — 203K (Y1, y2) + Y3 Lij (y1, y2) ) dys @ dy;
1<i,j<2
(2.19)
where (K;;) and (L;;) are defined in (2.16). Our particular choice of the coordinates, together
with G(0) = Id (see (2.14)), yields

(

0 if (4,7) € {(3,1),(3,2),(1,3),(2,3)}
gij = 05 +O(lyl) if1<4,5<2 : (2.20)
1 ifi—j—3

The coefficients of (¢*), the inverse matrix of (g;;), are then given as follows

(

0 if (4,7) € {(3,1),(3,2),(1,3),(2,3)}
g7 =90 +0(ly)) if1<i,j<2 : (2.21)
1 ifi=j=3

\

We denote by g = (g;;) the matrix of the metric gy in the y coordinates; the determinant of
g is denoted by |g|; we then have

1/2
g7 = (det(G - ys K + 43 1))

1/2
= (det(r -y G 'K +93G7'L)) G2
= (1 — ystr(GT'K) + y3pa(y)) |G]'2,

where ps is a bounded function in the neighborhood V4 x [0, £].
In light of (2.17), we infer the following important inequalities which involve the mean cur-
vature x, valid in Vj x [0, €],

(1 - 293/1(@(91792)) - C*y:)z,) ’G‘l/z < ‘9‘1/2 < (1 - 2y3/<;(<b(y1,y2)) + C*yg)‘G‘l/z ) (2-22)

with C, a constant independent of .

2.2.4. The magnetic potential.
The reader is referred to [17, Section 0.1.2.2]. We recall that

3
OA — E Azdxl,
=1

so that, the change of coordinates = = ®(y) gives

3
D*op = Z Ady;, A= (dD)T o Aod(y).
i=1
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The magnetic field B is then defined via the 2-form

0A; 04,
81’1‘ 8xj ’

wB \— dO'A = E bZ]dI‘Z A dl‘j where bij =
1<i,j<3

The 2-form wg can be viewed as the vector field B given by
3
0
B = B;—— with By = byg, By = b3y, B3 = byo,
; o, wi1 1 23 2 31 3 12
via the Hodge identification

wi(u,v) = (u X v, B)gs .
We have that

N . 0A; 04,
O*'wg = d(Poa) = ( J Z) dy; A dy; .
1<i,zj<3 Yy 8yj

Considering the magnetic field B associated with A, this means that
wp(d(u), dD(v)) = ws(u,v), or  (db(w) x dB(v),B) = (u x v, B)

or, equivalently,

det(d®)(u x v,dd~1(B)) = (u x v, B),

1.€.,
B := d®}(B) = det(d®)"'B. (2.23)
Explicitly,
- 0As  0A - oA,  0A - 0A, 0A
By=lg| 2 22— =2 By=|g|"V2 | =L - =3 By= gV 222 -2
Ll (ayz 7y R L Ve I R T
(2.24)

and B is the vector of coordinates of B in the new basis induced by ®. We remark for further
use that
B-n=—B;j. (2.25)
We can use a (local) gauge transformation, A — A? := A + V¢, and obtain that the normal
component of A%, flf, vanishes. We assume henceforth
A3 =0. (2.26)

2.2.5. The quadratic form.
For uw € H*(Q), we introduce the local quadratic form

an(u; Up) = [ [(=ihV + A)ul*dz — h® / lu|*dz . (2.27)
Uo UpNos2

In the new coordinates y = (y1, y2, y3), we express the quadratic form as follows

an(u; Up) = / ( )1911/2 > g7 (hD,, + A)i(hD,, + Aj)udy
Vox(0,e

1<i,j<3

— b [ iy, yo, 0) PGV 2dyrdys  (2.28)
Vo

where D,, = —z'a%_, the coefficients ¢ are introduced in (2.21) and @ = u o ®.



3D MAGNETIC ROBIN LAPLACIAN 9

Remark 2.1. The formula in (2.28) results from the following identity

|(=ihV + A)ul* = Z g7 (hDy, + A))a(hD,, + A;)i. (2.29)
2,j=1
Now (2.28) follows. Using (2.29) for A = 0 and using (2.21), we observe that
|Vul*> < m|V,al?,

for a positive constant m, which we can choose independently of the point zy, by compactness
of 0. Also, if we denote by V' the gradient on 02, and if u is independent of the distance
to the boundary (i.e. 9,,a = 0), we get

IVl = |V'ul + Z ( —g7,, O)a iy, @

2,j=1
< (1 + My3)|V’u]2,

where we used (2.21), and M is positive constant.

e (0,2
pel03)-

This condition appears later in an argument involving a partition of unity, where we encounter
an error term of the order h?~?’ which we require to be o(h) (see (2.45)).
Now we fix some constant ¢y so that

&~ (B(z0,2h") N 0Q) C {|y| < coh’}.
We infer from (2.21) and (2.22) that when supp @ C {|y| < coh?},

We assume that

an(u) = g™ (@) + (1 — Ch?) g3 (a) (2.30)
where
g™ () :/ (/( )w*(y>|h5y3ﬂl2dy3—h“Iﬂ(yl,yg,O)IZ) |G| 2dyydys , (2.31)
VO O,E
2 ~
g™ () = Z / |(hD,, + A;)i|*dy, (2.32)
V0><(0 6)
and
w,(y) =1 — 2y3k(y1,92) — Chy; with F=rko®. (2.33)

Note that we used the Cauchy-Schwarz inequality to write that, if m;; = d;; + O(h”), then,
for some constant Cy > 0,

2 2

1—Cghp dz‘Q < m,dld < 1+C2hp diQ-
J J

2
" ( Z/ ) ( — B2 — 2R(y1, y2) W o+ O(h2)> |ﬂ|2|g|1/2dy. (2.34)
i=1 V0>< OE
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In the sequel, we will estimate the term (2.32)
2

i@ = [ (hD,, + Alaldy.
{lyl<cohr,y3>0}

We write the Taylor expansion at 0 of A; (for i = 1,2) to order 1,

Ai(y) = A (y) + Oy ) (2.35)
where B B B
. ~ 0A; 0A; 0A;
A (y) = 4;(0 (0 (0 “(0).
() = A0) + 1 (0) + 1 0) + 5 (O
We set Aln(y) = (Aln(y), fl“n( )) and observe by (2.24) that
Ahn ( 2y3 7Bgy17 Bly3> + v(y1,yg)U} ) (236)
BY = B;(0), B=culA,
where
_: 7 vi Y5
w(y1,y2) = A1(0)y1 + A2(0)y2 + &115 + a12t1y2 + Ctzzg (2.37)
and -
0A;
ap; = 0). 2.38
1= 5,0 (2.39)
So, after a gauge transformation, we may assume that
Alin(y) = (— Bdys , By, —B(l)y3> . (2.39)

Now we estimate from below the quadratic form by Cauchy’s inequality and obtain, for all
¢ €(0,1),

2

@ = -0Y [ (D, + Ay - o¢n | ady.
{ly|<cohP,y3>0}

i=1 ) {lyl<cohr y3>0}

We do a partial Fourier transformation with respect to the variable y5 and eventually we get

@ =0 [ ([ (1D, — Bls)i?
R ™ H|(y1,y2)|<coh”}

+1(€ ~ By + B )i ) dady, )€ - €¢'n [ aldy.

{lyl<cohr y3>0}

Using (2.6), we get

@ >0 [ (18- )y
{Vox(0,6)}

>(1—O§—Ohﬂ)/

{Vox(0,e

(2.40)
(1B8llg@F 4 = o¢ M gl .

