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Dang Pei, Tao Qian

Macau University of Science and Technology

Abstract

For M a compact Lipschitz Riemannian manifold of dimension at least 2, we
prove a Helmholtz-Hodge decomposition of tangent LP vector fields as a sum
of a gradient and a divergence free fields; the result holds for restricted range
of p around 2, and for all p € (1, 00) when M is VM O-smooth. If, moreover,
M is a compact and connected hypersurface having the local Lipschitz graph
property, embedded in R"*! with the natural metric, we also establish a
Hardy-Hodge decomposition of a R*™!-valued vector field of L? class on M
as the sum of a tangent divergence free field and of two (traces of) harmonic
gradients of Hardy class with exponent p, one from inside and one from
outside M. The latter holds for restricted range of p, and for all p € (1, c0)
when M is C'-smooth.

Keywords: harmonic gradients, boundary value problems,
Helmholtz-Hodge decomposition, Clifford analysis.

1. Notation and preliminaries

Let R* denote the Euclidean space of dimension k. We write z = (21, -+ -, 2)"
to indicate the coordinates of € R¥, with superscript “4” to mean “trans-
pose”. We put (z,y) = > x;y;, for the scalar product of z,y € R*, and
lz| = (z,2)"/? for the Euclidean norm of z. Hereafter, B(x,r) stands for

Email addresses: laurent.baratchart@inria.f (Laurent Baratchart), (Tao Qian)

Preprint submitted to Elsevier September 11, 2020



the open ball centered at x of radius r and S(x,r) for the boundary sphere,
while r(B) indicates the radius of the ball B. When B is a ball of radius r
and A a strictly positive real number, we put AB for the concentric ball with
radius Ar. A similar convention holds for cubes. We set d(E, F') to mean
the Euclidean distance between sets F, F C R*, and diamFE to designate
the diameter of E. The notation is independent of &k, but this will cause no
confusion. We put yg for the characteristic function of a set E, and use the
same letter at different places (e.g. “C”) to designate various constants.

1.1. Lebesgue and Sobolev spaces

We let m;, denote Lebesgue measure on R*. If £ C R* is measurable and
p € [1, 00|, we write LP(E,R™) for the familiar Lebesgue space of (equivalence
classes of my-a.e. coinciding) R™-valued measurable functions on £ whose p-
th power is summable, with norm ||g|| re(g.rm) = ([} [g[Pdmi) /P (ess. supg |g]
if p = 00). If E is open, we set Lj (E,R™) to consist of functions f whose
restriction fix to K lies in LP(K,R™), for every compact K C E. When
m = 1, we simply write LP(F) instead of LP(FE,R).

For 1 < p < oo, we denote the conjugate exponent with a prime superscript:
1/p+1/p = 1. The dual of LP(E,R™) is L’ (E,R™) under the pairing

(X,Y)g = /E<X, Yidm, X e LP(E,R™), Y e LIV (E,R™). (1)

If O C R* is open, we let W1P(Q) be the Sobolev space of functions lying
in LP(§2) together with their first distributional derivatives. It is a Banach
space with norm

1/p
lgllwis@) = (gl + 1V 0ps)

where Vg = (axl ,8
comprised of functions lylng in LV (£2) together with their first order deriva-
tives. We let W, () stand for the closure in W'?(Q) of C$°(€2), the space
of infinitely differentiable functions with compact support in 2. We denote
by W'?(R*) the homogeneous Sobolev space of functions in L} (R*) whose
distributional derivatives lie in LP(R¥). These lie in W,2?(R¥) [I5, Theorem
6.74], and if we identify functions which differ by an additive constant, then
W1P(RF) is a Banach space with norm ||g||i1.» & = [IV9llLr@rrry. When
1 < p < 00, it is in fact the closure with respect to ||. ||y (g Of Smooth func-
tions with compact support; this follows, e.g. from [36, Thm. 1]. We write

9.yt indicates the gradient of g. The space WL?(Q) is
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WLP(Q,R™) (resp. WLP(Q,R™), ...) for corresponding spaces of R™-valued
maps. The space W2P(Q) consists of functions in L?(Q2) whose derivatives of
the first order lie in W'#(Q). The local version is designated by W2?(Q).

1.2. Lipschitz functions

A map f: E — R™ E C RF is Lipschitz if |f(x) — f(y)] < Clz — y| for
some constant C' and all z,y € E. The smallest C' for which this holds is the
Lipschitz constant of f, denoted by c;. It is easily checked that f maps sets
of Lebesgue measure zero to sets of Lebesgue measure zero if m > k. More
generally, if B C E is Borel, then H*(f(B)) < ¢;H*(B) where H* indicates s-
dimensional Hausdorff measure, see e.g. |21} [56] for a definition of Hausdorff
measure and the fact that H* essentially coincides with mj, on R*. If, in
addition, f is injective and its inverse f~!: Im f — F C R is also Lipschitz,
then we say that f is bi-Lipschitz. In this case, f is a homeomorphism onto
its image, and if F is open then necessarily m > k, by invariance of the
domain [42, chap. 10, sect. 62]. If each x € E has a relative neighborhood
O, in E such that the restriction f|o, is Lipschitz, we say that f is locally
Lipschitz.

When Q C R is open and f : Q — R™ is Lipschitz, a result by Rademacher
asserts that f is differentiable my-a.e on . Clearly, ||Df(x)| < ¢f, where
D f(x) indicates the derivative of f at x and ||.|| the operator norm. Moreover,
the distributional derivatives of a Lipschitz function agree with the pointwise
derivatives my-a.e., hence the space of R™-valued Lipschitz functions on a
bounded open set Q C R* coincides with W1>(Q, R™), see [51, Ch. V, Sec.
6 and Ch. VIII, Thms. 1&3].

Let Q C R* be open and f : Q — R™ be Lipschitz, with m > k. At each
x € Q where f is differentiable, we let Ji f(x) be the k-dimensional Jacobian,
namely the square root of the sum of the squares of the k x k determinants
of Df(x), when the latter is identified with its matrix in the canonical bases
of R¥ and R™ (the familiar Jacobian matrix). If f is also injective, then the
area formula [21, Thm. 3.2.3] and the extendability of Lipschitz functions
[21, Thm. 2.10.43] together imply that, for every integrable function u on €2,

/Q u(e) Jof () dmy () = /f L)) 2)

Note that when m = k, the identity reduces to the standard change of
variable formula for Lipschitz reparametrizations.



Let  C R¥ be open and f : 2 — R™ be bi-Lipschitz. For x € Q, w € R*\ {0}
and ¢t > 0 small enough, we obviously have that

_ Tt tw) = @) f (@ A+ tw) — f(2)]
|z + tw) = f(x)] t ’

therefore we get on letting t — 0 that if f is differentiable at z, then

]

L < DS < el w e R 3
It follows in particular from that Df is injective. If f : Q — Q' is a
bi-Lipschitz homeomorphism between open sets in R*¥ and g : ' — R™ is
Lipschitz, then the chain rule holds: D(g o f)(z) = Dg(f(z))Df(x) for a.e.
x € (2; it is so because the set of x € 2 such that g is not differentiable at
f(x) has Lebesgue measure zero.

1.3. BMO and VMO functions

For  C R¥ an open set, the space BMO(£) of functions with bounded mean
oscillation on € consists of those h € Lj,.(2) such that

loc

) 1
sup inf
@Cg beR mk(Q)

/ |h(x) — b| dmy(z) < oo, (4)
Q

where the supremum is over all open cubes @ with closure Q C . If we let
1
mi(Q)

be the mean of h on @, we get that [, |h — ho|dmy < 2 [, |h — b|dmy for
every b € R, therefore is equivalent to

hg =

mewmw

1
ssios = swp i | @) ol dmy(a) <o 9
One may restrict to cubes with sides parallel to the axes, or replace cubes
by balls, as this will define equivalent quantities (i.e. whose ratio with () is
bounded above and below by strictly positive constants). This follows from
the work in [47, B7, 50]. Note that || - [|smo() is a norm modulo additive
constants only.
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The space VM O() of functions with vanishing mean oscillation is the closed
subspace of BMO(£2) comprised of those h for which

1
lim sup /h:t: — hg|dmy(z) = 0. 6
li sup s | @) = hol dmu(a) (6)
my(Q)<e

The space VMO,,.(2) consists of functions h : @ — R whose restriction to
any relatively compact open subset ' lies in VMO(Y). It is equivalent to
require that each « € €2 has an open neighborhood O, with hjo, € VMO(O,).
We denote by VMO (Q) the subspace of W1*°(Q) comprised of functions
whose first order derivatives lie in VMO(S2). The space VMO, 2°() consists
of functions in W, (2) whose derivatives are in V MOy, (Q). Tt is elementary
that L>(Q) N VMO(Q) is an algebra. So, by Leibnitz’s rule, VMO ()
and VMO,:2°(Q) are also algebras.

We write BMO(Q,RF), VMO(Q,RF) and so on for RF-valued functions
whose components lie in the space indicated.

1.4. Compact Lipschitz Riemannian manifolds

A Lipschitz manifold of dimension n is a second countable Hausdorff topo-
logical space M equipped with an open cover {V;}, each element of which is
homeomorphic to an open subset of R™ under a map ¢; : V; — R", in such
a way that changes of charts ¢, o ¢" : 1y, (Vi, N'Vi,) — ¢y, (V) are locally
Lipschitz. We call U;(V}, ;) an atlas for M, and two atlases are equivalent
if their union is again an atlas. The collection of all atlases equivalent to
the initial one defines the corresponding Lipschitz structure on M. It is no
loss of generality to assume that M is embedded into R™ for some m > n,
moreover we may pick the atlas so that the charts ¢; : V; — R", as well as
the parametrizations ¥; ' : ¥;(V;) — V; C R™, are locally Lipschitz; in fact
m = n(n + 2) will do, see [43, Thm.4.9]. In particular, M is a metric space
with metric induced by Euclidean distance on R, which is compatible with
the local metrics induced by the Euclidean sets ¢;(V}), see [43].

We assume throughout that n > 2 and restrict ourselves to compact M,
hence we may refine a given atlas (V}) (i.e. replace it by another atlas (Uj, ¢,)
such that each U; is contained in some V; with ¢; = 1/’l|Uj) to get an equivalent
atlas (Uj, ¢;), where j ranges over a finite set {1,--- , N} and ¢, : U; — B;
is bi-Lipschitz onto a bounded open set B; C R" for each j. We call such
an atlas a B-atlas, for short. Clearly, we may assume in addition that B; is



smooth and connected (e.g. an open ball). Note that a B-atlas is Lipschitz,
meaning that changes of charts are Lipschitz, not just locally Lipchitz.

A point z € M is said to be singular if there is j € {1,---, N} such that
x € U; and qﬁ}l : B — R™ is not differentiable at ¢;(x). A point which is
not singular is called regular. The set of regular points depends on the atlas,
not just on the Lipschitz structure. Below, we ignore this dependence, for
our results will not involve a particular atlas. Accordingly, we (improperly)
denote the set of regular points by Reg M and put Reg B; = ¢;(Reg MNUj).
The set of singular points is small in that its image in any chart has Lebesgue
measure zero, by Rademacher’s theorem. From , we get that quj_l(y) is
injective for y € Reg B;.

By definition, the tangent space T, M C R™ at x € M is {0} if z is singular,
and T,M = Im D¢; ' (¢;(x)) if © € U; N Reg M. In the latter case, each
X € T, M has alocal representative in the chart (U;, ¢;), which is the unique
v € R” such that X = D¢, ' (¢;(x))v. A map g : M — R* is said to be
differentiable at * € Reg M if g o gbj_l is differentiable at ¢;(x), and the
derivative Dg(x) : T, M — R* is defined by Dg(x)(X) = D(go¢;')(¢;(x))v,
with v the local representative of X. By the chain rule, the definitions do not
depend on j such that x € U;, and if we use another B-atlas they will agree
with the present ones at any point which is regular for both atlases. Note
that dim T, M = n at regular points. Lipschitz-smooth partitions of unity
subordinated to an open cover of M can be constructed as in the smooth
case.

