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STABLE BROKEN H (curl) POLYNOMIAL EXTENSIONS
AND p-ROBUST QUASI-EQUILIBRATED A POSTERIORI
ESTIMATORS FOR MAXWELL’S EQUATIONS*

T. CHAUMONT-FRELET"2, A. ERN34 AND M. VOHRALIK*3

ABSTRACT. We study extensions of piecewise polynomial data prescribed in a patch of
tetrahedra sharing an edge. We show stability in the sense that the minimizers over
piecewise polynomial spaces with prescribed tangential component jumps across faces
and prescribed piecewise curl in elements are subordinate in the broken energy norm to
the minimizers over the broken H (curl) space with the same prescriptions. Our proofs
are constructive and yield constants independent of the polynomial degree. We then
detail the application of this result to a posteriori error analysis of Maxwell’s equations
discretized with Nédélec’s finite elements of arbitrary order. The resulting estimators are
locally efficient, polynomial-degree-robust, and inexpensive since the quasi-equilibration
only goes over edge patches and can be realized without solutions of patch problems by
a sweep through tetrahedra around every mesh edge. The estimators become guaranteed
when the regularity pick-up constant is explicitly known. Numerical experiments illustrate
the theoretical findings.

KEY WORDS. A posteriori error estimates; Finite element methods; Maxwell’s equations;
High order methods.

AMS SUBJECT CLASSIFICATION. 65N30; 78M10; 65N15.

1. INTRODUCTION

The so-called Nédélec or also edge element spaces of [35] form, on meshes consisting of
tetrahedra, the most natural piecewise polynomial subspace of the space H (curl) com-
posed of square-integrable fields with square-integrable weak curl. They are instrumental
in numerous applications in link with electromagnetism and Maxwell’s equations, see for
example [1, 4, 33]. The goal of this paper is to study two different but connected questions

related to these spaces.

1.1. Stable broken H{(curl) polynomial extensions. Polynomial extension operators
are an essential tool in numerical analysis involving Nédélec’s spaces, in particular in
the case of high-order discretizations. Let K be a tetrahedron. Then, given a boundary
datum in the form of a suitable polynomial on each face of K, satisfying some compatibility
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2 STABLE BROKEN H (curl) POLYNOMIAL EXTENSIONS & p-ROBUST QUASI-EQUILIBRATION

conditions, a polynomial extension operator constructs a curl-free polynomial in the interior
of the tetrahedron K whose tangential trace fits the boundary datum and which is stable
with respect to the datum in the intrinsic norm. Such an operator was derived in [16],
as a part of equivalent developments in the H' and H(div) spaces respectively in [15]
and [17], see also [34] and the references therein. An important achievement extending in
a similar stable way a given polynomial volume datum to a polynomial with curl given by
this datum in a single simplex, along with a similar result in the H! and H (div) settings,
was presented in [10].

The above results were then combined together and extended from a single simplex to
a patch of simplices sharing the given vertex in several cases: in H(div) in two space
dimensions in [5] and in H' and H(div) in three space dimensions in [25]. These results
have important applications to a posteriori analysis but also to localization and optimal
hp estimates in a priori analysis, see [21]. To the best of our knowledge, a similar patch-
wise result in the H (curl) setting is not available yet, and it is our goal to establish it
here. We achieve it in our first main result, Theorem 3.1, see also the equivalent form in
Proposition 6.6.

Let T° be a patch of tetrahedra sharing a given edge e from a shape-regular mesh 7, and
let w. be the corresponding patch subdomain. Let p > 0 be a polynomial degree. Let two
piecewise polynomial functions j, and X, belonging respectively to the Raviart-Thomas
(RT,(T¢) N H(div,w,)) and the broken Nédélec (N ,(T¢)) spaces of order p associated
with 7° be given. In this contribution, we establish that

1‘1 min X, — Vpllo. £C min |x, —v
( ) v €N (T¢)NH (curlwe) || p pliwe — veH (curlw,) H ) We
V xvp=j, Vxv=3,

which means that the discrete constrained best-approximation error in the patch is subor-
dinate to the continuous constrained best-approximation error up to a constant C. Im-
portantly, C' only depends on the shape-regularity of the edge patch and does not depend
on the polynomial degree p under consideration. Our proofs are constructive, which has a
particular application in a posteriori analysis, as we discuss now.

1.2. p-robust quasi-equilibrated a posteriori estimators for Maxwell’s equations.
Let © C R3 be a Lipschitz, simply connected, polyhedral domain with unit outward normal
n. Let I'p, I'y be two disjoint, open, possibly empty subsets of 92 such that 9 = I'n UTy.
Given a divergence-free field j : QO — R3, Maxwell’s equations amount to seeking a field
E : Q — R3 satisfying

(1.2a) VxVxE=3, V-E=0, in €,
(1.2b) E xn=0, on I'p,
(1.2¢) VxExn=0 E-n=0, on I'y.

Notice that E x n = 0 implies that VX E-n =0 on I'p.
In the rest of the introduction, assume for simplicity that I'n = 92 (so that the boundary

conditions reduce to E xn = 0 on Jf2) and that j is a piecewise polynomial in the Raviart—
Thomas space, j € RT,(Tn) N H(div,Q), p > 0. Let E;, € N,(T) N Hy(curl, Q) be a
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numerical approximation to E in the Nédélec space. Then the Prager—Synge equality [38],
cf., e.g., [40, equation (3.4)] or [6, Theorem 10], implies that
(13) HV X (E — Eh)HQ < hheNp(%Srlwr}—I(curl,Q) Hhh -V x EhHQ
Vxhp=j3

Bounds such as (1.3) have been used in, e.g., [11, 12, 30, 36], see also the references therein.

The estimate (1.3) leads to a guaranteed and sharp bound. Unfortunately, as written, it
involves a global minimization over A, (7,)NH (curl, ), and is consequently too expensive
in practical computations. Of course a further upper bound follows from (1.3) for any
hy, € N,(Tn) N H(curl,Q) such that V x h;, = j. At this stage, though, it is not
clear how to find an inexpensive local way of constructing a suitable field hy, called an
equilibrated flux. A proposition for the lowest degree p = 0 was given [6], but suggestions
for higher-order cases were not available until very recently in [27, 31]. In particular, the
authors in [27] also prove efficiency, i.e., they devise a field b} € N ,(T,) N H (curl, Q) such
that, up to a generic constant C' independent of the mesh size h but possibly depending
on the polynomial degree p,

(1.4) |hy, =V x Ep|lo < C||V x (E - E)|lo,

as well as a local version of (1.4). Numerical experiments in [27] reveal very good effectivity
indices, also for high polynomial degrees.

A number of a posteriori error estimates that are polynomial-degree robust, i.e., where
no generic constant depends on p, were obtained recently. For equilibrations (reconstruc-
tions) in the H (div) setting in two space dimensions, they were first obtained in [5]. Later,
they were extended to the H' setting in two space dimensions in [24] and to both H! and
H (div) settings in three space dimensions in [25]. Applications to problems with arbitrar-
ily jumping diffusion coefficients, second-order eigenvalue problems, the Stokes problem,
linear elasticity, or the heat equation are reviewed in [25]. In the H(curl) setting, with
application to the Maxwell’s equations (1.2), however, to the best of our knowledge, such
a result was missing®. It is our goal to establish it here, and we do so in our second main
result, Theorem 3.2.

Our upper bound in Theorem 3.2 actually does not derive from the Prager-Synge
equality to take the form (1.3), since we do not construct an equilibrated flux h; €
N, (Tn) N H (curl, Q). We instead perform a quasi-equilibration producing locally on each
edge patch T° a piecewise polynomial hj € N, (7T¢) N H(curl,w,) such that V x hj, = j.
Consequently, our estimate rather takes the form

1/2
(1.5) IV x (E = Ep)lla < V6CLCoont (Z [, =V % EhHie) :

eelp

We obtain each hj, in a single-stage procedure, in contrast to the three-stage procedure
of [27]. Our quasi-equilibration is also rather inexpensive, since the edge patches are

We have learned very recently that a modification of [27] can lead to a polynomial-degree-robust
estimate, see [28].
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smaller than the usual vertex patches, employed in particular in [6]. Moreover, we can
either solve the patch problems, see (3.9b), or replace them by a sequential sweep through
tetrahedra sharing the given edge e, see (3.11b). This second option yields in particular a
fully ezplicit (no local problem to be solved) a posteriori error estimate in the lowest-order
setting p = 0. The price we pay for these advantages is the emergence of the constant
V6C1 Coone in our upper bound (1.5); here Ceop is fully computable, only depends on the
mesh shape regularity, and takes values around 10 for usual meshes, whereas C, only
depends on the shape of the domain 2, with in particular C}, = 1 whenever € is convex.
Crucially, our estimates are locally efficient and polynomial-degree robust in that

(1.6) [kl =V X Epllu. < C[IV x (E - Ey)

We

for all edges e, where the constant C' only depends on the shape-regularity of the mesh, as
an immediate application of our first main result in Theorem 3.1. It is worth noting that
the lower bound (1.6) is completely local to the edge patches w, and does not comprise
any neighborhood.

1.3. Organization of this contribution. The rest of this contribution is organised as
follows. In Section 2, we recall the functional spaces, state a weak formulation of prob-
lem (1.2), describe the finite-dimensional Lagrange, Nédélec, and Raviart—-Thomas spaces,
and introduce the numerical discretization of (1.2). Our two main results, Theorems 3.1
and 3.2, are formulated and discussed in Section 3. Section 4 presents a numerical illus-
tration of our a posteriori error estimates for Maxwell’s equations (1.2). Sections 5 and 6
are then dedicated to the proofs of our two main results.

