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Abstract

In this work, we obtain quantitative convergence of moderately interacting particle systems
towards solutions of nonlinear Fokker-Planck equations with singular kernels. In addition, we
prove the well-posedness for the McKean-Vlasov SDEs involving these singular kernels and the
trajectorial propagation of chaos for the associated moderately interacting particle systems.

Our results only require very weak regularity on the interaction kernel, including the Biot-
Savart kernel, and attractive kernels such as Riesz and Keller-Segel kernels in arbitrary dimen-
sion. This seems to be the first time that such quantitative convergence results are obtained
in Lebesgue and Sobolev norms for the aforementioned kernels. In particular, this conver-
gence still holds (locally in time) for PDEs exhibiting a blow-up in finite time. The proofs
are based on a semigroup approach combined with a fine analysis of the Sobolev regularity of
infinite-dimensional stochastic convolution integrals, and we also exploit the regularity of the
solutions of the limiting equation.

Keywords and phrases: Interacting particle systems, Nonlinear Fokker-Planck equation, McKean-
Vlasov SDEs, Propagation of chaos.
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1 Introduction and main results

In this work, we are interested in the stochastic approximation of nonlinear Fokker-Planck Partial

Differential Equations (PDEs) of the form

du(t,z) = Au(t,z) — V- (u(t,z) K *, u(t,x)), ¢t>0, z€RY (1.1)
u(0,z) = uo(x), '

by means of moderately interacting particle systems. Here, K is a locally integrable kernel that
may have a singular behaviour at 0.

Although we will not limit ourselves to kernels that derive from a potential, a typical family
of singular kernels that we will consider in this work derives from Riesz potentials, defined in any
dimension d as

s "
Vi(z) = 2] ifs€(0.d)  Cpa (1.2)
—loglz| ifs=0

The associated kernel is then K := £VVj, the sign deciding whether the interaction is attractive
or repulsive. If d > 2 and s = d — 2, this is the Coulomb potential that characterises electrostatic
and gravitational forces (depending on the sign). Our results will also cover several classical models
such as the 2d Navier-Stokes equation, which in vorticity form can be written as in (1.1) with the
Biot-Savart kernel, and the parabolic-elliptic Keller-Segel PDE in any dimension d > 1, which
models the phenomenon of chemotaxis. These kernels are presented and discussed in more details
in Section 5.

The problem of deriving a macroscopic equation from a microscopic model of interacting par-
ticles can be traced back to the original inspiration of Kac [33], in the context of the Boltzmann
equation. Since then, a huge literature has been devoted to interacting particle systems and their
convergence to nonlinear Fokker-Planck equations such as (1.1). In the case of Lipschitz contin-
uous interaction kernels, this problem is now well-understood. When the particles are diffusion
processes, whether in mean-field or moderate interaction, one can refer e.g. to the works of Sznit-
man [54], Méléard [37] for a general account of the theory, and Oelschlager [42] and Méléard and
Roelly-Coppoletta [39] on the moderate case. In this case, one can show that the propagation of
chaos holds. That is to say, the empirical measure (on the space of trajectories) of the associated
particle system converges in law towards the weak solution of a McKean-Vlasov SDE associated

o (1.1). In particular, when one looks at the time marginal laws in this convergence, one recovers
in the limit the Fokker-Planck equation.



There are fewer works when the interaction kernel is singular, despite the great importance it
represents both theoretically and in applications. One can mention the early works of Marchioro
and Pulvirenti [36] and Osada [45] on the 2d Navier-Stokes equation, and of Sznitman [53] and
Bossy and Talay [5] on Burgers’ equation. Cépa and Lépingle [10] studied one-dimensional electrical
particles with repulsive interaction, and more recently Fournier and Hauray [21] studied a stochastic
particle system approximating the Landau equation with moderately soft potentials. Outside the
scope of physics, interesting biological models have arisen, for instance in neuroscience with the
work of Delarue et al. [14] (diffusive particles interacting through their hitting times), and several
works on the Keller-Segel equation (Fournier and Jourdain [22], Cattiaux and Pédeches [8] and
Jabir et al. [30] for instance).

When the interaction is attractive in addition to being singular (as it is the case in the Keller-
Segel model), it may not be possible to define the particle system in mean-field interaction, and
therefore to obtain propagation of chaos. Even when it is possible to define the particles, the
propagation of chaos may not always hold. For example, in the tricky case of the 2d parabolic-
elliptic Keller-Segel model, the mean-field particle system was shown to be well-defined [8, 22], but
the convergence (on the level of measures on the space of trajectories) holds only for small values
of the critical parameter of the equation (see [22]). For the d-dimensional Keller-Segel model with
d > 3 and the attractive Riesz kernel with s € (d — 2,d), we are not aware of any existence result
for the mean-field particle system.

This work is motivated by the approximation of the PDE (1.1), including cases when the kernel
is attractive and singular, and the associated mean-field interacting particle system is not known
to be well-defined. We thus consider the following moderately interacting particle system:

N
4 1 , ,
dXiN = Fy (N > (B« V(XY - th7N)> dt+2dW}, t<T, 1<i<N, (13)
k=1

where (W');<;<n are independant standard Brownian motions, V¥ is a mollifier and F, is a
smooth cut-off function. Hence, the existence of strong solutions for (1.3) is ensured.
However, the difficulty is to prove that at the limit N — oo, the system (1.3) behaves as the
mean-field system would. In this work, we will show that:

(a) {ud = Zfil dyin, t €[0,T]}, the marginals of the empirical measure of (1.3), converge to
the solution of the PDE (1.1) with a rate close to 2(d7h-1)'

(b) The system (1.3) propagates chaos towards the following nonlinear equation (without the
cut-off and the mollifier):

(1.4)

dXy = K *ug(Xy) dt +2dW;, t<T,
E(Xt) = U, E(Xo) = Up.

The propagation of chaos implies that for N large, the particles in (1.3) behave approximately like
independent copies of the process (1.4), which represents the evolution of a typical particle in an
infinite system undergoing the dynamics prescribed by the Fokker-Planck equation.

Notice that it is not a priori clear that (1.4) is well-posed due to the singularity of K. Hence,
in order to obtain this convergence, we obtain first a well-posedness result for (1.4).

As an application, we plan in a future work to use the rate in (a) and a time discretization of
(1.3) to propose a numerical approximation of the PDE (1.1).

1.1 Notations and definitions.

e For any $ € R and p > 1, we denote by Hg (R?) the Bessel potential space

Hg(Rd) = {u tempered distribution; ]-"71((1 +1- |2)§ fu()) € L”(Rd)},



where Fu denotes the Fourier transform of w. This space is endowed with the norm

full = |77 (041 7)F Fuc)

Lr(R4)
In particular, note that

lullo,, = [l Lo ey and for any 5 <7, ullz, <[lul,,-

The space HJ(R?) is associated to the fractional operator (I — A)g defined as (see e.g. [57,
p.180] for more details on this operator):

(I-2)5f=F (a+]-P)iFS). (1.5)

For p = 2, these are Hilbert spaces when endowed with the scalar product
ﬁ —_
(wo)s = [ (1+162)° Fule) Fole) dg

and the norm simply denoted by [[uf|5 := ||ull5 5 = \/(u, u)p-

e In this paper, (e'®);>¢ is the heat semigroup. That is, for f € LP(R%),

D) (z) = ot (T — ,
(e f) (x) /Rdg( y) f (y)dy

where g denotes the usual d-dimensional Gaussian density function:
g2 (2) = ———e50m. (1.6)
5

e For X some normed vector space, the space C(I; X) of continuous functions from the compact
time interval I with values in X is classically endowed with the norm

£l = sup || fs]lx-
sel

In case I = [0,t] for some ¢ > 0, we will also use the notation || f||: x = || fll[0,,x-
e Finally, if u is a function or stochastic process defined on [0, T] x RY, we will most of the time
use the notation u; to denote the mapping x — u(t, ).

1.2 Framework and assumptions

We start this section with a precise definition of the particle system (1.3).
Let A > 0 and let F4 be defined as follows: let f4 : R — R be a C#(R) function such that

(i) fa(x) ==, for x € [-A, A],
(if) fa(x)=A, for x> A+1and fa(z) = —A, for z < —(A+1),
(iif) [|f4lloe <1 and [|f]loc < oo
As a consequence, ||fallco < A+ 1. Now Fju is given by
Fa:(zr,..2a)" = (fal@r),.. o, falea)” . (1.7)

We introduce a mollifier that will be used both to regularise the particle system and its empirical
measure. Let V : R? — R, be a smooth, rapidly decreasing probability density function, and
assume further that V is even. For any 2 € R?, define

VN(z) := N®V(Nz), for some « € [0, 1]. (1.8)



Below, a will be restricted to some interval (0, c), see Assumption (A,).
Let T > 0. For each N € N, the particle system (1.3) reads more precisely:

N
XN = Fy (}V S K« (XY - th’N)) dt+v2dW}, t<T, 1<i<N,
_ k=1 ‘
XN, 1<i<N, areindependent of {Wi, 1<i< N},

(1.9)

where {(Wf)te[o,T], i € N} is a family of independent standard R%valued Brownian motions
defined on a filtered probability space (2, F, F, P).
Let us denote the empirical measure of N particles by

1
M.N = ﬁZl(SXfNN ) (1.10)

and the mollified empirical measure by
uN = VN« /L,N .
The following properties of the kernel will be assumed:

(AF):
(Af) K € L'(By);
(AE) K € LI(BY), for some q € [1, +o0];

(AK,) There exists r € (dV 2,+00), 8 € (4,1), ¢ € (0,1] and C > 0 such that for any
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f € L'nHE(RY), one has
NC(K * f) < C”fHleHf(]Rd)-

The Assumption (AX) covers many interesting cases that are fundamental examples in physics and
biology, some of which can be very singular. We will detail several examples in Section 5, but as
mentioned at the beginning of the introduction, we recall that the kernels of the 2d Navier-Stokes
equation, of the parabolic-elliptic Keller-Segel PDE in any dimension, and the Riesz potentials (see
(1.2)) up to s < d — 1, whether repulsive or attractive, satisfy (AX).

Note that Assumption (AX,) is rather mild, and we provide in Section 5.1 a sufficient condition

which is easier to check in the examples.

Let us now state the assumptions on the initial conditions of the system:

(A):
(A;) For any m > 1,

N N|[|™
;%%E [Huo *V HB,T] < o0.

(Ay;) Let up € L' N HZ(R?) such that ug > 0 and luoll L1 (ray = 1. Assume that
(ud’, ) — (ug, p) in probability, for any ¢ € C,(R9).

For instance, a sufficient condition for (A) to hold is that particles are initially i.i.d. with a
density that is smooth enough (see [16, Lemma 2.9] for a related result). The reader may also find
interesting comments on this assumption in [20, Remark 1.2].

Finally, the restriction with respect to the key parameters in this setting is given by the following
assumption:



(A,): The parameters «, 3 and r (which appear respectively in (1.8) and (AL,

)) satisfy

1

0<a< .
“Sdyesr2l -1

We aim to prove the convergence of the mollified empirical measure to the PDE (1.1). As (1.1)
preserves the total mass M := [, uo(z) dz, we will assume throughout the paper that M = 1.
Solutions to (1.1) will be understood in the following mild sense:

Definition 1.1. Given ug € L' N L®(R?) and T > 0, a function u on [0,T] x R is said to be a
mild solution to (1.1) on [0,T] if

(i) u € C([0,T]); L' N L>=(R%));

(ii) u satisfies the integral equation

t
up = ePuy — / V-2 K xug) ds, 0<t<T. (1.11)
0

A function u on [0,00) x R is said to be a global mild solution to (1.1) if it is a mild solution to
(1.1) on [0,T] for all T > 0.

In Section 2.2 the following result about the (local) well-posedness of the PDE (1.1) is estab-
lished:

Proposition 1.2. Assume that the kernel K : R — R satisfies (AKX) and (AL) and that the
initial condition is ug € L* N L>®(R?). Then there exists T > 0 such that the PDE (1.1) admits a
mild solution u in the sense of Definition 1.1 on [0,T]. In addition, this mild solution is unique.

Remark 1.3. In Corollary 2.3, we observe that if T is small enough, then ||ullp r1qpeo(ray is
controlled by ||u0||leLoo(Rd), so that the cut-off depends explicitly on the initial condition. If there
exists a global solution, then in some cases (e.g. the parabolic-elliptic Keller-Segel PDE), it is
possible to define a global cut-off that depends explicitly on the initial condition (see [44] for more
details).

From here we can explicit the cut-off A7 used to define the particle system. For a local mild
solution u on [0, 7], we will use the following cut-off:

AT = C}Qd ||’U,‘

T,L1NL (Re) (1.12)

where C'k 4 depends only on K and d and is given in Lemma 2.1.

Finally, as the kernel K may be singular, the PDEs we are interested in may only have local in
time solutions (i.e. they may explode in finite time). For this reason, we will denote by T4, the
maximal time of existence of a solution to (1.1) in the sense of Definition 1.1. This means that for
any T < Tpyaz, the PDE admits a mild solution on [0, T]. If there exists a global mild solution to
our PDE, then T}, = oc.

1.3 First main result: Rate of convergence to the PDE

Considering moderately interacting particles such as (1.3) dates back to Oelschliger [42], and was
further developed by Méléard and Roelly-Coppoletta [39] who proved a propagation of chaos result
for regular coefficients. Then let us mention Bossy and Talay [5] who studied Burgers equation,
and Méléard [38] who studied the 2d Navier-Stokes equation. Jourdain and Méléard [32] studied
the case where the nonlinearity may be as well in the diffusion coefficient, Jourdain [31] studied
a nonlinear convection-diffusion equation with drift that is possibly unbounded, and Fournier and
Hauray [21] obtained a rate of convergence for the intricate Landau equation, which is both singular
and with interaction in the diffusion term (hence not of the form (1.3)).