A Riemannian metric I' assigns to each x € M a positive definite scalar
product ', : T,M x T, M — R such that, for each j € {1,--- N} and

1 <1,k < n, the local metric tensor gz(jk) defined a.e. on B; by

. oot oot
9 y) =T, ( 5; F ;Zk (y)>, y =y~ ,yn)' €RegB;, (7)

is Lebesgue measurable and, for some constants c;, ca > 0 independent of z,
we have the inequality:

| X[P <TL(X, X) < o] X7, X € T (M). (8)

At singular points, I', is the trivial bilinear form on the zero vector space.
For X,Y € T, M with € Reg M N Uj, the scalar product I',(X,Y’) can be

written as a symmetric bilinear form with matrix (92(]13) in terms of the local
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representatives at y = ¢;(z):
LX,Y) = (gl w)w, X =Dé; 'y, YV =D (yyw.  (9)

The determinant of (gfjk)) will be denoted by ¢¥). Since gbj_l is bi-Lipschitz,
and together imply the existence of constants ¢, C' such that

O<c<gW < 0<cl, <(g9%) <CIL, (10)

where I, is the identity matrix of size n x n and the second set of inequalities
is understood between symmetric matrices. Alternatively, we could postulate
and then (8) would hold. Since there are finitely many charts U;, the
constants ¢, C' in can be made independent of j.

Associated with a Riemannian metric is the volume measure ¢ on M, whose
image under ¢; is, for each j, absolutely continuous with respect to m,, on
B; with density \/W . To check that it exists, pick a Lipschitz partition of
unity (¢;) subordinated to (U;)1<;<n and, for a continuous f: M — R, let

/| fis =3 [, (ar)o63') Vi) dmaty). a0

By the chain rule and the change of variable formula, does not depend
on the B-atlas nor the partition of unity we choose, and defines a bounded
linear form on continuous functions for the sup-norm, thanks to . Thus,
by the Riesz representation theorem, o is a Radon measure. We denote by
LE(M) or L2(M,R"Y) the corresponding Lebesgue spaces, and we drop the
subscript ¢ if the Riemannian metric is understood. Clearly, £ C M is
negligible for ¢ if and only if ¢;(£ N U,) has Lebesgue measure zero for all
4. Moreover, h € LL(M) if and only if /g@(h o ¢;') € L'(B;) for each j,
that is if and only if ho ¢;' € L}(B;), in view of (10). We often omit the
superscript (j) and simply write g; ; or ¢ when a single chart is involved.
For example, when I' is the Euclidean scalar product in R™, we get on iden-
tifying D¢, ' with the Jacobian matrix that (g;x) = (D¢, ')'D¢; ", hence
g = (anﬁj_l)2 by the Binet-Cauchy formula. In this case, we see from
that 0 = H"| M, the restriction to M of n-dimensional Hausdorff measure.
The volume measure ¢ is doubling, meaning that for some constant Cy:

o(BE,r)NM) < Coo(B(E,r/2)NM) < 400, €M, r>0, (12)
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where B(&, r) indicates a Euclidean ball in R™. Indeed, by the compactness of
M, there is § > 0 such that every relative ball B(§,0)NM, £ € M, is included
in some Uj;. Then B(¢;(£),0/¢c,-1) C ¢;(U;), and for r < §/(cg,¢4-1):

B(¢;(&),r/cs1) € ¢5(B(E,r) N M) C B(¢;(8),7¢q,) € ¢5(U;),  (13)

where we used that cg.c,-1 > 1. Letting 7o := minj<j<n 0/(cg,c4-1), We
deduce from , and that

dr* < o(B(,r)nM) < Cr™, EeM, r <71, (14)

where ¢/, C' depend on n, §, max;<;<n{cy,, c¢;1} and the constants ¢, C' in
(10). Now, follows at once from and the fact that o(M) < oo.
Because o is regular, Equation itself expresses that the n-dimensional
manifold M is Ahlfors-David regular in R™, see [31], Sec. 1]. The doubling
property makes M a space of homogeneous type when equipped with the
Euclidean distance induced by R™ and the volume measure o, see [9].
Differential forms can be defined as in the smooth case: a 0-form is a real-
valued function on M and, for k£ > 1, a k-form w associates to each x € M
an alternating k-linear map w(z) : (T, M)* — R. In this paper, we only deal
with vector fields and we could do away with forms entirely. However, vector
fields correspond to 1-forms under the identification T, M ~ T M via I';,
and in order to connect Sobolev spaces of functions on M, defined in Section
2, with more general spaces defined in terms of forms classically found in the
literature[53], 24], we briefly discuss them.

The local representative of a k-form w in the chart ¢; : U; — Bj is the k-form
(¢;')*(w) on B; which is the pullback of w under ¢; ' at regular points:

(6; 1) (W) (y) = w(@; ' (y) o (Dd; ' (y) x -+~ x Dp;'(y)), v € Reg By, (15)

where the product map has k factors. We set (gbj_l)*(w) =0ify € B;\Reg B;.
Rearranging , we get an expression of the form

G W)= > al?. () dyy Ao Ady,.  y€RegB;, (16)

11 <t ,<ig

where the dy; are dual to the canonical basis of R™ and the coefficients ajfj}Zk

are functions on B; that transform naturally under changes of coordinates.
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We identify k-form which coincide o-a.e. or, equivalently, whose coefficients
agree my-a.e. on B;. We say that w is of LP-class if the a;{fs]}lk in lie in
LP(B;) for each j.

Integrating n-forms goes as in the smooth case. Namely, given a n-form
w(y) = a(y)dys A --- Ady, on B; with a € L*(B;), we set fBj pw= fBj adm,,.
Then, if w is a n-form of L'-class on M, we pick a Lipschitz partition of
unity (¢;) subordinated to the U; and we set [, w = Z;VZI fBj(¢;1)*(g0jw).
The definitions are independent from the B-atlas and the partition of unity
we use, thanks to the change of variable formula.

For 0 < k < n, we say that a k-form w of LP-class on M is p-flat if there is

a k + 1-form dw of LP-class (the distributional exterior derivative of w) such
that, for all j € {1,--- N},

@@ sy = =05 [ (@) A a7)
whenever fi; is a smooth (n — k — 1)-form compactly supported on B;. Here,
the exterior derivative dyp; is the usual one and defines (qﬁj_l)*(dw) as a
(n — k — 1)-current on B;; the assumption that w is p-flat means that this
current is the pullback under ¢j’1 of a (k + 1)-form of LP-class on M, which
is called dw. This definition is consistent, for on ¢;,(U;, NU,,) it holds that

d (@5 003 (67 @) = (@50 07) ((651) (), (18)

see [55, Thm. 9C] when p = oo and [24, Thm. 2.2] for 1 < p < 0o, compare
also [53, Prop.1.2]. Thus, dw does not depend on the B-atlas we choose. By
convention, a n-form of LP-class is p-flat with zero exterior derivative. With
the present definition, the co-flat forms are the usual flat forms on M, see
[55, 24, 53]. Now, if f : M — R is a function, it is easy to see that it is
p-flat (as a zero form) if and only if f o ¢;' € W'#(B;) for all j, and that

(&) (df) = 32,(0(f © ¢57) /Dys)dys.

1.5. VM O-smooth manifolds

We say a manifold M of dimension n is VM O-smooth if there is an atlas
Ui(Vi,¢) such that changes of charts ¢y, o ¢! 4y, (Vi, N Vi) — ¥y, (V) lie
in VMO (¢, (Vi, NV3,), R™) for all Iy, . We call U;(V}, 1) a V M O-smooth
atlas, and two such atlases are equivalent if their union is again a VMO-
smooth atlas. The collection of all VM O-smooth atlases equivalent to the

initial one defines the corresponding V M O-smooth structure on M.

9
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V M O-smooth manifolds are smoother than Lipschitz manifolds, but a little
rougher than C'-manifolds. Being a particular case of Lipschitz manifold,
a V MO-smooth manifold has a Lipschitz embeding into R™ for some m <
n(m+2), but increasing m as much as (n+1)? if necessary, we can ensure that
M embeds in R™ with a VM O-smooth atlas U;(V}, ;) such that the v, are
locally bi-Lipschitz and the parametrizations 1, ' lie in VMOIIO’EO(Q/H(VZ), R™),
see Lemma [7.4, When M is compact, any such atlas can be refined into a
B-atlas U;(Uj, ¢;)1<j<n such that ¢, 065"+ ¢, (U, NU;,) — ¢, (Uj,) lies in
VMOY@(¢;,(U;, NU},), R™) (not just VMO (¢, (Uj, NU;,), R™)) and ¢!
in VMO (¢;(U;),R™). We call it a V MO-smooth B-atlas.

If M is VMO-smooth with Riemannian metric I', and for some V MO-
smooth atlas U;(V, ;) the local metric tensor lies in VM Oy,e(1(V;), R™*™)
for each [, then the same is true of any VM O-smooth atlas, see Lemma [7.5]
Thus, it makes sense to call such a I' a VMO metric on M. If, in addition,
M is compact, then every V M O-smooth B-atlas can be refined into another
one, say U;(U;, ¢;)1<j<n, such that (9@(]13) € VMO(¢;(U;),R™ ") for each j.

1.6. Lipschitz hypersurfaces with the local graph property

In Sections [4] [ and [6], we restrict to the case of a compact and connected
hypersurface M C R""! having the local Lipschitz graph property, meaning
that it is locally the graph of a Lipschitz function. This is a particular type
of Lipschitz manifold for which a B-atlas (U;, ¢;) may be chosen so that
¢; : Uj — B; is of the form (P, 0 L;)y,, where L; is a linear isometry of R™*!
and P, : R"! — R" is the projection onto the first n-components, while
gbj_l = Lj_1 o (I, ;)" for some Lipschitz map ¥, : B; — R. We call such an
atlas a G-atlas, for short. Note that ¢, extends naturally to a globally defined
linear map R™"! — R". We may assume in addition that B; is smooth and
connected (for instance a ball in R™), but such extra assumptions will be
made explicit.

Being a closed hypersurface, M is orientable [29, Cor. 3.46]. If in addi-
tion it is connected, then its complement has two components: the inte-
rior denoted by Q7F, which is bounded, and the exterior denoted by Q.
which is unbounded [29, Cor. 3.45]. For U;(U;, ¢;) a G-atlas on M, we
make the convention that for some numbers a; < b; and ¢; > 0 such
that a; < infyep, ¥;(y) —€; and b; > sup,cp, ¥;(y) + ¢;, the image by
L' of the hypograph {(xz,t) : © € Bj,a; <t < W;(x)} (resp. epigraph
{(z,t) : x € B;,V;(z) <t <b;}) is included in QF (resp. Q) for every j.

10



This can always be achieved by composing L; with a rotation and ¥; with
an affine transformation.

The open set C; := L;'(B; x (aj,b;)), whose intersection with M is U, will
be called a coordinate cylinder (over U;). We orient its axis in the direction

of the unit vector v; = Lj_l(()7 --+,0,1)" pointing towards ©~, and we set
?J;— = —v; for the opposite unit vector pointing towards Q1. We shall assume

that the bases B, x {a;} and B, x{b;} of the coordinate cylinders have closure
contained in Q% and Q~, respectively. This can be ensured by truncating the
cylinders to slightly shorter length and adding a small constant to W;.