2. MAXWELL’S EQUATIONS AND NEDELEC’S FINITE ELEMENT DISCRETIZATION

2.1. Basic notation. Consider a Lipschitz polyhedral subdomain w C 2. We denote by
H'(w) the space of scalar-valued L?(w) functions with L?(w) weak gradient, H (curl,w)
the space of vector-valued L*(w) fields with L*(w) weak curl, and H (div,w) the space of
vector-valued L*(w) fields with L?(w) weak divergence. Below, we use the notation (-, ),
for the L?(w) or L?(w) scalar product and ||-||,, for the associated norm. L>(w) and L™ (w)
are the spaces of essentially bounded functions with norm ||-|/oc .-

Let H'(w) := {v € L*(w)|v; € H'(w), i = 1,2,3}. Let vp, 7~ be two disjoint, open,
possibly empty subsets of dw such that dw =35 U7N. Then H! (w) :={v € H'(w)|v =0
on p} is the subspace of H'(w) formed by functions vanishing on p in the sense of traces.
Furthermore, H., (curl,w) is the subspace of H(curl,w) composed of fields with vanishing
tangential trace on vp, H,, (curl,w) := {v € H(curl,w) such that (V x v, ¢), — (v, V X
@), = 0 for all functions ¢ € H"(w) such that ¢ x m = 0 on dw \ 7p}, where m is the
unit outward normal to w. Similarly, H. (div,w) is the subspace of H(div,w) composed
of fields with vanishing normal trace on yn, H.(div,w) := {v € H(div,w) such that
(V-v,0), + (v, Vo), = 0 for all functions ¢ € H} (w)}. We refer the reader to [26] for
further insight on vector-valued Sobolev spaces with mixed boundary conditions.
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2.2. Maxwell’s equations. If j € Hr(div,2) with V - j = 0, then the classical weak
formulation of (1.2) consists in finding a pair (E,q) € Hr,(curl, Q) x Hp_ () such that

(E,Vw)g =0 Yw € HE (),

(21) { (V X E’ V x v)Q + (VQ7U)Q = (j,'U)Q Vv € HFD(CUI‘I,Q).

When |I'p| = 0, the Lagrange multiplier ¢ is defined up to a constant which can be
fixed by restricting H'(f2) to its subspace of functions with vanishing mean-value. Since
VH} () C Hr,(curl,Q), picking the test function v = Vg in the second equation
of (2.1) shows that ¢ = 0, so that we actually have

(2.2) (VX E,V xv)g=(j,v)g Yve Hr,(curl, Q).

2.3. Tetrahedral mesh. We consider a matching tetrahedral mesh Tj, of Q, i.e., | KeT, K

= ), each K is a tetrahedron, and the intersection of two distinct tetrahedra is either
empty or their common vertex, edge, or face. We also assume that 7, is compatible with
the partition 9 = I'n UTy of the boundary, which means that each boundary face entirely
lies either in I'p or in I'y. We denote by &, the set of edges of the mesh 7, and by Fj, the
set of faces. The mesh is oriented which means that every edge e € &, is equipped with a
fixed unit tangent vector 7. and every face F' € F}, is equipped with a fixed unit normal
vector np (see [22, Chapter 10]). Finally for every mesh cell K € T, ng denotes its unit
outward normal vector. The choice of the orientation is not relevant in what follows, but
we keep it fixed in the whole work.

Ift K € T, Ek C &, denotes the set of edges of K, whereas for each edge e € &, we
denote by T°¢ the associated “edge-patch” that consists of those tetrahedra K € 7T, for
which e € &k, see Figure 1. We also employ the notation w, C §2 for the open subdomain
associated with the patch 7¢ We say that e € &, is a boundary edge if it lies on OS2
and that it is an interior edge otherwise (in this case, e may touch the boundary at one
of its endpoints). The set of boundary edges is partitioned into the subset of Dirichlet
edges £P with edges e that lie in I'p and the subset of Neumann edges £ collecting the
remaining boundary edges. For all edges e € &, we denote by I'§ the open subset of
Ow, corresponding to the collection of faces having e as edge and lying in I'y. Note that
for all interior edges, I'§ is empty and that 'y never equals the whole dw,.. We also set

b = (Gwe \ I'Y)°.

For every tetrahedron K € 7Tj,, we denote the diameter and the inscribed ball diameter

respectively by

hic:= sup |&—yl, px:=sup{r>0|3z€ K;Bx,r) C K},
z,yeK

where B(x,r) is the ball of diameter r centered at x. For every edge e € &, |e| is its
measure (length) and

2.3 he, = — vy, e 1= Imi .
(2.3) . mf&ge\w yl: pe:= min pg
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ay

FIGURE 1. Interior (left) and Dirichlet boundary (right) edge patch 7°¢

The shape-regularity parameters of the tetrahedron K and of the edge-patch 7€ are re-
spectively defined by

(2.4) ki :=hi/px and ke := hy,/pe-

2.4. Lagrange, Nédélec, and Raviart—Thomas elements. If K is a tetrahedron and
p’ > 0 is an integer, we employ the notation P, (K) for the space of scalar-valued (La-

grange) polynomials of degree less than or equal to p’ on K and P, (K) for homogeneous
polynomials of degree p’. The notation P, (K) (resp. P, (K)) then stands for the space of

vector-valued polynomials such that all their components belong to P, (K) (resp. Py (K)).
Following [35] and [39], we then define on each tetrahedron K € 7T, the polynomial spaces
of Nédélec and Raviart-Thomas functions as follows:

(2.5) Np’(K> =Py (K) + g'p’H(K) and  RTy(K) :=Py(K) + wﬁp’(K)’

where S'p/(K) = {v e ’INDPI(K) |z v(x) =0 Ve e K}. For any collection of tetrahedra
T = Uker{K} and the corresponding open subdomain w = (UKGT K)O C Q, we also
write

Py(T) :={veL*(w)|v|x € Py(K) VKeT},
Ny(T):={veL’w)|v|lx e Ny(K) VKeT},
RTy(T):={veLlw)|vlx e RTy(K) VKeT}.

o~~~

2.5. Nédélec’s finite element discretization. For the discretization of problem (2.1),
we consider in this work finite-dimensional subspaces S, C Hf (Q) and V), € Hrp, (curl, Q).
For a fixed integer p > 0, let the Lagrange and Nédélec finite element spaces be given by

Sp = Pppr(To) N HE (Q)  and  Vj, := N, (Ts) N Hr,(curl, Q).
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The discrete problem consists in finding a pair (E},, q,) € V), x S, such that

(2 6) (Eh, th)g = 0 th € Sh,

' (VX ERV xvp)o+ (Vanvn)a = (J,0n)a Yo, € Vi

Since VS, € V;, V-3 =0, and j € Hr,(div,), picking v, = Vg, in the second
equation of (2.6) shows that g, = 0, so that actually we have

(2.7) (VX E,, V xvp)o=(J,vn)o Vv, € V.

3. MAIN RESULTS
This section presents our two main results.

3.1. Stable discrete best-approximation of broken polynomials in H(curl). Our
first main result is the combination and extension of [16, Theorem 7.2] and [10, Corol-
lary 3.4] to the edge patches T°¢, complementing similar previous achievements in H (div)
in two space dimensions in [5, Theorem 7| and in H' and H(div) in three space dimen-
sions [25, Corollaries 3.1 and 3.3].

Theorem 3.1 (H (curl) best-approximation on an edge patch). Let an edge e € &, and the
associated edge patch T¢ with subdomain w, be fized. Then, for every polynomial degree
p >0, all j; € RT,H(T%) N Hre (div,w.) with V - ji, = 0, and all x,, € N,(T¢), the
following holds:

3.1 min h;, — wo < Cste min h — we-

( ) thNp(T"‘)ﬂHFIeiI(curl,we) || h Xh” e = GHFIe{I(curl,we) || Xh“

Vxhn=jj, V xh=j¢

Here both minimizers are uniquely defined and the constant Cy . only depends on the shape-
reqularity parameter k. of the patch T¢ defined in (2.4).

Note that the converse inequality to (3.1) holds trivially with constant 1, i.e.,

min h —x < min h, —x .
hEHrle\I (curlwe) H hlleoe hheNp(Te)er‘EN (curlwe) H h”we
Vxh=5¢ Vxh, =55

This also makes apparent the power of the statement (3.1), stating that for piecewise
polynomial data j; and x;, the best-approximation error over a piecewise polynomial
subspace of H pleq(curl,we) of degree p is, up to a p-independent constant, equivalent to
the best-approximation error over the entire space Hrg (curl,w,). The proof of this result
is presented in Section 6. We also remark that Proposition 6.6 below gives an equivalent
reformulation of Theorem 3.1 in the form of a stable broken H (curl) polynomial extension
in the edge patch.

3.2. p-robust quasi-equilibration a posteriori estimates for Maxwell’s equations.
Our second main result is a polynomial-degree-robust a posteriori error analysis of Nédélec’s
finite elements (2.6) applied to Maxwell’s equations (1.2). The local efficiency proof is an
important application of Theorem 3.1. To present these results in detail, we need to prepare
a few tools.
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3.2.1. Local functional inequalities and data oscillation. For every edge e € &), we associate
with the subdomain w, a local Sobolev space H](w.) with mean/boundary value zero,

{ve H'(w,) | v =0 on faces having e as edge
(3.2) H}w.):= and lying in I'p} if e € EP,
{v € H'(w) | [, v= 0} otherwise.

Poincaré’s inequality then states that there exists a constant Cp . only depending on the
shape-regularity parameter k. such that

(3.3) |Vllwe < Cpeh, ||V, Yo € H} (w.).

Computable values of Cp, are discussed in, e.g., [8, 42|, see also the concise discussion
in [3]; Cp. can be taken as 1/7 for convex interior patches and as 1 for most Dirichlet
boundary patches.

We also need a variant of (3.3) for vector-valued fields called Weber’s inequality. Specif-
ically, following [26, Proposition 7.4], the following holds true for every edge e € &p,:

(34) [[v]lw. < Owehe, ||V x 0], Yv € Hre(curl,w.) N Hre (div,w.) with V- v =0,

where the constant Cy . only depends on the geometry of the patch and not on its size.
When the patch is convex and T'{ = (), a combination of Theorem 2.1 and Lemma 2.2
of [9] together with Theorem 3.7 of [29] shows that if v € H(curl,w,.) N H(div,w,) with
V.v =0, then v € H'(w,) with

(3.5) |VV|lo. <[V xv

so that Cw . can be expressed in terms of usual Poincaré constants. In particular, it is
clear that Cyy . only depends on k. in this case.
In the remainder of this work, we assume that there exists a constant Cf, such that for

all v € Hp, (curl, ), there exists w € H'(Q) N Hrp,(curl, Q) such that V x w = V x v
and

(3.6) IVwllo < CLIV X vl|o.