More recently, the new semigroup approach developed by Flandoli et al. [17] allows one to
approximate nonlinear PDEs by smoothed empirical measures in strong functional topologies.
More precisely, the convergence of the mollified empirical measure of the moderately interacting
particle system is obtained, and the approach was initially proposed for the FKPP equations. It
has already found many applications: see Flandoli and Leocata [16] for a PDE-ODE system related
to aggregation phenomena; Simon and Olivera [52] for non-local conservation laws; Flandoli et al.
[20] for the 2d Navier-Stokes equation; and Olivera et al. [44] for the parabolic-elliptic Keller-Segel
systems. However, in these recent works this convergence was not quantified and the propagation
of chaos was not considered.

The general question of quantifying the convergence of interacting particle systems (whether
in mean field or moderate interaction) towards the PDE in non-singular framework has been
addressed thoroughly in the literature. See for example [32, 43, 54] or, more recently, Cortez and
Fontbona [13] in the case of homogeneous Boltzmann equation for Maxwell molecules. However,
in the singular case there are fewer results in the literature: Méléard [38] obtained a non-explicit
rate on the density of one particle for the 2d Navier-Stokes equation, Bossy and Talay [5] got a rate
for Burger’s equation, Fournier and Mischler [23] obtained a rate for the so-called Nanbu particle
system approaching the Boltzmann equation, and Fournier and Hauray [21] approximated the
Landau equation with moderately soft potentials. Working at the level of the entropy solution of
the Liouville equations associated to the mean field particle system, Jabin and Wang [29] obtained
a quantitative convergence with a N~/2 rate for some kernels including the Biot-Savart kernel.
Recently, Bresch et al. [6] also proved a rate of convergence between the entropy solutions of the
Liouville equations and the PDE for the tricky case of the 2d Keller-Segel model. Let us finally
mention the related problem of singular non-diffusive systems (i.e. with deterministic particles),
which has seen significant progress recently with the work of Serfaty [51], who introduced the
modulated energy method (see also [15] and [48]).

Our first main result is the following claim, whose proof is detailed in Section 3.2:

Theorem 1.4. Assume that the initial conditions {ul }nen satisfy (A) and that the kernel K
satisfies (AX). Moreover, let (Aq) hold true. If d =1, assume further that 8 € (3 + £,1).
Let Tynae be the mazimal existence time for (1.1) and fix T € (0, Tinax). Then let the dynamics of
the particle system be given by (1.9) with A greater than Ar.

Then, for any € > 0 and any m > 1, there exists a constant C' > 0 such that for all N € N*,

sA

<

—ot
L"L(SZ) — +CN ¢ 87

Lm (Q)

H HUN - UHT,LlﬂLOO(]Rd)‘ (Uév - Uo)”leLoc(Rd)

sup |le
s€1[0,T]

where

)

S e

0 = min <aC, a(B — ,;(l—a(d+[2\/d]))>.

Whether in mean-field or in moderate interaction, we are not aware of any comparable quan-
titative result on the empirical measure (or its mollified version) for the Biot-Savart, Riesz or
Keller-Segel kernels. Note also that we do not necessarily require that our particles are initially
iid.

Several consequences of Theorem 1.4 are presented in Section 3.3: In Corollary 3.2, we obtain a
similar rate of convergence in H)) norm, with v < $ and r < r, and in Hoélder norm; in Corollary 3.4,
the rate in the previous results is shown to hold almost surely; and finally in Corollary 3.6, we
obtain the same rate for the genuine empirical measure in a weak topology.

Moreover, we obtain the convergence in the limit case H2, but without a rate of convergence.
Namely, we get the following corollary:

Corollary 1.5. Let the same assumptions as in Theorem 1.4 hold. Then the sequence of mollified
empirical measures {ulY, t € [0,T]}nen converges in probability, as N — oo, towards the unique



mild solution uw on [0,T] of the PDE (1.1), in the following sense:

T T
Vo € L? ([O,T];H;,’B(]Rd)) , / (uiv,npt>@ dt = / (ur, @) p dt,
0 0

T

where r’ = L=
r—1

is the conjugate exponent of r.

The proof is given in Section 3.6. Theorem 1.4 and Corollary 1.5 cover the convergence results
for the mollified empirical measures obtained in a case by case basis in [20, 44]. We present here
an alternative approach to the one presented initially in [17] to prove such convergence which,
in addition, enables us to quantify it. We believe that this new approach could lead to rates of
convergence in slightly different models such as [16, 17, 18].

The techniques used to prove Theorem 1.4 are a mix between analysis and stochastic calculus.
On the analytical side, our approach relies on the regularisation property of the heat semigroup
and of the convolution operator associated to K, which decides the functional framework of the
whole study (i.e. the appropriate Bessel and fractional Sobolev spaces). On the probabilistic side,
we write the SPDE satisfied by the mollified empirical measure u” (see (3.3)), derive some a priori
estimates on uY and compare it to the mild solution of (1.1). This yields an expansion which
involves several convolutions with singular terms, controlled with analytical techniques mentioned
above, and a stochastic convolution integral. This integral is tricky to handle, as we need to get
simultaneously its time regularity and its decay as N — oo, in all LP norms (including p = 1)
and Bessel norms with v > 0 (see Appendix A.1). In particular, we use stochastic integration
techniques in infinite-dimensional spaces [58] and Garsia-Rodemich-Rumsey’s lemma to control
the moments of sup,¢ (o 1 lud — |-

Remark 1.6. Unlike particle systems in mean field interaction, we cannot expect here a /N rate
of convergence, which is the case when the interactions are smooth [9]. This is due to the short
range of interaction of the particles which is of order N—%. At the macroscopic level, we also
observe that the distance between a finite measure pu and its reqularisation VN x p tested against a
Lipschitz function ¢ is of order N=% too. Hence it is reasonable to expect no better than an N~
rate of convergence. See [43] for a thorough discussion on this matter.

In the light of the above remark, let us discuss the rate of convergence obtained in Theorem 1.4.

For the Biot-Savart, Riesz and Keller-Segel kernels, the parameters r, § and ¢ can be chosen in
a way that ensures the rate in Theorem 1.4 is ¢ = a(1 — ¢€), for any € > 0 (this is detailed for each
kernel in Section 5). In view of the previous remark, we cannot expect a better rate. However, the
assumption (A, ) imposes a restriction on the possible values of «, and yields a rate

_ 1—¢
= 5dr1)
for € > 0 as small as desired, provided the initial condition is smooth enough (see Remark 3.8 for
more details).

In particular, let us consider again the example of the 2d Keller-Segel model (see kernel (5.1)).
We recall that the PDE has a global solution whenever the critical parameter x satisfies x < 8,
and explodes in finite time otherwise (see [41]). In Theorem 1.4, we get a rate for any value of
x which is almost m if the law of the initial condition is smooth enough. This result holds
even even if the PDE explodes (x > 8m) in finite time. In that case one works on [0,7] for any
T < Tmax-

1.4 Second main result: Propagation of chaos

We now tackle the question of propagation of chaos of (1.3) towards (1.4). Firstly, assuming
that ug has enough regularity (ug € L' N L), we prove the weak well-posedness of (1.4) in
Proposition 1.8. Secondly, we prove the propagation of chaos of the empirical measure of the



particle system (1.3) towards the law of this nonlinear SDE, at the level of probability measures
on the space of trajectories (Theorem 1.9).

Recently, the well-posedness of McKean-Vlasov SDEs (or distribution-dependent SDEs) has
gained much attention in the literature (see e.g. [2, 11, 12, 28, 35, 40, 47] and the references
therein). The authors analyse well-posedness when the diffusion coefficient is also distribution-
dependent and when the dependence on the law is not necessarily as in (1.4). The main difficulties
there are to treat coefficients that may not be continuous (in the measure variable) w.r.t the
Wasserstein distance and eventually to treat singular drift coefficients (in the space variable). As
both of these difficulties appear in the specific distribution dependence in (1.4), our well-posedness
result gives a new perspective on the matter. In some particular cases such as the Keller-Segel
model, this extends previous results [22, 47], but it requires more regularity on the initial data.

To ensure that (1.4) admits a unique weak solution, we will solve the associated nonlinear
martingale problem. By classical arguments, one can then pass from a solution to this martingale
problem to the existence of a weak solution to (1.4). Hence, consider the following nonlinear
martingale problem related to (1.4):

Definition 1.7. Consider the canonical space C([0,T];R?) equipped with its canonical filtration.
Let Q be a probability measure on the canonical space and denote by Qy its one-dimensional time
marginals. We say that Q solves the nonlinear martingale problem (MP) if:

(1) Qo = uo;

(ii) For anyt € (0,T], Q; has a density q; w.r.t. Lebesgue measure on R?. In addition, it satisfies
q € C([0,T}; L' N L>(RY));

(iii) For any f € C2(RY), the process (My)ico,r) defined as

M = f(we) — f(wo) — /01 [Af(wr> + V[ (wy) - (K g, (w,)) | dr

is a Q-martingale, where (wy)iecjo,r) denotes the canonical process.

As the drift is bounded, (M;);>o is well-defined. The following claim establishes the well-
posedness of the martingale problem:

Proposition 1.8. Let T' < Taz- Assume that ug is a probability density function belonging to
L>(R?) and that the kernel K satisfies (AX). Then, the martingale problem (MP) admits a
unique solution in the sense of Definition 1.7.

This result comes from the combination of the fact that the marginal laws of the process
are uniquely determined as solutions of (1.1) with the fact that the linearised version of (1.4)
admits a unique weak solution. This is one of the classical ways to prove the well-posedness
of such distribution-dependent SDEs, along with the frequently used fixed point argument and
convergence of the empirical measure argument. We choose this approach as we have a priori
information about the PDE. We remark here that the weak solution is local in time if there is an
explosion in finite time in the corresponding PDE, and global if the corresponding PDE is globally
well-posed.

When it comes to our last result about the propagation of chaos, one important remark is in
order. Usually, when dealing with singular nonlinear PDEs, the question of propagation of chaos
of the related particle system is very demanding as it may happen (due to singular interaction)
that it is not even possible to define the particle system. That is why, heavy techniques are used
on a case by case basis (see e.g. [22]). Passing to the framework of a particle system in moderate
interaction, we exhibit a powerful tool to approximate singular PDEs that circumvents the difficulty
of well-posedness of the mean-field particle system and we prove the propagation of chaos of the
moderately interacting particle system in very general and singular framework (even when there



is an explosion in the associated PDE). This is particularly useful for numerical applications that
we plan to tackle in a future work.

We present here our second main result about the propagation of chaos of the particle system.
It will be proven in Section 4.2.

Theorem 1.9. Let the hypotheses of Theorem 1.4 hold and assume further that the family of
random variables {X{, i € N} is identically distributed. Then, the empirical measure p~ (defined
in (1.10) as a measure on C([0,T];R?)) converges in law towards the unique weak solution of (1.4).

To obtain this result, we will first prove that the empirical measure on the space of trajectories
converges to the law of the cut-off version of the SDE (1.4) (where the drift is F'4 (K *u;)). This is
obtained in the spirit of the work of Méléard and Roelly-Coppoletta [39], that we extend to singular
kernels. What allows us to do so, is the result about the convergence of the mollified empirical
measure of Theorem 1.4 and its consequences. Then, choosing the parameter A conveniently, we
are able to lift the cut-off and conclude the convergence of the empirical measure towards the law
of (1.4).

We emphasize here that without the convergence of vV in the convenient functional framework,
it would not be possible to obtain the propagation of chaos in this singular setting. Hence, the
result of Theorem 1.4 is very much related to the propagation of chaos and should be considered
as the most important ingredient when proving the latter.

Remark 1.10. e Let us focus on the Keller-Segel model, for which the kernel is given in (5.1).

In Fournier and Jourdain [22], the well-posedness of the associated McKean-Vlasov SDE for
a value of the sensitivity parameter x < 27 in dimension 2 is proven. The authors also proved
tightness and consistency result for the associated particle system (one cannot properly speak about
propagation of chaos as the PDE might not have a unique solution in their functional frame-
work). Our result provides, assuming more regularity on the initial condition, global (in time)
well-posedness of the McKean-Viasov SDE whenever the PDE has a global solution, and local well-
posedness whenever the solution of the PDE exhibits a blow-up. In particular in dimension 2, we
get the global well-posedness of (1.4) whenever x < 8w, and local well-posedness of (1.4) when
x = 8m. In both cases, we obtain the propagation of chaos for the moderately interacting particle
system.

o Another singular drift given in the literature is the one in [47], where (roughly speaking)
the interaction kernel is only integrable in the LI([0,T]; LP(R?)) space where % + % < 1. The
propagation of chaos in the mean-field case has been treated in [27] and in [56]. A typical example
of such interaction given in [47] is of order ‘w% where v € [0,1). A kernel with this kind of
irregularity will satisfy (AX). Actually, we can treat here the more singular cases of kernels K of
the order m% for s € (0,d — 1), in any dimension. However, in our framework one needs to be
more flexible with the initial condition and our drift is not time dependent (though our techniques
could support time dependence in the drift up to the order of magnitude that could allow us to
use the Gronwall lemma when needed, we preferred not to introduce such a technicality in our
computations).

