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Boundedness of the Kitanidis Filter for
Optimal Robust State Estimation

Qinghua Zhang*

* Unw. Gustave Eiffel, Inria, COSYS-SII, 1S, 85042 Rennes, France

Abstract: The Kitanidis filter is a natural extension of the Kalman filter to systems subject
to arbitrary disturbances or unknown inputs. Though the optimality of the Kitanidis filter was
founded for general time varying systems more than 30 years ago, its stability analysis is still
limited to time invariant systems, to the author’s knowledge. In the framework of general time
varying systems, this paper establishes upper bounds for the error covariance of the Kitanidis
filter and for all the auxiliary variables involved in the filter.
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1. INTRODUCTION

This paper considers linear time varying (LTV) stochastic
systems in the form of

Trt1 = Arxi + Brug + Erdi + wi (1a)
Yk = Crap + vg, (1b)

where xj € R™ is the state, yr € R™ the output, u; € R?
the (known) input, di, € R? some disturbance (or unknown
input), wy € R™ the state noise of covariance Qy, vy, € R™
the output noise of covariance Ry, and Ay, By, Ck, E} are
known matrices of appropriate sizes at each discrete time
instant £k =0,1,2,....

The disturbance dj, also known as unknown input, is a
totally arbitrary and unknown vector sequence.

In this framework, state estimation is said robust in the
sense of being insensitive to the disturbance dj. Such
results are useful for robust prediction (Kitanidis, 1987),
for robust control (Ioannou and Sun, 1996), and for fault
diagnosis (Chen and Patton, 1999).

The Kitanidis filter (Kitanidis, 1987) provides an optimal
solution to this robust state estimation problem, by mini-
mizing an error covariance criterion while being insensitive
to the unknown disturbance. It is a natural extension of
the classical Kalman filter to systems subject to unknown
disturbances. Nevertheless, more than 30 years after the
publication of this algorithm, an important piece of the
theory is still missing or incomplete: the stability analysis
of the Kitanidis filter. The importance of stability analy-
sis is obvious: as a recursive algorithm, the boundedness
property guarantees absence of data overflow, and the
error dynamics stability ensures the well-behavedness of
numerical computations.

The Kitanidis filter (Kitanidis, 1987) has been designed
for general LTV (time varying) systems as formulated
in (1), and it has been later studied in the same framework
(Darouach and Zasadzinski, 1997). However, when its sta-
bility is analyzed, the result reported in the last cited ref-
erence is restricted to linear time invariant (LTI) systems.

As this stability analysis is related to transfer functions,
it has no obvious generalization to time varying systems.
Stability was also considered in early studies on unknown
input observers (Yang and Wilde, 1988; Darouach et al.,
1994; Chen and Patton, 1999), but these stability results
are all restricted to the LTI (time invariant) case. Indeed,
there is a true difficulty to study the stability of time
varying systems.

The main purpose of this paper is to establish an upper
bound of the error covariance matrix of the Kitanidis filter,
in the general framework of LTV systems as formulated
in (1). It will also be shown that the Kitanidis filter gain
matrix is bounded, as well as all the auxiliary variables
involved in the filter. The main idea is to build a non-
optimal filter insensitive to the disturbance dj, for which
an upper bound of the error covariance matrix can be first
established. Then due to the optimality of the Kitanidis
filter, its error covariance matrix cannot be larger, hence
its boundedness is established.

Note on notations

In this paper, lower case letters denote scalars and vectors,
whereas upper case letters are reserved to matrices. The
n X n identity matrix is denoted by I,. For a vector
v, its Euclidean norm is denoted by |[v||. For a matrix
M, its matrix-norm induced by the Euclidean vector
norm is denoted by ||M||, which is equal to its largest
singular value. For a symmetric positive (semi)-definite
matrix M, ||M]| is also equal to its largest eigenvalue.
For a matrix M, the sum of its main diagonal entries
is denoted by Trace(M). For a random variable vector z,
its mathematical expectation is denoted by E(z), and its
covariance matrix by Cov(x).