When either I'p or I'y has zero measure, the existence of Cf, follows from Theorems 3.4 and
3.5 of [9]. If in addition (2 is convex, one can take C, = 1 (see [9] together with [29, Theo-
rem 3.7] for Dirichlet boundary conditions and [29, Theorem 3.9] for Neumann boundary
conditions). As we are not aware of an equivalent version of Theorems 3.4 and 3.5 of [9]
for mixed boundary conditions, we leave the existence of C, as a hypothesis in this case.

To define our estimators, it is convenient to introduce a piecewise polynomial approxi-
mation of the datum j € Hr(div,2) by setting on every edge patch 7¢ associated with
the edge e € &,
(3.7) Ih = argmin 17— Jn

FnE€RT p(T)NHrg (diviwe)
V.5,=0

We )

We *

Then we define the data oscillation estimators as

(3.8) osce := Cw el 17 — Jh .-
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3.2.2. Quasi-equilibration by edge-patch problems. Our a posteriori estimator is constructed
via a simple restriction of the right-hand side of (1.3) to edge patches, where no hat function
is employed, no modification of the source term appears, and no boundary condition is
imposed for interior edges, in contrast to the usual equilibration in [18, 6, 24]. Specifically,
recalling (3.7), for each edge e € &, we introduce

(3.9a) Ne == |R;" =V X Ep|lw.,
(3.9b) hy* = argmin |\h, — V x Epla,.
thNp(Te)ﬁlee\T (curl,we)
VXhh:jZ

Since jj, € RT,(T°) N Hre (div,w.) with V - 53 = 0, the surjectivity of the curl oper-
ator restricted to Np(T¢) N Hre (curl, w,) implies that the minimizing set is nonempty.
Consequently, the existence and uniqueness of the minimizer h;™ follows by standard con-
vexity arguments. The minimization problem (3.9) is equivalent to the following patchwise
mixed finite element problem: Find hj € N,(T¢) N Hre (curl,w,), o}, € RT,(T¢) N
Hre (div,w.), and ¢ € P,(T*) such that

(h27vh)we + (U;(w V x vh)we - (V X Ehavh)wey
(310) (V X h27 wh)we + (C}ta V. wh)we = (.77 wh)wea
(V : U?L? (ph)we = 0

for all v, € Np(T¢) N Hre (curl,w.), w, € RT,(T¢) N Hre (div,w.), and @), € Py(T°),
which is used in practice to compute h; (note that from the optimality condition associated
with (3.7), using j or j; in (3.10) is equivalent).

3.2.3. Quasi-equilibration by sequential sweeps. The patch problems (3.9) lead to the so-
lution of the linear systems (3.10). Although these are local around each edge and are
mutually independent, they induce some computational cost. This cost can be signifi-
cantly reduced by taking inspiration from [18], [32], [43, Section 4.3.3], the proof of [5,
Theorem 7|, or [25, Section 6] and literally following the proof in Section 6 below. This
leads to the following estimate whose price is the sequential sweep through tetrahedra
sharing the given edge and a tetrahedron solve that is non-trivial only for higher-order
elements:

(3.11a) ne = [|hy" = V X Byl
where hoY € N, (T¢) N H(curl,w,) is given by
11b hi"|x = min ||k, —V xE KeTe
(3.11b) n |k it [y =V X Epllx VK €T
VXthjz
hp|F=rF

Here F is the set of faces that K shares with elements K’ previously considered or lying
in I'§, and hy|% denotes the restriction of the tangential trace of hy, to the faces of F (see
Definition 6.1 below). The boundary datum 7 is either the tangential trace of b |k
obtained after minimization over the previous K’, or 0 on I'§
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3.2.4. Guaranteed, locally efficient, and p-robust a posteriori estimates. For each edge
e € &, let @, be the (scaled) edge basis functions of the lowest-order Nédélec space,
in particular satisfying supp ¥, = w.. More precisely, let 1, be the unique function in
No(Tn) N H(curl, Q) such that

(3.12) / Yo Ter = Ocerlel,
recalling that 7. is the unit tangent vector orienting the edge ¢’. We define
(3.13) Coontye = [[Pellocwe + Cpechw [V X ellocw. Ve € En,

where Cp . is Poincaré’s constant from (3.3) and h,,, is the diameter of the patch domain
we. We actually show in Lemma 5.3 below that

2
(3.14) Ceonte < Ch, 1= ﬂ (14 Cpeke) Vee &y,

Pe
where p. is defined in (2.3); Ceonte is thus uniformly bounded by the patch-regularity
parameter k. defined in (2.4).

Theorem 3.2 (p-robust a posteriori error estimate). Let E be the weak solution of Mazwell’s
equations (2.1) and let E), be its Nédélec’s finite element approximation solving (2.6). Let

the data oscillation estimators osc. be defined in (3.8) and the quasi-equilibration estima-

tors ne be defined in either (3.9) or (3.11). Then, with the constants Cr,, Ceonte, and Cse

from respectively (3.6), (3.13), and (3.1), the following global upper bound holds true:

1/2
(3.15) IV x (E — Ey)lla < V6Cr, <Z Coonte (e + 0806)2) ,

ec&y,

as well as the following lower bound local to the edge patches w,:

(3.16) e < Cate ([|[V % (E — E)

we +08Ce) Ve € &,

3.3. Comments. A few comments about Theorem 3.2 are in order.

e The constant Cf, from (3.6) can be taken as 1 for convex domains € and if either
I'p or I'y is empty. In the general case however, we do not know the value of this
constant, see the discussion in Section 3.2.1. The presence of the constant Cf, is
customary in a posteriori error analysis of Maxwell’s equations, it appears, e.g., in
Lemma 3.10 of [37] and Assumption 2 of [2].

e The constant Ceont defined in (3.13) can be fully computed in practical imple-
mentations. Indeed, computable values of Poincaré’s constant Cp from (3.3) are
discussed in Section 3.2.1. Recall also that Cgonie only depends on the shape-
regularity parameter k. of the edge patch 7°.

e A computable upper bound on the constant Cy . from (3.1) can be obtained by
proceeding as in [24, Lemma 3.23]. The crucial property is again that Cg . can be
uniformly bounded by the shape-regularity parameter k. of the edge patch 7°.
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e The key feature of the estimators of Theorem 3.2 is their polynomial-degree-ro-
bustness (or, shortly, p-robustness). This suggests to use them in hp-adaptation
strategies, cf., e.g., [13, 14, 41] and the references therein.

e In contrast to [6, 31, 27|, we do not obtain here an equilibrated flux, i.e., a piecewise
polynomial k} in the global space N,(7,) N Hr, (curl, Q) satisfying, for piecewise
polynomial j, V x hj = j. We only obtain from (3.9) that h;* € N,(T°) N
Hr(curl,w,) and V x h;™ = j locally in every edge-patch 7¢, but we do not build
a Hrp, (curl, Q)-conforming discrete field; we call this process quasi-equilibration.

e The upper bound (3.15) does not come from the Prager-Synge equality (1.3)
and is typically worse than those obtained from (1.3) with an equilibrated flux
h; € N,(Ty) N Hr,(curl,Q), because of the presence of the multiplicative fac-
tor \/ECLCcont,e. On the other hand, it is typically cheaper to compute the upper
bound (3.15) than those based on an equilibrated flux since 1) the problems (3.9)
are solved on edge-patches, whereas full equilibration would require solving prob-
lems also on vertex-patches which are larger than edge-patches; 2) the estimators
are computed in one stage only solving the problems (3.9); 3) quasi-equilibration
with polynomial degree p is enough for p-robustness, in contrast to the usual need
to increase the equilibration polynomial degree to p + 1, cf. [5, 24, 25].

e The sequential sweep through the patch in (3.11) eliminates the patchwise prob-
lems (3.9) and leads instead to merely elementwise problems (3.11b). These are still
much cheaper than (3.9), and, in particular, for p = 0, i.e., lowest-order Nédélec ele-
ments in (2.6) with one unknown per edge, there is only one unknown in (3.11b) for
each tetrahedron K € T°, so that the estimator (3.11a) actually becomes explicit.

4. NUMERICAL EXPERIMENTS

In this section we present some numerical experiments to illustrate the a posteriori
error estimator from Theorem 3.2 and its use within an adaptive mesh procedure. We
consider a test case with a smooth solution and a test case with a solution featuring an
edge singularity:.

4.1. Smooth solution in the unit cube. We first consider an example in the unit cube
Q = (0,1)% and Neumann boundary conditions, 'y = 9 in (1.2) and its weak form (2.1).
The analytical solution reads

sin(may) cos(may) cos(maxs)
E(x):= | —cos(mx;) sinémcg) cos(maxs)

One checks that V - E = 0 and that

sin(may) cos(may) cos(maxs)
j(@) = (VxV x E)(x) =31 —cos(rz) sinémcg) cos(mxs)

We notice that C}, = 1 since §Q is convex.
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We first propose an “h-convergence” test case in which, for a fixed polynomial degree p,
we study the behavior of Nédélec’s approximation Ej, solving (2.6) and of the estimator
of Theorem 3.2. We consider a sequence of meshes obtained by first splitting the unit
cube into an N x N x N Cartesian grid and then splitting each of the small cubes into
six tetrahedra, with the resulting mesh size h = v/3/N. More precisely, each resulting
edge-patch is convex here, so that the constant Cp . in (3.13) can be taken as 1/7 for all
internal patches, see the discussion in Section 3.2.1. Figure 2 presents the results. The top-
left panel shows that the expected convergence rates of Ej are obtained for p =0, ..., 3.
The top-right panel presents the local efficiency of the estimator based on the indicators
n. evaluated using (3.9). We see that it is very good, the ratio of the patch indicator to
the patch error being at most 2 for p = 0, and close to 1 for higher-order polynomials.
This seems to indicate that the constant Cy . in (3.1) is rather small. The bottom panels
of Figure 2 report on the global efficiency of the error indicators

(41) (Uofree)Q =6 Z (Ccont,ene>27 (Wcofree)2 = Z (776>2 :

ecép ecéy

Here nygee corresponds to an “oscillation-free” estimator, obtained by discarding the oscil-
lation terms osc, in (3.15), whereas neofee COrresponds to a “constant-and-oscillation-free”
estimator. As shown in the bottom-right panel, the global efficiency of 7¢ofee 1S independent
of the mesh size. The bottom-left panel shows a slight dependency of the global efficiency
of NMofree ON the mesh size, but this is only due to the fact that Poincaré’s constants differ
for boundary and internal patches. These two panels show that the efficiency actually
slightly improves as the polynomial degree is increased, highlighting the p-robustness of
the proposed estimator.