1.5 Organisation of the paper

The existence and uniqueness of the Fokker-Planck equation (1.1) and its cut-off version are studied
in Section 2. Then in Section 3, we prove Theorem 1.4 and state its corollaries. In Section 4, the
existence and uniqueness of the martingale problem associated to the cut-off McKean-Vlasov SDE
are proven (Proposition 1.8), as well as the propagation of chaos for the empirical measure of (1.3)
(Theorem 1.9). Finally, we present some examples and applications of our results in Section 5.
In the Appendix, one may find the time and space estimates for some stochastic convolution
integrals and the proof of a result about the boundedness of the mollified empirical measure in
L2 ([0, T]; HY(RY)).
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1.6 Additional notations

e Depending on the context, the brackets (-,-) will denote either the scalar product in some L?
space or the duality bracket between a measure and a function.

e Applying the convolution inequality [7, Th. 4.15] for p > 1 and using the equality

||v(4mg)% 67% ||L1(Rd) = %7 it comes that

C
tA
196 < S (113
By explicit computations in the Fourier space, we get that
s 1 2 _8
Hg2t”[371 = H(I —A)z € ||L1(]Rd) <Ct =,
7t)>2
hence the inequality (1.13) extends to
(T - A)zet| <Ct s (1.14)
Lr—[Lp — : :

e For functions from R? to R, we will encounter the space of n-times (n € N) differentiable
functions, denoted by C" (R%); the space of n-times (n € N) differentiable functions with bounded
derivatives of any order between 0 and n, denoted by C*(R?); and the space of n-times (n € N)
differentiable functions with compact support, denoted by C?*(R?). For n = 0, we will denote
the space of continuous (resp. bounded continuous, and continuous with compact support) by
C(RY) (vesp. Cyp(R?) and C.(R?)).

e Let also denote by Ny the Holder seminorm of parameter d € (0, 1], that is, for any function f

defined over RY:
N(S(f) = sup ‘f(x)_f(y)‘

(1.15)
z#yER ‘l‘ - y|6

The set of continuous and bounded functions on R which have finite N seminorm is the Holder
space C°(R9).

2 Properties of the PDE and of the PDE with cut-off

We start this section with some classical embeddings that will be used throughout the article. Then
in Subsection 2.2, we derive some general inequalities and prove Proposition 1.2. In Subsection
2.3, we prove that the PDE with cut-off (2.8) can have at most one mild solution.

2.1 Some classical embeddings

If B— 4 >0, H(R?) is continuously embedded into CA=+(R%) (see [57, p.203]). In particular H
is continuously embedded into L™ N L°°. That is, there exists C,C’ > 0 such that

[fllrare @y < Cllfllpr and [/f]] <CNfllsr, V€ HI(RY). (2.1)

Cﬁ*% (R4)

Then by interpolation, L' N HZ(R?) is continuously embedded into L' N L (R9). That is, there
exists Cg,5,» > 0 such that

1Al mneety < Capallf s, VS € L0 HERY. (22)
Finally, we will need the continuous embedding Hy'(Br) C W*P(Bg) for all p € [2,+00) and
a >0 (see [57, p.327] and also [57, p.172] for the whole space).
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2.2 Properties of mild solutions of the PDE

The following simple lemma is essential in the method presented here, as it will allow to control
the reaction term, and connect the two PDEs (with and without cut-off).

Lemma 2.1. Let K be satisfying the Assumptions (AK) and (AX). There exists Cr 4 > 0 (which
depends on K and d only) such that for any f € L' N L>=(R?),

K * fllLo®ay < Crall fllLinne ra)-

Proof. Recall that ¢’ denotes the conjugate exponent of the paremeter q from (AX). In view of
Assumptions (AX) and (AX), Holder’s inequality yields

K f@l < [ K@=l dy+ [ K@@= )] dy

< K211l oo ray + ([ K| La(se)

f ||Lq'(]Rd)'
The conclusion follows from the interpolation inequality || f[ o' ga) < [ fllLtAzes ra)- O
For each T' > 0, let us now consider the space
X :=C([0,T); L' nL>®(RY),

with the associated norm |||, 111, (re), hereafter simply denoted by ||-[|x. The proof of existence
of local solutions relies on the continuity of the following bilinear mapping, defined on A x X as

t

B: (u,v) — (/ V- e=92 (u, K % v,) ds) .
0 t€[0,T)

Lemma 2.2. The bilinear mapping B is continuous from X x X to X.

Proof. We shall prove that there exists C' > 0 (independent of T') such that for any u,v € X and
any t € [0,7],

IB(u, v)(t) | 1nre(ray < CVE [lullx]lvllx, (2.3)

which suffices to prove the continuity of B.
First, using the property (1.13) of the Gaussian kernel with p = oo, observe that for any
t € 0,77,

t
C
B o) Ollwges) < | —lhte K ol ds.

and since v, € L' N L>°(R%), Lemma 2.1 yields

o
1B (u, v)(#)]| Lo (r) S/0 Vi—s
< CVE [lullxllo]lx- .

[ K *Us”Loo(Rd) ||UsHL<>°(Rd) ds

On other hand we have, using similarly the property (1.13) of the Gaussian kernel with p =1
and Lemma 2.1, that

1B 0O asy < [ ol K vl ds
e

< [ s 15 5 o s

< OV [lullx o] x- (2.5)

Therefore, combining Equations (2.4), (2.5) one obtains (2.3). O
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The previous property of continuity of B now provides the existence of a local mild solution by
a classical argument.

Proof of Proposition 1.2. For the existence part, note that for any 7" > 0, X is a Banach space
and that our aim is to find 7" > 0 and u € X such that

uy = e®ug — B(u,u)(t), Vte[0,T].
In view of Lemma 2.2, such a local mild solution is obtained by a standard contraction argument

(Banach fixed-point Theorem).

We will prove the uniqueness in the (slightly more complicated) case of the cut-off PDE (2.8),
for any value of the cut-off A (see Proposition 2.6). Admitting this result for now, let us observe
that it implies uniqueness for the PDE without cut-off. Indeed, if u' and u? are mild solutions to
(1.1) on some interval [0, T], then Lemma 2.1 implies that for i = 1, 2,

[+ ui”T,LOO(]Rd) < CK,d”ui”TLlﬂLw(Rd) < 00.

Thus u! and u? are also mild solutions to the cut-off PDE with A larger than the maximum
between Ck ql|u'||7 1AL re) and Cr al|u? |7, 11015 ray. Hence the uniqueness result for the PDE
with cut-off implies that u' and w2 coincide. O

Corollary 2.3. Assume that (AK) and (AX) hold. Let C be the constant that appears in (2.3).
Then for T > 0 such that

40\/T ||UO||L1mLoo(Rd) <1, (26)

one can define a local mild solution u to (1.1) up to time T and

” ” < 1-— \/1 — 40\/T ||u0||L1mLoc(Rd)
u oo (Ra .
T,LINL*> (R4) = 20@

For instance, assuming that ||ug|| 1z ray # 0 and choosing T' such that 4CNT luoll L1ALoe (rey =

(2.7)

%, one has
[ullz,Lrnne ray < 4lluollLrnLe ray-

Proof. We rely on the bound (2.3), in order to get that for t < T,
||th,L1ﬂL°°(Rd) < ||U0||L1mL°°(]R<d) + OVt HuHiLlﬁLOC(Rd)'

Then by a standard argument (see e.g. Lemma 2.3 in [41]), choosing T' > 0 which satisfies (2.6)
ensures that (2.7) holds true. O

Remark 2.4. Since u" is a probability density function, we expect that its limit, whenever it
exists, stays nonnegative and has mass 1.
Indeed, assume that u is a local mild solution on [0,T] to (1.1). Then in view of Definition 1.1-)
and by the inequality ||e"*=2 | prp» < C,
|e®=9)2 (u K * uy) 21 (ray < Cllus K * ug | 1 (ray
< C|| K * us]| poo ey [|ts || 1 (rey

< 00,

using Lemma 2.1. Similarly, for any s € (0,t),

[V - 98 (uy K * uy) || g may < |us K % w11 (ma)

C
Vi
C

t—s

< 00.

<

[ 5 * s || oo (maty [|Us || L1 (me

]
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Hence by integration-by-parts

Ve 9)A (u K s uy) (z) dz =0,

y
/Rd () do = /R wo(x) dz.

Moreover, when the initial data is such that ug > 0 and ug Z 0, then by an argument similar to
[41, Prop. 2.7] (although using (AL,) instead of the Poisson kernel), u is such that u, > 0, for
(t,z) € (0,T) x R? (we can also deduce this fact later from the convergence of uN to u). Hence

the mass is preserved.

and it follows that

2.3 Properties of mild solutions of the PDE with cut-off

We aim to prove the convergence of the mollified empirical measure to the following PDE with
cut-off:

{ Bi(t, z) = AU(t,x) — V - (Ut z)Fa(K *u(t,z))), t>0, xRl 28)

(0, z) = up(x).

Although this is implicit, w actually depends on A. Note that if F'4 is replaced by the identity
function, one recovers (1.1).

Remark 2.5. Similarly to Definition 1.1, a mild solution to (2.8) satisfies Definition 1.1 i) and
solves

t
up = ePug — / Vet )2 (u Fy (K % ug)) ds, 0<t<T. (2.9)
0

In this section, we consider the cut-off PDE (2.8) and its mild solution from Definition 1.1.
Here, F4 is given in (1.7), but we denote it simply by F' for the sake of readability.

Note that due to the boundedness of the reaction term in (2.8), any mild solution will always
be global. This global solution will be rigorously obtained as the limit of the particle system (1.9).
Thus we only consider global mild solutions when it comes to the PDE (2.8).

Proposition 2.6. Assume that K satisfies Assumptions (AX) and (AE). Let ug € L* N L>®(RY).
Then for any A > 0 and F defined in (1.7), there is at most one mild solution to the cut-off PDE
(2.8).

Proof. Assume there are two mild solutions u! and u? to (2.8). Then,
up —u? = — /V elt= S)A{UFK*U)—U2F(K*U )} ds
—/ V- eltmoa {(uf —u)F(K *ul) + u(F(K *ul) — F(K u2))} ds.
0
Hence there exists C' > 0 (that depends on A) such that
D!
lug — wZll o @ay + lug — uf || Lo ey < C/O N=r (s = ull oo ray + [l K * (ug = u)|| 1 ma)) ds

t
1
+0/7 b 2| pooray + [[u? K * (ul — u?)|| e d
o m(”” U5 || poe (ray + |u (us —ud)llz (Rd)) s
<CVi ||U1 - U2Ht ,L1NLoo (R)

w2 oo ey + U3l L2 (ma
+c/ ( ’ ED K s (uh = u?) || oo za) ds.

t -5
(2.10)
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In view of Lemma 2.1, one has || K * (u} — u2)|| o ra) < Cllul — u2||p1np ey, thus plugging this
upper bound in (2.10) gives

lluf — ufllpr ey + llug — 67 || oo (may < |Ju' — UZHt,LlﬁLN(Rd)C‘/i (14 [ (|, L1 Lo (ray ) -

Hence for ¢ small enough, we deduce that [|u' — u?|[; 1470 ®ae) = 0. Therefore the uniqueness
holds for mild solutions on [0,¢]. Then by restarting the equation and using the same arguments
as above, one gets uniqueness. O

Finally, we get the following stability estimate in H? for the solution of the PDE.

Proposition 2.7. Assume that K satisfies Assumptions (AK) and (AX). Let ug € HZ(R?) and
0 < B8 < 1. Then for any A > 0 and F defined in (1.7), the unique solution of the cut-off PDE
(2.8) wverifies

sup ||, < o0,
te[0,T]

)

Proof. Let u be the unique solution of the cut-off PDE (2.8). Then using (1.5) and the fractional
estimate (1.14), we have

t
el p.r < [le"uollp.r +/0 IV - e"=)8 fu, P(K ue)} ||g.r ds
t 5 -
= ”etAuOHB,T +/ |(I-A)2V: elt=oa {us F(K *us)} ||L"(Rd) ds
0
t 1
S ||U0||B7T+C/ ﬁ\\ué F(K*US)HL’I‘(Rd) ds
0o (t—s)2
t 1
< luallar + € [ ey e d
0o (t—s)=

t
1
< Jupllpr +C / g ds.
0o (t—s)=

Since 8 < 1, we deduce the desired estimate from Gronwall’s lemma. O

3 Rate of convergence

In this section, we establish our first main result (Theorem 1.4).

More precisely, we establish first the equation satisfied by the regularised empirical measure
and derive its boundedness in a suitable space (Subsection 3.1). Then in Subsection 3.2, we prove
Theorem 1.4. In Subsection 3.3, we state the corollaries of Theorem 1.4. The proofs of Corollaries
3.2, 3.6 and 1.5 are given respectively in Subsections 3.4, 3.5 and 3.6.

3.1 Properties of the regularised empirical measure

The proof of the rate of convergence relies on the following mild formulation of the mollified
empirical measure:

t
ul (z) = e ud (z) — /0 V- et=A N v (- o) F (K *ulY (1)) ds
LN (3.1)
< (=) ATy N (YN _ N L i
+N;/o e VVN (XN — ) dw,

and the following boundedness estimate:
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Proposition 3.1. Let the assumptions of Theorem 1.4 hold. Let ¢ > 1. Then

sup sup E {Hut HB ] < 00.
NeN* t€[0,T)

This proposition will be proven in Appendix A.2. Tt is similar to Proposition 2.1 in [20] (the

kernel plays no role here). Note that this is where the restriction (A,) on « appears.
Now, let us establish Equation (3.1). Consider the mollified empirical measure

1
W =V sl creRY s | V(@ - y)dp (y) = —ZVW—XZ“N).
R4 N k=1

Using this definition, we rewrite the particle system in (1.9) as
dx;N = F(K «ul (X;N)) dt +V2dWi, te[0,T], 1<i<N.

Fix x € R? and 1 < i < N. Apply Itd’s formula to the function V'V (x — -) and the particle XN,
Then, sum for all 1 <47 < N and divide by N. It comes

ul (x) =up) (x) NZ/ VVN(z — X0N) - F(K Y (XPN)) ds
(3.2)
/ VN (2 — XENY Wi+ — Z AVN — X5N) ds.