The local Lipschitz graph property of M is equivalent to the fact that QF has
the so-called uniform cone property; i.e., each boundary point (that is: each
point of M) has a neighborhood V' such that the translate of a fixed positive
truncated circular cone at any point of V N Q¥ is contained in QF, see 27|
Thm. 1.2.2.2]. In this connection, the following construction is useful. For
y,z € R" with |2] = 1, and 0 € (0,7/2), we put Cy.(y) for the open right
circular positive cone with vertex y, axis directed along z and aperture angle
26, cut off to some suitable length. For simplicity, we do not make the length
explicit in the notation, but we shall indicate how to choose it when needed.
For (Uj,¢;) a G-atlas and V; an open cover of M such that V; C U; (such
a cover can always be found), then

Crr @O\ (&} C Cppe O CCNO% £, (19)

provided that 6 € (0,7/2) and € > 0 satisfy tanf < tan(fd +¢) < 1/M
with M := max; cy,, while Cp +(§) is cut off to length strictly less than
d(¢;(V;),R™\ B;)/tan(d + ¢€). We call Cy ..+ a natural cone for OF (relative

to U; and V;), meaning that its axis is vj-[ and its aperture is strictly less than
2tan~1(1/M), while it is truncated to sufficiently small length that holds
for some € > 0.

Note that when £ € V; and r > 0 is small enough, the cone Ce,vj.t (x) is

included in QF for each z € B(&,7) N QF, and since the V; cover M this
evidences the uniform cone property.

For (U;, ¢;) a G-atlas, identifying D(bj_l(:r) with its (n+ 1) X n matrix in the
canonical bases of R" and R"*! we get if ¢; is differentiable at y € B; that

t
Doy (y) = L; (s V(1)) | (20)
hence x € RegM if and only if ¢; is differentiable at ¢;(x) whenever x € Uj.
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By restriction to T, M, the Euclidean scalar product in R"*! induces a Rie-
mannian metric on M whose local metric tensor in a chart is a rank-1 per-
turbation of the identity:

(gi)(y) = (Do7'(y)) Do7(y) t (21)
=1, +V(y) (V¥(y)), y€RegB;

Using (21)), the determinant of (g;) is easily computed to be
g(y) =1+ |V\If](y)|27 y € Reg Bja (22>

so the volume measure o = H" | M has image /1 + |VV,|?dm,, under ¢;.
The outward unit normal n, to M at x can be defined o-a.e. in measure-
theoretic terms: recall the measure-theoretic normal to a set £ C R**! at x
is the only unit vector v (if it exists) such that

}i_{l(l) r= " m, 1 (Blz,r)N{y ¢ B, (y—x)0 <0}) =0 (23)
and
lig(l] r~ " m,a (B(z,r)N{y € B, (y — x).v > 0}) = 0. (24)

Now, the local graph property implies that the measure theoretic normal n,
to QF at x € U; exists when ¥, is differentiable at y = ¢;(x), and is equal
to L (—=VU,(y), 1)/ /1 +[VP,(y)[2 see [56, Rem. 5.8.3]. Conversely,
if , hold with E = Q% at x € Uj, it is not difficult to see that the
Lipschitz function ¥; must be differentiable at ¢;(x) and that Im DW;(¢;(x))
is orthogonal to v. This makes for an intrinsic definition of Reg M in this
case.

By definition (see [56, 5.8.4]), the measure-theoretic boundary of a set E C
R™*! consists of those z € R"! such that

lim sup i1 (B(@, p) O E) >0 and limsup i1 (B, p) \ B)

> 0.
p—0 mn+1<B('x7 :0)) p—0 Mn+1 (B(l', p>)

(25)
We record for later use that the measure theoretic boundary of QF is M.
This is obvious, for instance from the uniform cone property.
We say that a compact hypersurface M C R""! has the local VMOL>®
graph property if it is locally the graph of a VMOY-function. This is
a particular type of VM O-smooth manifold with the local Lipschitz graph
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property, for which a G-atlas may be found so that ¥; € VMOY>*(B;)
for all j. In this case, the Euclidean scalar product on R™! induces by
restriction a VMO Riemannian metric on M, thanks to and the fact
that L>°(B;) N VMO(B;) is an algebra.

2. Sobolev spaces and vector fields

Hereafter, we let M be a compact Lipschitz manifold of dimension n, as-
sumed without loss of generality to be embedded in R™, and we pick a
B-atlas (U;, j)1<j<n in the sense of Section [1.4f We assume that M is en-
dowed with a Riemannian metric I'), : T, M x T, M — R, and o indicates
the associated volume measure. We recall the notation LP(M) or LP(M, R¥)
for the corresponding Lebesgue spaces on M.

A o-measurable map M — R™ will be called a vector field on M, and
we identify vector fields that coincide a.e. A vector field X is said to be
tangent if X (z) € T, M for o-a.e. x. The subspace of tangent vector fields
in LP(M,RR™) is denoted by 7P(M). It is closed because X is tangent if and
only if, for each j, all (n41) X (n+1) minors of the matrix (D¢; 'og;(z), X (x))
vanish for o-a.e. = € U;, while a convergent sequence in LP(M,R™) has a
subsequence converging pointwise a.e. We endow 77(M) with the norm

1Gl7e ) = (/M (D (X, X)) do(m))l/p, (26)

where the integral is replaced by essential sup (I'(X, X))/? if p = co. By @®),
the norm ||.||7»(a¢ is equivalent to the restriction of ||.||zr(rrm) to TP(M).
For 1 < p < 0o, the dual of 7P(M) is isometrically 77 (M) under the pairing

(X,V)r = /M L(X,Y)do(z), X eT?(M),YeTV(M). (27)

Indeed, applying the Schwarz inequality to I', and Holder’s inequality, we get
that L : T* (M) — (TP(M))* given by L(Y)(X) = (X,Y)r, is a contractive
linear map, and taking X = (I'(Y,Y))?/>~1Y shows that L is an isometry.
To see it is surjective, observe that every ® € (7P(M))* induces in local
coordinates a linear form on LP(B;,R") which can be represented as f
S B, fhjdm,, for some h; € L” (B;,R™), by standard duality. Then, the vector

field H; € 7% (M) defined by H; = D¢; " ((g;2)hs//99)) on U; and 0
elsewhere satisfies ®(X) = L(H,;)(X) for those X € T?(M) that vanish
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off U;. Letting (¢;) be a Lipschitz partition of unity subordinated to (U;),
we find that L(}_; ¢;H;) = ®. Now, since L is injective and surjective, it is
an isomorphism by the open mapping theorem, as announced.

If & : M — R is differentiable at some regular z, the derivative D®(x)
belongs to T* M, thus it can be represented as D®(z)(X) = [',(VP(z), X)
for all X € T, M and some unique vector V®(z) € T, M, called the gradient
of ® at z. It follows from (9) and the chain rule that, in the chart (U}, ¢;), the
local representative v(y) of V®(x) at y = ¢;(x) is related to the Euclidean
gradient V(P o gzﬁ;l)(y) of ®o qu’l at y by the formula:

v(y) = (9:6) " WV(@00;)(y),  Doj (yuly) = VO(z), y=¢;x).
(28)
The Sobolev space W1>°(M) consists of real-valued Lipschitz functions on
M, endowed with the norm

[Pllwice gy = 191l oerty + IV ll7oo (a0)- (29)

Note that indeed Vi) € T°°(M) when 1) is Lipschitz on M, which is equiv-
alent to say that ¢ o gbj’l is Lipschitz on B; for each j.

For 1 < p < oo, the Sobolev space W'?(M) is the Banach space obtained
as the completion of W (M) with respect to the norm:

1/p
leliwroag = (1180 ) + 1980 0) - (30)

Note that ¢ € W?(M) if and only if, for each chart (Uj, ¢;) the function
P o qﬁj’l belongs to the Euclidean Sobolev space W'P(B;): using a Lips-
chitz partition of unity, this follows easily from (28], and the fact that
Lipschitz functions are dense in WHP(B;), see [I, Thm. 3.17]. Moreover
> llYo s Ylwie(s;) is a norm equivalent to |[¢|lprs(ry. Passing to the
hm1t with respect to a sequence (®) of Lipschitz functions in , we get
that each ¢ € W'P(M) has a well-defined gradient Vi € TP(M). Note
that Vi(z) needs not be a directional derivative of 1) in the strong sense if
p < n [51, Ch.VIII]. Instead, the gradient is characterized by the property
that v is p-flat as a O-form, with distributional exterior derivative dy> given
by dy(z)(X) =T,(Vy(z), X) for X € T, (M).

Proceeding in local coordinates, one easily gets a Sobolev embedding the-
orem for W1P(M) from the well-known Euclidean version [I, thms. 4.12].
Namely, if p > n then W'?(M) embeds continuously in Hélder-continuous
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functions on M with exponent 1 —n/p (for the metric induced on M by R™
is compatible with the Euclidean metrics on the B;), while for 1 < p < n
the embeding is into LP" (M) with p* = np/(n — p), and W™ (M) embeds
in LY(M) for £ € [1,00).

Likewise, we get an analog of the Rellich-Kondrachov theorem [Il thm. 6.3]:
for p < n the embedding W' (M) — LY(M) is compact when ¢ € [1,p*).
Moreover, WP(M) is reflexive for 1 < p < oo, as it identifies with a closed
subspace of LP(M) x LP(M,R™) under the map ¢ — (¢, Vib). With these
results in mind, the argument given in [30, Lemma 3.8 & Prop. 3.9] for
smooth M applies without change to give us:

b=t L

From (31]) we easily obtain a Poincaré inequality for 1 < p < oc:

< OV remy, ¥ €WHP(M), 1<p<n.
L (M)

(31)

Lemma 2.1. For 1 < p < oo, there is a constant C = C'(M, p) such that

I~ [

Proof. Since px > p and o(M) is finite, we get from and Holder’s
inequality if p < n. Next, assume that p > n and pick ¢ € WhP(M). If we
set r =np/(n+p), then 1 <r <n < p=r*except when n = p = 2 (then
r = 1). Save in this case, applying with p replaced by r and observing
from Hélder’s inequality that ||[Ve| 7+ < C'||V| 700y, we get (32). To
deal with the pending case p = n = 2, pick ¢ € (1,2) so that ¢* > 2 and
write with ¢ instead of p. Using Holder’s inequality on both sides yields
in this case as well. O]

< CIVY ||y, Y eWHP(M).  (32)
LP(M)

We denote with GP(M) the subspace of TP(M) comprised of gradients of
WtP(M)-functions. That is: G € GP(M) if and only if there is f € WP (M)
with G = V f. Of course, f is defined up to an additive constant only.

Lemma 2.2. For 1 < p < oo, the space GP(M) is closed in TP(M).

Proof. Let (G)ren be a Cauchy sequence in GP(M) with Gy = V fj, for some
gr € WHP(M), normalized so that fM frdo = 0. Then, G converges to a
limit Y in 77(M), and we need to show there is h € W'?(M) with Vh =Y.
By Lemma fx is bounded in LP(M), so we can extract a subsequence,
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again denoted by fi, that converges weakly to some h € LP(M). Writing
with £ = 0, w = f and dfx(X) = (G, X), we see upon passing to the
limit for fixed j as k — oo that X — (Y, X) is the distributional exterior
derivative of h, as desired. n

For 1 < p<ooand 1/p+1/p' =1, the dual W= (M) of W'?(M) may be
realized as the completion of LP' (M) for the norm

fe

the proof goes as in the Euclidean case by the reflexivity of W1?(M), see [T,
Sec. 3.13].

Let now 6 : 7% (M) — W= (M) be the adjoint of the gradient operator
Vi WP(M) — TP(M) mapping ¥ to V). The operator § is minus the
divergence operator on 7% (M). We denote by D (M) the kernel of §. By
construction D (M) is a closed subspace of 77 (M), the elements of which
are said to be divergence-free.

It follows at once from the definition that D? (M) is the space orthogonal to
GP(M) under the pairing (27)). It is then a consequence of the Hahn-Banach
theorem [I6, Thm. 7.1] that, for X € 7?(M), the norm of the coset X in the
quotient space TP(M)/GP(M) is the norm of the functional D — (X, D)r
on DP (M). In particular, if X € TP(M) is orthogonal to D¥' (M) via (27),
it holds that X € GP(M).