We then present a “p-convergence” test case where for a fixed mesh, we study the
behavior of the solution and of the estimator when the polynomial degree p is increased.
We provide this analysis for four different meshes. The three first meshes are structured
as previously described with N = 1,2, and 4, whereas the last mesh is unstructured. The
unstructured mesh has 358 elements, 1774 edges, and h = 0.37. Figure 3 presents the
results. The top-left panel shows an exponential convergence rate as p is increased for
all the meshes, which is in agreement with the theory, since the solution is analytic. The
top-right panel shows that the local patch-by-patch efficiency is very good, and seems to
tend to 1 as p increases. The bottom-right panel shows that the global efficiency of 7eofree
also slightly improves as p is increased, and it seems to be rather independent of the mesh.
The bottom-left panel shows that the global efficiency of 7ygee is significantly worse on the
unstructured mesh. This is because in the absence of convex patches, we employ for Cp .
the estimate from [42] instead of the constant 1/7. We believe that this performance could
be improved by providing sharper Poincaré constants.

4.2. Singular solution in an L-shaped domain. We now turn our attention to an
L-shaped domain featuring a singular solution. Specifically, 2 := L x (0,1), where

L:={x = (rcosf,rsind) | |z|,|z2| <1 0<6<3m/2},
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FIGURE 2. h-convergence for the unit cube experiment
see Figure 5, where L is represented. The solution reads E(z) := (0,0, x(r)r® Sin(ae))T,
where a := 3/2, r? := |z |2 +|22|?, (21, 22) = 7(cos b, sinf), and x : (0,1) — R is a smooth
cutoff function such that y = 0 in a neighborhood of 1. We emphasize that V - E = 0
and that, since A (r®sin(a#)) = 0 near the origin, the right-hand side j associated with E
belongs to H (div, ).

We use an adaptive mesh-refinement strategy based on Dorfler’s marking [20]. The
initial mesh we employ for p = 0 and p = 1 consists of 294 elements and 1418 edges with
h = 0.57, whereas a mesh with 23 elements, 86 edges, and h = 2 is employed for p = 2 and
3. The meshing package MMG3D is employed to generate the sequence of adapted meshes [19].
Figure 4 shows the convergence histories of the adaptive algorithm for different values of
p. In the top-left panel, we observe the optimal convergence rate (limited to Njgf?’s for
isotropic elements in the presence of an edge singularity). We employ the indicator 7cofree
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FIGURE 3. p-convergence for the unit cube experiment

defined in (4.1). The top-right and bottom-left panels respectively present the global and
local efficiency indices. In both cases, the efficiency is good considering that the mesh is
fully unstructured with localized features. We also emphasize that the efficiency does not
deteriorate when p increases.

Finally, Figure 5 depicts the estimated and the actual errors at the last iteration of the
adaptive algorithm. The face on the top of the domain 2 is represented, and the colors
are associated with the edges of the mesh. The left panels correspond to the values of the
estimator 7, of (3.9), whereas the value of |V x (E — E})|.. is represented in the right
panels. Overall, this figure shows excellent agreement between the estimated and actual
error distribution.

5. PROOF OF THEOREM 3.2 (p-ROBUST A POSTERIORI ERROR ESTIMATE)

In this section, we prove Theorem 3.2.
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5.1. Residuals. Recall that E;, € V;, C Hr,(curl, ) solves (2.6) and satisfies (2.7).
In view of the characterization of the weak solution (2.2), we define the residual R €
(Hr,(curl,Q))" by setting

(R,v) = (J,v)g— (VX E, Vxv)g=(Vx(E—-E,),Vxv)g Yve Hr,(curl,Q).
Taking v = E — E};, and using a duality characterization, we have the error-residual link

(5.1) IV x (E—-E)|g=(R,E-E)Y*=  sup (R, v).
vEHT (curl,Q2)

[Vxv[o=1

We will also employ local dual norms of the residual R. Specifically, for each edge e € &,
we set

(5.2) sup
vEH e (curlwe)
[V xv]lw =1

IRlxe := (R,v).
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FIGURE 5. Estimated error (left) and actual error (right) in the L-shape experiment
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For each e € &,, we will also need an oscillation-free residual R € (H peD(curl,we))/
defined using the projected right-hand side introduced in (3.7),

< ?L?’U> = (j27,v>we - (V X Eh7 V x v)we Vo € Hl"%(curhwe)'
We also employ the notation

IRille:=  sup  (Rj,v)
vEH e (curlwe)
”VXUHwezl

for the dual norm of Rj}. Note that R} =R, Hipe (curlw.) whenever the source term 3 is a

piecewise RT ,(7;) polynomial.

5.2. Data oscillation. Recalling the definition (3.8) of osc., we have the following com-
parison:

Lemma 5.1 (Data oscillation). The following holds true:

(5.3a) [RGlxe < IR« + osce
and
(5.3b) IR ||xe < || RS + 0sce .

Proof. Let v € Hre (curl,w.) with ||V x ||, =1 be fixed. We have
( Z”U> =(R,v) —(J — J3 V)w.-
We define ¢ as the unique element of H 1%(%) such that
(Vg,Vw) = (v, Vw) Yw € Hlﬁ(we),

and set v := v — Vq. Since V- j = V - j; = 0 and j — jj € Hrg/(div,w.), we have
(7 — 3%, Vq).. =0, and it follows that

(Ry.v) =(R,v) = (J — 370w < [ Rllse + l7 = Fhlle.llv
Since v € Hre (curl,w,) N Hre (div,w,) with V- ¥ = 0 in w,, recalling (3.4), we have
HEHWe < CW,ehweHV X 5”% = CW,ehweHV X v”we - CW,ehwea

We *

and we obtain (5.3a) by taking the supremum over all v. The proof of (5.3b) follows
exactly the same path. O

5.3. Partition of unity and cut-off estimates. We now analyze a partition of unity
for vector-valued functions that we later employ to localize the error onto edge patches.
Recalling the notation 7. for the unit tangent vector orienting e, we quote the following
classical partition of unity [22, Chapter 15]:
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Lemma 5.2 (Vectorial partition of unity). Let I be the identity matriz in R3*3. The edge
basis functions ¥, from (3.12) satisfy

ZTE®¢6:Z¢6®T62H’

ecéy ecly

where ® denotes the outer product, so that we have

(5.4) w=>Y (w-r)l¥, VweL(Q).

eeép

Lemma 5.3 (Cut-off stability). For every edge e € &, recalling the space H)(w.) defined
in (3.2) and the constant Ceont . defined in (3.13), we have

(5.5) IV x (vip,) we Yo € H} (w.).
Moreover the upper bound (3.14) on Ceont e holds true.

Proof. Let an edge e € &, and v € H}(w.) be fixed. Since V x (v1p,) = vV x 1, + Vv xp,,
we have, using (3.3),

IV x (vib,)

We S Ccont,eHVU

v

we S|V x "zZ’eHOO,we we T ||17b6||007we Vu
< (HV X "/JeHOO,weCP,ehwe + ||77be||oo,we>
= C(cont,e”V’U

We

Vo

We

We *

This proves (5.5). To prove (3.14), we remark that in every tetrahedron K € 7°, we have
(see for instance [33, Section 5.5.1], [22, Chapter 15])

we|K = |6|(/\1V/\2 — /\2V/\1>, (V X ¢€)|K = 2|€|V>\1 X V/\Q,

where A\; and Ay are the barycentric coordinates of K associated with the two endpoints
of e such that 7. points from the first to the second vertex. Since ||Aj|l,x = 1 and
[V lloox < pi's we have

2 2
H"/JeHoo,K < —le|, ||V x ,lpeHOO,K < —2’6|
PK pKf

for every K € T°. Recalling the definition (2.3) of p., which implies that p. < pg, as well
as the definition k. in (2.4), we conclude that

C’cont,e == “¢e“oo,we + CP,ehwe

2 h,
V x ¢eHOO,UJe é 'lel (1 + CP,e e) = Cne.

€ €

g

5.4. Upper bound using localized residual dual norms. We now establish an upper
bound on the error using the localized residual dual norms || RS, ||, in the spirit of [3], [23,
Chapter 34], and the references therein.
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Proposition 5.4 (Upper bound by localized residual dual norms). Let Ceonte and Cy, be
defined in (3.13) and (3.6), respectively. Then the following holds:

1/2
(5.6) IV x (E - Ey)lla < V6CL, (Z Ceont.e (IR [lwe + Osce)2> :

ecly

Proof. We start with (5.1). Let v € Hp,(curl, Q) with ||V X v|q = 1 be fixed. Follow-
ing (3.6), we define w € H'(2) N Hy,(curl, ) such that V x w = V x v with

(5.7) IVwllo < CLIV X v|o.