Notice that
1 N ot ) t
NZ/ VVN(z — X0N) - F(K * oY (X3N)) ds:/(uiV,VVN(x—-)-F(K*uéV(-))) ds
— Jo 0

and
L [ N N LN
— AVY(x — XD ds:/ Auyg (x) ds.
NZ/ ( yas= [ aua)

The preceding equalities combined with (3.2) and the fact that VV¥(—z) = —VV¥ () (because
V¥ is even) lead to

ul () = u) () —l—/o (uN VU N( ). F(K*uf())) ds

N t t
+ %Z/ VVN(XEN — ). dW +/ Aul (2) ds.
=170 0

The following mild form is immediately derived:

¢
ulN (x) = e u) (z) + / e(t_s)A(uév, VVN(—x)- F(K * uf())) ds
0
N : (34)
+% > / IIAYYN (XN — 2) - AW
i=170

Finally, developing the scalar product, one has
(i, VVN (=) F(K *ul () = =V (ud, V(- = 2) F(K (1))

Combining the latter with the fact that e!2V - f = V - e!® f, we deduce the mild form (3.1) from
(3.4).
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3.2 Rate in L' N L™ norm: Proof of Theorem 1.4
Step 1 : A first upper bound on the L' N L>® norm of u" — w.

In view of the mild formulas (3.1) for u”¥ and (2.9) for u, it comes
¢
up () = ur(w) = e (up” — uo) () */ VIR (Y V(= 2) F (K u () — us F(K * us)(2)) ds
0

N t
1 . _
(t—s)A N(yi,N _ . i
+ N?_l/o e VVN(XEN — ) dW!

A (ud — uo)(x) + t V. eltmoa ((us F(K *ug) — ul F(K xu) )« V) (2) ds

+ B (@) + B () + MY (),

=€

where we have set
t
E(l)( )= / V- elt=9)A (u F(K xug) — (us F(K x ug)) * VN) (z) ds,

E(2 / Vet=92@N — yN VN~ o) F (K ulY (1)) ds,

MN(z) = N Z/O =AYV N(XEN _z) . dWL. (3.5)

For any p € [1,400], in view of the estimate (1.13), one has
Y — ]| o (may < 1€ (uh — o)l o (ray
¢
1
+C/ 7||(u§F(K*ub) —ulNF(K *ul)) « V| 1o (gayds
F (R%)
+ 1B HLP(JRd) + || B ||Lp(1Rd) + 1M | o ey

and it follows that

1
lup” = will ey < ll€" (ug — wo) |l e @ey + C/O \/ﬁ||FHLm(JRd)||uiv = Us| Lo (ra)ds

1
ﬁnusumnFnuan i (s = )| oo ity s
1B oy + 1B | oy + MY | Lo zay.
From Proposition 2.7 and by interpolation, we have that

l[ull 7, p (ray < 00, for any p > 1.

Thus, for some C' > 0 which depends on |ul|7 11AL®e), [|F|| Lo ey and [|F||Lip, it comes

t
1
N tA(, N N
Uy — Ul o < |le" = (uy — wo)|| e +C/ Uy — Us||pp(rayds
(A tllLe@aey < [l€7 (ug' — uo)l| L (ra) ; ﬁt—s” | Lr (ma)
+0/ e ¢ (s — ) o s

+|IE¢ ||Lp(Rd) + || B HLP(Rd) + | MY Lo (ra)-
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Finally we apply Lemma 2.1 and obtain

il = il ooy < Jl€" () — o)l + C / = oy s
3.6
+C/ 7%”1145 —UéVHleLoo(Rd)dS ( )
HNED oo @ay + 1B | oy + MY | o (gay-
Therefore, considering (3.6) for both p = 1 and p = oo, we deduce that
N tA
i = el g oy < € @ — o)l snze ey + C / AN P,
+ ||E ||leLoo(JRd) + HE ||leLoo(Rd) + || MY | L1Loe (R,
and for any m > 1, it comes
1 o
< Sl[lp] €52 (ug” — o)l 1o ey
s€ O’t m
£ @) (3.7)

N u||s,L1ﬁL°°(Rd) HLm(Q) ds

+ 1@ N prenoemn]| .+ MY gz @l ey

Lm(Q) L™ (Q)

Step 2: L'-estimates.

e First, let us estimate ||E H £1(rd)- The property (1.13) on the derivative of the heat kernel
gives

t
C
SI[lp}HE( 21 (ra) _/ Y Clle T2 (ug F(K % ug) — (s F(K % ug)) * V) || 1 ayds.  (3.8)
s€[0 0 -

Recall that the d-dimensional Gaussian probability density function g:—, (defined in (1.6)) is the
kernel associated to the operator e 7°2 and observe that

HetQSA (USF(K * us) — (uSF(K * us)) * VN> HLI(]Rd)
= [ R ) (0o =) gV o ) o

< / us () F (K * us(y))| ‘gth(x —Y) — Gt—s % VN(x - y)‘ dy dx.
Rd Rd

Hence using again that F' is bounded and that ||us||p1ge) = 1,
||et_TsA (usF(K*us) (us F(K xug)) * V ) 21 (ray < C’/ |gt $(T) — gi—s N(x)’ dz
<C Viy |gt () — gi—s(x — %)|dyda:.
Rd JRd

Now for any 6 € (0, 1),

e 72 (usF(K * ug) — (usF(K *ug)) ¥ V) || 11 may
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Recall that g, is a density, then by applying Holder’s inequality it comes

€72 (ug F(E # ug) — (us F(K % ug)) * V) || 1 gy
1-6

<ot [ vy 9(/ / Vsl - )|dwdr> dy
]Rd
1-6
SCN‘““)’C“/ V(y)ly|* " dy (/ IVgt_s(w)ldx> :
Rd Rd

Now one recalls that [, |Vgi—s(z)|dz < C(t - s)~ 2, and since one also has that S V)ly|*~0dy
is finite (by assumption on V), it comes

€5 (g PO ) = (us P (K % 02)) 2 V) [y < Ot = 9)730-ON =000,

Hence plugging this bound into (3.8) yields

t
sup HE( )||L1(Rd < OoN-(1-0)e /(t—s)_i la- e)ds
0

s€(0,t

where the integral is finite if # > 0. Hence we have obtained that for any € € (0, 1) there exists C
such that
sup ||[EWMV||p1(gay < C N~ (3.9)
s€10,t]

e We now search for a bound on ||sup,cp ¢ ||E ||L1 &)l (). First, observe that due to the
convolution inequality (1.13),

sup HE( )”Ll(Rd <C’/

s€(0,t

;/ ‘<u§[—Mév,gt_s*VN(-—x)F(K*u )| dz ds

—cf (t_ls);(/w i [ VO s V=) F (K50 ()

— g x VN (& + - — ) F (K xul (5 + 1)) }dy>|d:r)ds

Hence by Fubini’s theorem, one gets

sup [|E | 11 za)
s€[0,t]

< C/Ot - _ls)é < (/R /R /R V) |ges % VY (2 — ) (F(K % ¥ (2) — F(K % u¥ (2 + 2))| dy ¥ (d2) dx)

+</ / V(y)|F(K*uéV(z+%)) (gtS*VN(z—m)—gtS*VN(z—x—i—A}’a)ﬂdyué\](dz)dx))ds
Rd JRa JRd
_. gD 4 g2), (3.10)

We shall now estimate E(1) and E(22),

From (AZX,) we deduce that | F(K xul (2 ))—F(K*uiv(z—&—%))\ < ||F||Lip ’%f ”uév”LlﬁHf(Rd)’
Hence
t ]| s
E@D < C s leH (]Rd) (/ / |y|C V(y |gt s (z — x)| dy,uiv(dz) dx) ds
Nag t — 5 R4 JRA JRA

C /t ”Ue ”leHB(]Rd) (/ N )
< - _sx V5 (z)|dx | ds,
A (t—s)h o |gt ( )|
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where in the first inequality, we used the fact that V is rapidly decreasing and therefore the integral
with respect to y is finite. Then by the standard convolution inequality, ||gi—s * VNHLI(]Rd) <1
Hence it follows from Proposition 3.1 that
t 1
t—s) 2ds
'm(Q)/(; ( )

A

C
||E(2,1)||Lm(9) < W sup HHU‘g ”LlﬂHB(JRd)

C

< <oz (3.11)

Consider now E2). One has, using the boundedness of F,

F(2.2)

C/ ot (/R/R/R gts*vN(z—x)—gtS*VN(z—x+N%f(,))\dyugv(dz)dx%s
Na/ é([l@/ﬂ@/]l@ y) yl </ V(ge—s * VV)(2 $+T1\Z,Ja)|d7’>dyu£](dz)dx)ds.

Applying Fubini’s Theorem and a change of variables, it comes

c o1
E®?2 < 7/ |V (gs_s x VV ds. 3.12
=Ne J, (t—s)t || (gt )HLl(]Rd) ( )

The estimation of ||V (gi—s * V)| 11 (ga) is twofold, depending on which term of the convolution
we apply the gradient. First, by the convolution inequality (1.13),

C
IV(gt—s * V) L1 ey = [V g—s * V| 11 ey < ———=. (3.13)
Vi—s

t—s
Second, still by applying a convolution inequality, it comes

IV (ge—s * V) p1 ey = llge—s * (VV )11 ey < 1gi—sll 1wy [[VV Y || 21 ray
< CN®. (3.14)

Hence, combining (3.13) and (3.14), we deduce that for any e € [0, 1],

1V(gi—s * VN)HLl(Rd) = [(Vgr—s) * VN 175 (RY) lgi—s * (VVN)”il(Rd)
<Ot —s)~279) Noe,
Plugging the previous bound in (3.12) yields
E22 < oN—ol=e), (3.15)
In view of deterministic bounds obtained in Inequalities (3.11) and (3.15), we deduce from

(3.10) that

<C (N*aC + N*“(1*5)> . (3.16)
()

sup ||E§2)||L1(Rd)
s€10,t]

e Finally, we turn to ||[M}||f1gay. One should be particularly careful when dealing with
this term as (||M§V||L1(Rd))s>0
in time within the stochastic integral (in particular Doob’s maximal inequality does not hold).

is not a martingale since the semigroup acts as a convolution

one cannot
Lm (Q)

directly apply classical formulations of the Burkholder-Davis-Gundy (BDG) inequality. Instead,

Besides, M} is an L*NL%-valued process, thus to control Hsupse[O’t] MY 11 (ra)
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one should turn to generalizations of such inequalities in UMD Banach spaces (see van Neerven et al.
[58]). There is a classical trick to apply BDG-type inequalities to stochastic convolution integrals,
however it only leads to a bound on H”Mt]VHLl(Rd)HL,m(Q) for a fixed ¢t > 0, instead of a bound

on Hsupse[o’t] | M 1 ay ) In order to keep the supremum in time inside the expectation,

we will also use the lemma of Garsia, Rodemich and Rumsey [25]. Besides, there is an additional
difficulty here which is that L' is not a UMD Banach space, hence the infinite-dimensional version
of the BDG inequality cannot be applied directly.

As the computations are long and technical, we choose to do them in the Appendix A.1 and
we give here the following result from Proposition A.1: for any € > 0 arbitrary small, there exists
C > 0 such that

< CNz(-ald2)+e - yN e N*, (3.17)
Lwn(ﬂ)

sup ||M9 ||L1(]Rd)
s€[0,t]

Step 3: L*°-estimates.
o We estimate the quantity ||E(1)||oo. Applying (1.13), one has

sup |[EWM | Ry < C/ 7||u8 (K xug) — (us F(K % ug)) % V|| oo (Re)ds
s€[0,t] —5)2
t

<c| (tl) [ VO P (5 50)(0) = sV F (K 5 5) (- = 5 ey s

t 1 y ,
* C/O (t— s)% /Rd V)IE (K * us) (- — W)(US() —us(- — m))”};oo(]gd)dyds

c [t c o1
< N (K ug) || us|| oo ds + / ~Ns(us) ds,
vz ) Nt e s+ 55 [ i

where N¢ (resp. Njs) is the Holder seminorm of parameter ¢ (resp. ¢) defined in (1.15). In view
of the embedding (2.1) and Proposition 2.7, the Hélder regularity of us is 6 = 5 — g and

Nis(us) < Cllus]| s gay-

Thus, according to (AZ%;) and the embedding inequality [|us| e ra) < [|us]|g,r, one has

c [t c [t o1
sup 150 imen < sz | I sengime s+ F [ G gpllin s

s€0,t]

Hence the boundedness of u in L>([0,T]; L' N HZ(R?)) (see again Proposition 2.7) yields

st[tp] ||E§1)||Loo(Rd) <C (N*O‘C + Nﬁﬁ(ﬁ*%)) . (3.18)
se|(0,t

e Now, we turn to ||E(2)Hoo. In view of (1.13), one has

||E<2)||Lw><0/ [ o <V = P (5 () 0 — 1)) oy
* N Z—l—‘
<o P ”/Rd/w O e
X (F(K*u (z—%))—F(K*U ()))dy/’(’s (d2)]| ()9S

t ; VMY (2 — Yy N VN (5
+C/o (tfs)% H/}Rd /JRd V(y) (gtfs VH)( Ve )= (ge—s * VIV)( ))
—. Et(z,l,oo) +Et(2,2,oo). 3.19)
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As above, using (AX,) yields

Et(2,1,oo)
¢ y
< Nac/ (t— >%||“e ”leHﬁ(Rd) H/ / DIyl (ge—s x VY )(Z*fo Vdypy (dz) ||L°°(]R")d
c ! 1 N «
¢ N Yy N
< NO‘C/O (t*S)%”us ”leHf(Rd)/ Y)Yl ||/ Gi—s* V7 )(2 — NO‘ Vs (d’z>HLoo(Rd)dde
c [t N
al N
< NO‘C/O (t—s)% | us ”leHf(Rd) /]Rd V(y)lyl ||gt—s * Ug HLoo(Rd) dy ds
c Mo o
= NQC/O (tfs)%” » W gy 9s- (320)
Observe that
(2.2,00) ol N
E55 < C’/ (K xuly * V(= +
t Tt L VO IR ) e e VI )
- (F(K *uév)lu’iv) * (gt*S * VN)(')HLoo(]Rd) dyd&

where F(K x uj )Ms denotes the weighted empirical measure. Now, we shall prove that (F(K
ulM ) V) (gt_s % V) is bounded in HZ(R9). Recall the following representation for the H/(R?)
norm (see (1.5)):