By and the divergence formula, we get on using a Lipschitz-smooth
partition of unity subordinated to (U;)1<j<y that a tangent vector field V €
TP (M) lies in D (M) if and only if, for every j, its local representative v
in the chart ¢; : U; — B; is a distributional solution in L” (B;,R") to the
equation:

div(v/gWv) =0, D¢ (y)(v(y)) = V(z), y=¢;x),  (33)

HfHW*lvP’(M) = sup
Hw||wl,p(M):1

Y

where div=)"", a%_ is the Euclidean divergence operator.

3. The Helmholtz-Hodge decomposition

A Helmholtz-Hodge decomposition is a direct sum decomposition, in a given
regularity class on a manifold, of all tangent vector fields into gradient vector
fields and divergence-free vector fields, see [§] for some motivation and history.
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In Euclidean space, it was first established by Helmholtz for smoothly decay-
ing vector fields in R3, and later carried over to vector fields in LP(R",R")
for 1 < p < oo, see [45], B5]. That is, if DP(R™) denotes the space of those
X € LP(R™,R") such that divX = 0 in the distributional sense, and if
GP(R™) C LP(R™ R") designates the subspace of gradients of functions in
WP (R™), then there is a topological sum:

RRY) = (R @ D'R"), 1<p<oc. (34)

The sum is indeed direct, because no nonconstant harmonic function on R"
has LP derivatives. On a bounded C'-smooth domain Q C R”, a similar
decomposition holds, namely:

QR = GIQ) @D (Q),  1<p< oo, (35)

where DP(2) denotes the space of divergence-free vector fields in LP(Q, R™),
in the distributional sense, and Gf(Q2) C LP(R™,R") is the space of gradients
of functions in VVO1 P(€Q)); when 09 merely has the Lipschitz graph property,
(35) still holds, at least for 3/2 — e < p < 3 4+ & where £ > 0 depends on 2,
see [20, Thm. 11.2].

On a bounded C'*°-smooth domain, decomposition (35]) is actually a byprod-
uct of Hodge theory, asserting that a k-form on €2 is uniquely the sum of three
terms: (7) the exterior derivative of a (k — 1)-form with vanishing tangential
component on the boundary 052, (ii) the co-differential of a (k + 1)-form
with vanishing normal component on 9€2, (ii7) a harmonic k-form [35, Thm.
10.5.1]. Here, the co-differential is the adjoint to the exterior derivative for
the Hodge scalar product, and when applied to a 1-form it yields the di-
vergence of the vector field representing the form wia the Euclidean scalar
product. As co-differentiating twice yields the zero map and since harmonic
forms have zero co-differential, we see that indeed follows from the Hodge
decomposition at £ = 1. Note that the Helmholtz-Hodge decomposition is
less precise, as it merges (i¢) and (7i7) into a single, divergence-free term.
Similar considerations apply on a C'*°-smooth, compact and oriented Rie-
mannian manifold M, where classical Hodge theory was extended to forms
of LP-class in [49]. When applied to 1-forms, it entails again that

THM) = G(M) & DI (M), 1<p=<o (36)

see [39, 3] for generalizations to the noncompact case.
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On a closed oriented manifold which is merely Lipschitz-smooth, Hodge the-
ory was carried over to forms of L*-class in [53], as a tool to develop index
theory for signature operators. This far reaching generalization implies of
course the existence of a Helmholtz-Hodge decomposition in 72(M), but the
latter is obvious anyway for it reduces to the decomposition of the Hilbert
space T2(M) as the sum of the closed subspace G*(M) and its orthogonal
complement. When p # 2, Hodge theory for forms of L” -class on a Lipschitz
manifold has apparently not been adressed so far.

Our goal in this section is to establish a Helmoltz-Hodge decomposition for
tangent vector fields of LP-class on a compact (not necessarily oriented) Lip-
schitz Riemannian manifold M, at least when p is close enough to 2, and
in fact for all p € (1,00) if, in addition, the metric tensor in local coordi-
nates is of VM O-class. This result will be used in Section [@ to establish the
Hardy-Hodge decomposition on Lipschitz hypersurfaces with the local graph
property. We shall need a non-Euclidean version of , namely:

LP(Q,R") = G5() ® DL(Q), (37)

where 2 C R" is a bounded open set whose boundary is locally a Lipschitz
graph, GP(Q) is the space of gradients of functions in W, (), and

D(Q) = {D € L(Q,R") : div(AD) = 0} (38)

in the distributional sense on 2, for some function A : @ — R™*", valued in
the set of positive-symmetric matrices, satisfying a strict ellipticity condition:

0<cl, <A<CI, a.e. on 2. (39)
Clearly, holds as a topological sum if and only if the equation
div(AVu) = div(AF) (40)

can be solved uniquely with respect to u € W, (Q) for each F € LP(Q),
because then the natural map Gf(Q2) @ D (Q) — LP(Q2,R™) is surjective and
injective, hence a homeomorphism by the open mapping theorem. This is
actually the case when p € (¢,q), for some ¢ > 2 depending on € and
the constants in (39), see [44, Cor. 4]. If in addition © is C'-smooth and
the coefficients of A lie in VMO(S), then we may take ¢ = oo [I7]. Note
that, by reason of homogeneity, the exponent ¢ as well as the norms of
the projections in remain unchanged under a dilation of 2 and the
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corresponding dilation of the argument of A. In particular, if Q C RF is a
ball, these are uniformly bounded in terms of £ and the constants in ,
independently of the radius of that ball.

Theorem 3.1 (Helmholtz-Hodge decomposition). Let M be a compact Lip-
schitz manifold endowed with a Riemannian metric. There exists € € (0,1/2]
such that, for |1/2 —1/p| < e, the following topological sum holds:

TP(M) =GP (M) & DV(M). (41)

If, in addition, M is a compact, VMO-smooth manifold equipped with a
VMO Riemannian metric, then holds for 1 < p < 0.

Proof. Let (U, ¢;)1<j<n be a B-atlas such that B; := ¢;(U;) is an open
ball in R" for each j. Define a positive matrix-valued function A; on B;
by A; := \/g(gix)""; here, for simplicity, we do not show the dependence
of g, gir does not show the dependence on j. Observe from that A,
satisfies on Bj, where ¢;, C; can be made independent of j. Thus, by
the discussion after (39), there is ¢ > 2 such that holds for all p € (¢, q)
when Q is set to B; and A is set to A;, for every j € {1,--- , N}. We shall
prove that holds if p € (¢/,q). The case p = 2 is trivial, as pointed
out already, therefore we need only consider the cases where p € (2,¢) and
pe(d,2)
We first show that when p € (2, ¢), each member of 7P(M) can uniquely be
written in the form G + D, with G € GP(M) and D € DP(M). By the open
mapping theorem, this will establish for such p, because M is compact
so that 7P(M) C T?(M) , whence the sum GP(M)+DF(M) is direct as it is
direct for p = 2. To proceed, fix F' € T*(M). A fortiori F € T*(M), hence
we can write F' = G + D with D € D?*(M) and G € G*(M), say G = Vf
where f € WH3(M). Let (¢;) a Lipschitz partition of unity subordinated
to the (U;). Set h = fo¢;' and n; = ¢; 0 ¢!, so that h € WH*(B;)
and n; € WH(B;). Let F}, D; be the vector fields on B; which are local
representatives of F', D; i.e., Fiy, = D¢, ' (F;) and Dy, = D¢, '(D;). Since
¢; ' is bi-Lipschitz. we have that F; € LP(B;,R") and D; € L*(B;,R"), by
(3). Consider the two vector fields on B; given by W = ,/gF; and X =
(9i1)D; which lie in LP(B;, R™) and L?*(B;, R") respectively, thanks to (10).
In local coordinates, we see from that the relation p;F' = ¢,;G + ¢; D is
equivalent to

njAj_lw =n;Vh+n;X on Bj, (42)
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where A; was defined above. It follows from that div(A,X) = 0, in the
distributional sense on B;, hence div(A4;n;X) = (Vn;, A;X) lies in L?*(B;)
because Vn; € L>(B;,R") and A; satisfies (39). Thus, by elliptic regularity
on the smooth domain B; (see e.g. [26, Thm. 9.15]), there is u € W;*(B;)
such that Au = div(A;n;X), where A = 7" | 02 is the Euclidean Laplacian.
Setting Z = n; X — A;'Vu, we get that Z € L*(B;,R") with divA4;Z = 0,
and we can rewrite as

n AW + bV, — A7'Wu = V(hy))+Z  on B; (43)

Note that hn; € VVO1 ’Q(Bj) since n; is compactly supported in B;, therefore
expresses the unique decomposition of the left-hand side in G2 & Dij.
We claim that ¢, f € Wh*(M) whenever the left-hand side of lies in
L*(B;,R") with a € (2,p]. Indeed, by (37), this left-hand side can then be
written uniquely as Vhy + Dy where hy € Wy'*(B;) and D, € L*(B;,R"),
with div(A;D;) = 0. As L*(B;,R™) C L*(B;,R") because B; is bounded,
we thus get two decompositions of the left-hand side in G & Djj and they
must coincide: V(hn;) = Vhy. Consequently V(hn;) € L%(B;,R"), hence
hn; = (¢;f)o qﬁj’l belongs to Wh(B;) by the Poincaré inequality. Since ¢; f
is supported in U; it follows that ¢;f € W*(M), thereby proving the claim.
We now use the claim inductively to prove that f € WH?(M).

If n = 2, then h € LYB;) and Vu € LY(B;,R?) for every ¢ € [1,00), by
the Sobolev embedding theorem. Hence, the left-hand side of lies in
LP(B;,R?), since Vn; is bounded and A; satisfies (39). Thus, we get from
the claim that o, f € W'?(M), and since this holds for each j € {1,--- , N}
we get that f =Y (p;f) € W'P(M), as desired.

Suppose next that n > 3 and set p; := 2n/(n — 2). By the Sobolev embed-
ding theorem, we get that h € LP*(B;) and Vu € LP*(B;,R"), so the left-
hand side of belongs to LP*(B;,R") and the claim implies that ¢, f €
Wtmin{ppi} (M) for each j. If p; > p we are done, otherwise f € WhP1(M),
implying that G = Vf and D = F' — G belong to 7P (M). Consequently
h € W' (B;) and X € LP*(B;,R") for each j, and the latter implies that
div(A;n,X) = (Vn;, A;X) € LP(B;), whence u € WP (B;) by elliptic reg-
ularity on B;. If p; > n then h and Vu are bounded on Bj, and if p; = n
they lie respectively in L*(B;) and L*(B;,R") for every ¢ € [1,00), by the
Sobolev embedding theorem again. So, if p; > n then the left-hand side of
a fortiori lies in LP(B;, R™), and the claim implies that ¢;f € WP(M),
implying since this holds for every j that f € W'?(M), as desired. If on the
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contrary p; < n, we set ps := np1/(n — p;) and repeat the previous argument
replacing p; by pa. As the sequence pyy1 = npg/(n —pg) will overshoot n or p
after finitely many steps, this reasoning eventually leads us to the conclusion
that f € W'?(M), so that G and D = F — G lie in TP(M), as wanted.
Having proven for p € (2,q), we get it in the range of exponents (¢, 2)
by duality, because implies that every linear form on 77(M) is uniquely
the sum of a form vanishing on G?(M) (i.e. a member of D (M)) and a
form vanishing on DP(M) (i.e. a member of GP'(M)).
Flnally, if M is VM O-smooth with VMO Riemannian metrlc we may pick
U;(Uj, ¢j)1<j<n to be a VMO-smooth B-atlas such that (glk) belongs to
VMO( , R™™) for each j, where B; := ¢;(U;) is a ball. In view of (L0]),
Lemma (7.2 implies that \/ﬁ(gfjk))_l lies in VMO(B;,R"*"). With the
previous notation, this means that A; belongs to VMO(B;,R") for all j,
therefore we may take ¢ = oo in the above proof to conclude that is
valid for 1 < p < oo. O]