As a consequence of (2.2) and (2.7), the residual R is (in particular) orthogonal to N o(75)N
Hy(curl, Q). Thus, by employing the partition of unity (5.4), we have

(R,v) = (Rw) =Y (R (w- T)ut,) =Y (R, (w-T.— )

eegh 8€5h

1
We = /w-Te
’a@‘ We

otherwise. Since (w - 7. — We)®, € Hre (curl,w,) for all e € &,, we have from (5.2)

(R,0) <) [R]uelV x (w - 7c — W) )

e€Ey

wetbe>

where w;, := 0 if e € £ and

We *

We observe that w - 7, — w, € H}(w,) for all e € &, and that

IV(w-7e = we)|lw. = IV (w-7e)

We S ||Vw

We *

As a result, (5.5) shows that

<11,U>j§ j{: CkonheH7zH*£H‘710

eESh

1/2 1/2
wes(ZCSOmyeanie) (Z ||Vw||ze> .

ecly, e€ly
At this point, as each tetrahedron K € T, has 6 edges, we have

> IV, <6Vl

e€ly

and using (5.7), we infer that

1/2
(R,v) < V6C (Z Cfom,el\RHf,e> IV X vl

ecly,

Then, we conclude with (5.3b). O
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5.5. Lower bound using localized residual dual norms. We now consider the deriva-
tion of local lower bounds on the error using the residual dual norms. We first establish a
result for the residual R.

Lemma 5.5 (Local residual). For every edge e € &, the following holds:

(5.8) IR |lxe = min |lh — V X Ejlw.,
hEHFIe\T(curl,we)
V xh=j
as well as
(5.9) [Rlve < IV X (E = Ep)|.-
Proof. Let us define h* as the unique element of L*(w,) such that
V-h* = 0 in we,
Vxh® = j in we,
(5.10) h*n = VXE,-n onl§,
h*xn = 0 on I'§.

The existence and uniqueness of h* follows from [26, Proposition 7.4] after lifting by V x E},.
The second and fourth equations in (5.10) imply that h* belongs to the minimization
set of (5.8). If ' € Hr (curl,w,) with V x b’ = j is another element of the minimization
set, then h* — h' = V¢ for some ¢ € HleN(we), and we see that
| =V x B3, = [|B" =V x E;, — V2,
= |h* =V x Ey|5, —2(h* = V x E},, Vq)., +[[Vq|Z,
= |h* =V x By, +1IVq
> ||h* =V x B3,
where we used that h* is divergence-free, (h* — V x E)-n =0on I'f, and ¢ = 0 on I'§

to infer that (h* — V x E}, Vq),, = 0. Hence h* is a minimizer of (5.8).
Let v € Hre (curl,w,). Since (V x h*,v),, = (h*,V x v),,, we have

(R,v) = (4, 0)u. = (V X By, V X 0),,
(V x h*v),, —(V x E, V xv),,
= (h*,V xv),, — (VX E,, V xXv),
= (¢, V X v,

where we have set ¢ := h* — V x E;. As above, V-¢ =0 in w, and ¢ - n = 0 on I'§.
Therefore, Theorem 8.1 of [26] shows that ¢ = V x w for some w € Hre (curl,w,), and

(R,v) = (V xw,V xv), Vve Hre(curl,w,).
At this point, it is clear that
IR ||xe = sup (Vxw,Vxv), =||Vxw|, =|h -V xE,

vEH e (curlwe)
[V xvl|we =1

2
We

We *
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Finally, we obtain (5.9) by observing that h = (V x E)|,, is in the minimization set
of (5.8). O

We are now ready to state our results for the oscillation-free residuals R,.

Lemma 5.6 (Local oscillation-free residual). For every edge e € &, the following holds:

5.11 RS |ve = 1 h—V x E,;|..,

(5.11) IRillee =, min, | il
V xh=j},

as well as

(5.12) 1RG5 < |V X (E — E})l|w. + 0SCe -

Proof. We establish (5.11) by following the same path as for (5.8). On the other hand, we
simply obtain (5.12) as a consequence of (5.3a) and (5.9). O

5.6. Proof of Theorem 3.2. We are now ready to give a proof of Theorem 3.2.
On the one hand, the quasi-equilibration estimator 7. defined in (3.9) is evaluated from
a field hy" € N,(T°) N Hre (curl,w,) such that ¥V x hy* = 75, and the sequential

sweep (3.11) produces hZ’Q also satisfying these two properties. Since the minimization set
in (5.11) is larger, it is clear that

IRl e < 7

for both estimators 7.. Then, (3.15) immediately follows from (5.6).
On the other hand, Theorem 3.1 with the choice x;, := (V x E})|.. and the polynomial
degree p together with (5.11) of Lemma 5.6 implies that

77@ < Cst,eHR}elH*,e

for the estimator (3.9), whereas hfb’o from (3.11) is actually the element realising the
inequality in (3.1), see the constructive proof of Proposition 6.6 below. Therefore, (3.16)
is a direct consequence of (5.12).

6. EQUIVALENT REFORMULATION AND PROOF OF THEOREM 3.1 (H/(curl)
BEST-APPROXIMATION ON AN EDGE PATCH)

In this section, we consider the minimization problem over edge patches posed in the
statement of Theorem 3.1, which was a central tool to establish the efficiency of the quasi-
equilibrated estimators in Theorem 3.2. This minimization problem is similar to the ones
considered in [5, 24, 25] in the framework of H' and H(div) spaces. We prove here
Theorem 3.1 via its equivalence with a stable broken H (curl) polynomial extension on
edge patch formulated in Proposition 6.6 below.

6.1. Stability of discrete minimization in a tetrahedron.
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6.1.1. Preliminaries. We first recall some necessary notation from [7]. Consider an arbi-
trary mesh face ' € Fj, oriented by the fixed unit vector normal ny. For all w € L*(F),
we define the tangential component of w as

(6.1) mh(w) =w— (W -nrp)ng.

Notice that the orientation of nr is not important here. Let K € T, and let Fx be the
collection of the faces of K. For all v € H'(K) and all F' € Fy, the tangential trace of v
on F'is defined (with a slight abuse of notation) as w7.(v) := #w}(v|r).

Consider now a nonempty subset F C Fx. We denote I'x C K the corresponding part
of the boundary of K. Let p > 0 be the polynomial degree and recall that N ,(K) is the
Nédélec space on the tetrahedron K, see (2.5). We define the piecewise polynomial space
onI'r

(6.2) N7 (Tx):={wre L*TF)|Iv, e N(K);wp := (wr)|r = 7p(v,) VF e F}.

Note that wr € N (C7) if and only if wp € N (C(py) for all F € F and whenever
|F| > 2, for every pair (F_,F,) of distinct faces in F, the following tangential trace
compatibility condition holds true along their common edge e := F, N F_:

(63) (wF+)|e *Te = (wF_)|e *Te.
For all wr € N7 (I'r), we set
(64) Curlp('wp) = (V X ’Up)|F ‘ngp VF € ]:,

which is well-defined independently of the choice of v,. Notice that the orientation of np
is relevant here.

Definition (6.1) of the tangential trace cannot be applied to fields with the minimal
regularity v € H(curl, K). In what follows, we use the following notion to prescribe the
tangential trace of a field in H (curl, K).

Definition 6.1 (Tangential trace by integration by parts in a single tetrahedron). Let K
be a tetrahedron and F C Fy a nonempty (sub)set of its faces. Given vy € N7 (Tx) and
v € H(curl, K), we employ the notation “v|% =rx” to say that

(Vxv,@)x— (0,VxQ)x = (rp,¢ xng)p Vo € Hy 5 (K),
FeF
where
H.;(K)={¢pcH(K)|¢lprxn=0 VFecF :=Fg\F}.
Whenever v € H'(K), v|% = rx if and only if n%(v) = rp for all F € F.
6.1.2. Statement of the stability result in a tetrahedron. Recall the Raviart—Thomas space

RT,(K) on the simplex K, see (2.5). We are now ready to state a key technical tool
from [7, Theorem 2], based on [16, Theorem 7.2] and [10, Proposition 4.2].

Proposition 6.2 (Stable H(curl) polynomial extension on a tetrahedron). Let K be a
tetrahedron and let ) C F C Fg be a (sub)set of its faces. Then, for every polynomial degree
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p >0, for all v € RT ,(K) such that V - rg =0, and if F # 0, for all rr € N;(F;)
such that ri - np = curlp(rg) for all F € F, the following holds:

6.5 ' <G :

(6.5) qwéREiK)HUpHK._ ﬁJ(veHggﬂLK)HUHK7
V XUp=r Vxv=rg
vplF=rF vlE=rs

where the condition on the tangential trace in the minimizing sets is null if ) = F. Both
minimizers in (6.5) are uniquely defined and the constant Cy i only depends on the shape-
reqularity parameter ki of K.

6.2. Piola mappings. This short section reviews some useful properties of Piola mappings
used below, see [22, Chapter 9]. Consider two tetrahedra Ki,, Koy C R? and an invertible
affine mapping T : R?* — R3 such that Ky, = T(K,). Let Jr be the (constant) Jacobian
matrix of T'. Note that we do not require that det Jr is positive. The affine mapping T
can be identified by specifying the image of each vertex of Kj,. We consider the covariant
and contravariant Piola mappings

1

c -T -1 d -1

= T = T

We(o) = @n) T (@o T, whv) = opTrlwe T

for vector-valued fields v : K, — R3. Tt is well-known that 15 maps H (curl, K;,) onto
H(curl, K,,) and it maps N, (Kj,) onto N (Ko for any polynomial degree p > 0. Sim-
ilarly @3 maps H (div, K;,) onto H(div, Koy) and it maps RT ,(Ki,) onto RT ,(Kout)-
Moreover the Piola mappings 7 and zpdT commute with the curl operator in the sense
that

(6.6) V x (%%(v) = 95 (V xv) Vo € H(curl, Ky,).
In addition, we have
(6.7) (Y7 (Vin); Vout) Kowe = sign(det Jr)(vin, (’lp%)il(UOUt))Kin’

for all vy, € H(curl, K},) and vo, € H(curl, K,,). We also have ||[¢7(v)| k... <

hKin

P |v||x,, for all v € L*(Ki,), so that whenever Ki,, K,y belong to the same edge
pa?cuch T¢, we have
(6.8) 197 () | ko < CllvllK, Vo € L*(Kin),

for a constant C' only depending on the shape regularity s, of the patch 7¢ defined in (2.4).
6.3. Stability of discrete minimization in an edge patch.