We now choose

2
¢(=h" and p=cz
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Collecting (2.34), (2.40), (2.30), (2.23), and (2.25), and then returning to the Cartesian
coordinates, we get

qn(u) > / ( — R — 2/{($0)h2_% +|B - n(xg)|h — C’h6/5) RGeS (2.41)
Q
for u € H'(Q) with support in a ball B(xg, h?®) N Q. Moreover, using the compactness of
02, we can choose the constant C' in (2.41) independent of xy € 052.

Remark 2.2. We can write an upper bound of the quadratic form similar to the lower bound
in (2.30). In fact, assuming that u € H'(Q) with suppa C {|y| < coh”}, then using (2.21)
and (2.22), we get, with the notation in (2.32),

an(w) < (@) + (1 4+ Cho)g™ (@), (2.42)
where
(@) = / ( /( W)y~ ha|a<y1,y2,o>\2) G| 2dydys (2.43)
Vo 0,e
and

w*(y) =1 — 2ysi(y1, y2) + Cuys -

2.3. Lower bound.
Using (2.41), we get by a standard covering argument involving a partition of a unity (see [8,
Sec. 7.3]), the following lower bound on the eigenvalue u(h, B),

u(h,B) = —h*"5 + min (IB - n(xo)|h — 2k(x0)h>7) — Ch®5 . (2.44)

This yields the lower bound in Theorem 1.1, in light of the relation between the eigenvalues
w(h,B) and A(~, b) displayed in (2.11). B
Let us briefly recall how to get (2.44). Let p = 2. Consider a partition of unity of
@%,h(x) + 903,11(37) =1
with the property that, for some hy > 0, there exists Cy such that, for h € (0, o,

1
supp @1, C {dist(x, 092) > Ehp)}, supp o, C {dist(x,002) < h”)} and |V < Coh™”.

We decompose the quadratic form in (2.8), and get, for u € H'(Q),

2
an(w) = 3 (anponn) = W21 Vpialunl2) > an(onne) = CRI220 Jul]>. (2.45)

i=1

Now we introduce a new partition of unity such that

N
inh =1on {zr €Q, dist(z,00) < h*}
j=1

where
supp Xjn C B(2j0,20°) NQ (20 € 99),

and

|V)(j,h| < 00 h™".
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Again, we have the decomposition formula

N N
anlprie) = D (an(eanxin) = 02 Vialul?) > 3 aulpanxsau) — Coh® 2 ul>.

J=1 Jj=1

We estimate g5, (¢2,nX;ju) from below using (2.41) and we get

N
qn(p1pu) = Z/ < il QK(ij)hQ—% + |B - n(zjo)|h — C’h6/5> o nxnul*de
j=1"9

— Coh® % ||ul|?.

Now we use that, for h sufficiently small

— h?7% = 2k(zj0)h* 7 + |B - n(zjo)|h — Ch®
> —h* 7 + min (|B - n(zo)|h — 2/@(x0)h2_5) — ChS/5,

200N
In this way we infer from (2.45) and the fact that p = 2,

qn(u) > / < — h¥ % + min (IB - n(zo)|h — 2/4;(:50)112’%) - C’h6/5> |u|*da
Q

2o €N
— (Co 4 Co)h®5||ul|?.

The same argument also yields the following inequality which is important for the localization
properties of the eigenfunctions (see [4, Thm. 5.2|). There exist hg > 0 and C such that, for
all h € (0, hyl,

an(u) > /Q Un(2)u(z) [2da (2.46)

Un(z) = ~h?% +|B - n(p(a))|h — 2(p(x))h?>~= — ChS/5  if dist(z, Q) <
0 if dist(z, 90) >

with p(z) € 092 satisfies |z — p(x)| = dist(x, 00) .

hg
h; . (247)

2.4. Upper bound of the principal eigenvalue.
We choose an arbitrary point xy € 0 and assume that its local y-coordinates is y = 0. We
consider a test function of the form

i) = 0 () exp (0222 (249

where w is defined in (2.37)
3

fir)=v2e™, X(z)= HX(Zz') (z = (21, 22, 23))

and y € C*(R) is a cut-off function such that y =1 on [—1,1]. We choose the parameter

p=2¢€(0,3) asin (2.41). The gauge function w is introduced in order to ensure that (2.36)
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holds. The function ¢}, is a ground state of the harmonic oscillator

2

d
_h2d_y2 + (B3y)?,
1

and is given as follows®

_ 1B3|y3
soh(yl)—exp< 5n )

In the Cartesian coordinates, it takes the form

u(z) = exp (iﬂ(f)) W@ (), (2.49)

where @ is the transformation that maps the Cartesian coordinates to the boundary coordi-
nates in a neighborhood of xy (see (2.13)), and ¢ is the gauge function required to assume
that Ag = 0.

Thanks to Remark 2.2, we may write

gn(u) < @™ (@) + (1 + Ch*) g™ (a) .

where the two auxilliary quadratic forms are defined in (2.43) and (2.32). We also recall that
« and o are related by (2.9). The choice of f, its exponential decay, and the corresponding
scaling give

3" (u) < / ( — h¥ 7 — 2k(xo)h? T + C’h2> |a|?[g|2dy .
{lyl<h®,y3>0}

Moreover, by using (2.35), and the classical inequality |a + b|> < (1 + ¢€)|al* + (1 + 1) |p|?
with € = h”, we get

G < () [

{lyl<h?,y3>0}

where A™ is defined in (2.39), and

(0 0+ Aoy + ¥ [ oy,

{lyl<h?,y3>0}

v(y1,y2,y3) = XaW) fa(ys)en(w),  xa(y) = X"y, fulys) = F(h7ys).
Since v is real-valued, we have
|(_ihvy1,y2 + Aﬁn)v|2 = h2|8y1v|2 + h2|8y2U|2 + ((5(2)93)2 + (Bgyl - B?y3>2)|v|2 )
with
0y 0 = Xn Jn Oy on + [ron Oy xn  and  9y,v = fi o1 Oy, X -
When BJ # 0, by the exponential decay of v in the y; direction we get

/ 1210, v dy = / B2 fuB onl 2y + O(h) / lof2dy .
{ly|<hr,y3>0} {ly|<hP,y3>0} {ly|<hr,y3>0}

When Bj = 0, ¢, is constant, hence x;, fi 9, 0n = 0 and

/ 0,0y = 01 ) | jol2dy
{lyl<h?,y3>0} {lyl<hr,ys>0}

3In the case BY = 0, which amounts to B-n(zg) = 0, the ground state energy becomes 0 and the generalized
L°° ground state is a constant function.
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Hence, in each case, we have

/ h?10,,v]*dy = / W2 Xn [0y, o dy + O(R*720) / v[*dy .
Iyl <he g3 >0} {lyl<h? y3>0} (lyl<ho s >0}

We also have the estimate

/ 0.0y = 01 ) | jof2dy
{lyl<h?,y3>0} {lyl<hr,y3>0}

Moreover,

/{ o (B (B~ Bl
Y P,y3
- / (B2 + Olysys) + O2)) lol2dy
{ly|<hr,y3>0}

- / (B2 2o 2y + (O(h%) + O(hE+5) / lo2dy .
{ly|<her,ys>0} {lyl<hr,y3>0}

Collecting the foregoing estimates we get, for some constant C' > 0,

/ |(_ihvy17y2 + Ahn)v|2dy
{lyl<h?,y3>0}
- [ %2 (=0 (fugn) -+ (B ) )
{lyl<h? y5>0}

+C(h? + 345 222 o2

L2(|g|2 dy)

((|Bo\h+C(h +hate 4 b N v]?