NP 5 ud ) gos V™) g = || (1= 2)F (PO < ud )Y 5 (guy V™))

= ([ = 2)E g (R i) V)|

L7 (R4)

L (R9)

where the second equality holds because (I — A)g acts as a convolution. Then from the inequality
(I — A)ggt_sHLl(Rd) <C(t— s)’g (see Equation (1.14)) and a convolution inequality, it comes

I(F (K % u V") * (ge—s * V) lp,m < I ud ) ) 5+ V) gray

(t—s)3
c
< 7@ - S)g HuéVHLT(Rd)-

Thus by the Sobolev embedding (2.1), we obtain that for § = (8 — ),

r

[F (R u )il ) s (g 5 V) () = (FOE 5 u ) 5 (g % V) Oll ey

<N (F(K s ul)pl) (g % V)l es oy
< ON= [(B(K +ul)) % (gis + V)

NOL

Byrs

which combined with the previous inequality yields

E(z,z,oo) C ¢ 1 N
= NeB-2) J, (t—s)# lus | Lrra) ds. (3.21)

From (3.19), (3.20) and (3.21), it comes that

sup ||E§2) HLOC(]Rd)
s€0,t]

t
1
< o7 [, g I el oy

N c [
NS Jo (t—s)2

Lm(9)

ds.
Lm (Q)

”ui\[”ilme(Rd)
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Hence, in view of the fact that ||u) || 11 gay = 1, of the uniform bound on H ||uév||% "l e (Propo-
’ Lm
sition 3.1) and the assumption 8 < 1 (see (AX))), we conclude that
sup || EP|| oo (ray <C (N—a(ﬁ—%) + N‘O‘C> : (3.22)
s€[0,t] Lm(Q)

e It remains to estimate M}¥. We proceed with the same care as when we got the bound in
(3.17). The details may be found in Appendix A.1 and here we only apply Proposition A.1 for
p = oo and conclude that for any € > 0, there exists C' > 0 such that

sup ||MSN||L<><>(Rd) < ¢ N—3(-ald+Rvd)+e, (3.23)

s€0,t]

Lm (Q)

Step 4 : Conclusion.

From the Inequalities (3.7), (3.9), (3.16), (3.17), (3.18), (3.22) and (3.23), and using the
Gronwall lemma, we conclude that for any € > 0 small enough, there exists C' > 0 such that
for any NV € N*,

sup, €52 (ug” — uo)l L1 nLos (me)
it

HHUN - u”t,LlﬁLOO(]Rd)HLm(Q) < it

Lm(Q)
LC (Nfag FINSICEE) +N7%(17a(d+[2\/d]))+s) _

3.3 Corollaries of Theorem 1.4

In Section 3.4, using an interpolation inequality between the results of Proposition 3.1 and Theorem
1.4, we obtain the following rate of convergence with respect to Sobolev norms:

Corollary 3.2. Let the same assumptions as in Theorem 1.4 hold. Let o be as in Theorem 1.4.
Then, for any € > 0 and any m > 1, there exists a constant C' > 0 such that for all N € N*,

x
B

sup luf — uellyr—s <C sup |[|e*® (up — o) L1 (ra) + NTete
t€[0,717] L™ () s€[0,T] L™(Q)
r(r—1-9
ford € (0,1) and v = ﬂ%

Remark 3.3. It is clear that v < 8. It will also be important (in particular for the propagation of

chaos in the next section) to ensure that v > #fé so as to have an embedding in a space of Hélder

continuous functions. This is indeed the case if § is chosen small enough, see condition (3.27).

The following corollary is a direct consequence of Theorem 1.4, Corollary 3.2 and of Borel-
Cantelli’s lemma (see e.g. Lemma 2.1 in [34]):

Corollary 3.4. Let the same assumptions as in Theorem 1.4 hold. Let o be as in Theorem 1.4,
and v,d be as in Corollary 8.2. Let m > 1 and assume further that

<N-e.
Lm(9)

sup ||em(uév — o)l L1z~ re)
t€[0,T)

Then for any € € (0, 0), there exist random variables X1, Xo € L™(Q) such that, almost surely,

X] X2
VN e N*,  sup |ul —u o < and sup |lul¥ —u s < ———— .
b e = el < o= (o 1t~ elbr—s = {73
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Remark 3.5. By a classical embedding recalled in Section 2.1, the results of Corollaries 3.2 and
3.4 imply the same rates in n-Hélder norm, withn = v — %, provided that this quantity is positive
(see condition (3.27)).

In view of the previous results, we also obtain a rate of convergence for the genuine empirical
measure, which can be interpreted as propagation of chaos for the marginals of the empirical
measure of the particle system. Following [4, Section 8.3], let us introduce the Kantorovich-
Rubinstein metric which reads, for any two probability measures 4 and v on R,

e — v|lo = sup {/d ¢d(pu —v); ¢ Lipschitz with ||¢[| e ray < 1 and [|@[|Lip < 1} . (3.24)
R

Note that this distance metrizes the weak convergence of probability measures ([4, Theorem 8.3.2]).

Corollary 3.6. Let g be as in Theorem 1.4 and m > 1. Let the same assumptions as in Corollary
3.4 hold. Then for any € € (0, 0), there exists C > 0 such that, for any N € N*,

sup |l — uello <CN-ete

te[0,T)

Lm(Q)
As in Corollary 3.4, this gives an almost sure rate of convergence for sup,co 1y N — uglo-
The proof is given in Section 3.5.

Remark 3.7. Observe that the previous result implies the convergence in law of pul¥ to u; for a
fized t € (0, Trnax), which is equivalent to saying that the law of (X}, ..., XN) is us-chaotic (in the
sense of [54, Def. 2.1]).

In view of the three previous corollaries, let us make a remark on the best possible rate that
one can hope for in this setting.

Remark 3.8. Assuming that the kernel K is such that ¢ can be chosen equal or close to 1, the
rate is really determined by (B — %) and % (1 — a(d+[2V d])). Then the supremum of (B — £)

under the constraint that o < (cl—l—?ﬁ—i—?d(?jL )71 (see (Ay)) and B < 1 (see (AK,)) is equal to

1
2(d+1)’
which is approzimated (but not attained) for 8 close to 1, v large enough and « close to m
(which is then also close to d+1)) On the other hand, still assuming that  is close to 1 and
that d > 2, one has 3 (1 — a(d+ [2Vvd])) >
d>2)is 550 d+1 (not reached).

(d+1) Hence the supremum for the rate (in the case

So when d > 2, the best possible rate is almost o, which in view of the discussion of Remark 1.6,
is optimal (what might not be optimal is the constraint (A,) on a).

Ifd =1, then by choosmg again (whenever possible) 3 ~ 1 and T very large, then 1 (1 — a(d+ [2 V d]))
might be smaller than 2(d+1) = % Thus in that case, the best possible rate is attamed when

a=3(1—ald+[2Vd)) = 3(1—3a). Hence the best possible rate when d =1 is & (not reached).

Finally, observing in Corollaries 3.2 and 3.4 that a rate is obtained in H,_g, one could wonder

if a convergence also happens in HS. Corollary 1.5 answers positively, thus extending the main
convergence result in [20, 44] to general kernels.
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3.4 Rate in Sobolev norm: Proof of Corollary 3.2

This result relies entirely on an interpolation inequality for Bessel potential spaces, and our previous
results of convergence, and convergence with a rate.

Let us establish first the interpolation inequality that we shall use: let § € (0,1) and v such
that

rir—0—-1)

(r—0)(r—1) (3.25)

v=20

The interpolation theorem for Bessel potential spaces, see [57, p.185], gives that for any f €
HY NHZ(RY) (= L' n HY (RY)),

[ fllyr—s < I

)
0 I1fI157 (3.26)

where 0 = %

Hence it follows from (3.26) that for any m > 1,

(1-6)m

J o llud = uslly "™,

S

E sup ||uiv—us||ZfT75§E sup |luy — us|
s€[0,T]

s€[0,T]

and we deduce from Holder’s inequality that

(% 1-6
E sup [uy —usl]_s < (E sup IIuéV—usll?1<Rd>> (E sup IIUéV—usIZ‘,T> :
s€[0,T] s€[0,T) s€[0,T]

In view of the previous inequality and using Theorem 1.4 and Proposition 3.1, we deduce the rate
of convergence in L™ (Q; L>([0,T], H_;(R%))).
Finally, note that it is always true that v < (. Besides, it will be important to ensure that
7 > ~% to have an embedding in the space of Hélder continuous functions (see (2.1)). For this, it
suffices to choose d which satisfies:
r—46—1_d/r
I 5 (3.27)

3.5 Propagation of chaos for the marginals: Proof of Corollary 3.6

Let t € (0, Tynax). Let us observe first that there exists C' > 0 such that for any Lipschitz continuous
function ¢ on R%, one has

< Cloluip

(s’ @) = (e 0| < —5a (3.28)
Indeed,
(i’ @) = (ui’ s 8| = e, (0 = & V)
Y
< (ui, [ v 160) - o5 i)
Rd
< CH¢”L1p )
S T Ne
Recalling the definition (3.24) of the Kantorovich-Rubinstein distance, it comes
sup |l — o < || sup lud —uillo +| sup sup (u —up,9)
t€[0,T] L™(Q) t€[0,T] L™(Q) te(0,T] ||¢llLoe <1 Lm(Q)
< || sup |l = llo + || sup [luf = uell o re
t€[0,7) Lmiy  lt€0T] L)

Now applying Inequality (3.28) to the first term on the right-hand side of the above inequality,
and Theorem 1.4 to the second term, we obtain the inequality of Corollary 3.6.
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3.6 Convergence in H’: Proof of Corollary 1.5

Let us introduce the space

X = L*([0,T]; H (R%))
with the strong topology, and denote by X, the same space endowed with the weak topology.
Notice first that L?([0,T]; HZ(R?)) is a reflexive Banach space for 1 < r < oo (see [57, p.198-

199]). Hence by the Banach-Alaoglu theorem, it is compactly embedded in X,,.
Now the Chebyshev inequality ensures that

2
E[[u™%] _ swprepor E(uf .,

N2 <
P(HU % >R) < R < 7 , for any R > 0.

Thus by Proposition 3.1, we obtain
P(||u™|% > R) < %, for any R>0 and N €N.

Let Py be the law of «” in X. The last inequality implies that for any € > 0, there exists a
bounded set B, € X such that Py(B.) < 1— ¢ for all N, and therefore by the preliminary remark,
there exists a compact set K. € X, such that Py (k) < 1 —e. That is, (Py)ny>1 is tight on A,.
Here, we cannot apply the usual Prokhorov Theorem, since X, is not metrisable. However,
X is reflexive and X’ is separable, therefore any weak compact set in X,, is metrisable (see e.g.
[49, Thm 3.16]). In addition, X, is completely regular in the sense of [4, Def. 6.1.2] (as is any
Hausdorff topological vector space). Hence, by Theorem 8.6.7 of [4], there exists a subsequence of
probability measures P., that converges weakly to some P, on A,. In particular, if F' € C,? (R)

and p € L? ([O,T]; H;B(]Rd)), we get that
EF ((u™, ¢)) = EF ((u™,¢)),

for some X,,-valued random variable ©u*>° with law P..

On the other hand, from Theorem 1.4 we know that uY converges almost surely to u in
L>([0,T], L' N L>(R?)). By testing against any function ¢ € C> ([0, 7] x R?), we deduce that
EF ((uM,¢)) = F ({u,¢)) for any F € CJ(R). Thus by uniqueness of the limit, we get that
EF (u®,¢)) = F ((u,)). Since €= ([0, T] x RY) is dense in L2 ([o, ), 1" (Rd)), it follows that
P, is a Dirac measure at w.

We have thus obtained that any limit point of (Px)ny>1 is the Dirac measure at u, therefore

(uN)n>1 converges in law to u in X,,. Since the limit is deterministic, the convergence also holds
in probability, in the sense of Corollary 1.5.

4 Propagation of chaos

In this section we study the well-posededness of the nonlinear SDE (1.4) and then the propagation
of chaos of the particle system (1.9). More precisely, we prove Proposition 1.8 about the well-
posedness of the martingale problem (MP) related to (1.4). Then, we prove the convergence in
law, when N — oo, of the empirical measure p¥ of the particle system (1.9) towards the unique
solution of the martingale problem (MP).

4.1 Proof of Proposition 1.8

Let T < Tphar and let u be the unique mild solution to (1.1) up to 7.

The proof is organized as follows. For a solution to the martingale problem, we study the
mild equation for its time-marginals. We will see that this equation admits a unique solution
in a suitable functional space. This will enable us to study the linear version of the martingale
problem (MP). Analysing this linear martingale problem, we will get the uniqueness and existence

for (MP).
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Let Q be a solution to (MP). Notice first that as the family of marginal laws (g;);<7 belongs
to ¢ € C([0,T); L* N L>(R%)), one has according to Lemma 2.1 that

sup || K * qt”L‘X’(Rd) < Ck,q sup ||Qt||L1nLoo(Rd)~ (4.1)
t<T t<T

To obtain the equation satisfied by (q:)i<r, one derives the mild equation for the marginal
distributions of the corresponding nonlinear process. This is done in the usual way as the drift
component is bounded (see e.g. [55, Section 4]). One has

t
q = ePug — / V- e(tfs)A(qS(K xqs)) ds, 0<t<T.
0

This equation is exactly (1.1) and we know it admits a unique mild solution in the sense of
Definition 1.1 up to 7. Meaning, as ¢ € C([0, T]; L' N L>°(R%)), the one-dimensional time marginals
of Q are uniquely determined.