6.3.1. Preliminaries. In this section, we consider an edge patch 7°¢ associated with a mesh
edge e € &, consisting of tetrahedral elements K sharing the edge e, cf. Figure 1. We
denote by n := |T°¢| the number of tetrahedra in the patch, by F¢ the set of all faces of
the patch, by F, C F* the set of “internal” faces, i.e., those being shared by two different
tetrahedra from the patch, and finally, by F¢, := F¢\ F5, the set of “external” faces. The
patch is either of “interior” type, corresponding to an edge in the interior of the domain
(), in which case there is a full loop around e, see Figure 1, left, or of “boundary” type,
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corresponding to an edge on the boundary of the domain €2, in which case there is no
full loop around e, see Figure 1, right, and Figure 6. We further distinguish three types
of patches of boundary type depending on the status of the two boundary faces sharing
the associated boundary edge: the patch is of Dirichlet boundary type if both faces lie in
T, of “mixed boundary” type if one face lies in I'p an the other in I'y, and of Neumann
boundary type if both faces lie in I'y. Note that for an interior patch, |F¢,| = n, whereas
|Fe.| = n — 1 for a boundary patch. The open domain associated with 7°¢ is denoted by
we, and n,,, stands for the unit normal to dw, pointing outward we.

ay ay

FIGURE 6. Mixed (left) and Neumann (right) boundary patch 7°

We denote by aq and a, the two vertices of the edge e. The remaining vertices are
numbered consecutively in one sense of rotation around the edge e (this sense is only specific
for the “mixed boundary” patches) and denoted by ag,a,...,a,, with ay = a, if the
patch is interior. Then 7°¢ = Uje{lzn} K; for K; := conv(a;_1,a;,aq4,a,); we also denote
Ky := K, and K,;; := K;. For all j € {0: n}, we define F; := conv(a;, aq, a,), and for
all j € {1:n}, welet F' := conv(a;_1,a;,aq) and F}' := conv(a;_1, a;, ay). Then Fi, =
{Fj_1, F;, Fjd, P}, and Fy = F, if the patch is interior. We observe that, respectively
for interior and boundary patches, Fi = Ujcrom 1y {Fi} Foxe = Uje{lm}{Ff,Ff} and
Fine = Uje{l:n—l}{‘Fj}7 Fext = Uje{l:n}{ﬂd7ﬂu} U {Fo, Fr}. Finally, if Fj € Ff is an
internal face, we define its normal vector by ngp, = ng, , = —ng,;, whereas for any
external face F' € F¢,,, we define its normal to coincide with the normal pointing outward
the patch, np :=mn,,.

We now extend the notions of Section 6.1.1 to the edge patch 7°¢. Consider the following
“broken” Sobolev spaces:

H(curl, 7°) := {v € L*(w,) | v|x € H(curl, K) VK € T*},
HY(T°):={v € L*(w,) | v|x € H'(K) VK € T*},

as well as the broken Nédélec space N, (T¢). For all v € H'(T*), we employ the notation
[v]r € L*(F) for the “(strong) jump” of v across any face F' € F°. Specifically, for an
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patch type FE F

int

interior {F\,....,F,} | Fo=1F,....F.}

Dirichlet boundary | {Fy,..., F,_ 1} | F&e = {F1,..., Fn1}

mixed boundary {Fi,....FEha} [ {FoyUFs, ={Fo,F1,...,Fn1}

Neumann boundary | {Fy,..., F,1} | {Fo} U FS U{FL} ={Fo, F1,..., Fho1, Fru}
TABLE 1. The set of internal faces F, and the set F used for the mini-

mization problems on the edge patch for the four patch types.

internal face I; € Ff, we set [v]Fp, := (v|k,.,)|F, — (V|k,)|F,, whereas for an external face
F e F&,, we set [v]p := v|p. Note in particular that piecewise polynomial functions from
N ,(T¢) belong to H'(T*¢), so that their strong jumps are well-defined.

To define a notion of a “weak tangential jump” for functions of H(curl, 7¢), for which
a strong (pointwise) definition cannot apply, some preparation is necessary. Let F be a
subset of the faces of an edge patch 7° containing the internal faces, i.e. F5, C F C F¢,
and denote by I'r the corresponding open set. The set F depends on the type of edge
patch and is reported in Table 1. In extension of (6.2), we define the piecewise polynomial
space on I'r
(6.9)

N7 (Tr) i={wzr e L*(Tx) | 3v, € Ny(T);wp := (wr)|p = n5([v,]r) VF € F}.
In extension of (6.4), for all wr € N7 (I'x), we set
(610) CUI'IF(U)F> = [[V X ’Up]]F ‘Nngp VF € F.

Then we can extend Definition 6.1 to prescribe weak tangential jumps of functions in
H(curl, 7°) as follows:

Definition 6.3 (Tangential jumps by integration by parts in an edge patch). Given rz €
N7 (Tr) and v € H(curl, T¢), we employ the notation “[v]% =rz" to say that

6.11) > {(Vxv,¢)x— (v, Vx )k} => (rp. ¢ xnp)p V€ Hy (T,
KeTe FeF

where
(6.12) H, z(T°)={¢pc H(T) | [@¢]lr xnp =0 VF e F U(Fi\F)}.

Whenever v € H'(T®), [v]% = 77 if and only if ®%([v]r) = 7r for all F € F. Note that
@ x np in (6.11) is uniquely defined for all ¢ € H . z.(T°).

6.3.2. Statement of the stability result in an edge patch. Henceforth, if r+ € RT,(T°) is
an elementwise Raviart—Thomas function, we will employ the notation ry := 77|k for all
K € T°. In addition, if vy € N, (T°) is an elementwise Nédélec function, the notations
V -r+ and V x vy will be understood elementwise.
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Definition 6.4 (Compatible data). Let rr € RT,(T°) and rr € NJ(T'r). We say that
the data v and rx are compatible if

(6.13a) V.ory=0,

(613b) [[TT]]F ‘Np = CurlF(rF) VFE € .F,

and with the following additional condition whenever the patch is either of interior or
Neumann boundary type:

(6.13c) Z TR le-Te =0 (interior type),
je{tm}
(6.13d) Z TEle Te =Tr|e" Te (Neumann boundary type).
je{0:n—1}

Definition 6.5 (Broken patch spaces). Let r7 € RT,(T¢) and rr € N (T'r) be compat-
ible data as per Definition 6.4. We define

(6.14a) V(T = {'v € H(cur, 7¢) | V<Y =77 } :

[v]z =7F

(6.14Db) V,(T%) :=V(T)NNL(T°).

We will show in Lemma 6.9 below that the space V,(7T¢) (and therefore also V(7°))
is nonempty. We are now ready to present our central result of independent interest. To
facilitate the reading, the proof is postponed to Section 6.5.

Proposition 6.6 (Stable broken H (curl) polynomial extension on an edge patch). Let an
edge e € &, and the associated edge patch T with subdomain w, be fized. Let the set of faces
F be specified in Table 1. Then, for every polynomial degree p > 0, all v+ € RT ,(T°)
and rr € N;(F]:) compatible as per Definition 6.4, the following holds:

(6.15)  min  ||vpllw. = min  |vplle. < Cse  min V|lp. = Cste min |Jv],,.
vpeV,(T°) vpeNL(TE) veEH (curl,7¢) veV (Te)
VXvp=rr V xv=rr
[vp]F=rr [v]F=rr

Here all the minimizers are uniquely defined and the constant Cg . only depends on the
shape-reqularity parameter k. of the patch T¢ defined in (2.4).

Remark 6.7 (Converse inequality in Proposition 6.6). Note that the converse to the in-
equality (6.15) holds trivially with constant one.

6.4. Equivalence of Theorem 3.1 with Proposition 6.6. We now show, via a shift by
the datum x,, that the statements (3.1) of Theorem 3.1 and (6.15) of Proposition 6.6 are
equivalent. More precisely, let hy € N,(T¢) N Hre (curl,w,) and h* € Hre (curl,w,) by
any solutions to the minimization problems of Theorem 3.1 for the data j; € RT ,(7°) N
Hy (div,w.) with V - j5 = 0 and x;, € N,(T¢). Let v} € V,(T¢) and v* € V(T¢) be
any minimizers of Proposition 6.6 for the data

(6.16) rri=73, -V XxXx,  rri=-mp(xlr) VFEZF,
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where F is specified in Table 1. We claim that

(6.17) h, —x, =v,, h"—x;,="v"

In the converse direction, for given data r+ and r compatible as per Definition 6.4, taking
any X, € N,(T¢) such that —=% ([x,]r) = rr for all F € F and 3§, := v+ + V X X,
(6.17) holds true. As a consequence, Theorem 3.1, including the existence and uniqueness
of the minimizers, will follow from the proof of Proposition 6.6 presented in the following
section.

In order to show (6.17) in the forward direction for example, we merely need to show
that 7 and r# prescribed by (6.16) are compatible data as per Definition 6.4. Indeed,
to start with, since 35,V x x;, € RT ,(T°), we have r € RT (7). In addition, since
V .35 =0 from (3.7),

V.orr=V.j—V-(Vxx,) =0,

which is (6.13a). Then, for all j € {1 : n} if the patch is of interior type and for all
j € {1 :n — 1} if the patch is of boundary type, we have

rr; = T (Xalk;) = 75, (Xal40)
and therefore, recalling the definition (6.4) of the surface curl, we infer that
curlp, (rg,) = curlg, (7% (Xl k) — curlp, (75 (Xa K40 )
= (V xxp)lg;r - e, — (VX x3) |k, 0|7y - 1y
= —[V x xul5 -
On the other hand, since jj, € H(div,w.), we have [j},]F - nr, = 0, and therefore

[r7lF - nr = —[V X x4]F, - nE, = curlg, (7g).
Since a similar reasoning applies on the face Fy if the patch is of Neumann or mixed
boundary type and on the face F), if the patch is of Neumann boundary type, (6.13b) is
established.
[t remains to show that rx satisfies the edge compatibility condition (6.13c) or (6.13d)
if the patch is interior or Neumann boundary type, respectively. Let us treat in detail the
first case (the other case is treated similarly). Owing to the convention K, ., = K, we

infer that
Z er|€ "Te = Z (Xh|Kj - Xh|Kj+1)|5 *Te= Oa

je{l:n} je{lin}
which establishes (6.13¢). We have thus shown that 7+ and 7z are compatible data as per
Definition 6.4.