L2( |9|7dy)

Therefore,
al) < [ (= 1% —2n(ag)h? % + OB aPlg]dy
{lyl<h?,y3>0}
+ (‘Bg|h+ T(h;x0)> / |af?g|?dy, (2.50)
{

ly|<h?,ys>0}

where r(h; xo) = o(h) uniformly with respect to xy (due to our conditions on o and p).
For 0 = 1, we have r(h; zo) = O(h%/?).
The min-max principle now yields the upper bound

1(h,B) < —h* 7 — 2k(z0)h? 7 + |B - n(20)| h + o(h) (2.51)

with o(h) being uniformly controlled with respect to xy (by compactness of 092). Minimizing
over g € 0S), we get

wu(h,B) < —h2"7 4+ min (IB - n(zo)|h — 2H($O)h2_é) +o(h).

o€

This concludes the proof of Theorem 1.1, in light of (2.11).
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Remark 2.3. Thanks to (2.50), the remainder term in (2.51) becomes O(h%°) in the case
when o = 1. Consequently, in this case, the eigenvalue asymptotics reads as follows

p(h,B) = —h> = + min_ (/B - n(zo)|h — 2%k (20)h?7) + O(h%/).
o€
The improved remainder term will be helpful in the analysis of the ball situation in Sec. A.

2.5. Upper bound for the n-th eigenvalue. For every positive integer n, the estimate in
(2.50) still holds when the functions @ in (2.48) and u in (2.49) are replaced by the functions
i, and u,, defined as follows:

i (y) = X(h™y1)X(h™"ys)0n () f (B 7ys)n(y1) exp (iw(y;; ?/2)) ;

i) = exp (42 @740,

and

. nm(yy — h*
Un(y2) = L(—none)(y2) sin (%) :

The functions (9,,),>1 are orthogonal *. This ensures that the space M, = Span(ui,--- ,u,)
satisfies dim(M,,) = n. The min-max principle yields that, with a remainder uniform in x,
we have ®

tn(h, B) < max an(v)

max o < <L (IB - n(xo)|h — 26(20)h?> =) + o(h),

where 1, (h, B) denotes the n’th eigenvalue counting multiplicities. Minimizing over zy € 02),
we get
pn(h,B) < —h*75 + min (IB - n(xo)|h — 26(20)h> %) + o(h) . (2.52)
o€

3. EFFECTIVE BOUNDARY OPERATOR IN THE CRITICAL REGIME

3.1. Preliminaries. We assume that o = 1 in (1.1) (hence a = 1 in (2.8)). The quadratic
form in (2.8) is then

qn(u) = /Q |(—ihV 4+ A)u*dz — h/a lu|?ds(z) . (3.1)

Q
This regime is critical since the contribution of the magnetic field and the Robin parameter
are of the same order. In the semiclassical version, our estimate reads as follows (see Remark
2.3)

p(h, B) = —1+ min (B - n(z,)| — 26(z.))h + O(h?) . (3.2)

Observing that p,(h,B) > pi(h,B) and (2.52), the expansion in (3.2) continues to hold for
the nth eigenvalue p,(h, B) (with n fixed), namely,

pn(h, B) = =1+ min (1B - n(z.)| — 26(z:)) h + On (5. (3.3)

4The functions ¥, (y2) are in fact the eigenfunctions of the Dirichlet 1D Laplace operator on [—h?, h”]
5A special attention is needed for the case when BY = 0, which we handle in the same way done along the
proof of (2.51).
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By a standard argument (see [4, Thm. 5.1]), for any n € N*, there exist h, > 0 and C,, > 0,
such that for h € (0,h,], any n-th L?-normalized eigenfunction wu,, is localized near the
boundary as follows

dist(x, 92
/Q (tnl? + | (—6hY + A)un]?) exp (%) dr < C,. (3.4)

The formula in (3.2), along with the one in (2.47) and Agmon estimates, allows us to refine
the localization of the n-th eigenfunction near the set (see [8, Sec. 8.2.3])

S = {x € 9%, [B-n(x)| - 2(x) = min (/B n(z.)| - 2/{(3:*))} . (3.5)

More precisely, we have Proposition 3.1 below. Its statement involves a smooth function
X : R — [0, 1] supported in [—2¢, 2¢] such that y = 1 on [—e¢, €], where € is small enough.
We also need the potential function V' defined in a neighborhood of 92 as follows

V(w) = [Bn(p(e))| - 26(p(x)) and F = min V(z),

where p(z) € 0 is given by dist(z,p(z)) = dist(x,02). We also denote by dy_g(-,S) the
Agmon distance to S in 0f) associated with the potential (V' — E) (see [1, Sec. 3.2, p. 19]).

Proposition 3.1. Givent € (0,1), n > 1 and any 7, there exist positive constants h,,, Cp, 5(7)
such that, lim;_, 6(7) = 0 and such that, for all h € (0, hy], the following estimate holds

/ (Jun|* + A|(=iV + A)u,|?) exp (QTX(diSt(JI, (9(2))?(52)) dz < Chexpd(i)h™2,  (3.6)
Q

where

¢(x) = dv_g(p(x),S).
In particular, for each € € (0,1), there exists C. > 0 and h. such that, for h € (0, h],

/ (Jun|* + A|(=iV + A)u,|?) dz < exp —C.h77 (3.7)

Q\S.

where

S, = {x € Q, dist(z,00) < ¢ & [B-n(p(@))| - 26(p(x)) < min (B n(z.)| - 2x(x.)) +g}.
(3.8)

Proof. The estimate in (3.7) results from (3.6) and (3.4) by a clever choice of 7, noting also
that there exists ¢y > 0 such that (see [1, Lem. 3.2.1, p. 20])

co(V(x) = E)? < §(x).
So we need to understand the decay property close to the boundary. Consider the function
O(x) = exp (Th’l/Qx(dist(:L’, Q)¢ (z)) .

We note that p is well defined on the support of x (dist(z,d9)) and that, by Remark 2.1,
there exists a positive constant M such that

IVo|* < (14 Mdist(z,09))(V — E) a.e. on {dist(z,9Q) < 26} .
We write the identity

an(Puy) — /Q VO |un|* dz = pin(h)]|Pun72(q (3.9)
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where g, is introduced in (3.1). Thanks to (2.46) and (3.3), we get

/ (Un|®un|? = B*|VO|* — (=1 + hE + Ch%%)|®u,|*) dz
dist(z,0Q) <h2/5

< C/ (RAVO + | @) |u,|*dx,
dist(z,00)>h2/5
and

/ ((hV — hE — Ch%%)|®u, | — K*VO|?) dx
dist(x,0Q)<h?2/5

<C (WD + |B[2)]un [2de
dist(z,00)>h2/5

Notice that
VD)2 = h 172 82 |p(z) Y (dist(x, 09)) Vdist(z, 9Q) + x (dist(z, 9Q)) V()|
Thus,
VO <h7 (7% + )@ (|Vo(a)|* + CyX (dist(z,09))]) - (3.10)
Using (3.9) and (3.10), we deduce that

/ (hv — RE — h(* +7)|V¢|* — ch6/5) |Bu, [2da
dist(z,0Q) <h2/5

< Cnh/ I\ (dist(z, 00)| |Bun|2dz + C (h2| VD[ + [B2)[un 2
dist(x,0Q)>h2/5

Thanks to (3.4), we get

/ (hV —hE = h(7* +n)|Ve|* - Ch6/5> |Pu,|*de < Ce /"
dist(x,0Q)<h2/5

Now, we choose 1 = 1’27

1—712)(1 — Mn?> 3/5
(1 =7 h )) (V — E) — Ch'?)|®u, > dz < C et (3.11)
dist(z,0Q) <h2/5 2 h

For any n > 0, we get

1—72
f{dist(x,89)<h2/5}ﬂ{V(m)—E>ﬁ} < 4 (V B E) B Ch1/5> |®un‘2d$
|Du,|?dz .