Define the corresponding linear martingale problem by fixing ¢ to be the unique mild solution
u to (1.1) in the definition of the process (M;);<7 from (MP).

By Girsanov transformation, the equation

t
Y, :X0+\/§Wt+/ (K % ug)(Ys) ds
0

admits a weak solution. In addition, strong uniqueness holds (see [39, Remark 1.6]). Thus, the
associated linear martingale problem admits a unique solution. This immediately implies the
uniqueness of solutions to (MP).

Now, a candidate for a solution to the (MP) is the probability measure P := £L(Y"). To prove
the latter is the solution of (MP), we need to ensure that the family of marginal laws (P;)o<i<r
is exactly the family (4;)o<i<7-

To do so, for 0 < t < T, one derives the mild equation for P,(dz) = p:(x)dx (absolute continuity
follows from bounded drift and Girsanov transformation). Following the same arguments as in [55,
Section 4], as the drift is bounded, we have that for a.e. € RY,

t
Py = etPug — / V- e(tfs)A(psFA(K *xug)) ds, 0<t<T.
0

Assume for a moment that p € C([0,7]; L' N L>=(R?)). The previous equation is a linearized
version of Eq. (1.11) and with the same arguments as in Proposition 2.6, its cut off version admits
a unique solution in C([0,7T]; L' N L>(R%)). Then, by the same arguments as in Proposition 1.2,
the above equation admits a unique solution in C([0,T]; L* N L>=(R%)). Since both u and p solve
this equation, they must coincide and we have the desired result : (p¢)icjo,r) = (ut)ieo,1]-

It only remains to prove that p € C([0,T]; L' N L>(R%)). Obviously, as we work with a family
of probability density functions, we only need to prove that p € C([0,T]; L°(R%)). Performing the
same calculations as in the proof of Proposition 2.6, we get that

* Ipsl oo (me
HPtHLw(Rd) < HUOHLW(Rd) +C/o T(S)HK*USHLW(R% ds.

In view of Lemma 2.1, one has

t
Il sty < ey + Clll i [ V22EZED g

One gets that

e [ PR
Ipelioe ey < uollaoe ) + Cllwllrropiuny | —— 2= d

Gronwall’s lemma implies that p; € L>(R?). Repeat the above computations for p; — p, in place
of p; to conclude that p € C([0, T]; L>(R%)). This concludes the proof.
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4.2 Proof of Theorem 1.9

To prove Theorem 1.9, we will show that uV converges to the unique solution Q of the martingale
problem (MP). To do so, we will first prove the convergence towards an auxiliary martingale
problem which is identical to (MP) except that in the point ¢ii) the process (M;)i<r is the
following:

M, = f(w,) — f(wo) - /0 (A (w,) + Vf(wn) - Fa(K gy (w,)|dr.

Then, we will lift the cut-off F4 as A will be chosen large enough. Let us call this auxiliary
martingale problem (MP 4) and denote its unique solution by Q by a slight abuse of notation.

A usual way to prove that u converges to Q consists in proving the tightness of the family
% := L£(p) in the space P(P(C([0, T]; R?))) and then, in proving that any limit point IT°° of TIV
is 6g. The latter is done by showing that under II°° a certain quadratic function of the canonical
measure in P(C([0,T]; R?)) is zero. The form of this function depends on the form of the process
(M,)¢<r specified in the definition of the martingale problem. Moreover, one must analyse this
function under IV and use the convergence of IIV to II*® to get the desired result. This is where
uN and the particle system appear.

However, here the situation is slightly modified. Namely, at the level of IV, we need to keep
track not just of x?, but also of the mollified empirical measure u” that appears in the definition
of the particle system. That is why we will need to use the convergence of u”¥ towards u proved
before and keep track of the couple (uV,u”"). This random variable lives in the product space

H = P(C(0, T); RY) x ¥
endowed with the weak topology of P(C([0,T];R¢)) and the topology of ), where
Y =L=((0,T]; L' (R)) N X,

(Recall from Section 3.6 that X, is the space L2([0, T]; HZ(R%)) endowed with the weak topology.)

We will denote by (u,u) the canonical projections in H.

Now for N > 1, we denote by IV the law of the random variables (1 that take values
in #. The sequence (IIV, N > 1) is tight if and only if (IIY o w, N > 1) and (IIY ocu, N > 1) are
tight. The tightness of (IT"Y o u, N > 1) is classical, as the drift of the particle system is bounded.
As for (ITV ou, N > 1), we have already proven the convergence of (u™, N > 1) in ) (see Theorem
1.4 and Corollary 1.5).

Once we have the tightness of (ITV, N > 1), let II*® be a limit point of (ITY,N > 1). By a
slight abuse of notation, we denote the subsequence converging to it by (1:IN ,N >1) as well. We
will study the support of II°® in order to describe the support of II* := II* o p.

The following lemma shows that the marginals of p and u coincide under the limit probability
measure. This will be extremely useful to obtain that the support of II*° is concentrated around Q.

N,’LLN)

Lemma 4.1. II°°-almost surely, e s absolutely continuous w.r.t. Lebesque measure and its
density is pi(dx) = w(z)dz (= u(x)dx).

Proof. This is a consequence of Inequality (3.28). Take a test function ¢ € C°([0,T] x R%) and
define a functional ¢(t,x) = p(t, x;), for x € C([0, T]; R?). Then,

B (0, 0) — {dt © 1, 6)| = lim By |(w,0) = {dt @ o, 6)] = lim Bl(u®, ) — (dt @ ¥, )]

T
< lm E / W ot ) — (¥ o(t, ) d

~ N—oo

o1
< Cr sup |lo(t,)lluip x Jim =,

te[0,T]
where the last inequality comes from (3.28). Thus, we obtain that I*®-a.s. the following measures

on R? x [0, T are equal:
w(z)dz dt = py(da)dt,
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hence II%°-a.s., for almost all ¢ € [0, 77,

ug(x)de = u(z)de = pi(dx).

The following proposition will be the last ingredient needed for the proof of Theorem 1.9.

Proposition 4.2. Let p € N, f € CZ(R?Y), ® € C,(R®) and 0 < 81 < -+ < s, <s <t <T.
Define I as the following function on H :

= Spyeees T = flzs) = [ Af(z)dr
Pw= [ )| o) S = [ Afa

+/ Fa(K xup(x,)) - Vf(x,)dr|du(z).

Then
Eqe (I?) = 0.

Proof. Step 1. Notice that limy_, Efx (I'?) = 0. Indeed, by It6’s formula applied on +; Zi\il(f(Xg)—
f(X%), one has

N 2 N " 2
Eqn (I?) = BT (Y, u")?) = E <le > [ v -dW:’) = E ( | vrex -dwz> <<

Step 2. We prove that T' is continuous on H. Let (u™,u™) be a sequence converging in H to
(pe,u). Let us prove lim, o [T(u™,u™) — I'(p, u)| = 0.
We decompose
P(p" ") = (g, w)| < [D(p",u®) = T(p", w)| + |T(p",w) = T(p, )| = I + 1.

Notice that
t
I, < I\‘Plloollvflloow”,/ |[F(K *ui(+)) — F(K = u,(-r))|dr)

t t
< [ K s =) dr < € [ K - w) s (42)
In view of Lemma 2.1, one has
|5 * (uy —up)|| oo ey < Cralluy — wrl[piapee ra)-

Now recall r and 3 are fixed in (AX;), and let v and & satisfy (3.25) and (3.27), so that —%= <y < 3.

241

Then, use the Sobolev embedding L' N H,__(R%) ¢ L' N L>=(R%) to get
[K = (uf — )| Lo re) < Cralluy —urllpinmy _ga).-
Plug the latter in (4.2) to obtain
¢
I, < CK,d/ [ —ur|lpinmy (maydr.
S
By the interpolation inequality (3.26),

1-6

[y — uTHLlﬁH;LE(Rd) < uy — urHLl(Rd) + [Juy — uTH%l(Rd) [y — u,| HE (R4
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for # as in Section 3.4. Now since u™ converges in )}, and converges in particular weakly in
L? ([O,T], Hf(Rd)), the uniform boundedness principle tells us that it is bounded in this space.
Gathering this fact with the convergence in L>°([0,7]; L'(R%)) (by assumption), the previous
inequality yields the convergence of u” in L? ([0, T], L' N H]__(R%)). Hence I,, converges to 0.

To prove that II,, converges to zero, as u™ converges weakly to p, we should prove the continuity
of the functional G : C([0,7]; R?) — R defined by

G(z) = P(xs,, ..., xs,)[f(ze) — flzs) — / Af(x,)dr — / Fa(VG xu.(x,)) - Vf(x,)dr].

Let (2"),>1 a sequence converging in C([0, T]; R%) to z. To prove G(z") — G(x) as n — oo, having
in mind the properties of f and ®, we should only concentrate on the term fst Fy(K xu,.(z)) -
Vf(z) dr. Here we use the continuity property (AX;) to deduce that K x u,(z") converges to
K *u,(x,) and by dominated convergence,

t t
[ Eati v, @) V) dr s [ EaC () Vi) drasn o,
Conclusion. Combine Step 1 and Step 2 to finish the proof. O

We have all the elements in hand to finish the proof of Theorem 1.9. By Lemma 4.1 and
Proposition 4.2, we get that pu € supp(II°*°) solves the nonlinear martingale problem (MP4).
Choose A > At := Cy, p|lq|l7,11 Ao re) and lift the cut-off (see (4.1)). Then, u solves the nonlinear
martingale problem (MP). As we have the uniqueness for (MP), we get that there is only one
limit value of the sequence ITV which is dg.

5 Examples

5.1 A stronger, easier-to-check condition on the kernel

Assume that K satisfies (AX) and (AX). Assume further

(AK) There exists p € (d,+00] N [q,+00], 7 € (dV 2, +00) and 3 € (£,1) such that
the matrix-valued kernel VK defines a convolution operator which is bounded
component-wise from L!'(R?) N HZ(RY) to LP(RY).

We will show that if K satisfies (Af;), then it satisfies (AL,). In the examples below, this new

assumption (AX) will be easier to check.

First, we will makgv use of (AK) and (AX). Young’s convolution inequality states that for
qo = (1+%—%)_1 (in (AL,), we assume that p > q, hence go > 1), there is for any f € LPNL% (R%),
K * fllLe®ay < |18, K) * fll o gay + | (1p: K) * fHLp(Rd)
< s, Kl prgay 1f 2o ey + HHB;‘KHLQ(R([) £l a0 ()
< Ck (Iflzeey + |1 £l 2o Ra)) -

In particular the previous inequality holds true if f € L'N HZ(R?), because by Sobolev embedding,
fisin LY N L% (see embedding (2.2)), and then the result holds by interpolation. Now in view of

the previous fact and using the property (AX,) of VK, one deduces that if f € L' N H?(R?), then

K« f € HL(R?). Hence it follows from Morrey’s inequality [7, Th. 9.12] that there exists Cp 4 > 0
such that for any f € L' N HZ(RY),

Ny (K * f) < CIEK * fllmare)

< Cpaklfl 1 pe rays
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where n =1 — %. Hence K satisfies (AK,) with ¢ =1 — %.

5.2 General classes of kernels satisfying Assumption (AX)

The first two points of Assumption (A¥) are simple technical conditions and may not require
specific comments, except that it would be interesting to lift the first integrability condition in
order to be able to consider more singular kernels. The third assumption is much more interesting.
Let us start with the simple example of a kernel K such that VK is integrable. Then VK
defines a convolution operator and by a convolution inequality, this operator is bounded in any
LP(RY), p € [1,+00]. As a consequence of the embedding (2.2), VK satisfies (AL,) for any
p € [1,00] and any 8 and 7 such that 3 — ¢ > 0. Hence it satisfies (AL;) with ¢ = 1 (see Section
5.1).

Let us now look at a more singular example. We will discuss further in the next paragraph the
Coulomb potential, defined as

Vole) = 172 ifd 23
" | -loglz| ifd=1,2" '

The associated kernel
KC = VVC

is a generalisation in any dimension of the classical Coulomb force, and VK¢ is not integrable.
Nevertheless, it is possible to define the convolution operator of kernel VK¢ as the Principal Value
integral acting on the space of smooth, rapidly decaying functions (i.e. the Schwartz space), thus
defining a tempered distribution.

The previous example is a special case of operator defined as a singular integral, which under
certain assumptions on the kernel (see the three conditions of [26, Chapter 4.4]) extends to a
bounded operator in LP(R?), for any p € (1,+00). In particular, VK verifies these conditions
and therefore K¢ satisfies (AX) with ¢ =1 — % (see Section 5.1), for any p € (1,00) and any

and 7 such that g — % > 0.

5.3 Riesz and Coulomb potentials

The Coulomb potential belongs to a more general class of interaction potentials, called Riesz
potentials, which were defined in (1.2). If d > 3 and s = d — 2, this is the Coulomb potential
presented in the previous subsection. We denote the associated kernel by K, := VV,. K satisfies
Assumption (AX), provided that d > 2 and s € [0,d — 1): Indeed,

e These kernels are locally integrable if and only if 0 < s < d — 1.

e K is integrable outside the unit ball for any ¢ > ﬁ.
e —1Ifd>3ands<d-—2, then VK is not bounded in any L? but it is however bounded

from LP to L? whenever p € (l,m) and | = 1%4- 2 _ 1 (see [50, Theorem

25.2]). This is still enough, thanks to the embedding (2.2), to ensure property (AX)).

In particular, one can choose any p € (1, m) and any § and r such that g — g >0
for these kernels. In particular (AX;) holds for ¢ =1 — % (see Section 5.1). Hence all
our results can be applied to this kernel.

— If s = d — 2, then VK is a typical kernel satisfying the conditions of [26, Chapter
4.4], and therefore it defines a bounded operator in any LP(R?), p € (1,00). Hence all

our results apply to this particular kernel. Again, one can choose { = 1 — % for any
p € (1,00), and any § and » such that 8 — % > 0.