6.5. Proof of Proposition 6.6. The proof of Proposition 6.6 is performed in two steps.
First we prove that V,(7°) is nonempty by providing a generic elementwise construction of
a field in V,(7°); this in particular implies the existence and uniqueness of all minimizers
in (6.15). Then we prove the inequality (6.15) by using one such field £ € V,(7°).
Throughout this section, if A, B > 0 are two real numbers, we employ the notation A < B
to say that there exists a constant C' that only depends on the shape-regularity parameter



28 STABLE BROKEN H (curl) POLYNOMIAL EXTENSIONS & p-ROBUST QUASI-EQUILIBRATION

ke of the patch 7° defined in (2.4), such that A < C'B. We note that in particular we have
n = |T°¢ <1 owing to the shape-regularity of the mesh 7.

6.5.1. Generic elementwise construction of fields in V ,(T¢). The generic construction of
fields in V,(7°) is based on a loop over the mesh elements composing the edge patch 7.
This loop is enumerated by means of an index j € {1 : n}.

Definition 6.8 (Element spaces). For each j € {1:n}, let ) C F; C Fg, be a (sub)set of
the faces of K;. Let ri, € RT ,(K;) with V -rg, =0, and if 0 # F;, let "Fffj e N7 (T'x,)
in the sense (6.2) be given data. We define

(6.150) Vi) = {o e Hewtr) | 70T,
Fi U Fp

In what follows we are only concerned with the cases where Fj is either empty or com-
posed of one or two faces of K. In this situation the subspace V,(Kj) is nonempty if and
only if

(6.19a) curlp(7,) = Tk, -np VF € F,
(6.19b) Fole Te=T4 |- 7o if Fj ={F, F_} withe=F,NF_,

where np is the unit normal orienting F' used in the definition of the surface curl (see (6.4)).
The second condition (6.19b) is relevant only if |F;| = 2.

Lemma 6.9 (Generic elementwise construction). Let e € &, let T¢ be the edge patch
associated with e, and let the set of faces F be specified in Table 1. Let r+ € RT ,(T°)
and rr € N;(F;) be compatible data as per Definition 6.4. Define rg, := 77|k, for all
j € {1l :n}. Then, the following inductive procedure yields a sequence of nonempty spaces
(Vo(K;))jequny in the sense of Definition 6.8, as well as a sequence of fields (&) jeq1n)
such that Ef) € Vu(Kj;) for all j € {1:n}. Moreover, the field §, prescribed by |k, = E;
for all j € {1 :n} belongs to the space V ,(T*) of Definition 6.5:

1) First element (j = 1): Set Fy := 0 if the patch is of interior or Dirichlet boundary type
and set Fy = {Fo} if the patch is of Neumann or mized boundary type together with

(6.20a) Tr = TR

Define the space V (K1) according to (6.18b) and pick any 511; e V,(Ky).
2) Middle elements (j € {2:n —1}): Set F; := {F;_1} together with
(6.20b) T =m (€7 e,

with E;fl obtained in the p‘rem'ous step of the procedure. Define the space V ,(K;) according
to (6.18b) and pick any &, € V ,(Kj).
3) Last element (j =n): Set F,, := {F,_1} if the patch is of Dirichlet or mized boundary



STABLE BROKEN H/(curl) POLYNOMIAL EXTENSIONS & p-ROBUST QUASI-EQUILIBRATION 29

type and set F, = {F,_1, F,,} if the patch is of interior or Neumann boundary type and
define 7% as follows: For the four cases of the patch,

(620(3) 7’:2"”_1 = 777];‘n_1 (Ezil) +TE, 1,

with 5271 obtained in the previous step of the procedure, and in the two cases where F,
also contains F,:

(6.20d) TR =Th (511)) —rp, interior type,

(6.20e) Th =Tp, Neumann boundary type.

Define the space V,(K,,) according to (6.18b) and pick any &, € V ,(K,).

Proof. We first show that &) is well-defined in V,(K;) for all j € {1 : n}. We do so by
verifying that Fi}j € N7 (T#,) (recall (6.2)) and that the conditions (6.19) hold true for all
j € {1:n}. Then we show that £, € V,(T°).

(1) First element (j = 1). If the patch is of interior or Dirichlet boundary type, there is
nothing to verify since F; is empty. If the patch is of Neumann or mixed boundary type,
F1 = {Fy} and we need to verify that "F}O e N7 (T(ry) and that curlg, (7’}0) =Tk, Mg,
see (6.19a). Since 'F}l =rp €N » (L)) by assumption, the first requirement is met.
The second one follows from rg, - ng, = [r7]g - nr, = curlg, (rg) = curlg, (?}O) owing

to (6.13b). |
(2) Middle elements (j € {2:n—1}). Since F; = {Fj_1}, we need to show that "F%]__l €

N > (T'ir,_,y) and that f:url Fj_, (;’:jfj_l) =7k, nr,_,. The first requirement follows from the
definition (6.20b) of ?}J__l. To verify the second requirement we recall the definition (6.4)
of the surface curl and use the curl constraint from (6.18a) to infer that
~J T ji—1
curlg, (7%, ) = curly, (7%, (&) +cutly, (75 ,)

= (V X E;_l) |Fj,1 "MNE_, + CUI'IFJ.71 (erfl)

= 'T‘Kj_l . npj_l + Curle_l(TFj_l).
By virtue of assumption (6.13b) it follows that

’l"Kj . ’I’I,Fj71 — Cllﬂpyi1 (’;F%j71> = TKj : nFj,l - TKj—l : nFj71 - Curleq(erfl)'
= II’I"T]]F]._l . ’I’I,Fj_l - Curle_l(’l“pj_l) =0.

(3) Last element (5 = n). We distinguish two cases.

(3a) Patch of Dirichlet or mixed boundary type. In this case F,, = {F,_1} and the
reasoning is identical to the case of a middle element.

(8b) Patch of interior or Neumann boundary type. In this case, F,, = {F,,_1, F,,}. First
the prescriptions (6.20¢)—(6.20d)—(6.20e) imply that 7% € N7 (I'z,) in the sense of (6.2).
It remains to show (6.19a), i.e.

(621) Cur]'anl (:F"I"’in,l) - ,rKn ’ nanl’ Curan (:F?If“n) - 'rKn ’ nFn’
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and, since JF, is composed of two faces, we also need to show the edge compatibility
condition (6.19b), i.e.

(6.22) o e T =Tl T

The proof of the first identity in (6.21) is as above, so we now detail the proof of the second
identity in (6.21) and the proof of (6.22).

(38b-I) Let us consider the case of a patch of interior type. To prove the second identity
in (6.21), we use definition (6.4) of the surface curl together with the curl constraint
in (6.18a) and infer that

curlp, (7% ) = curlp, (7, (5;) —Tg,)
=V x .S;, -np, —curlg, (rg,)
=7k, -np, —curlg (rg,).
This gives
Tk, Ny, —curlp(ry ) = (rg, —Tk,) - g, + cutlp(ry,)
= —[r]g, - ng, +curlp(rg,) =0,

where the last equality follows from (6.13b). This proves the expected identity on the curl.
Let us now prove (6.22). For all j € {1: n—1}, since &, € N,(K;), its tangential traces
satisfy the edge compatibility condition

(6.23) (75, €)] o= (7R&)] 7.
Moreover, for all j € {1 :n — 2}, we have F; € F;;1 so that by (6.18a) and the defini-
tion (6.20b) of ”Ff;jrl, we have
m5 (&) =T = mE (&) + e,
and therefore using (6.23) yields
(777}7},1@;)) L "Te = (777}:} (52“)) L ‘Te— TRl Te.
Summing this identity for all j € {1 : n — 2} leads to
(TR @), o= (7h L€ e Do TRl Te

je{l:n—2}
In addition, using again the edge compatibility condition (6.23) for j = n — 1 and the
definition (6.20c) of 7 _ leads to
(Tr;‘n—2 (ézil)) |e ) Te = 7’:?%n—l |e ) Te - TFn—l |e ) Te'
Summing the above two identities gives

(6.24) (71'}0(5;)) }e Te=Tp e Te— Z TRl Te.
je{lin—1}
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Since Fy = F, for a patch of interior type and 7}, = 77, (€,) — 7, owing to (6.20d), the
identity (6.24) gives

anle " Te= (7"71:“0 (5;;)) |e "Te — (TFn|e : Te)

::'\’:7;;‘77,71|6‘T€_ Z TFj|€'T€_ (TE e Te)
je{lin—1}

=T e Tem D TRl Te=Tg, T
je{lin}

where we used the edge compatibility condition (6.13c) satisfied by 7 in the last equality.
This proves (6.22) in the interior case.

(3b-N) Let us finally consider a patch of Neumann boundary type. The second identity
in (6.21) follows directly from (6.13b) and (6.20e). Let us thus prove (6.22). The iden-
tity (6.24) still holds true. Using that (7}, (£,))]e- Te = T'g|e - Te, this identity is rewritten
as

;Z“n,lle T Te = Z TFj|e *Te :TFn|e'Tea
je{0:n—1}
where the last equality follows from the edge compatibility condition (6.13d) satisfied by
rr. But since 7}, = rp, owing to (6.20e), this again proves (6.22).

(4) Tt remains to show that §, € V,(T°) as per Definition 6.5. By construction, we
have Tr}j(gph(jﬂ) _ﬂ-gj(gph(j) =TrF for allj € {1 n= 1}7 W}n(gph(o) _ﬂ-}n(gp‘Kn) =Tr,
if the patch is of interior type, 77, (§,[x,) = 7r, if the patch is of Neumann or mixed
boundary type, and w7, (§,|x,) = T, if the patch is of Neumann type. This proves that
w5 ([€,]r) = rp for all F € Fie., [§,]F = rr in the sense of Definition 6.3. O

6.5.2. Proof of Proposition 6.6. We are now ready to establish the proof of Proposition 6.6.
Owing to Lemma 6.9, the fields
(6.25) &7 = argmin |v,|x,, je{l:n},

vpEVp(Kj)
are uniquely defined in V,(Kj), and the field £ such that &|x; := S;j for all j € {1:n}
satisfies £, € V,(T°). Since the minimizing sets in (6.15) are nonempty (they all contain

E;), both the discrete and the continuous minimizers are uniquely defined owing to standard
convexity arguments. Let us set

v* = argmin||v

wes v} = vk, je{l:n}
veV(T*e)

To prove Proposition 6.6, it is enough to show that

(626) ||£;) We SJ Hv* We *

Owing to Proposition 6.2 applied with K := K; and F := F; for all j € {1: n}, we have
6.27 e, < i .