T (3.12)

—E<n

So we infer from (3.12) that for any 7 > 0, there exists Cj; > 0 such that

/ |Pu, |*dz < C expd(n)h™ 2.
dist(z,0Q)<h2/5

where §(77) — 0 as 7 — 0.

Implementing again, (3.4), we have proven that for any 7, there exists éﬁ > 0 and h; > 0
such that, for h € (0, hj),

[

1

/|(I>un| du < 2G5 exp d(i)h (3.13)
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Inserting this into (3.9), we eventually get the decay estimate, close to the boundary. O

Remark 3.2. When S = {zo} and V has a non degenerate unique minimum at xy, we can

take 77 = Ahs and get 0(7j) ~ Bhs .

3.2. Reduction to an operator near zj. In light of the estimates in (3.4) and (3.7), it
is sufficient to analyze the quadratic form in (3.1) on functions supported in {dist(z,0Q) <
he} N S, with g, € (0,1). We explain this below. We recall that, under our assumptions in
Theorem 1.4,

S ={x0}. (3.14)

Choose § € (0, 1), an open subset D of R?, with a smooth boundary, and boundary coordinates

y:=(y,y3) € V=D x (0,9) that maps V to a neighborhood of Ny of the point M. Recall

that y3 denotes the distance to the boundary, and the coordinates of =, are defined by y = 0.

If we consider the operator defined by the restriction of the quadratic form in (2.8) on

functions u € H'(Np) satisfying u = 0 on 2 N ONy, we end up with an operator £2v° whose
n-th eigenvalue satisfies

fn(h, B) < ,Un<£2vo) < pn(h,B) + O(h™). (3.15)

The space L?(Np) is transformed, after passing to the boundary coordinates, to the space
L*(V,dm) with the weighted measure dm = |g(y',y3)|"/?dy. We introduce also the spaces
L*(D) and L?*(D,ds), with the canonical measure dy’ and weighted measure,

ds = |G(y)|"*dy’ = |g(v/, 0)["/*dy’

respectively. Note that L?(D,ds) is the transform of the space L?(9QNNp) by the boundary
coordinates. In these coordinates ((see (2.19)-(2.21), (2.26), and (2.28))), the quadratic form
of the operator ,CNO is

qn(uw; V)

/’ — Ay ya))al’lg (' ys)| P dysdy’ — /lﬂ(y’,O)IQ\g(y’,O)P/zdy’
D

/V s ys) ((—ihd — Ay ys))a) (—ihde — Au(y',ys))a) |9(y', yo) |/ dy'dys -

kle{1, 2}

Up to a change of gauge, we may assume that A; = 0.
We will derive then a ‘local’” effective unbounded operator in the weighted space L?(D).

3.3. The effective operator.

3.3.1. Rescaling and splitting of the quadratic form. We recall that
qn(u; V)

:/h2\0y3ﬁ|2\g(y’,yg)ll/Qdy:ady’—h/ [a(y’, 0)]*lg(y', 0)[*dy’
D

/ (o ys) (i, — Ay’ y))0) (—ihdy — Ag(y/ ys))) gy ys)] V2dy/dys
VY keeqa, 2}
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Introducing the rescaled normal variable t = h~'ys, the function @ is to transformed to the
new function ¥(y',t) := a(y’, ht) and the domain V is transformed to

V, = D x (0, %) . (3.16)

We obtain then the new quadratic form, and the new L2-norm:

lull* = Rl an(w V) = hQu(®), Qu(¥) = Q) = Q"(¥) + Q™ (¥),  (3.17)

where
8/h
tr _ ! / o ! ! / !
@)= [ [ (10wl hol Pat = 10t OFloto 01 ) ay
and
and
6/h =
/ / Z y ht —zh@k Ak(y', ht))w(—zhag - Ag(y/, ht))w|g(y', ht)‘lmdtdy/ .

k.£e{1,2}

The elements of the form domain satisfy
Y € H'(D x (0,6/h)), % =0on (dD) x (0,5/h) and on D x {6/h}.

The operator associated with @), is denoted by .%,, and its eigenvalues are denoted by
(ki (D) )21

3.3.2. On the transverse operator. Before defining our effective operator, one needs to intro-
duce the following partial transverse quadratic form

5/h
v a(f)= [ 17 OPl. b2~ 50 Ploty 0,
0
in the ambient Hilbert space, L?((0,6/h), |g(y', ht)|*/?dt), and defined on the form domain

Dlany) = 1{f + f,f € L*((0,6/h),|g(y'. ht)|"/dt) and f(6/h) = 0}.

We denote by p(h,y’) the groundstate of the associated operator and by fj, ,, the correspond-
ing positive and normalized (in L?((0,6/h), |g(y/, ht)|'/?dt)) eigenfunction. Note that these
depend smoothly on the variable ¢/, by standard perturbation theory. We may prove, as in
[5, Sections 2.3 & 7.2, with T = 2, B = h], that

ph,y') = =1 =2hs(y’) + pP (y)h* + O(R?) (3.18)

and, in the L?-sense,

Oy fryy = O(h). (3.19)
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3.3.3. Description of the effective operator. Our effective operator is the self-adjoint operator,
in the space L*(D), with domain H?(D) N Hy(D), and defined as follows

LM = (Pocwe Py + B P + PiBre + o) + u(y' h) = Bp(y' 1), (3.20)
ke
where . 3 .
P, = —iho, — A), Ay = Ay, 0), (3.21)
5/h )
gy = Finy 3% (y', 1) |g(y', ht)|2dt
0
5/h o B
Pre = Firy )55 (y' 1) |g(y', )| (A7 — Ar)dt (3.22)
0
5/h o o R
Ve = f}?,y’(ﬂgke(y/? ht) |g(y/7 ht)|§ (Ag - Ak)(Ag - Af)dt ’
0
and
5/h )
p(y' h) =0y ( / G 1) fry Ok fh7y/|g(y’,ht)|2dt> . (3.23)
ke 0

The coefficients oy, Bre, Yie depend on h and 3’ only. Note that (age) and (yx¢) are symmetric.
Remark 3.3. We may notice that, due to the exponential decay of f ,/, we have, uniformly
iny €D,

a=a% 4+ hal O, B=n"+ 00, v=hrHT+00m, (3.24)

and
p=0O(h). (3.25)

3.4. Reduction to an effective operator. The aim of this section is to prove the following
proposition, whose proof is inspired by [11].

Proposition 3.4. For alln > 1, there exist hg > 0 and C' > 0 such that, for all h € (0, h],
| (h) = 45 (h)] < ChP.
3.4.1. Upper bound.