4. Some properties of harmonic functions on Lipschitz domains

Let M C R™! be a compact and connected hypersurface with the local
Lipschitz graph property. We endow M with the Riemannian metric induced
by Euclidean scalar product on R and denote by ¢ the corresponding
volume measure (i.e. 0 = H"| M). We write QT and Q~ for the interior and
exterior components of R™ \ M, respectively. Lipschitz domains referred to
in the title of this section are those of the form QF, for some M as above.
To £ € M and a > 1, we associate two nontangential regions of approach to
&, one from Q7 and one from 7, given by

RY ) ={zeQ*: |z —¢ < ad(z, M)}. (44)

«

The nontangential maximal function (associated with ) of h : QF — RF is
N2 h : M — [0, +00] defined by

NEWE = sup |h(z), EeM. (45)

TeRIE(€)

We say that h converges nontangentially to a at £ € M from QF | abbreviated
+
as h " q at &, if for each o > 1 we have that

lim h(z) = a. (46)

o€, 2R (€)
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It can happen that ¢ ¢ R2*(¢), and in fact Rgfi () may even be empty for
some ¢ and «, but since the measure-theoretic boundary of QF is M (see
Section such £ form a set of o-measure zero [33, Prop. 2.3.2]. Hence
(46) makes sense, at least for o-a.e &. The property that N h € LP(M)
holds for every o > 1 if it holds for one of them. This fact, which depends
on the Ahlfors-David regularity of M (see (14)), is stated in [33, Prop. 2.12]
for 0 < p < oo, but the proof works for p = oo as well. More precisely, if for
f:M—=Rwelet f*: RT — RT indicate its distribution function:

A =c({EeM:[f(E>A}), A=, (47)

then [33, Eqn. 2.1.19] shows that (NV2°h)* and (./\fﬂgi h)* are equivalent for
any a,f > 1, up to a multiplicative constant depending on «, and the
constants in ((14)). Thus, as the LP-norm is computed from the distribution
function in an increasing manner, a minor variation of [33, Prop. 2.1.2] is:

Lemma 4.1. Let 1 < a < 3 and h: QO — R¥. To each p € [1, 0], there is
a constant C7 depending on «, 8, and ) such that

+ + +
NS Allooy < NG Rlloouwy < CLING Rl owy. (48)

The previous notions of nontangential limit and maximal function are intrin-
sic, in that the definition of Rgi (¢) in does not depend on a particular at-
las for M. However, seminal works on the Dirichlet and regularity problems,
like [34] (1T, 10 12], 54], use another notion of nontangential approach, taken
locally in a chart of some G-atlas, on the “natural” cones C(,’Uji (€) defined
in Section [1.6] Estimates obtained in each chart can then be glued together
using a regular family of cones to obtain global estimates, as in [12 [54] [2].
With the notation set up in Section [L.6] a regular family of cones for QF is
a map associating to every £ € M a truncated cone Cy () (£) C QF, where
6 is independent of ¢ and z : M — S" is a continuous function into the
n-dimensional unit sphere S* C R™*! in such a way that for some G-atlas
(Uj, ¢;), some cover (V;) of M with V; C Uj; for each j, every £ € M and
all j for which £ € V}, the cone Cy 1.(¢)(&) cut off to suitable length indepen-
dent of { and j contains a natural cone Cp Lot (&) relative to U;, Vj, and is

contained in another natural cone Cy, .+ (), with #; < 6, independent of &:
Corar @\ €} € Coau9(6) C Cora9(€) € G o7 (€) CC;NO*. (49)

22

’inegcentcomp




The existence of a regular family of cones is folklore, but it seems very hard
to see a prooiﬂ of this technical result pertaining more to convex geometry
than to analysis. We provide such a proof in Lemma 7.8} in which the G-atlas
(U, ¢;) associated to the regular family of cones is such that B; = ¢,(U;)
is a ball while V; is of the form ¢, (uB;), where p € (0,1) can be made
arbitrary small with respect to the length of C;. This last fact is important
to glue together certain estimates from works like [34] [10], because if p is
small enough with respect to the length of C; then the cordinate cylinders
over V; have starlike intersection with QF about points on the axis of C;,
close to the base.

Associated to a regular family of cones {Cjy 1.} is a nontangential maximal
operator Ng’tz, defined for h : QF — R* by Ngfzh(f) = SUPyec, 4. () [P(T)]-
We have thus two nontangential maximal functions for h, namely Nej,[zh and

Ngih, and the question arises of how they compare. It follows easily from
that Cpr(e)(&) C R, (€), therefore [N A Loy < cllNE Rl Loy
for 1 < p < oo with ¢ = ¢(a, €,Q2), by Lemma [4.1] That a reverse inequality
holds to the effect that || Ny, Al o) and ||./\/'3ihHLp(M) are in fact equivalent,
at least when h is harmonic, is tacitly implied in several works; see, e.g.
[13]. Because the proof is nontrivial and we could not find a discussion in
the literature, we provide an argument through Lemmas [7.9] [7.10] With
these facts at our disposal, we freely recast estimates established in terms
of ||NjfzhHLp(M) as estimates in terms of N2 A o(m), and vice-versa. We
also get in the same stroke that such estimates do not depend, up to a
multiplicative constant, of the regular family of cones we choose.

Next, recall for z € Q1 the harmonic measure w;", which is the Borel proba-
bility measure on M such that [ odw} = u}(z) where, for each continuous
function ¢ : M — R, we let u:g be the solution to the Dirichlet problem in
QF with data ; that is, u} is harmonic in QF and continuous on M U Q*
with (uf)m = ¢; see, e.g. [4, Thms. 6.3.8 & 6.4.1 & 6.6.4]. Note that u}
uniquely exists because Q% is regular for the Dirichlet problem, since it sat-
isfies the exterior cone condition [4, Thm. 6.6.15]. That the latter is fulfilled
follows at once from the local Lipschitz graph property.

For z € 07, we define w_ to be the positive Borel measure on M such that

[ pdw; = u (z) where, for a continuous function ¢ : M — R, we let u be

"Works we know either take this fact for granted or quote unpublished material, or else
mention references in which we could not locate the result.
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the solution to the Dirichlet problem in Q= U{oo} with data ¢; that is, Uy, 18
harmonic in Q= U {oo} and continuous on MU Q™ U {oo} with (ug )jm = .
Here, recall since n + 1 > 3 that a harmonic function » on €2~ is harmonic
at infinity if limp,| o |u(2)| = 0 [6, Thm. 4.8], and that u; uniquely exists
because {oo} is a regular point of 9°Q~ = M U {co} [4, Thm. 6.7.1].
However, w; is not a probability measure, as it is the restriction to M of
harmonic measure on 2~ if z € 7, while w_ is the zero measure.

The following construction is useful to relate w; to harmonic measure of a
bounded Lipschitz domain: suppose without loss of generality that 0 € QF
and consider the inversion Z(z) = z/|z|*. It is a smooth conformal involution
of the “sphere” R""U{co}, mapping 2~ onto a bounded domain €2;, and the
Kelvin transform K[u|(z) := |z|'"u(Z(z)) establishes an involutive one-to-
one correspondence between harmonic functions u on 2~ U{oo} and harmonic
functions on € [6, Ch. 4]. For p € M and x € B(zo,p) C Q™ with p > 0
small enough, the image under Z of a cone Cy,(x) C Q~, truncated to
sufficiently small length 7, contains a cone Cp, pr(zg)w)(Z(x)) C € truncated
to sufficiently small length 1, where 6,7, > 0 are independent of x, by the
smoothness and conformality of Z. Thus, {2; has the uniform cone property
since 2~ does, implying that its boundary 0¢); is locally a Lipschitz graph.
Let wi¥ indicate harmonic measure on 9 at x € €y, and put ugl for the
solution to the Dirichlet problem in ; with continuous boundary values
® : 90 — R; that is: ugl(xl) = @dwgll for xy € Q. For every continuous
¢ : M — R, it is readily checked that u, = K [“\%\l—n@oz]? as both sides solve
the classical Dirichlet problem on 2~ with boundary values ¢ on M and 0 at
infinity; here, Id denotes the identity map on 9€2;. Hence, we get for z € {2~

that [ o(€)dw, (§) = [z['™" [oq, ICI' @ o I(C)dwg(lx), which yields:

|x|1—n

G

where Z* (wg(lz)) is the image of wg(lgg) under Z; i.e., T (wz() ) (E) = wg(lx) (Z(E))
for every Borel set E C M.

Note that z — wF(FE) is harmonic in 2%, and one can see from Harnack’s
inequalities (see e.g. [4, Thm. 1.4.1]) that for each zy € O and any com-
pact neighborhood K of 2z in Q% there is a constant C' = C(M, K) with
wi(E)/C < wi(E) < CwE(E) for all z € K. Hence, ws and wZ are mutu-
ally absolutely continuous for any z;, 2z, € QF, with bounded Radon-Nykodim
derivative of each one with respect to the other. In particular, one can speak

dw; (€) AT (wgly), T €, £eM, (50)
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Dirichletil

of a subset of M of harmonic measure zero. Also, it is worth observing from
(50) and the Harnack inequalities that dw, := limy,|_e0 |2|" 'dw exists in the
strong sense as a positive measure on M, with dw,(&) = [£[* ' dT*(wg™)(£).
In fact, w, is the so-called Newtonian equilibrium measure on QU M, com-
pare [32, Ch. IV, Sec. 5, §20].

The following fundamental fact regarding harmonic measure on Lipschitz
domains was proven in [10]:

Lemma 4.2. For z € QF, the measures wE and o are mutually absolutely

continuous. Moreover, the Radon-Nykodim derivative h: = dw,/do lies in
L2(M), locally uniformly with respect to z € QF.

For the bounded domain 7, Lemma quickly follows from [10, Cor. to
Thm. 3] and the observation that hf/C < hf < Chf for z in a compact
neighborhood of zy, by previous remarks on harmonic measure. In view
of , assuming without loss of generality that 0 € QF, the case of Q~
follows by applying what we just said to the bounded domain Q; = Z(Q7),
while observing that the inverse image of H™|0€; under Z has differential
€| 72"do (€) because, for z € R\ {0}, the derivative DZ(x) is a similarity
transformation with ratio |z|72, see [6, Prop. 4.2].

Below, we record three properties of harmonic functions in Lipschitz domains.
The first one is very well known:

Lemma 4.3. Let u be harmonic in QF and such that N u(€) < oo for
£ € E C M. Then, u has nontangential limit from QF at o-a.e. £ € E.

For the bounded domain QF, Lemma follows from the combination of
[34, Sec. 5, Thm] and [IT, Thm. 1]. The case of Q= reduces to the one of
a bounded domain by excising out the complement of a large ball. Let us
mention that the lemma is valid more generally on the class of nontangentially
accessible domains, see [I4, Thm. 6.4].

The second property that we set forth is a global version of results from [10].