2. PROBLEM FORMULATION

Consider LTV stochastic systems as formulated in (1).
Among all recursive linear filters of the form



Tht1 = ApZy + Bruy
+ Li+1(Yrt1 — Crop1Arr — Crp1Brug),  (2)

with the state estimate z; € R™ and the filter gain
matrix Ly € R™*™ the Kitanidis filter, characterized by
an optimal gain matrix Ly, is the unbiased minimum
variance filter, in the sense that

(Optimal gain) Lj = arg rrj%in Trace Cov(Zx|Ly) (3)
subject to i
(Unbiasedness) E(Zx|Lj) =0, (4)
where the dependence of the filter error
~ A ~
T = T — Tk (5)

on the filter gain matrix is indicated in the notations of
error mean (mathematical expectation) E( - |L}) and error
covariance Cov( - |Lg).

Note that the unbiasedness (4) holds despite the distur-
bance di € RY, which is totally unknown and arbitrary,
random or not.
The Kitanidis filter, as presented in (Kitanidis, 1987), is
given by
Z1 = Apli + Bruy

+ Ly (Yks1 — Crp1 Ap@r — Crp1 Brug)  (6)

with the optimal gain L}, recursively computed as

Pyiijp = APy AL + Qy (7a)
i1 = Crp1 P11k Cliq + R (7b)
Tit1 = Ex — Poy1pC 1 S0t 1 Cra1 B (7c)
Eri1 = B 1 D51 O B, (7d)
Apy1 =TenZ (7e)

Pir1je+1 = Prrije — Por1kCi1 Zp i1 Chor1 Protiji
+ Apr1Ze1AL (7f)
ki1 = PG S
+ FkHElZilEkTCkTHE/;il' (72)

The purpose of this paper is to study the boundedness of
the Kitanidis filter, mainly the existence of upper bounds
for the error covariance matrix Py, = Cov(Zx|L}) and for
the Kitanidis gain matrix L}. The reported results will
also ensure that all the auxiliary variables involved in the
filter are bounded, under easy to check conditions.

3. BOUNDEDNESS OF A NON-OPTIMAL FILTER

The main idea for establishing an upper bound of the
error covariance matrix Py, = Cov(Zx|Lj) is to build
a non-optimal filter, corresponding to a gain matrix Ly,
such that it is easier to establish an upper bound of
the error covariance Cov(Zy|Ly). Then an upper bound
of Py, will be obtained through Trace Cov(Zx|Lj) <
Trace Cov(¥x|Ly)-

3.1 Assumptions

The results of this paper will be based on some assump-
tions.

Basic assumptions.

(i) Ag, Bk, Ck, Ej, are bounded matrix sequences for all
k> 0.

(ii) The initial state zy € R™ is a random vector fol-
lowing the Gaussian distribution N (Zg, Py), with a
mean vector Ty and a positive definite covariance
matrix FP.

(i) wy and vy, are zero mean white Gaussian noises
independent of each other and of x(, with bounded
covariance matrices E(wyw!) = Q) and E(vyol) =
Ry for all k > 0. The inverse matrix R,;l is also
bounded for all k£ > 0.

These assumptions are usually made in the classical LTV
system Kalman filter theory, apart from the involved
matrix F, that did not exist in the classical case.

Disturbance subspace assumption

(iv) For all k > 0, the matrix product Cj41F) has a full
column rank and a bounded Moore-Penrose inverse.

This assumption is for the purpose of reliable rejection of
disturbances.

3.2 Building a non-optimal filter

For the purpose of bounding the error covariance matrix of
the (optimal) Kitanidis filter, let us build a non-optimal
filter corresponding to a gain matrix Ly, satisfying the
following requirements:

° l:/k is bounded for all k& > 0. -
o L; leads to an unbiased filter, i.e., E(Z|Ly) = 0.
e [ is simple enough so that an upper bound for the

resulting filter error covariance matrix Cov(Z|Ly) can
be established.

The construction of Lj presented below consists of two
components, the first one ensuring the unbiasedness of
the filter, and the second one stabilizing the filter error
dynamics. This construction may appear complex, but
the result will indeed satisfy the above requirements, as
analyzed in the following subsection.

First define a matrix sequence, for k > 0,
Gry1 2 Ep[(Crpr Ex) T (Cora Bx) " (Chn Br)T, (8)
which exists and is bounded due to Assumptions (i)

and (iv). This first component of L; will ensure the
unbiasedness of the filter.