Lemma 3.5. Consider
¢(y/7 t) = fh,y’ (t%p(y,) )
with p € Hy(D). We write

QW) = Lu(y’,h)lw(y’)IQdy’+ Q™ (¢) + En(p),

where

Q(p) =
/ 2y > gy ) (—ihdk — Ay’ ht))(—ihd — Ay’ ht))plg(y', ht)|>dy'dt |
Vh Kt

(3.26)

and Vy, is introduced in (3.16). Then the term E,(p) satisfies

|En(p) — Ex(p)l < CRJlol*, Ej(p) = —=h* (p(y/, h)p, ) -
where p(y', h) is introduced in (3.23).
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Pmof. The term Ej(¢) comes from the fact that f,,, depends on y'. We have

/ Zg“y ht)[(—ihdy — Aw(y', ht)), fylo(—ihdy — Ady', ht) )|g(y', ht)| 2 dy/dt
%

h ke

/V > g ht) fy (8)(—ih0k — Ay, b))l (—ihd — Ay, ht), fuylelg(y', ht)2dy/dt .

hke
Let us first estimate the error term Ej,(¢). We have
En(p

— ih Zg“ Y )0k iy p(—ihdy — Ag(y' ht)wlg(y/, ht)|2dy/dt
Vho ke

" Zh/ > g W ) fig (8) (—ihOk — Ay’ ht))@0ufuy Bla(y', )] 2dy/dt
Vh

and then
_Zh/v ZQM?J ht) fiy Ok froyo(—ihdp — Ag(y', ht))plg(y', ht) |2 s dy/dt
h ke
0[S g MOS0 Platy )
h k¢
+ih | S G W ht) fg (8 (—ihD — Ar(y, 1)) ey iy Bla(y', ht)| 2 dy'dt
h k¢

Let us now replace Ay, ht) by Ag(y’) We get

En(p

—ih Zg“y HE) Fi Ok fir o (—ihdy — A0(y)plg(y/, ht) 3yt
)
1[50 G )0y De g ol ) Bl
)

+ih / > G bt fuy (1) (—ih0k — AR(Y )0 fiuyyBlo(y/, ht)|> dy/dt
V

h ke

—ih [ > g W ) fry Onfryip(A AQ(y') — Ay, ht))elg(y', ht)|7dy'dt
Vi ke

+zh/v > G W ) fuy ((ARY) — Ak(y' 1)) 900 fny Bl ht)|zdy'dt .
n ke

We recall from (3.19) that O f,, = O(h). Remembering the definition of the operators P
introduced in (3.21), we have

|En(p) — En()| < CR[le]?,
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with
— Z/ [Pkwm—i- BWW] dy' = Z<(Epk + PeBu) ©, ),
ke 7D

)
and

R 5/h )
Bre = —ih / G 1) fry Ok fray |Gy, Iit) |2 .
0
We notice that
E(e) =) (5@1@34 + BMPE) ,0) — ih{> _ uBresp, o)
ke

ke

= (@PI{ + Bekpk> ,0) = ih(D> _ DuBrue, )
Kt

ke

= —ih() _ Dubrep, @) -
e

Let us now deal with Q*%(¢p).
Lemma 3.6. We have

Q(p) = Q% () + Rule) Z / e —ihdy — A)p(—ihdy — A)pdy’ |

with

Z/ﬁu (~ihdh — )P + (-~ ihak—flg)W]Jr%dMQdylv

and the coefficients ag, Bre, Yee are introduced in (3.22).
Proof. We have
Q" (p) =

Ty Zg’ff(yg ht)(—ihdy — AQY))o(—ihd — Adly', ht))plg(y', ht)| 2 dy'dt

123

Fiy Zg% ht) (AR — Ag)p(—ihd, — Ay, ht))elg(y', ht)|=dy'dt,
Vi

and then

Q'5(p) = g fry Zg“ Y ht)(—ihdy, — A)p(—ihdy — ADplg(y', ht)|2dy'dt + Ri(g),
h

where

Falo) = | 2 Zg“y ht)(—ihdy — AD)p(AY — Ag)plg(y/, ht)|2dy'dt
h

2y Zg“y ht)(A — A)p(—ihdy — A%)plg(y, ht)|2dy/dt
1%3

g Ry Zg“y ht) (A — AR (AY — Ag)|p*|g(y, ht)|Zdy'dt .
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Applying the Fubini theorem, we get the result. O

The (self-adjoint) operator associated with Q% on the Hilbert space L?(D) (with the
canonical scalar product), is

L% = " (PioePy + BeePs + PiBre +vme) = Y PewePe + > _(BuPi+ PuBi) + 7, (3.27)
t Kkt k

where Blc = B and v = Zu Yie-
¢

Therefore, we arrive, modulo remainders of order O(h?), at the effective operator introduced
in (3.20), which can be written in the form

L = L5 4y h) — W p(y, h). (3.28)
The min-max theorem implies that, for all n > 1,
ta(h) < i (h) + CRP. (3.29)

3.5. Lower bound.
For every y', we introduce the projection m, on the ground state f,, of the transverse
operator, which acts on the space L2((0,8/h);|g(y/, ht)|"/?dt) as follows

Ty [ = Fua (s Frar (D) 12006 /1), g ht))1/2a) - (3.30)

Also we denote by 7'(';7 = Id — 7, which is orthogonal to .
Now we define the projections II and I+ acting on ¢ € L?(V}) as follows (V), is introduced
in (3.16))
H¢(y,7 ) = Wy'¢(y/a ')fhﬂ/(t)(p(y/) and HL¢(y,7 ) = WjIp(y/? ) ) (331)

where we write
§/h

o) = [ S T ot i)

Note that, for all every v’ € D, we have

/OM I (y', Oy’ ) lg(y, ht)[2dt = 0,
thereby allowing us to decompose the quadratic form @ (see (3.17)) as follows
Q(v) = Q" (Iy) + Q" (IT*y) + Q™™(Ily + ITy) ,
for all ¢» € H'(V},) which vanishes on y3 = §/h (see (3.16)). Then,
Q(v) = Q"(Ily) — Ch|ITHy|* + Q" () + Q"™ (IT*y) + 2Re Q™ (Ty, IT™¢) . (3.32)

We must deal with the last terms. These terms are in the form

/mm=/Qmewwm—%wmmm&mmemmmmmwmmme
Vi

Lemma 3.7. We have
| Zre(h)| <|_Z5(h)| + CR? || ||| AT || + Ch? || PIL || [T || 4 Ch2(|TI [T 4|
+ CR?|| P ||* + Coh?|| Py ||* 4 e (I ||* + || PIT 4 |)
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where

Io(h) = / 9" (', 0)(—ihdy, — AT (—ihd, — A)TT-p|g(y, ht)|2dy/dt ,
h

and Vy, introduced in (3.16).

Proof. We can proceed by following the same lines as before. Recall the projections 7/, II
and IT* introduced in (3.30) and (3.31), and that 7, is an orthogonal projection with respect
to the L?(|g|'/?(y/, ht)dt) scalar product. First, we write

Ii(h) = Fra(h) + Ryu(h)

where

Fre(h) = /V gy, 0)(=ihdk — Ay, ht)T(—ihdy — Ag(y', ht))IT-|g(y/, ht)| 2 dy'dt .