In particular, Theorem 1.4 and its corollaries 3.2, 3.4 and 3.6 are applicable, and choosing
g and p very large, one can obtain with an appropriate choice of o and § (see Remark
3.8) a rate which is as closed as desired to m.
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— If s €[d—2,d—1), then one can verify (see e.g. [15, Lemma 2.5]) that VK defines a
convolution operator from L' N L% NC7(R?) to L>=(R?), with o € (2 —d + s,1):

IVEs * flleemay S 1 fllLr@ay + [1fll oo ray + No(f)
S leranse @ey + 1118,

for some 8 and r such that o = 5 — %, thanks to the embedding (2.1). Hence, one must
choose p = 0o, and 8 < 1 and 7 such that 6—g>2—d+s.

Theorem 1.4 and its corollaries 3.2, 3.4 and 3.6 are applicable, choosing ¢ = p = oo is
allowed, so with an appropriate choice of o and § (see Remark 3.8), one obtains a rate
which is as close as desired to m.

Besides obtaining rates of convergence, Proposition 1.8 proves the well-posedness of the McKean-
Vlasov SDE (1.4) for all Riesz kernels with s € (0,d — 1), which is new for the values of the
parameter s, and most notably for the largest values s > d — 2. The trajectorial propagation of
chaos (Theorem 1.9) is also new for this whole class of particle systems.

5.4 Parabolic-elliptic Keller-Segel models

An important and tricky example covered by this paper is the Keller-Segel PDE, which takes the
form (1.1) with the kernel defined by

Kis(x) = —xﬁ, (5.1)

for some x > 0.
The difficulty in this model comes from the fact that the kernel is attractive, in the following
sense:

x-K(x) <0, on the domain of definition of K. (5.2)

This leads to important issues that we discuss in more details in [44], but let us just mention as
an example that in dimension 2, the PDE admits a global solution if and only if xy < 87 (see e.g.
Biler [3] for a recent review). Note that in that case (d = 2 and x < 8) it is again possible to
choose a value of the cut-off A independently of T' (see [44]).

Theorem 1.4, Corollaries 3.2, 3.4 and 3.6 give rates of convergence of the particle system to the
Keller-Segel PDE, even for solutions that exhibit a blow-up.

As a consequence of Theorem 1.8, we also deduce the local-in-time weak well-posedness of the
McKean-Vlasov (1.4) for all values of the concentration parameter , and global-in-time weak
well-posedness for y < 8, which is a new result (see [44] for a thorough discussion and comparison
with previous results).

5.5 Biot-Savart kernel and the 2d Navier-Stokes equation

By considering the vorticity field £ associated to the incompressible two-dimensional Navier-Stokes

solution u, one gets equation (1.1) with the Biot-Savart kernel Kpg(x) = %%, where z+ =

—x
T
The Biot-Savart kernel is an example of repulsive kernel, in the sense that

2) . The original Navier-Stokes solution is then recovered thanks to the formula u; = Kpg*&;.

x-K(x) >0, on the domain of definition of K. (5.3)

In this case, the Biot-Savart kernel is merely repulsive since x - K(z) = 0.

It is well-known that with such kernel, Eq. (1.1) has a unique global solution, and that
| K * & o (r2) can be bounded by C (1 + [|&|r=(r2)) (see [20] and references therein). This
permits to choose the cut-off value Ap from (1.12) independently of T'.
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The kernel K g is covered by our assumption (A¥), for the same reason as the Coulomb kernel
with d = 2 (Ko(z) = ﬁ) In that case, we recover and extend with a rate the Theorem 1.3 of
Flandoli et al. [20] within Theorem 1.4 and Corollary 1.5.

All the other results of this paper apply, and in particular, if the initial condition is smooth
enough (i.e. B~ 1 for Theorem 1.4), we obtain a rate p in L' N L> norm which is almost %.

5.6 Attractive-repulsive kernels

There is at least another very interesting class of kernels that enters our framework. The attractive-
repulsive kernels are attractive in a region of space, i.e. they satisfy (5.2) on a subdomain D of
the domain of definition of K, and repulsive (i.e. satisfying (5.3)) on the complement of D.

The most famous example of such attractive-repulsive kernels might be the Lennard-Jones
potential in molecular dynamics: this isotropic potential (i.e. V(z) = V(|z|)) reads

V(ir)=Vo (r"2 =175, r>o,

for some Vy > 0. Then K(z) = VV(z) satisfies the first condition of (AX) (local integrability)
only if the dimension is greater or equal to 14, which may not be of the greatest physical relevance.

A similar, but less singular potential is proposed by Flandoli et al. [19] to model the adhesion
of cells in biology. It can be expressed in general as

V(r)=V,r *—=Vyr 0,

with a,b > 0 and V,,V;, > 0. One can now refer to the discussion on Riesz kernels in Section 5.3
to determine the values of a and b that ensure the applicability of our results.

Appendix

A.1 Time and space estimates of the stochastic convolution integrals

In this section we study the moments of the supremum in time of || M || 1»ra), where the stochastic

convolution integral M} was defined in (3.5). Such estimates will be used in the proof of Theorem
1.4 for p =1 and p = oo only, but the result is established for any p without any additional effort.

Proposition A.1. Let the assumption of Theorem 1.4 hold. Let mg > 1, p € [1,4+00] and & > 0.
Then there exists C' > 0 such that for any t € [0,T] and N € N*,

sup || MY || 1o (ra) < O N-z(-aldt)te

s€[0,t]

Lm0 (Q)
where » = max (27d(1 - %))

The proof of Proposition A.1 relies on the following proposition, which we prove at the end of
this section:

Proposition A.2. For any p € [1,00], any m > 1 and any § € (0, 1], there exists C > 0 such that
(Z) || HMtNHLT’(Rd)HLm(Q) < C]\7*%(1704(d+36+%))7 Vit € [O,TL VN e N*,

(i) |1 MY = M| 1o gy | <C(t—s) N-30-ald450+2)  yg < ¢ ¢0,T], VN € N*,

L‘NL (Q)
where » was defined in Proposition A.1.

When p > 2, Proposition A.2 relies itself on the following result.
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Proposition A.3. Lety >0 and m > 1. For any 6 € (0, 1], there exists C > 0 such that
@) MY | gy € C N7 g ¢ [0,7], YN € N,
(i) [l = MY,

< C(t—s)? N-30-ald40427) - ye <4 ¢ [0,T], VN € N*.

Lm (Q)

The final ingredient in the proof of Proposition A.l is a consequence of Garsia-Rodemich-
Rumsey’s Lemma [25], given in the following lemma (for R-valued processes, it already appears
in [46, Corollary 4.4], and the extension to Banach spaces is consistent with Garsia-Rodemich-
Rumsey’s Lemma with no additional difficulty, see e.g. [24, Theorem A.1]).

Lemma A.4. Let E be a Banach space and (Y™)p>1 be a sequence of E-valued continuous processes
on [0,T]. Let m > 1 and n > 0 such that mn > 1 and assume that there exists constants p > 0,
C >0, and a sequence (8,)n>1 of positive real numbers such that

(B[lvz —ve1z])™ < cls— e

n’

Vs, t €10, T], Vn > 1.

Then for any mo € (0,m], there exists a constant Cr, mqn 1 > 0, depending only on m, mo, n and
T, such that ¥n > 1,

1

mQ
(E[ sup HW—%”HZ‘“}) < Comor 8.
te[0,T]

We are now ready to prove the main result of this section.

Proof of Proposition A.1. We aim to apply Lemma A.4 to M"Y in the Banach space L?(R%), for
some p € [1,400]. It comes

1
2

a2 = ag¥ . L)

) ey < Y = M o

rm

3
N N
(N2 | gy * D19 )
Then, applying Proposition A.2(i7) to the first term on the right-hand side of the previous inequal-
ity, and Proposition A.2(4) to the two others, it follows that, for some constant C' independent of
N, s and t,

Lm

1M = 2 g < Cls — |y NTHOelt 0 (A1)

Lm(Q)

Let now £ > 0 and mg > 0, and choose § such that 2a6 = ¢. Setp = ¢ and p = —3 (1 — a(d + 5))+
2a6 = —% (1 — a(d+ »)) + e. Hence, choosing m > 1V mq large enough so that mn > 1, the
estimation in (A.1) satisfies the conditions in Lemma A.4, and it follows that, for some constant
C >0,

<C Nfé(lfa(dJr%))Jrs’

sup ||MtN
]

te[0,T HLP(Rd)

LMo (Q)

which is the desired result. O

It remains to prove Propositions A.3 and A.2.

Proof of Proposition A.3. Let us formulate some preliminary remarks. As the semigroup acts as a

convolution in time within the stochastic integral, (MtN ) >0 is not a martingale. Thus, we define

the process MY in the following way: For any fixed z € R? and fixed ¢ > 0, set for any r < #:

N
—~ 1 r ) )
MY () := ~ > /O e=IAYYN (XN g dWl,
=1
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Now, MY is a martingale that takes values in an inifinite-dimensional space, and ]\ZN = MN.
Recall that the operators (I — A)%, v € R were defined in the Notations section, see Equation
(1.5), with the relation ||(I — A)%f||L2(Rd) = | fll+-

(i)  We aim at evaluating the L?(R?) norm of (I — A)%J\A/[/tN . To apply a BDG-type inequality
on it, we turn to the generalization of such inequality to UMD Banach spaces given in [58]. We
are in a position to apply [58, Cor. 3.11] to (I — A)%MN in L?(R?) (which is UMD), and since
(I—A)3MN(x) = (I —A)3 MY (z), it comes
. 1/m
2

M ][ ey < C | E <N2Z/ (I — A)3elt- s)AVVN(Xi,N_,)FdS)

L2(R<)

As in the proof of Lemma 3.1 in [20], one gets that for any ¢ > 0, there exists C' > 0 such that

1 1/m
2

Nt
1 2 (t—s)A N o, N 2 2 (d4+26+42+)—1
E <N2 _§ /OI(I—A)2e< ATV N (XEN — )|2ds < ON3! -4
- L2(R4)

and this finishes the proof of (7).

(ii) Let s <t and z € R First, notice that

N t
1 . .
N2 / Vel=IAYN(XEN — z) - dW,
i=1"%

MY () = M ()] <

N .
1 8 < . ‘
+=> / Vels—wa [e(t_s)AVN(X;’N —z) - VN(XLN x)} S dW!
=: |14 (@)] + [T (2)].
(A.3)
Thus, one has
N N
MY = M2y < T2 oy + T o - (A.4)

As in the first part of this proof, introducing an auxiliary martingale and applying the BDG
inequality from [58] yields

1 1/m
2 m
HHI t” HLm(Q) H <N2 Z/ ‘ I A 2@(?‘ u)AVVN<X1ijN_ )|2du> s
L2(R4)
(A.5)
and
LN o
1
2 m

dQlce:

4 2
) Ves u)A[ (t— e)AVN(XZN )—VN(X;’N—')‘ d3>

L2(Rd)
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Now as in the proof of Lemma 3.1 of [20], one gets for arbitrary small 6 > 0 that

1

t 2
Xl ) < ONE (25204 (/ s 1) du> S (t—s)2 NEERED
s —Uu

while for 17 ;\ft it comes

1
2

c/r 1 .
||||I t”’YHLm(Q)SN% (/0 m”([ A) ((t )AVN VN)H%Z?(]Rd)du) . (AG)

It is easy to obtain that, for f € H'(R?),
1“2 f = flI72(gay < CIV 2 (may(t = 5)-

Hence, choosing f = (I — A)WTHVN and plugging the result of the previous inequality in (A.6)
yields

[N

tf
<C%H(I A) Syy N | 22 (rey

||||I t||’)’} an(ﬂ)

[SE

’y++

< U1 - ) N g

2

<Ot — )3 N3(@H2042742) =5 (A.7)

Although the regularity in (¢t — s) is good in the previous inequality, we paid a factor N which
will penalise too much the rest of the computations in Propositions A.1 and A.2. Hence we also
observe that

’Y+o

I — 8)" (€ AVY VN[ paaay < (T = A)F DAYV ooy 4+ (1 — A) 2 VY ooy
< 2(I = A)F VN pagay < CNFEH20420),

Thus, plugging this bound in (A.6) also gives

H||H;\”t\|7HLm(Q) < ON§(d+20427) -4 (A.8)

Hence, one can interpolate between (A.7) and (A.8) to obtain that for any € € [0, 1],

H ||II < C(t _ S)gN%(d+2§+2'y)f%+ae.

,t || ||L7n
So the bound (A.5) for I ivt and the previous inequality plugged in (A.4) and applied to e = § yield
the inequality of (ii). O

Proof of Proposition A.2. This proof will be divided in three according to whether p > 2, p € (1, 2)
or p =1, in that order. This might seem too much since we only need the cases p = co and p =1
in Theorem 1.4. However, note that the proof is the same for any p € [2,4+0c]. Besides, we present
the proof for p € (1,2) before the proof for p = 1, because our proof for the latter case consists
in applying a Holder inequality with weights so as to use the case p € (1,2) (we were not able to
treat directly the case p = 1 because L' is not a UMD space).

We will use the decomposition of MY — MY given in Equation (A.3) and apply the BDG
inequality following the same approach as in the beginning of the proof of Proposition A.3.

o Flirst, assume that p € [2,400].
Define, for some § > 0 small enough,



with the convention % = 0if p = co. In view of the Sobolev embedding of H” into LP (which holds
because p > 2, see [1, Theorem 1.66]), one has

||||MtN||Lp(]Rd)HLm(Q) = ||||MtN||’Y||Lm(Q)
and

N = M oo |y < 1M = M2

Lm(Q)

Thus Proposition A.3 yields that

MMM Lo (g |

-1 17a(d+36+2d(l7%))
Lm (@) < CN 2( 2 )

and
1 1

||HMtN - Mé]v|\Lp(Rd)"Lm(Q) <C(t— s)% N-3(1-ad+ss+2d(3- 1))
so we obtained the inequalities (i) and (i7) in the case p > 2.
o Assume now that p € (1,2).