In order to build a second component of Lj stabilizing
the filter error dynamics, consider the auxiliary stochastic
system
Tht1 = ATy + wy (9&)
Y = CrZr + U (9b)
where T € R" is the state, g5 € R™ the output, wy € R”
and 75, € R™ are Gaussian white noises with
COV(”LDk) =1,
COV(@k) = Ip.
The state transition matrix in (9a) is defined as
Ay, & (I = Gr1Cry) A, (11)
which is bounded, since Gy11, Ciy1, Ax are all bounded.

(10a)
(10Db)



Note that the matrices Ay, Cf, F appearing in (8),(9),(11)
are the same as in (1).

Apply the classical Kalman filter to system (9), resulting
in

Epr1pp = Ardpk (12a)
Uk+1 = Yk+1 — Ck1Zp11k (12b)
Trt1ph+1 = Trg1e T Krr19kr1- (12c)
The Kalman gain K}, is recursively computed by
Peiape = APy AL + 1, (13a)
Skt = Cos1 P nCilir + I (13b)
Kit1 = PonCiia S (13c)
Priiprr = (In — Kpp1Crg1) Prg i (13d)

A non-optimal gain Ly, = Ly, of the linear filter (2) is then
built, for k =0,1,2..., as

Ek éGk—I—Kk — K. CLGy,. (14)

3.8 Analysis of the non-optimal filter

One more assumption is needed in this analysis.

Observability assumption.

(v) The matrix sequence pair [Ag, Cy] is uniformly com-
pletely observable.

The uniform complete observability is defined with the aid
of Gramian matrix. See (Kalman, 1963; Jazwinski, 1970;
Moore and Anderson, 1980).

Notice that this observability assumption involves the ma-
trix A depending on Gy, which in turn depends on Ej.
Like in the classical Kalman filter theory for time varying
systems, if the involved time varying matrices are known
in advance (typically constant or periodical), then this
assumption can be checked in advance, otherwise it has to
be checked in real time (e.g. for linear parameter varying
systems).

Proposition 1. The time varying gain matrix L; defined
n (14) is bounded for all k£ > 0. O

Proof.

The boundedness of the first term Gy is trivially due to
Assumptions (i) and (iv), whereas the boundedness of Kj
relies on the classical Kalman filter theory, as explained in
the following.

Under Assumption (i), the boundedness of G}, implies that
the matrix Ay defined in (11) is also bounded.

The matrix K}, is the gain of the classical Kalman filter
applied to system (9), as expressed in (12) and (13). Ac-
cording to (Moore and Anderson, 1980), the boundedness
of the Kalman filter is ensured by the boundedness of the
involved matrices, under uniform complete observability
and controllability (regarding the state noise) conditions.
In the present case of the auxiliary system (9), the uni-
form complete observability of the matrix pair [A, Ck] is
ensured by Assumption (v), whereas the uniform complete
controllability of the matrix pair [Ag,I,] holds trivially

with the state noise covariance Cov(wy) = I,,. In particu-
lar, the Kalman gain K}, is bounded, according to (Moore
and Anderson, 1980). The matrix Ly, defined in (14) is then
also bounded, by simply reminding that Cj is assumed
bounded in Assumption (i). O

Remark that, in the proof above, the boundedness of Kj is
based on the results of (Moore and Anderson, 1980), which
do not require an invertible state transition matrix, in
contrary to those of (Deyst Jr and Price, 1968; Jazwinski,
1970). Indeed, in the case of the auxiliary system (9),
the state transition matrix Ay defined in (11) is always
singular.

Proposition 2. The gain matrix Ly defined in (14) satisfies
(In - Ek+1Ck+1)Ek == 0 (15)
O

Proof.

It is straightforward to check that
(In — Li+1Cr1) B
=Ep — (Grg1 + Ki41 — Kk 1Cry1 Gro1 ) Crog1 By
= Ex — Kiy1Ck1 B — (In — Ki41C41) G 1 (Cr1 B
=FEr — Kpp1Crpi1 B — (In — Ki41Crq1) B X
[(Cr1Er) T (Chs1 Bx)) ™ (Chy1 Br) " (Crya Ex)
=Ep — Ky 1Cpp1 B — (In — Ki1Chq1) B
=0
O

This property of Ly, is essential for the unbiasedness of the
linear filter (2) with the gain matrix Ly = Ly, as shown in
the following proposition.