Replacing Ay, by A9, we get

| Rie(h)]

< CR T PAT 4 + RIS + CHYT I ] + Ch Pty || P

< ORI ||| PAT | + CR? || BII || T + CRP [T [T ]| + Coh?|| PIT || + e | PAT 4]

Playing the same game, we write

Tralh) = Frd (h) + Ria(h),

with
Rie(h)
:/ g"(y', 0)(AY — Ay, ht)) I (—ihdy — Au(y', ht)) 1 |g(y', ht)|2 dy'dt
Vh
* / g" (Y, 0)(—ihdy, — AN (AY — Ay(y', ht)TT-|g(y, ht)| 2 dy'dt
Vi,
_ / g"(y' 0)(AY — Ay, ht)Ip(A) — A)Lylg(y', ht)|dy/dt
Vi,
+ Rllqé(h) + Riz(h) ,
R}, (h) = / 9" (', 0)(AY — Ay, b)) (—ihdy — ANTT g (y/, ht)|7dy/dt,
Vi,
and

Ri((h) = / g™ (', 0)(—ihdk — ADIIH(AL — Aoy, ht))TTHlg(y, ht)| 2dy'dt
Vi
Let us estimate the remainder Ry (h). Its first term can be estimated via the Cauchy-Schwarz
inequality:
Rya(h) < OP?|[ T[T | + [Rig(h)| + R (R)] -

We have
|Ryy(h)| < Ch||Po(IIg) || T[] < Coh?(| Pe(TI) ||” + e[| T[]
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To estimate R;,(h), we integrate by parts with respect to y:
Ry, (h) = / Polg(s, 0)lgly/ h)|* (A} = Aw(y’, b)) TE Gy dt
Vi
Then,
| Ry.p(l)| < ChI| PITQ|[[T ]| + CR?|[TL || T4 |
< P2 PATY || + eI [* + OR? || Ty | T4
OJ

By computing the commutator between IT and the tangential derivatives, and using (3.19),
we get the following.

Lemma 3.8. We have
| 25| < OF? (|[T ||| PAT ]| + || PIT | ITE 4] )
From the last two lemmas, we deduce the following.

Proposition 3.9. For any € > 0, there exist h.,C. > 0 such that, for all h € (0, h.], we have
[Re Q" (ITy, 1) < = <||ku2 5 HPM%H?) o (S 1P+ k2 m)
¢ ¢

In the sequel, ¢ will be selected small but fixed, so we will drop the reference to ¢ in the
constants C, and h.. These constants may vary from one line to another without mentioning
this explicitly.

3.6. Proof of Proposition 3.4. From (3.32) and Proposition 3.9, we get, by choosing ¢
small enough,

Q) = /Du(y’, mle)Pdy + (1 — Ch*)QE () + Rilp) + En(p) — ChYo|* — [T

Since the first eigenvalues are close to —1, the min-max theorem implies that
pn(h) = iy (h) — CR*, (3.33)

where X\°T(R) is the n-th eigenvalue of

L =3 "((1 = Ch?) Pege P + Bue P + PoBre + e) + iy, 1)

ke
with
Ay’ h) = uly' h) = Wply’ ).

As we can see .Z°" is a slight perturbation of .Z°%. It is rather easy to check that
A (h) = —1+ O(h),

n

so that, for all normalized eigenfunction 1 associated with jiT(h), we have
> IPw)? =0,
¢

where we used Remark 3.3. This a priori estimate, with the min-max principle, implies that
A () > i () — O (3.34)
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Proposition is a consequence of (3.33), (3.34), and (3.29).

4. SPECTRAL ANALYSIS OF THE EFFECTIVE OPERATOR

Thanks to Proposition 3.4, we may focus our attention on the effective operator (see (3.20))
on the L?(D),

Lot = ZPzOéksz +ZBkPk +Pk3k+7+/l(y/ah)7
", %

where (3, and ~ were introduced in (3.27).

4.1. A global effective operator. In view of Remark 3.3, it is natural to consider the new
operator

L0 = Z(Pgagf’k + hPyog P + h(B P + PuBy) + h97) — 26(y )b+ W2 pPl(y)
ke
We can prove that the rough estimates

prt(h) +1=0(h), " (h) = O(h).
By using the same considerations as in Section 3.6, we may check that the action of P, on
the low lying eigenfunctions is of order O (h%), and we get the following.

Proposition 4.1. For alln > 1, there ezist hg > 0, C > 0 such that, for all h € (0, hy),
e (h) — (1 + s (h))] < Ch3.

n

Therefore, we can focus on the spectral analysis of .Z°"°. In order to lighten the notation,
we drop the superscript [j] in the expression of Z" when it is not ambiguous. Thus,

2
,Zefm = Z (Pgozkng + thOéLllJPk) -+ h Z(kak + PkBk) - 2’%(y/)h + hQV(y') )
kL k=1

where (3, v are introduced in (3.27) and

V() = pn) +1)-
We recall that this operator is equipped with the Dirichlet boundary conditions on dD. In
fact, by using a partition of the unity, as in Section 2, we can prove that

pet(h) = h(mig Videt o |curl A°) — 2k(y')) + o(h) .
y'e

Note that
Vdetacurl A =B -n.

Thus,
peT(h) = h(min(|B - n| — 2k) 4+ o(h) .
Due to our assumption that the minimum of |B - n| — 2k is unique, we deduce, again as
in Section 2, that the eigenfunctions are localized, in the Agmon sense, near ¥’ = 0 (the
coordinate of xy on the boundary).
This invites us to define a global operator, acting on L?(R?). Consider a ball Dy C D
centered at ¢’ = 0. Outside Dy, we can smoothly extend the (informly in y') positive definite
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matrix a to R? so that the extension is still definite positive (uniformly in 3') and constant
outside D. Then, consider the function

b(y') = Vdet ab(y), b:=curl A°.

Its extension may be chosen so that the extended function has still a unique and non-
degenerate minimum (not attained at infinity) and is constant outside D. With these two
extensions, we have a natural extension of b to R2. We would like to extend A°, but it is
not necessary. We may consider an associated smooth vector potential A° defined on R? and
growing at most polynomially (as well as all its derivatives). Up to change of gauge on D
and thanks to the rough localizaﬂi\on near y' = 0, the low-lying eigenvalues of Z°%0 coincide
modulo O(h™) with the one of £ defined by replacing A° by A°.

In the same way, we extend x, V and f.

Modulo O(h*), we may consider

2
20 =% (Pgozkng + hPall Pk> + 1Y (BB + Pufi) — 26(y )+ 2V (y)

k¢ k=1

acting on L?(R?), where «, 3, k, V are the extended functions, and where P, = —ihd, — A°.

4.2. Semiclassical analysis: proof of Theorem 1.4.

Having the effective operator in hand, we determine in Theorem 4.2 below the asymptotics
for the low-lying eigenvalues. In turn this yields Theorem 1.4 after collecting (2.11), (3.29),
(3.34) and Proposition 4.1.

Note that the situation considered in [8] and [6] is different. In our situation, we determine
an effective two dimensional global operator (see Proposition 4.1), and we get the spectral
asymptotics from those of the effective operator. Our effective operator inherits a natu-
ral magnetic field as well, whose analysis goes in the same spirit as for the pure magnetic
Laplacian (see |7, 18]).

We have
£ = OpyY (H)
where
HT =" arelpe — A (o — AD) + 1Y agy (pe — A9 (o — AY)

+20 " Bulpr — A9) — 26()h + B2V (),

k=1

for some new V.
The principal symbol of 2% is thus

H(g,p) = Y are(pe — Aca)) (o — Ailg) = lIp = A@)]13,

where we dropped the tildas and the superscript 0 to lighten the notation.
Theorem 1.4 is a consequence of the following theorem (and of (3.15) and Propositions 3.4
and 4.1), recalling (3.17) and (2.11) (with o = 1).



28 B. HELFFER, A. KACHMAR, AND N. RAYMOND
Theorem 4.2. Let n > 1. There exists ¢; € R such that
O (h) = h min (1B - n(x)| - 26(x)) + h*(co(2n — 1) + 1) + O(h?),
e

with

o /det(Hess,, (|B - n| — 2x))
0 2B ()

Proof. The proof closely follows the same lines as in [18]. Let us only recall the strategy
without entering into detail.
Let us consider the characteristic manifold

Y ={(gp) eR": H(q,p) =0)} = {(¢,p) e R" : p = A(q)} .