Theorem 4.4. For 2 < p < oo, to each ¢ € LP(M) there is a unique
harmonic function uif : O = R (including at infinity in the case of Q=)
converging nontangentially to (&) from QF at o-a.e. £ € M, and such that
||./\fa9iui||Lp(M) < 00. It holds that u7;(z) = [ @dw;, moreover there is a con-
stant C' = C'(a, p, Q) such that H./\/C?iuiHLp(M) < Cllelltemy- If u* is har-
monic in QF (including at infinity in the case of Q=) and ||N3iui||Lp(M) <
00, then u™ = uZ; for some ¢ € LP(M).
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Proof. Let ¢ € LP(M) and put uZ = [pdw®. As p > 2, we get from
Lemrna that u is well-defined and harmonic in Q. Let {09 +.} be areg-
ular family of cones associated to a G-atlas (U;, ¢;)1<;<n of M, with cover V;
such that V; C Uj, see Lemma . For ¢ € Vj and 6, as in , consider the
natural cones 0927,0; (€) and put Mp,uf(§) := supzecgwj(g) lut(z)|. When

2 < p < o0, it follows from [10, Thm.2] that ij My,ufdo < Cill¢l|rm
for some C; = C’l(./\/l Vi, 0, ), and summing over j we get, since the V;
cover M, that ||N, az ufllrmy < Collellzrmy, whence ||N3+u;[||Lp(M) <
Cllellzr(rm) where C = Cla,p, Q); if p = oo, the corresponding estimate
holds With C =1 as wj is a probability measure, absolutely continuous with
respect to o. As (u;f)| M = ¢ when ¢ is continuous, and since continuous
functions are dense in L?(M) where any converging sequence has a subse-
quence converging pointwise a.e., the previous estimate implies that u; has
nontangential limit ¢ from Q* at o-a.e. point of M, as soon as ¢ € L*(M).
Conversely, let u be harmonic in Q* with N2 u|[rsmy < oo for some
p € [2,00). Pick j; € {1,---, N} and some open set W;, C Uj, in M With
V, CW,;, CW,, CU. By the un1f0rm cone property dlscussed after
there is 5 > 1 such that {+evf € RY (&) for e > 0 small enough and £ € VVJ1

By Lemma ||NQ+U||LPM < ¢ < 00, SO fW [u(§ + ev))|Pdo(§) < ¢
a fortiori. Then, [I0, Thm. 3] implies there is fj1 € LP(M) such that
limo+ 5, u;{jl (z) — u(z) = 0 for every & € Vj, (the decisive fact here is
that the limit needs not be nontangential). Define a harmonic function
hj, in QF by hj(z) == [ fiixamw, dwl. By Lemma [7.11] - it holds that
limg+5,-¢ hj, (x) = O for every £ € Vj. Thus, if we put ¢y = fjxv;, €
LP(M), we have that limg+s,—euy, (x) — u(z) = 0 for & € Vj,, and by
Lemma again limg+ s, uj () = 0 for £ € M\ V.

Next, choose ja # ji such that V;,NV;, # 0 and repeat the previous argument
with V}, replaced by Vj, \ V}, (note that connectedness was not an issue)
to obtain a function iy € LP(M), vanishing outside Vj, \ Vj,, such that
limo+ 5, u:Z (z) —u(z) = 0 for £ € Vj,\ V}, and limg+5, ¢ u, () = 0 when
e M\ V,\V,, Continuing in this fashion, we get a sequence of at most
N dlS_]OlIlt open sets Oy :=V,,, 0y :=V,, \ V;;, O3 :=V;, \ V;, UV, ...that
cover M up to a set £ C U;00; of o-measure zero, along with functions
i € LP(M) such that ¢; vanishes outside O; and limq+5,¢ uy, (2) —u(z) = 0
for £ € O; while limg+s,¢ uy, () = 0 when { € M \ O;. Set v ="
and observe that limg+s,_e uy () — u(xr) = 0 for & € U;0;, whence ¢ is
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equal o-a.e. to the nontangential limit of u, by Lemma and the first
part of the proof. In view of Lemma , this shows in particular that ug is
independent of the atlas, and we may pick the latter so that a given given
§ € M belongs to exactly one set V; and to the closure of no other, see
Remark [T, As E is contained in U;0V; by construction, this entails that
limg+ 5w () — u(x) = 0 for all £ € M, whence u = uj, by the maximum
principle. This achieves the proof for the bounded domain Q%, and the
case of (2~ follows from this one by inversion and Kelvin transform, see the
discussion before .

O

The third result that we need is a classical estimate for layer potentials,
often stated for bounded domains only. Recall the single layer potential of

h € L'(M), given by

1 h(¢) |
Sh(z) = / do((), r € R"™\ M, 51) |slp
@)= s | do(0) M, (5
where 7, = H™(S"). One can verify that the nontangential limit of Sh from

OF at g-a.e. £ € M is

= ! h(c) o ss
SO = o [ g O ceM @

where we note that the integral is absolutely convergent.

For v a harmonic function on QF, the Lusin integral function L, : M — R
is defined by

1/2
L) = (/ |w<x>|2|x—§|1-ndmn+1<x>> C tem (3)
Co+2(6) (&)

Theorem 4.5. There exists py € (2,00] such that, if g € WY (M) for
some p € (1,p1), then there is a unique harmonic function v;t in QF with

||N3inj||Lp(M) < oo and such that vgi converges nontangentially to g(&)
from QF at o-a.e. £ € M. Moreover, S : LP(M) — WLP(M) is invertible

and
vy (z) = 8(S7"g)(x), r € QF (54)

In addition, there is a constant C' = C(p, <), «) such that

+ +
ING 5 ooy + NG Vo oy < Cllgllwrea- (55)

If M is Ct-smooth, then we can take p, = oo.
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Proof. On Q7T the result follows from [54, Thm. 5.1 & Rem. 5.9] or [13]
Thms. 4.14, 4.17 & 4.18], anf when M is C'-smooth from [19, Thm. 2.4],
except for the inequality HN0?+’IJ;_|‘LP(M) < C|\gllwrr(my- To obtain the lat-
ter, it is enough to assume that v, (z9) = 0 for some fixed z € €2, because
[vg(20)| < cllgllLe(ar) for some ¢ = c(zo, p, ), by (54)). Then, we get from [12]
Thm. 1] that [|L, || sv) and INE v, oy are equivalent quantities, with
constants depending on 2, p and xzy. By inspection, ]Lv;] < C’Nava;
pointwise for suitable a and C’ (remember (49))), which gives us what we
want.

To obtain the result on the unbounded domain 2~, we assume that 0 €
Q" and appeal again to the inversion Z and the Kelvin transform K, as in
the proof of Theorem Specifically, we apply the result just proven to
O :=Z(Q") and g := K[g], observing that ||g|lw1rs0,) and ||gllwiem) are
equivalent quantities. This yields a harmonic function vz on €2, and then

v, := K[vg] satisfies all our requirements because
Vuz(Z(x)) x x
VK|vgl(z) = |;|T —2(z, Vug(Z(z))) s (n —1)vg(Z(x)) T

The uniqueness of v, follows from the uniqueness of vg.
O

5. Hardy spaces of harmonic gradients

For 1 < p < oo, we define the Hardy space H% to consist of vector fields
F: Q*F - R guch that N&°F € LP(M) and F = Vu for some real-valued
function u which is harmonic in QF (including at infinity in the case of Q7).
The value of « is immaterial, by Lemma [4.1} Endowed with the LP norm of
NgiF, one sees that H’ is a Banach space.

Hardy spaces of harmonic gradients were first introduced on half-spaces in
[52], and studied over C'*-domains in [18, 48]. On domains whose boundary
is connected and has the local Lipschitz graph property, they are implicitely
considered in [54] for 1 < p < 2 4 ¢ and more explicitly in [I3] for p = 1,
as companions to regularity theory of the Laplacian; here, € > 0 depends on
M. Since harmonic gradients identify with vector-valued Clifford-analytic
functions (see Lemma , H;f may also be viewed as a closed subspace of
the Clifford-analytic Hardy space of exponent p studied when 1 < p < oo
over Lipschitz graphs in [41], Ch. 4] and, more generally, on non-tangentially
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accessible domains with Ahlfors-David regular boundary in [33] sec. 4], see
Section [7.3] for a definition of Clifford-analyticity.

Hereafter our main concern is the range 1 < p < oo, but we briefly discuss
the cases p = 1, oo for completeness.

Proposition 1. Let M C R"" be a compact and connected hypersurface
with the local Lipschitz graph property, and p € [1,00]. Every F € HY has a
nontangential limit F*(§) at o-a.e. £ € M. The function F* characterizes
F uniquely. Moreover, for 1 < p < oo to each o > 1, there is a constant

C =C(a,p, M) such that
ING Fllzony < CIF | o(aa s (56)

Proof. The existence of F* is clear from Lemma 4.3 Because M is compact
and has the local Lipschitz graph property, one can see that QF is a particular
instance of a so-called nontangentially accessible domain, see [14] and [33] for
the definitions. Therefore, observing from Lemma that HX is a subspace
of the Clifford -analytic Hardy space defined in [33, Def. 4.7.3], the case
1 < p < oo follows from [33, Eqns. 4.7.13 & 4.7.11]. The case p = oo follows
from Lemma , applied componentwise. When p = 1 and F € H!, it
follows from [13, Thm. 4.12] that F' = Vu where the nontangential limit u*
(it lies in L'(M) by [12, Thm. 1] and the definition of L, in (53])), when
normalized to have mean zero, lies in the so denoted space H| ,,(M) with

* + *
lu e,y < CHING Fllay < Collu|lag o),

and u (thus, also F') is uniquely defined by its nontangential limit. The
case where ' € H! follows by Kelvin transform, as in the proof of Theorem
4.5 O

In view of Proposition [I, we may as well equip ;¥ with the LP(M)-norm
of its nontangential limit when 1 < p < oo, thereby identifying this Hardy
space with a closed subset of LP(M,R"1).

Let us point out that [33, Equs. 4.7.13 & 4.7.11], while a convenient reference
to us, conceals that Proposition [I| does not depend on the fact that F is a
gradient when p > 2, because then everything follows from Theorem [£.4] Tt is
when 1 < p < 2 that this fact becomes decisive. Also, it would be interesting
to know if holds when p = 1.

The case 1 < p < 2 of Proposition |1 would alternatively follow without much
difficulty from Theorem and the next lemma that will of use later on.
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Lemma 5.1. For 1 < p < oo, each F € HY is of the form F =V f where f
is harmonic in QF (including at infinity in the case of Q= ) with nontangential
limit f* € WYP(M) such that V f* is the tangential component of F* at o-
a.e. point of M.

Proof. We only consider the case of QF, as the case of 2~ will then follow
by Inversion and Kelvin transform. Fix (5 € Q" and let f be a harmonic
function in Q" such that Vf = F, with f(¢s) = 0. Argueing with the
Lusin integral function as we did in the proof of Theorem [4.5 we find that
N2 f e LP(M). Hence, f has nontangential limit f* at o-a.e. point of M.
Let {Cp 1.} be aregular family of cones, associated to a G-atlas (Uj, ¢;)1<j<n
of M whose coordinate cylinders C; have cross-section a ball, and such that
the V; := uC; N M are a cover for the family {Cp 1.} for some 0 < 1 < 1, see
Lemmal [7.8] Recall also the notation B; = ¢;(U;), so that ¢;(V;) = uB;. Fix
j€{l,---, N}, and assume for simplicity that C; is oriented along the z,,41-
axis so as to write £ = (y, ¥;(y)) when ¢ € Vj, for some unique y € pB;. For
£ > 0 small enough that (y, V;(y) —¢) € QT when y € uB;, the smoothness
of fin QF implies that h.(y) := f(y, ¥,(y) — ¢) is Lipschitz in puB; with
(Vhe(y))' = (F(y,%;(y) — €))'D¢; ' (y). Let g — 0 and observe from (@9
that (y, ¥;(y) —ex) converges to § = (y, V;(y)) from within Cp _.(¢)(£), hence
F(y,V,(y) — ex) converges for my-a.e. y € uB; to F*(y,V;(y)). Moreover,
it is less than N, F o ¢ (y) which lies in LP(uB;), thanks to ([10)), and
our assumption that F € H". Therefore, by dominated convergence, Vh,.,
converges in LP(uB;) to (ngj_l)tF* o qﬁj_l. Besides, h., converges pointwise
a.e. to f*(y, V;(y)), and clearly |[he, ||zrus;) < [INg.f 0 &5 llLe(us,) which is
finite. Hence, replacing ¢ by a subsequence if necessary, we may assume that
h., converges weakly in LP(;B;), and since the pointwise and the weak limit
coincide there when both exist we find that f*o (bj_llqu lies in WhP(uBy)
and has Fuclidean gradient:

V(I 005" p) = (DO E" 0 (65, (57)

As the V; cover M, this exactly means that V f* is the orthogonal projection
of F* onto T M for o-a.e. &. O

6. The Hardy Hodge decomposition

As in the previous section, let M be a compact connected hypersurface em-
bedded in R™™! with the local Lipschitz graph property. Below, we prove a
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decomposition for vector fields M :— R™*! that combines the Helmholtz-
Hodge decomposition and Hardy spaces of harmonic gradients. This decom-
position that we shall call the Hardy-Hodge decomposition, generalizes the
familiar decomposition of a complex function on a plane curve as the sum
of a holomorphic function in the Hardy class of the interior of the curve and
of a holomorphic function in the Hardy class the exterior of the curve. In
higher dimension, a third term is needed because the tangential component
of a harmonic gradient is a gradient vector field on M, whereas not evry
tangent vector field is a gradient in dimension greater than 1.