(6.27) 1€l S  zuin Il
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where V' (K;) is defined in (6.18a). Therefore, recalling that |7¢| < 1, (6.26) will be proved
if for all j € {1:n}, we can construct a field {; € V(Kj) such that ||(;[|x, < [|[v*]l.. To
do so, we proceed once again by induction.

(1) First element (j = 1). Since v} € V(K), the claim is established with {; := v}
which trivially satisfies ||{1||x, = ||[v*]|x, < [|U*||w.-

(2) Middle elements (j € {2 : n — 1}). We proceed by induction. Given {; ; €
V(K1) such that [|(; i[lx,_, S [[v*]l., let us construct a suitable ¢; € V(Kj) such
that ||(;l|x; < ||v*]lw.. We consider the affine geometric mapping T;_1; : K;_1 — K;
that leaves the three vertices aq4, a;_1, and a, (and consequently the face F;_;) invariant,
whereas T';_1 j(a;-2) = a;. We denote by 9_; ; := b7 = the associated Piola mapping,
see Section 6.2. Let us define the function ¢; € H(curl, K;) by

(6.28) =0 — e (67T —v)y),

where €;_1 ; 1= sign (det "]]ijl,j)' Using the triangle inequality, the L2-stability of the Piola
mapping (see (6.8)), inequality (6.27), and the induction hypothesis, we have

¢ 115, < Nl + 1051, (677 = 05 )|l
S vl + 1€ — vk,
< HU*HKJ' + Hg;?HKJA + HU*HKJ‘A

IS GNP o ([P VPN o o (VPRI (ol [PPR

(6.29)

Thus it remains to establish that ¢; € V(Kj;) in the sense of Definition 6.8, i.e. we need
to show that V x ¢; = ri; and (| = WJ_—J Recalling the curl constraints in (6.14a)
and (6.18a) which yield V x £ = V x v* = r7 and using (6.6), we have

i1
Vx¢; =V xv—¢€1;V X ,;(§ —vi,)
d i1
=rx, — 1%, (V< (&7 —viy)) =7k,

which proves the expected condition on the curl of ¢;.

(6.30)

It remains to verify the weak tangential trace condition ¢ j|}j = ??_-j as per Definition 6.1.
To this purpose, let ¢ € H: 7<(K;) and define & by
>

(6.31) $|K7 =@ g’|Kj_1 = (¥5_1,;) (@), dli, =0 Vie{l:n}\{j—1j}

These definitions imply that ¢ € H (curl,w,) N H. 7.(T°) (recall (6.12)) with

(3.

XNp,_, = <$|KJ>

XN, = ¢|Fj—l X NE;_y,

ijl Fj—l

as well as
Glr xmp=0 VFeF\{F_}
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(Note that $| F X np is uniquely defined by assumption.) Recalling definition (6.28) of ¢,
and that V x ¢; = rg, = V x v}, see (6.30), we have

(V x Cj>¢)Kj - (Cj,V X (ﬁ)KJ
= (V x v*, ¢)Kj — (v*, V x q’))K]- + Ej_1,j(¢§_1’j(£;j_l — ’U;_l), V x qb)Kj
= (V X ,U*a (’E)Kj - (,U*v V x &)Kj + (E; - U*a V x %)Kjfp

where we used the definition of 215, properties (6.7), (6.6) of the Piola mapping, and the
definition of €;_;; to infer that

€151 (€77 —vi) . V x @)k, =€y (& — v,V x (¥5_1,) " blk;,) )k,
= (& v,V X Q) ,.
Since V x £ = rr =V x v* and qu’; = 0 outside K;_; U K, this gives
(6.32) (V x¢;,0)k, — (¢, V X @),
= (V x 0", @), — (0, V x @)i, + (& — v, V x P)i,, + (V x (v* = &), D)k,
= > {3 = 0V x Glic) = (Vx5 D) = (€. V x D), )

KeTe
Since v* € V(T°), ¢ € H ;.(T°), and [v*]% = 7z, we have from Definitions 6.3
and 6.5

(6.33) > {50 )~ (0. V x B)ic) = D (1 b x m)i

KeTe FeF

= (’er_m ¢ X nFj—l)Ej—l?

where in the last equality, we have employed the definition (6.31) of Zjv) On the other hand,

since &k, $|Kj71 € H'(K,_,), we can employ the pointwise definition of the trace and
infer that

(634) (V X E;> &)qu - (5;» V x a)Kjfl = (7771:“', (5;];1)7 %’Kj—l X nKj71)Fj71
= —(7"?].,1(5;];1)7 ¢ X nFj—l)Fj717

where we used that ng, , = —ng,_,. Then, plugging (6.33) and (6.34) into (6.32) and
employing (6.20b) and ng, = ng,_,, we obtain

(V X Cj, ¢>KJ — (Cj, V X d))Kj = (Tqu?Qb X nFj71>Fj71 + (W;j—l <€;j71>>¢ X nijl)ijl
= (TFj—l + Tr;j—l(gzj_l)7 ¢ X nFj—l)Fj—l
= (f"j}.?jfp(;b X nKj)ijl'

Since Fj := {Fj_1}, this shows that ¢; satisfies the weak tangential trace condition in
V(K;) by virtue of Definition 6.1.
(3) Last element (j = n). We need to distinguish the type of patch.
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(3a) Patch of Dirichlet or mixed boundary type. In this case, we can employ the same
argument as for the middle elements since F,, = {F},_1} is composed of only one face.

(3b) Patch of interior type. Owing to the induction hypothesis, we have ||| x; < [[v*|.
for all j € {1:n—1}. Let us first assume that there is an even number of tetrahedra in the
patch 7€, as in Figure 1, left. The case where this number is odd will be discussed below.
We build a geometric mapping T';,, : K; — K, for all j € {1 : n — 1} as follows: T,
leaves the edge e pointwise invariant, T'; ,(a;_1) := @, Tj,(a;) == a,_1 if (n — j) is odd,
and T';,(a;) = a,, T;,(a;j_1) := a,_1 if (n — j) is even. Since n is by assumption even,
one readily sees that T';,,(F;) = Tj11,(F;) with F; = K; N K4 for all j € {1;n —2}.

We define ¢,, € H(curl, K,,) by setting

(6.35) Co=0h— Y €t (&7 —v)),

je{lin—1}

where €;,, := sign(det Jr, ) and 5, is the Piola mapping associated with T';,,. Reasoning
as above in (6.29) shows that

1€l S 107l

It now remains to establish that ¢,, € V(K,,) as per Definition 6.8, i.e. V x {,, = rg,
and €, |%, = 7%, with F, := {F,_1, F},}. Since V x & = ry =V x v*, using (6.6) leads
to V x ¢, =V x v} =rg, as above in (6.30), which proves the expected condition on the
curl of ¢,,. It remains to verify the weak tangential trace condition as per Definition 6.1.

To this purpose let ¢ € H;fg (K,) and define <~ﬁ by

(6.36) O, =, Olx, = (¥,)  (¢) Vie{l:n—1}

Asp e H i Fe (K,), its trace is defined in a strong sense, and the preservation of tangential

traces by Piola mappings shows that 25 € Hivfc (7°¢) in the sense of (6.12). Then, using
V x ¢, =V x v} and (6.35), we have

(V X Cn’ d))Kn - (Cn? V x ¢)Kn
= (VX0 @)k, — (0 VX Pk, + > a5, (€7 —v2),V x P,

je{lin—1}

where we used the definition of aﬁ for the first two terms on the right-hand side. Moreover
using (6.7) and (6.6) for all j € {1:n — 1}, we have
€in(W5n(€) —0)). V X @)k, = €, (&, —v*, V x (95,) 7 (Blx,)))x,
= (E; - ’U*7 V x ¢)K]
= (£, — v, VX @)K, — (V x (§ —v"), )k,
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since V x £ =77 =V x v*. It follows that

(VXCn @i, — (€ V X D)k,
= Y A{Txv P @ VP f - D (VXD — (€, x b, }

je{l:n} je{lin—1}
= (VX &9k, — (6 V x Bhic, + Y. {(Vxv".@)x, — (0", V x D), |
je{l:n}
- Z {(V X E;:g))KJ - (E;:V X ;B)Kj}
je{lin}

= (VX &, )k, — (£, V X )k, = (V x &, D)k, — (65, V X D)k,
= > (7 ¢ x ng,)r,

FeFn

where we employed the fact that, since both &}, v* € V(T°), Definition 6.3 gives

3 {(v x 0", )i, — (V' V x E))Kj} =S (re d x mp)p

je{ln} FeF

= Z {(V X 5;7&;)19 — (&, V % $>KJ} '

Jje{lin}

Thus ¢,|%, = 7%, in the sense of Definition 6.1. This establishes the weak tangential trace
condition on ¢, when n is even.

If n is odd, one can proceed as in [25, Section 6.3]. For the purpose of the proof only, one
tetrahedron different from K, is subdivided into two subtetrahedra as in [25, Lemma B.2].
Then the above construction of ¢,, can be applied on the newly created patch which has
an even number of elements, and one verifies as above that ¢, € V(K,,).

(3c) Patch of Neumann boundary type. In this case, a similar argument as for a patch
of interior type applies, and we omit the proof for the sake of brevity.

Remark 6.10 (Quasi-optimality of £7). Let & € V,(T°) be defined in the above proof (see
in particular (6.25)). Since [|[v*||o, < ming,cv,(7e) [|Vplle., (6.26) implies that ||€) ], <
MiNy,ev,(7¢) [|Vpllw. (note that the converse inequality is trivial with constant one). This
elementwise minimizer is the one used in the simplified a posteriori estimator (3.11b).
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