Considering the canonical symplectic form wy = dp A dg, an easy computation gives
(wo)g = Bdqi AN g2, B(q) = 0142 — 0 A .

Our assumptions imply that B > By > 0. This suggests to introduce the new coordinates

q2
g=¢ (g, withg=G¢q, @= / B(g1,u)du.
0

We get

¢ (wo)iz = dg1 A dga .
This allows to construct a quasi symplectomorphism which sends ¥ onto {z; = & = 0}.
Indeed, consider

U (21,22, 61, 62) = (22, 82) + w1€(22, §2) + &if (22, 62)
with
322, &2) = (p(2,&2), Alp(z2,&2))) € X,
and
e(23,6) = B 2(er.dA"(e1)),  f(w2.&) = B %(ez,dA” (e2)),

where (dA)T is the usual transpose of the Jacobian matrix dA of A.

On z; =& =0, we have U*wy = wy. The map ¥ can be slightly modified (by composition
with a map tangent to the identity) so that it becomes symplectic.

Let us now describe H in the coordinates (z,§),i.e, the new Hamiltonian H o ¥. To do
that, it is convenient to estimate d?H on T¥+«0. We have

d*H((P,dAT(P)), (P,dAT(P))) = 2B*||P|; .
Then, by Taylor expansion near {z; = & = 0},
HoW(z,8) = H(j(22) + mie + &f) = Blp(az, &))z1e1 + &eaf5 + O(|21f) -

Clearly, (z1,&1) — B(p(z2,£&))||z1€1 + &1€2||% is a quadratic form with coefficients depending
on zy. For zy fixed, this quadratic form can be transformed by symplectomorphism into
B?(p(w9,&))Vdet alz1|?. By perturbing this symplectomorphism, we find that there exists a
symplectomorphism ¥ such that

HoW(a,€) = Blo(as, &))Vdetala | + O(|1*).
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By using the improved Egorov theorem, we may find a Fourier Integral Operator U}, microlo-
cally unitary near >, such that

Up 20y, = Op)Y H*",
with R
H* = B(p(x2, &))Vdet ala1]* — 2hn(p(72,62)) + O(|aa|* + hlza| + 17,

locally uniformly with respecto to (x9, ). This allows to implement a Birkhoff normal form,
as in |18, Sections 2.3 & 2.4], and we get another Fourier Integral Operator V}, such that

v OpY HeMV;, = OpYY (H™ (S, 20, 1)) + Opy'r (4.1)
where .7, = Op," (|1]?) and r, = O(|z1|® + ~h*®) (uniformly with respect to z;). The first
pseudo-differential in the R. H. S. of (4.1) is the quantization with respect to (xq,&s) of the

(operator) symbol H(.#,, 25, h) (commuting with the harmonic oscillator .#,). Moreover,
H*T satisfies

HN(I, 25, h) = IB(p(x4,&))Vdet a — 2hi(p(z, &) + O(I* + hI + h?).

We can prove that the eigenfunctions of .Z°%0 (corresponding to the low lying spectrum) are
microlocalized near Y and localized near the minimum of B — 2k, and also that the one of
OpXVI:I °f are microlocalized near 0 € R*. More precisely, for some smooth cutoff function
on R, x and equaling 1 near 0, and if ¢ is a normalized eigenfunction associated with an
eigenvalue of order h, we have

1
0PN a0 = b+ 0h). Oplx(lzPho = v+ o). o< (03).

This implies that the low-lying eigenvalues of .& °.0" coincide modulo O(h*°) with the one
of Op,” (H (7, 2z, h)) By using the Hilbert basis of the Hermite functions, the low-lying
cigenvalues are the one of OpY H*T(h, 2y, h). Note that

A (h, 29, h) = h [B(gp(:l:z, £))Vdet a — 2w(p(2s, 52))] O

The non-degeneracy of the minimum of the principal symbol and the harmonic approximation
give the conclusion. O

APPENDIX A. THE CONSTANT CURVATURE CASE

We treat here the case of the unit ball, Q@ = {z € R® : |z| < 1}, when the magnetic field
is uniform and given by

B =(0,0,b) withb>0. (A.1)

A.1. The critical regime. In the critical regime, where o = 1, the asymptotics in (3.2)
becomes (see Remark 2.3)
w(h, B) = —1 — 2h + O(R%®) (A.2)
but the magnetic field contribution is kept in the remainder term.
The contribution of the magnetic field is actually related to the ground state energy of the
Montgomery model [15]

A(¢) = inf (yu’(s>|2 + (g + 82—2)2\u(s)|2) ds (CE€R). (A.3)
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There exists a unique (o < 0 such that [2]
Vo := inf A(() = A({p) > 0. (A.4)

CER
Theorem A.l.
w(h,B) = —1 — 2h + b*30 3y, 4 o(RY3) .

Our approach to derive an effective Hamiltonian as in Theorem 1.4 do not apply in the
ball case. As in [§8], the ground states do concentrate near the circle

S:{$:($17$2,0)€R3 : ZB%+$§:1},

However, the ground states do not concentrate near a single point of S, since the curvature
is constant. The situation here is closer to that of the Neumann problem for the 3d ball [19].

We can improve the localization of the ground states near the set S, thanks to the energy
lower bound in (2.46) and the asymptotics in (A.2). In fact, any L?-normalized ground state
uy, decays away from the set S as follows.

Proposition A.2. There exists positive constants C, hy such that, for all h € (0, ho),

. dist(z, S
/Q (Jun* + |(hV — iA)up|?) exp (%) dz < C.

Proof. Consider the function ®(z) = exp (%) It satisfies

R2|VO> = h¥/%|D|? a.e.
We write

an(up) — 1 / VB2 un? dir = p(h) | Bun e (A5)
Q S~~~

<0

then we use (A.2) and (2.46). We get

h / (1B n(p(a))] — 1 — O — %) |@uy
{dist(z,00Q)<h2/5}

< (\(hV—iA)@uh]2+h8/5]@uh]2)dx.

/{dist(a:,aQ)>h2/5}

Now we use the decay away from the boundary, (3.4), to estimate the term on the right hand
side of the above inequality. We obtain, for h sufficiently small,

h/ (1B n(p(a))] — 1 — O — h¥) [@uy e < exp(~h"?)
{dist(z,00)<h2/5}

The function B -n —1 vanishes linearly on S, so |B-n(p(z))| = 1+ cdist(z, 0S) for a positive
constant c¢. This yields

h / (cdist(z,08) = CRY/> = 1) |oup P dw < exp(~h /7).
{dist(z,0Q) <h2/5}
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Since |®| < exp(3¢'C) for dist(z, S) < 3¢ 'Ch'/5, the foregoing estimate yields

/ |Puy|*da
{dist(x,00)<h?/5}

< é_lh_G/S (exp(_h—l/B) +2éh6/5/ |<I)uh|2dx) = 0(1) .
{dist(

z,5)<3c=1Chl/5}
Thanks to (3.4), we get

||‘I>Uh||%2(n) =0(1).
Implementing this into (A.5) finishes the proof.