The Hardy-Hodge decomposition has interesting applications to inverse po-
tential problems with source term in divergence form, like inverse magne-
tization problems. On the plane and the sphere (where the decomposition
is already known to exist), some of them can be found in [7, 22]; on more
general surfaces, c¢f. the manuscript [23].

Theorem 6.1 (Hardy-Hodge decomposition). Let M C R"" be a compact
and connected hypersurface with the local Lipschitz graph property. Let DP(M)
designate the tangential divergence free vector fields of LP-class on M. Then,
there exist €,¢' > 0 such that, for 2 —e < p <2+ ¢, it holds the direct sum:

LP(M,R") = ’H;r ©H, ©D'(M). (58)
Moreover, if M is C*-smooth then holds for all p € (1, 00).

Proof. Let V € LP(M,R™). Let us write V=V, +V, where V,, is the normal
component and V; the tangential component of V. By Theorem [3.1], it holds
for some € € (0,1/2) and 2/(1+2¢) < p < 2/(1—2¢) that V; = G+ D, where
D € DP(M) and G € GP(M) is the gradient of some function ¢ € Wh?(M).
Let u be the harmonic function in Q% solving the Dirichlet problem with
boundary condition ujrg = v; decreasing the upper bound 2/(1 — 2¢) on p
to py > 2 if needed, v indeed exists with Vu € %, by Theorem . Then,
Lemma [5.1ghows that V' — D — Vu has zero tangential component on M,
hence we are left to decompose normal vector fields in LP(M,R"). Now, if
hn is such a field, where h € LP(M) and n is the unit outer normal field on
M, then the single layer potential Sh(x) given by defines a harmonic
function u® in 9QF whose nontangential limit Sh on M from either side is
given by and lies in WP (M, by Theorem again; moreover, the same
theorem tells us that Vu® lies in H*, and classical jump conditions imply
that the nontangential limits from each side satisfy (Vu™)* — (Vu™)* = hn;
see, e.g [54, Thm. 1.11]. This shows that LP(M,R") = H +H, + D*(M).
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To see that the sum is direct, assume that F™ + F~ + D = 0 for some
FteHt, F~ e H”, and D € DP(M). Because the tangential components
of (F*)* and (F~)* are gradients by Lemma [5.1] we necessarily have that
D = 0 because no nonzero member of DP(M) can be a gradient. Thus,
(F™)* 4+ (F7)* = 0. Let u* be harmonic and real-valued in QF with Vu* =
F*. By Lemma the gradients of (u*)* and (—u~)* agree on M, hence
we may assume that (u)* = (—u~)*. Now, since the normal components of
(Vu™)* and (—Vu~)* also agree, the distribution which coincides with u™ on
QF and —u~ on Q~ is harmonic on R"*!, by the Green formula, hence it is a
harmonic function. Because it vanishes at infinity, this function is identically
zero by Liouville’s theorem. Finally, when M is Cl-smooth, it is a fortiori

V M O-smooth and both Theorem [3.1] and Theorem [.5] apply. O

Note that the set of p for which holds contains the interval (2/(142¢, py),
where ¢ is as in Theorem [3.1] and p; as in Theorem [4.5]

7. Appendix

app
woal 7-1. BMO, VMO and BMOy functions on open sets.

For Q C R* an open set, the spaces BMO(S), VMO() and VMO;,.(Q)
were defined Section For E C R* and g € L'(FE), recall also the elemen-
tary inequality valid for each b € R:

/ |9 — gr|dmy < 2/ lg — b] dmy. (59) |elm
E E

Lemma 7.1. Let ¢ : Q; — Qy be a bi-Lipchitz map between open sub-
sets of RE. Then, h — ho ¢ is an isomorphism from VMO(s, R¥) onto

VMO(Q, RF).
Proof. For B(x1,p1) C ; and B(xg, ps) C o, it holds that

B(p(z1), pr/cp-1) C o(B(z1, p1)) C B(p(21), pr¢y), (60)

Assume without loss of generality that ¢, > 1. Let 7 = c¢,c,1 > 1, and
B(a,r) be such that B(a,7r) C €. We see from the first inclusion in
that B((a),rc,) C @(B(a,1r)) C Qq, and since |Jyp| > c;’fl, by (3)), the
change of variable formula and the second inclusion in yield:

/ hoop—h ldmy <&, [ |h—h |dm

Bla,r) | ¥ B(p(a),rey) k= %=1 Jo(B(ar)) B(p(a),rey) k (61)
k isoBMOL
< Gt Sitotanren) I = Ip(ta) e [dms.

32



multinvVMO

compVM0O1i

Now, and imply that

— |h o w — hp@nldmi < 27°||h| BroBwia)rew)),
n@k(l3(a,r)) Bar) (a,r) (B(p(a),ree))

and since rc, goes to zero with r the conclusion follows. O

Lemma 7.2. For Q C R* an open set, L=(Q) N VMO(Q) is an algebra.
If h € L¥(Q) NVMO(Q) and h > 1 > 0, then h'/? and 1/h belong to
L>*(Q)NVMO(Q).

Proof. This follows immediately from the inequalities:

Jo1hg = hagal dmi < |[BllL~) Jo19 — 9l dmk + gl Jo Ih = hol dmy,

1/2 h—h
Jo P2 =hg?dmy = [, hl‘/Q—H?l‘/Q mi < g Jo |h = hel dmy,

Jo Ih7E = hg!| dmy, = thhth|d mi < % [, |h = holdmy,

]

Lemma 7.3. Let ¢ : )y — Qo be a bi-Lipschitz map between open subsets of
R*, and assume in addition that o € VMOV (Qy,R¥). If h € VMOV (Qy),
then ho@ € VMO (Qy).

Proof. This follows from Lemma 7.1} Lemma [7.2] and the chain rule. O

7.2. Compact VM O-smooth manifolds

Recall from Section that a compact Lipschitz manifold is V M O-smooth
if it has a B-atlas U;(Uj, ¢;)1<j<n, in the sense of Section [1.4] whose changes
of charts ¢;, o ¢;.! lie in VMO (¢;,(U;, N Uj,),R™) for all ji, jo. Such an
atlas is called a V MObY>®-atlas.

Below, we adapt the proof of [43] Thm. 4.2] to obtain an embedding result
for compact V M O-smooth manifolds:

Lemma 7.4. Let M be a VM O-smooth manifold of dimensionn > 2. There
is a bi-Lipschitz embedding f : M — R™ with m < (n +1)%, and a VMO-
smooth atlas (Vi,1;) on f( ) such that each )y is bi-Lipschitz and ;!
Yi(Vi) — R™ lies in VMO (i(Vi), R™).
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Proof. Let (Wy,n,) be a V. MO-smooth atlas. Refining the latter if necessary,
we may assume since M is a locally compact metric space that each W, has
compact closure, that 7,(W,) is bounded and that the cover (W) is locally
finite. Refining further is needed, we can write M = By U --- U B,, where
B = Uier, Ui i is a union of disjoint open sets U, , each of which is a W,
with s < n and [} a subset of the positive integers [42, Lem. 2.7]. If, say
Uirx = Wy, we put ¢, = 1. Composing 1, with a non-singular linear map,
we can also ensure that ¢;,(U;x) is contained in the ball B(3ie;, 1) with
e = (1,0,---,0)", and this does not alter the V M O-smoothness of the atlas
by Lemmasand . Pick (O; ) an open cover of M with O; C U; . This
is possible since M is normal. Let h;y : ¢;x(Uix) — [0, 1] be a C*°-smooth
compactly supported function, identically 1 on the compact set ¢; x(O; ).
Define ¢;r : M — [0,1] to be h;; o ¢ on U and 0 elsewhere, then set
Wi = Zie I, Phi- Note that wj is well defined for at most one summand
is nonzero at each x € M, and clearly wy : M — R is Lipschitz with
suppwr C Bi. We claim that wy o n[l belongs to VMOllo’So(ng(Wg)) for
each (. Indeed, it is equal to h;j o (¢ © 77[1) on the open set By, =
ne(Wy N Uy k), hence the restriction (wy o ¢Zl)\3g,i,k lies in VMO;&SO(BMR)
because it is obviously bounded and locally Lipschitz while its derivative lies
in VMOo(Bei), by the chain rule, Lemma and the fact that (V;, ) is
a VMO-smooth atlas. So, when y € ¢,(W;) belongs to some By, j, it has a
neighborhood V(y) such that wy o W_lw(y) € VMO™ (V(y)). Next, assume
that y belongs to no By;. Let rg > 0 be such that B(y,ry) C (W) and
observe, since the cover W, of M is locally finite, that for ry small enough
B(y,ro) meets at most finitely many By, x, say B, ki, - » By ky- H (y;) is
a sequence converging to y in B(y, o), then the sequence ¢;, 1, o, ' (y;) has
at most finitely many terms in the compact set supp hi, x, C ¢4, 6, (WeN Ui, k),
otherwise a subsequence would converge to some z; in ¢;, x, (W, N U, x,) and,
since 1 o ¢i_l,1kl is an isomorphism from ¢, x, (W, N U;, ,) onto By, x,, the
corresponding subsequence of (y;) would converge to y = n o (b;l’lkl(zl) €
By k> a contradiction. Thus, there is 7 > 0 such that wy o, '(2) = 0 for
all z € B(y,r), hence B(y,r) is a neighborhood of y such that, trivially,
Wy, © n[l‘B(w) belongs to VMO (B(y,r)). This proves the claim.

Let ¢y, : B, — R™ coincide with ¢; ;, on U; i, set m = (n+1)(s+1) and define
f:M —= R™ by f = (wo,wodp,wr, w1, - ,wWs, wsPs), where the product

wroy is extended by zero outside of By. As in the proof of [43, Thm. 4.2], one
checks that f is a locally bi-Lipschitz homeomorphism onto a closed subset
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of R™. If we put V; = f(W;) and ¢, = m; 0 f~!, we get an atlas for f(M)
such that (Vi NV;) = m(W;NW;) and ;0 b, * = n; on; !, hence this atlas
is VM O-smooth since (Wy, 1) is a V M O-smooth atlas for M. Moreover, on
(V) = m(W)), it holds that

Ut = (woon ! (woon N(doon ), wson !t (weon ) (dsom ).

By a previous claim w0, ' € VMO (n,(W))) for each k € {0, --- , s}, and

loc
since ¢y, o 771_1 coincides with ¢, o 771_1 on By, we have that ¢y o nl_1|Blik

lies in VMOI’OO(BM,;C, R™). Since the latter is an algebra, we deduce that the

loc

restriction (wy onl_l)(gkonl_l)‘Bl’i,k in turn lies in VMO, 2°(By ., R"), and the
same arguments we used to prove the claim shows that (wy o7, ")(dx o n ")
belongs to VMO (n;(W;), R™). Therefore ;! lies in VMO (1, (W), R™),

loc loc

as desired. O

Lemma 7.5. Let M be a VMO-smooth manifold of dimension n > 2,
endowed with a Riemannian metric I'. If there is a VMO-smooth atlas
(Vi,¥1)ier such that (gz(lll) lies in VMO (V;), R™*™) for each l, then this
property holds for any compatible VM O-smooth atlas.