Proposition 3. In the linear filter (2), let the gain matrix
Ly = Li as defined in (14). Then this filter applied to
system (1), with the initialization &g = E(z¢), is unbiased,
despite the arbitrary disturbance dj (or unknown input)
affecting system (1). a

Proof.

First consider the linear filter (2) with any gain matrix
Ly € R™ ™ Tt is straightforward to check that the filter
error Iy, as defined in (5), satisfies

Tpy1 = (In — L1 Chy1) ArZr + (In — Li41Crq1) Erdy
+ (In = Li41Cri1)wr — L1041 (16)

With the particular gain Ly = Ly, satisfying (15), the term
involving the disturbance dy disappears from (16). In this
case,

Trt1 = (In — Lig1 Crp1) Ak
+ (In = Lit1 Crg1 )W — L1 V1.
Assumption (iii) then leads to
E(Zrt1) = (In — L1 Crg1) ARE(Zg).

(17)

(18)
The initialization &y = E(zq) implies

It then recursively follows from (18) that E(Z;) = 0 for all
k> 0.



It is thus established that the linear filter (2) with L = L,
is unbiased. |

Proposition 4. In the linear filter (2), let the gain matrix
Ly = Lyi as defined in (14). Then this filter applied to
system (1) has a bounded error covariance matrix, i.e.,
there exists some positive constant p such that, for all

k>0,
|Cov(Zr| L)l < p. (20)

O

Proof.

Let us first study the error system of the classical Kalman
filter (12) applied to the auxiliary system (9). More specif-
ically, let

(21)
where Ty, is governed by (9a) and &), computed with (12),

both recursively. After some computations combining (9)
and (12), the recursive equation governing Zy,;, writes:

~ A — A
Tplk = Tk — Tk|k

Trg1pr1 = (In — Kpp1Cry1) AT

+ (I, = K1 Crr )0k — K1 Op11- (22)
According to (Moore and Anderson, 1980), under the uni-
form complete observability of [Ay, Ck] (Assumption (v))
and the uniform complete controllability of [Ay, I,] (triv-
ially satisfied with Cov(wy) = I,,), the error system (22)
is exponentially stable, in the sense that there exist two
positive constants « and 3 such that

|A_1 Ao Agl| < ae U=, (23)
with the notation
Ak é (In - Kk+1Ck+1)Ak. (24)

Now consider the error system of the linear filter (2) with
Ly = Ly. Tts equation was already written in (17). Let us
copy it here for ease of reading:

Tr1 = (In — Lik41Ck41) ArTi

+ (I = Lit1Crg1 )W — L1 Vi1 (25)

It turns out that the state transition matrix (I, —
Li+1Cra1) A of this error system is equal to the matrix
Ay, defined in (24). To check this fact, compute, on the one
hand

(In = Li+1Ck41) Ak

= [In = (Gr+1 + Ki1 — K110k 11Gry1)Cpa] Ax (26)

= (In — Gk+1Ck 41 — K41Crp1

+ Ki11Ck+1Gr11Ck 1) Ay, (27)
and on the other hand,
Ay = (I, — Ky 1Cry1) Ap, (28)
= (In = Ki1Ckt1)(In — Gr41Clp1) A (29)
= (In — Ge+1Ck41 — Ki+1Ck41
+ Ki41Crt1Gr41Crp1) Ar. (30)

Hence indeed (I, — Ly+1Cry1)Ar = Ay

The error dynamics equation (25) is then rewritten as
Er1 = Apdn + pn, (31)

with

ik = (In — L+ 1Crp1 )Wk — Lg410p41. (32)

As wy, and vy, are both zero mean white noises independent
of each other with bounded covariance matrices,

E(ukpi) =0 (33)
for any pair of positive integers k # [, though py involves
wy, and vgy1 corresponding to two different time instants.
Hence pyj is a zero mean white noise. The covariance
matrix Cov(uy) is bounded, since in (32) Lj41 is bounded
according to Proposition 1.

The error dynamics system (31) is exponentially stable,
according to (23). It is driven by a zero mean white
noise uy of bounded covariance. Therefore, the covariance
matrix of the state of system (31), namely Cov(Zy), is
bounded by applying Lemma 1 (see the appendix) to (31).
O

4. BOUNDEDNESS OF THE KITANIDIS FILTER

The main result of this paper is stated in the following
proposition.