Then by the same argument that leads to Equation (A.2) in the proof of Proposition A.3 (with
the difference that here the UMD space is L?, with p > 1), one gets

N o
c —u % 2
N2 o @y | ooy < 7 H (Z/ Velt=wAYN (xiN _ .)‘ du) (A.9)
i=170 Lp(R?)
LWL(Q)
and for the decomposition (A.3) of MN — MY = I, + 1TV,
C N t 1/2
sy < 57 || (22 120V 0 = g )
N = Js LP(R4) L @)
N
||HIIs,t||LP(Rd)| L™(Q)
C N s . _ 2 Yz
S N H (Z/ v€(87u)A [e(tfs)AvN(X?’LL,N _ ) _ VN(X;’N _ ):| ‘ du)
i=170 Lr(R?)
L™ ()
(A.11)

() We consider first M}¥ and look for an upper bound on the right-hand side of (A.9). Since p < 2,
we add the weights (14 |z|)™” x (1 + |2|)? in the integral over R? to perform a Hélder inequality
and we get

2—-p

< ¢ / EEEEEAE
m = X7 2p i
TN e (1t )
N t . 2
(/ (1+|x|)22/ ‘Ve(t_s)AVN(X;’N—x)’ dsdx)
Rd = Jo

where the first integral in the right-hand side of the previous inequality is finite. By the simple

MMM Lo (g |

[NIES

X

)

Lm (Q)
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inequality (14 |a+b]) < (1 + |a|)(1 + |b]) and Fubini’s theorem, we then have

E| M| 2 zay

m

N , 4 _ ,
< ]\?mE <Z/ / (1+ \X;’N|)2 (1+ | XN — 9U|)2 ‘Ve(t_s)AVN(X;’N — x)‘ dx ds)
i=170 JR?

c (&t N2 2 o (s N [
ot Z/O (1+1x37) /R (L+[y))? Ve =92V (y)| ayas
i=1 ’

IN

m

m 2
C t _ 2 = N 4
N </ /Rd (1+y))? ‘Ve“ S)AVN(y)’ dyds) ElY <1+ sup |X;’N|> . (A12)
0

i—1 s€[0,t]

IN

performing a simple change of variables in the second inequality. Since X» is a diffusion with
bounded coefficients, a classical argument gives that for any p > 0, there exists a constant C' > 0
which depends only on p and T' such that E sup ¢ n |XEN|P < C. Then, it is not difficult to
verify that

m

N 2 2
E Z <1 + sup |X§’N> <CN?, (A.13)

i—1 s€[0,t]

Now, the Cauchy-Schwarz inequality, Fubini’s theorem and simple changes of variables lead to

t 2 t
[ [ @ [veosvyo)| ayds < vz [ o)
0 JR4 o JRrd

N
X /Rd (1 +ly+ W') 92(1—s) (y) dy dx ds,

where we recall that the notation g for the heat kernel was introduced in (1.6). By the simple
inequality (1 + |a 4+ b]) < (14 |a|)(1 + |b|) and Fubini’s theorem, we then have

t 2 2
// (1+|y))? ‘Ve(t_s)AVN(y) dydsgCNd“+2“/ YV (z)[2 (1+|ia) dz
0 JRrd Rd N

t
x / / (14 ly)? gage—s) () dy ds,
0 Rd

(t—s)A N tl m(da+2(’)
//Rd (1 + [y))? ’Ve v )‘ dyds) < CON™“52 (A.14)

Combining (A.12)-(A.14), we obtain the desired property (i):

and therefore

H”MtN”LP(]Rd)HLm(Q) < 0 N—2(-a(d+2)

(i1) Consider now I7, and the inequality (A.10). The same computations as in (i) yield

C 1 _dat2a T 2
I o e[| oy < 57 N2N 3 (/RJWV(Q;)F(HUW) d

t 3
<[] 100 g2 ) d )
s JR4
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The integrability properties of V' and classical estimates on g yield
T2 2o e | g < CN ™3O0 D) T, (A.15)

In view of (A,), one has : if d > 2, then a(d+2) < ££2 < 1;if d = 1, then we assumed further that
B e (% + %, 1), thus a(d 4+ 2) < 1. Hence, the power of N in the previous expression is negative.
Now, similarly for I}, we deduce from (A.11) that

1
2

LYl Lo ey |

Cns( [ 2 (s—w)A [ (t—s)AT,N N 2
L) S N N </0 /Rd (L+ [y]) ‘Ve [6 Vi (y) -V (y)” dy du
(A.16)

We will first estimate |Ve(5’“)A [e(t’s)AVN(y) - VN(y)] ‘2 = |V92(s_u) * [ga—s) * VN (y) = VN (y)] ’2
by introducing a small € > 0 and separating it into two terms,

|V ga(s—u) * [92(—5) * VN () = VN (y)] ‘2 = |Vgas—u) * [g200—s) * V¥ (y) = V¥ ()] ’2_6
X |92(s—u) * [92(t—s) * VVN(y) - VVN(y)] |E . (A]'?)

For the first term above, use the triangular inequality and the simple inequality |Vgo(s—u)| <
\/%gs,u. Then, applying Holder’s inequality w.r.t. to a probability measure (several times), it
comes

2—e C 2—e
’v92(57u) * [92(1578) * VN(y) - VN(y)” < m (gs—u * ’92(1575) * VN(y) - VN(y)D
C 2—e
< ﬁ/ gs,u(z)/ Go(t—s)(T) |VN(y —z—1x)— VN(y — z)| dr dz
(s—u)t72 Jga Rd
C 1 2—¢
= ﬁ/ gs_u(z)/ Ga(t—s) () / VVN(y —z—rz) -z dr dx dz
(s—u)'72 Jpa Rd 0
C 2—¢ ! N 2—¢
< —= s—u(2) Go(t—s) (7)]7] |VV (y—2z— rx)} dr dz dz. (A.18)
(s—u)'72 Jpa Rd 0

For the second term in (A.17), the triangular inequality and the Lipschitz regularity of VV lead
to

€

|92(s—u) * [9200—s) * VV N (y) = VV N ()] ‘E < Nldot2a)e

/92(sfu)(z)/ 92(t—s) (%) |7 dx dz
R4 Rd

< ONUa+20)5 (4 _ 6)5, (A.19)
After plugging (A.18) and (A.19) in (A.17), one gets
2 C £
[V ga2(s—u) * [9206—5) * VN () = VN (y)]|” < mN(daHa)g(t — )2

1
/ gs,u(z)/ gg(t_s)(:r)\x|2_5/ ’VVN(y—z—rx)‘%E drdxdz. (A.20)
R¢ Rd 0

Now one can plug (A.20) in (A.16), and from Fubini’s theorem and a change of variables, it
comes

||||[[;V¢||LP(R(1) HLM(Q) < ¢ N~ z(1-ae(d+2) (t — S)% N3 (a2-e)+da(l-e)

3 1 2—¢ ! Yy 2 2—e
X (/0 (s—u)l_i/ﬂw Js—u(2) /]Rd Go(t—s) ()] 2] /0 /Rd (1 + |m —|—z—|—mc|) IVV (y)] dy dr dx dz du
Then it follows from the simple identity (1 4 |a +b|) < (1 + |a|)(1 + |b]) that

1
2

2 3
Ny < —i(1—a(d+2+e) (4 _ % Y 2
I 2o ] oy < OV =7 ([ (14 1l) 19Vl ay

([ ot Lot asa) ([ aser o)
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The latter implies that

[Een

@[ gy S CNTHETHD V=, (A.21)

Now in view of (A3), |14 = M| oen ||y < NIl e+ NI o | gy
hence the desired result in the case p € (1,2) follows from (A.15) and (A.21).

o Assume finally that p = 1. L'(R?) is not a UMD Banach space, so in the case p = 1, we
proceed as follows.
(i) Fix r € (1,2). Applying Holder’s inequality, one has

1M |21 ey < CHA A+ DM | oy

Now, we can repeat the computations from the previous part with a slight modification as follows.
—N —~
First, apply the BDG inequality to the new process M = (1+ |- |[)MY. It comes

c o . 2\
I+ 1D Ny < 3¢ | [ (01072 [ [wemsvax o au
i=1"0 Lr(R4)
L™ ()
Now, we add weights and perform a Hélder inequality as before. One has
2-r
C 1 "
MN < = / ——d
MY e et | ey < ( ki (Lt [o]) )
N t ) 2 %
X </ (1+|m|)42/ ‘Ve(t’s)AVN(X;’N—x)‘ dsdx)
Rd i=1"0 L™ ()

From this point, nothing changes in the computation except that before we had (1 + |33\)2 and now
we have (1 + |z|)*. Following (A.12), (A.13) and (A.14) and taking into account this modification,
one gets that for any m > 1, there exists C' > 0 such that

||HMtNHL1(Rd)HLm(Q) < ¢ N—3(1-a(d+2)

(i1) Fix again some r € (1,2). Consider now I, from the decomposition in (A.3) of M} — MY =
Ié\ft + IISI:Q. As above,
121 ey < CIQA+ |- DI e gray-

Now,

N : 1/2
C —u i
H||(1 +- |)[SI\7Q||LT(Rd)|’Lm(Q) < N H ((1 +1-)? Z/ \e(t )AVVN(XU,N _ ')|2du>
=179

L®|| Ly

The same computations as in the case p € (1,2) part (i), with the modification mentioned above
((1+ |z)* instead of (1 + |z|)? in the beginning) yield

C da+2a

1 T \4
N2 2 @ | oy < 5 NENT2 (Ad|VV(x)|2(1+|M) dx

¢ 5
X/ /d 1+ [y1)* gagt—u) (¥) dydU) .
s R4

Besides, the integrability properties of V' and classical estimates on g yield

_ll—a
|||\1;YtHL1(Rd)|}Lm(Q)gczv s(1=ald42)) /g (A.22)
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It remains to treat the term I7 ﬁvt Again the same computations as above lead us to

I3 ey < ClI(L+ - NIL]

L (R4);

and we have

I+ - DI ey

Lm.(sz)
N

C( El

<~ 1+]-)? /

< H (( e

Now, start from the line (A.16) where (1 + |y|)? is replaced by (1 + |y|)* and repeat the computa-
tions line by line. Eventually, it comes

_1l1_q
||\|II§||L1(Rd>||Lm(Q)SCN 2(ald+2+4e) /. (A.23)

1/2
. . 2
Ve(s—u)A [e(t_‘g)AVN(X;’N _ ) _ VN(X;’N _ )i| ‘ du)

L7 (R4) Lm (@)

Now in view of (A3)7 || HMtN - M;V“Ll(Rd)| Lm(Q) < ||||I£V,t Ll(Rd)||Lm(Q)+H”Ilé\,]t”Ll(]Rd)| Lm(Q)’
hence the desired result in the case p = 1 follows from (A.22) and (A.23). O

A.2 Proof of the boundedness estimate

Proof of Proposition 3.1. Step 1. Recall that the operators (I — A)?, 8 € R were defined in the
Notations section, see Equation (1.5), with a clear link with the Sobolev norm | - ||g,»

Let F stand for the function F4 defined in (1.7). From (3.1) after applying (I — A)g and by
the triangular inequality we have

B B
UL N’ <HI—AE 2N N‘ A24
H( )? La(QLm(RD)) — ( )7 ey La (L7 (R4)) (A.24)
¢ s
[—A)Z V.92 (VN o (F(K % u)ul ‘ A.25
A [ R (Y CCERr 01 (A.25)
1 N t 8 . .
+ HZ / (I—A)2 V==& (VN (XEN — ) . aw! (A.26)
N = Jo La(Q:L7 (R4))

Step 2. Noticing that by a convolution inequality
8 8
1= A)7 e 2ug |l pr@ay < e prmrrll (1= 2)2 4 || Lo ey,
one gets that the first term (A.24) can be estimated by
8
2

etA

oo

< [a-a)% |

N <C
Ho ‘ La(@iLr(ray) —

La(;Lm (RY))
with Cz > 0, where the boundedness of the norm of u}’ comes from Assumption (A;).

Step 3. Let us come to the second term (A.25):

t 3
H (I- A)% V. eltmoa (VN % (F(K s ul)pl))
0

<C | (T- A)g v e(tis)AHLraLr | (VY (B ul)pl)) HL‘J(Q;LT(Rd))dS'

HLq(Q;Lr(JRd))dS

In view of Inequality (1.14), we have that
8
5 —s)A
=2y Ve8|, . <cC
(t—s)
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Thus,
/ [1T-a IR (VN s (PO ud) ) | o gum ey 48
1
<c / ()Wnuiv oo ceayds

13
= C/ (1+6)/2 (= A)2 up || o Lm may)ds-

This bounds the second term.

Step 4. For the third term (A.26), recalling the notation introduced in (3.5), we need to
control H||MtN||ﬁ,r||Lq(Q)~ The embedding for Bessel potential spaces of [57, p.203] gives that

HA+(=3)(RY) is continuously embedded into HS(R?), thus we obtain

A5 ey < C [ IMF a1

La(©)

Now Proposition A.3-(i) permits to bound the previous upper bound, hence we get ||| M}V ||,» ||LQ(Q)
CNﬁ%(176‘(‘”2“26”“%7%))), where § is arbitrarily small. In view of Assumption (A,), it thus
follows that

<C.

11 Birll paay <

From the three bounds obtained in Steps 2 to 4 and the Gronwall lemma, there exists a deterministic
constant C' > 0 (which depends only on 8,7, A and r) such that

<O, VN €N,

B
I-A)2u)
H( ) La(Q;L7 (RY))

which proves the desired result. O
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