Remark A.3. As a consequence of Proposition A.2 and the decay estimate in (3.4), we deduce

that, for any n € N, there exist positive constants C,,, h,, > 0 such that, for all h € (0, h,,),

31

O

/Q (dist(z, 9))" (lun|* + |(hV — iA)uy|?) dz < C, A", (A.6)

and

/Q (dist(z, 0))" (Junl* + [(RV — iA)uy|*) dz < C,h" . (A7)

In spherical coordinates,
R4 x [0,27) x (0,7) > (r,,0) — x = (rcospsind, rsingsiné, r cos ) ,

the quadratic form and L?-norm are

qn(u) =
27 T 1 1 1 bTQ 2
/ / / <|h8r11]2 + —2|h8911|2 + (h@so — i— sin 9)&‘ ) r? sin @ drdfdy
0 o Jo r 2

r2sin® 6
27 T
- h/ / |ﬁ]?T:1 sin @ dfdyp,
o Jo

2m ™ 1
||UH%2(Q) = / / / |@|*r? sin @ drdfde,
o Jo Jo

a(r, @, 0) = u(z).

Note that the distances to the boundary and to the set S are expressed as follows

dist(z,0Q) =1 —r and dist(x, S) = cosf.

where

Let p € (1/5,1) and consider S, = {(r,¢,0) : 1-h*<r<1, 0<p <21 & 0 —Z| < h*}.

We introduce the function

v(r,p,0) = X(h_p(l — r))x(h_p(G — g))&h(r, @, 0), (A.8)

with y € C2°(R; [0,1]), suppy C (—1,1) and x =1 on [—3, 3].
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Then, by the exponential decay of the ground state uy,,
u(h, B) = qn(up) =
2

1 1 br? 2 _
/Sp (|h&fu|2 + ﬁ|h89v\2 + m‘ <h8¢ — i SlH@)U‘ ) 72 sin 6 drdfde
_ h/ o[ sin 0 dde + O(h).
S,n{r=1}

In S’p, it holds

. . s 1., 9 . 4
r=1—dist(z,00) = O(h”) and sinf = cos (0 — §> =1- idlst(x, S)” + O(dlst(x, S) > .
We choose p = 22 € (£, ¢). It results then from (A.6) and (A.7),

pu(h,B) > |hO,v|?r? sin @ drdfdy — h/ [v|? sin § dfde
Sp S,n{r=1}
b 1

(- hslo>/§ (Ih(?ev|2 +|(no, - iz(1-5(0- g)Q)z)f) r?drdfdy + O(h3 7).

Using (2.4) with 0 =1 and k = 1, we get

|hO,v|*r? sin @ drdfdep — h/ lv[*sinfdfdy > —1 — 2h + O(h?).
Sp S,n{r=1}

It remains to study the quadratic form

¢"%(v) = /S (|h891}|2 + ‘(h@ - %(1 - %(9 . g)2>v(2> r2 drdfde .

Decomposing v in Fourier modes, v = Y. v,,e™# and using the change of variable
meEZ

=) -3

we obtain
b\ /3 1 1 9 |9 b\ /3
q'8(v) = b3 (—) Z/ r2d7"/ (l@svm\z + )(Cm,h — —82) U > (—) h'3ds .
2 mez Y 1=h* R 2 2
where
G = 2mh 3
m,h — b

We can now bound from below the foregoing quadratic form by the ground state energy 1
of the Montgomery model. We end up with

b\ 2/3 1 27 p\ 2/3 \
¢ (v) = 1 (—> h4/3/ r2d7"/ / lv|2dfdyp = vy (-) RY3 4 O(hstr).
2 1—he o Jr 2

A matching upper bound can be obtained by constructing a suitable trial state related to the
Montgomery model:

v = X(h’p(l - r))x(h’p(ﬁ - g))w
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where y is as in (A.8), p = £ and

w = exp (i—(bc‘) - W) wo(h™2(r = 1)) 1, ((g) s (v- g)) .

Here uo(7) = v/2exp(—7) and f,, is the positive ground state of the Montgomery model in
(A.3) for ¢ = (o introduced in (A.4).

A.2. h-Bounded fields. We consider now the regime where ¢ = 0 in (1.10) and B is given

as in (A.1). The relevant semiclassical parameter is then h = v~2 and the eigenvalue (v, b)
is given as follows

A(y,b) = h%u(h, B)
where u(h, B) is now the ground state energy of the quadratic form
b\ : 2 3/2 2
qp(u) = / |(—ihV 4+ bhAp)u(x)|*dx — h lu(z)|*ds(z) . (A.9)
Q o9

The ground state energy p(h, B) depends on the magnetic field through the following effective
eigenvalue,

. qm,b<f)
= 1n 5
repm\{0} || f15

Am(D)

where H = L?((0,7);sin6 df),

Dm:{{feH : sirlwfvf/E,H} lfm7é0

{feH : ffeH} ifm=0

and

i 2
Gmp(f) —/0 <|f’(9)|2+ (% - g) W) sinfde .

Theorem A.4. The eigenvalue u(h, B) satisfies as h — 0.4,
w(h,B) = —h + 20%2 + h%e(b) + o(h?),

where
e(b) = nlzIéfZ Am(D) . (A.10)
The effective eigenvalue, A, (b) for m = 0, satisfies A\o(b) = % with the corresponding

ground state fo, = 1.
The ground states decay exponentially away from the boundary, so we may write

u(h,b) = (b p) + O(h™) (A1)
where p € (0, ) is fixed and fi(h, b, p) is the eigenvalue on the spherical shell
Qp={1-n<r<l1}
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with Dirichlet condition on the interior boundary {r = 1 — h*} and defined via the following
quadratic form (expressed in spherlcal coordinates)

. 1 br? 2 :
v’ (u / / / (|c9 ul? t3 |89u|2 m <8¢ — i sm@)u’ )7"2 sin 6§ drdfdp

—h3/2/ /|u|?rlsin0d0d4p. (A.12)
0 0

We decompose into Fourier modes (with respect to ¢ € [0,27)), and get the family of qua-
dratic forms indexed by m € Z,

1 i/ m  b? 2 _
qhm Up) = / / <|8rum|2+ﬁ|89um|2+ﬁ‘<@—7>um‘ )7“2 sin 6 drdf
— h3/2/ |7, sinfdf. (A.13)
0
Finally, we introduce the large parameter

§=hz (A.14)

and the change of variable, r s t = h='/2(1 — r), to obtain the new quadratic form

ﬁlszn / / <|atv|2 h1/2t) |89U’2

( m b(l h'/2t)? )

+ sin 8 2

2 K
v ) (1 — hY?t)?sin A dtdd —/ ]v|3t=0 sinf df .
0
(A.15)

Using [12, Sec. 2.6], we write a lower bound for the transversal quadratic form as follows
5 5
/ O[2(1 — W22t — > (= 120"~ h 4 o(h)) / W1 — hY20)2dt
0 0

As for the tangential quadratic form, we bound it from below using the effective eigenvalue
Am(b) as follows

/“ e
o \(1 = h22! 0 T gy

Inserting the two foregoing lower bounds into (A.15), minimizing over m € Z, we get the
lower bound part in Theorem A.4.

As for the upper bound part in Theorem A.4, we use the trial state v defined in the spherical
coordinates as follows (see [12, Sec. 2.6])

o(r,0,¢) = V2 (1 + (—(1 8_}:’)2 - }l)) N (P (L - 1)) £(6).

where y is a cut-off function. The function f € D,, \ {0} is arbitrary. We compute ¢ (v)
introduced in (A.9). We first minimize over f, then over m, and get the desired upper bound.

= h1/2t)

_ pl1/24)2
R

2
) sin 6 d6

> (h + o(h)) (D) /OW (0] sin 0 do .
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FIGURE 1. The eigenvalues A, (b) plotted as functions of b. The graph indicates
a non-diamagnetic effect: the function b +— inf,,cz A, (b) is not monotonic.
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