Proposition 5. Under Assumptions (i)-(v), the covariance
matrix Py, = Cov(Zy) of the Kitanidis filter (6) is
bounded for all £k > 0, so is the Kitanidis gain matrix
L. a

Proof.

The Kitanidis filter (6) is a particular case of the general
filter (2) with the optimal gain matrix Ly = Lj. By the
definition of L} in (3),

Trace Cov(Zy|Ly,) < Trace Cov(Zx|Ly) (34)

for any gain L € R™ ™ corresponding to an unbiased
filter (2). Though the Kitanidis filter has been designed by
one-step optimization of the trace criterion, as expressed
in (3), it is also optimal in the sense of the whole gain
sequence (Delyon and Zhang, 2021). In particular for
Lk = th

Trace Cov(7|L}) < Trace Cov(Zx|Ly). (35)
For any symmetric positive (semi)-definite matrix M €
R™*™ the matrix norm (induced by the Euclidean vector
norm) ||M]| is equal to the largest eigenvalue of M,
whereas Trace(M) is equal to the sum of the n eigenvalues
of M, which are all positive or zero. Therefore

Trace(M) < n||M|| (36)
[|M] < Trace(M). (37)
Then,
Trace Cov(Z|L}) < Trace Cov(Zx|Ls) (38)
< n||Cov(x|Ly)| (39)
< np, (40)

where p is an upper bound of ||Cov(Z|L)||, according to
Proposition 4.
Applying (37) then yields
ICov(Zx|L)|| < Trace Cov(Zg|L})
< np.

(41)
(42)
It is thus established that the trace and the matrix norm

of the error covariance of the Kitanidis filter Py =
Cov(Z|L}) are both bounded.

Then it is straightforward to check that, under Assump-
tions (i)-(v), the Kitanidis gain L} and the auxiliary



variables involved in the filter recursions (7), namely,
Pk+1|k7 Zk—i—h Fk+1, Ek-i—la Ak+17 are all bounded.

5. CONCLUSION

It has been established in this paper that the error covari-
ance of the Kitanidis filter is bounded, so are the Kitanidis
gain matrix and all the auxiliary variables involved in the
filter recursive computations. Algorithm boundedness is of
prime importance for real time applications.

APPENDIX

Lemma 1. Consider a stochastic system
241 = Frzi + e (43)

with 2z, € R™ and F, € R™*"™, initialized such that
E(zg) = 0 and driven by a zero mean white noise e, € R"
independent of the initial state zg. Assume that

e system (43) is exponentially stable, in the sense that
there exist two positive constants o and § such that,
for any integer pair [ > k > 0,

|Fi1Fig - Fy |l < ae™ P00, (44)

e the noise e; has a bounded covariance Ry, i.e., there
exists a positive constant - such that, for all &k > 0,

IRx]l = [|E(exei) Il < 7. (45)
Then the covariance matrix Cov(zi) is bounded for all
k> 0. |
Proof of Lemma 1.

It is assumed that E(zp) = 0 and E(e;) = 0 for all & > 0,
then recursively E(z;) = 0 for all k¥ > 0, and therefore
Cov(z) = E(zg2}).

In (43), 2 depends on eg,eq,...,ex_1, but not on ey.

Therefore, E(zrel) = 0 and
Cov(2+1) = E(zh4+12i11) (46)
= E[(Frzr + ex)(Frzr +ex)T) (47)
= FuE(zp2] ) FE 4 E(epel) (48)
= FyCov(z)F' + Ry. (49)
Recursively applying this result yields

Cov(zg+1)
= FyFy_1--- FoCov(z)FL - FL | Fl
k—1
+ Y FpFy - PR B F + Ry, (50)
=0
Then
[Cov(zi1)|| < | FrFi—1 -+ Foll| Cov(z0)[[|| Fg - - Fi_y Fy. |l
k—1

+ 3 MEFr - Feall|RAES - B E + ([ Rl
=0

Based on this result, it then follows from (44) and (45)
that

[Cov(zri1)| < e FHD || Cov(z)
k-1
+3 ale 2Py 4y
i=0
= a2e200+1) [ICov(zo)|l
) 1— 672,819
+a (AT +y

< a26725(k+1)||C0v(zo)||

PN
Tt

An upper bound of Cov(zy) is thus established.
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