Proof. Let (Wy,m) be another V MO-smooth atlas, and (hfg,z) the corre-
sponding metric tensor. On 7,(W, NV}), it holds that

() = (D@ion) (6 o Wion ) Dlron™.  (62)

Since 1 0 m; 1 € VMO (n(Wy N'V;)) by assumption, D(t; 0 ;') lies in
L2 (ne(We 0 V1)) NV MOyoe(ne(We N V;)). Moreover, as ¢ o n; " is locally
bi-Lipschitz, (gl(lli) oy 0 77[1 lies in VM Oy (ne(WeNV})), by Lemma , and
is otherwise bounded, by . Now, L (ne(WenNV)) NV MOe(ne(We N V)))
is an algebra in view of Lemma , so we conclude from that (hz(g,z)
restricted to (W, N V;)w belongs to VM Oju.(n:(W, N'V})). Since the open

sets np (W, N'V}) cover ny(W,) as [ ranges over L, the result follows. O

7.3. Some Clifford analysis

The Clifford algebra &,, is the unital algebra generated over R by e;, 1 < 5 <
m, subject to the relations e? = —1 and e;e; = —eje; when @ # j. Clearly €,
is a finite-dimensional vector space over R, and a natural basis consists of all
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products e;, - --e;, where i; < --- < iy and 0 < k < m (the empty product
is 1 by convention). Thus, each z € &, can uniquely be written in the form

zZ =T+ ( Z Ly, g €51€h2 "7 ° 6jk> ) (63)
k=1

1< <-<gr<m

where xy and the z;, .. ;, are real numbers. In (63)), the homogeneous part
of degree 0 with respect to the e;, namely xo, is called the scalar part of z,
denoted by Sc z, while the homogeneous part of degree 1, namely zie1+-- -+
Tm€m, 18 called the vector part of z, denoted as Vec z. The conjugate of z is

Z=29+ Z<_1)k ( Z Ly €162 """ ejk) ’ (64)
k=1

1<j1 < <jr<m

and the norm of z is defined by

m 1/2
|Z|=(Z5)1/2=<933+Z > $§1,~--7jk) :

k=1 1<j1<--<ji<m

The subspace of €,,, comprised of homogeneous elements of degree 1 identifies
isometrically with Euclidean space R™. Elements of this subspace are called
vectors, so that z is a vector if and only if it reduces to its vector part.
The space of &€,,-valued distributions on an open set @ C R™ is the tensor
product €, ® D(O), where D(O) indicates the distributions on O. They
act naturally on smooth €,,-valued functions with compact support in O,
but one must specify whether the action is taken from the left or the right
because €, is a non-commutative algebra. The Dirac operator D is defined
by

D =€10/0,, + e30/0x9 + -+ - + €,0/ 02, (65)

see e.g. [33, Eq. 3.4.5]. It acts on €,,-valued distributions from the right
and from the left by letting the differentiation operators commute with mul-
tiplication in &,,, but the two actions differ from each other. A distribution
f € ¢, ®@D(0) is called left Clifford-analytic if Df = 0 and right Clifford-
analytic if fD = 0. Because D? = —A where A = 9%/0x1? + -+ - + 0*/0z,,°
is the Euclidean Laplacian, every left or right Clifford-analytic distribution
is a €,,-valued function with harmonic components in any basis of &,,, by
Weyl’s lemma.

The connection between harmonic gradients and Clifford-analytic functions
stems from the following elementary observation.
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Lemma 7.6. A vector-valued function defined on an open set O C R™ is left
Clifford-analytic if and only if it is right Clifford-analytic, and this is also if
and only if it is locally the gradient of a harmonic function.

Proof. This follows from a straightforward computation: assume f is left
Clifford-analytic on O and set f = Z;nzl f; where the f; are real valued
harmonic functions. By definition of left Clifford-analyticity, it holds that

0=Df==> 0 fit > (Ouy fir— Ou,fi)eins
j=1

1<ji<ja<m

which is equivalently to

div(fi, -, fm) =0 and curl (fi, -+, fm) =0. (66)

The second equation in implies that (fi,- -, f,)" is locally the gradient
of a real-valued function ®, and then the first equation says that A® = 0.
Conversely, if f; = 0,,® for some locally defined harmonic function ®, then
holds so that Df = 0, as desired. The case where f is right Clifford-
analytic is similar. O

If f is left Clifford-analytic in Q% and N |f]| lies in LP(M) for some p €
(1,00), then f has a nontangential limit a.e. on M from Q7 denoted by
ft e LP(M), and it holds (see [33, Eqns. 4.7.13 & 4.7.11]) that

6= 1 [ ottt 9t 60

M |y—Z’3

In (67), n(y) is the exterior unit normal to M at y € M and the products
are Cliffordian. If z € 7, then the right hand side of is equal to zero.
Because @ generalizes the Cauchy formula, we denote the integral in the
right hand side of by CfT.

A similar formula holds if f is left Clifford-analytic in Q= and N |f| lies in
LP(M). This time f is the nontangential limit on M from ~, denoted by
f= € LP(M), and we have that:

1 y—z _ _
10 =3 [ e, zeon (6

that is to say f = —C€f~ on Q.
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Whenever h € LP(M) is €-valued, then Ch is left Clifford-analytic on R™\ M,
moreover N *|Ch| lies in LP(M) and Ch has nontangential limits C*h a.e. on
M, from QF and Q. Moreover we have that

CEh(y) = i@ + SCh(y), Yy €M, (69)

where SCh is the singular Cauchy integral operator defined by

1 §—y :
SCh) = grling | e prOn@dee),  yeMi (10

see, e.g. [33, Eqn. 4.7.12].
Note the analog of the Plemelj formula:

C*h(y) — C h(y) = h(y). (71)

7.4. Regular families of cones on Lipschitz domains

For M a compact hypersurface embedded in R™™! with the local Lipschitz
graph property, recall the notation set up in Section [1.6| regarding G-atlases,
coordinate cylinders, natural cones and so on, as well as the definition of a
regular family of cones given in Section Throughout this section, the
symbol M will indicate the supremum of the Lipschitz constants of the
parametrizations of the G-atlas under consideration: M := sup,cy,. We
also use the following notation: if B C R" is a ball, L an isometry of R"*!
and Y = L(B x [a,b]) C R™! a doubly truncated cylinder with cross section
B, we let u) indicate for any g > 0 the dilated (or contracted) cylinder
L(uB x [a,b]) C R™™! with cross section uB. Hereafter we prove that a
regular family of cones does exist. First, we need a lemma.

Lemma 7.7. There exists a continuous map v : M — S"™ and a G-atlas
whose parametrization domains are balls in R™, as well as ¢ € (0,1) such
that: (i) if & € M belongs to the domain of a chart with u to denote the
direction of the corresponding coordinate cylinder, then (v(§),u) > ¢; (i) if
€ is a reqular point, then (v(£),ne) > c.

Proof. Let UYX.,(Uj;, ¢;) be a G-atlas for M. We require without loss of
generality that pC; is still a coordinate cylinder for some p > 1 and all j.
Assume that U;, N Uj, # 0 with vjil # vjjz, and let £ € U;, NUj,. Note that
v;, # vj, otherwise, for ¢ > 0 small, { +ev;, = & +ev), € Q- NOQT =,
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a contradiction. Let IT be the plane generated by the independent vectors
v;, and vj,. The intersection I N Cy, N Cj, is a union of parallelepipeds with
opposite sides parallel to v; or v, , and § belongs to one of them, say P. Then,
PN M is an open arc I', with Lipschitz parametrization Lj_ll(y, U, (y) asy
ranges over an open interval, contained in Bj;, of the line L;(II) N (R™ x {0}).
Hence, I' \ {¢} has two connected components, each of which must lie in
one of the four open cones cut out in P by the two oriented straight lines
A and A, through ¢ with direction v, and Vs because M intersects A\
(resp. As) only at £ within P, by definition of coordinate cylinders. Assume
that one of the connected components of I' \ {{}, say I'j, intersects (and
therefore is contained in) the open cone & + €, where € consists of linear
combinations with strictly positive coefficients of v; and v; . For n > 0,
define 1, = § +nv;, and 22, := £ + nu;,, and consider in II the closed
triangle T' with vertices {&,x1,,z2,}. For n small enough, T" is contained
in P and does not contain I';. Because I'; has points interior to 1" (close to
§), it must meet the boundary of 7" on the open segment (z1,,2s,) (for it
cannot intersect the other two sides). Thus, T\ (I'; U {¢}) is disconnected
and the sides [§,z1,], [£,x2,] belong to different components. Now, z;,
and x, both lie in 2~ for small 1, so they can be joined in P N~ by
a parametrized Lipschitz curve v which meets A; (resp. A,) only at the
initial point x; . (resp. endpoint ), as is obvious from the definiton of the
coordinates cylinders C;, and Cj;,. The curve v must lie in 7, for if it was
exterior to T' (except for the initial and end points), it would meet A; and
Ay at other points than z;. and x2. because lines separate the plane. But
since x1 . and xo. lie in different component of 7"\ (I'; U {{}), of necessity
~v meets 'y, contradicting the fact that it lies in Q7. A similar argument
shows that no connected components of I\ {{} can meet the opposite cone
§ — €. To sum up, if we set v; := tv; + (1 —t)v;, with ¢ € (0,1), then any
line parallel to v; through a point of M N P meets M only at this point.
Next, let {Qo, Q(] + /\1Uj_17Q0 + )\ﬂ)j_l + /\2’0]-_27,Q0 + AQ’UJ;}, with )\1, Ay >
0, be the four vertices of P. As uC;, and uCj, are coordinate cylinders,
the segment [Qo, Qo + )xlvj_l] meets M at some unique point, say &. The
same argument as before now implies that M cannot intersect (§; + €) N P,
therefore if §; # Qo + Av;, then lines parallel to v, through a point of
[€1, Qo+A1v;, | could not meet MNP, a contradiction since Cj, is a coordinate
cylinder. Swaping the roles of j; and js, we likewise obtain that M meets
Qo + Ay, + Aavg, Qo + )\21)]-_2] in Qo + Agvj,. Thus, ['(= M N P) connects

72,7
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the two vertices Qo + A1v;, and Qo + Aqv;,, implying that any line parallel
to v; which intersects P must meet I'. Altogether, we have shown that when
v, # vj,, then the vector v; := tv; + (1 —t)v;, is nonzero for every t € (0,1)
and that v,/|v| is the direction of a coordinate cylinder over U;, N Uj,; by
definition of v and v;,, this also holds for ¢ = 0, 1, and obviously it remains
true if v; = v .

Proceeding inductively, we deduce that if U;, N U;, N ---NU;, # 0, then
any convex combination of the v; is nonzero and, once normalized, to unit
norm, defines the direction of a coordinate cylinder over U; NU;, N---NU;j,.
We claim there is a convex combination w of the v; such that (w,v;) > 0
for 1 < ¢ < k. To see this, we proceed by induction on k, the case k = 1
being trivial. Let G := ((v};,v;,)) € R** be the Gram matrix of the v},
By Farkas’s lemma from linear programing [38, Lem. 1], either there is
y € R¥ such that ((—1,0,---,0),,y) < 0 and (G, I)'y has only non-negative
components, or else there exists z € R?* with z; > 0 for 1 < ¢ < 2k such
that (G, I)z = (—1,0,--- ,0)". However, the latter is impossible for it would
imply that | Zle SBZ-’Uj_i|2 = — Zle iy —x1 < 0, hence Zle zv;, = 0 but
we showed that no convex combination of the v; can be zero, therefore we
necessarily have x1 = -+ = x; = 0 and thus, (x4, -, z)" = (G, L)z is
equal to (—1,0,---,0)", contradicting the fact that z;; > 0. Hence, a vector
y as above must exist, which means that y, > 0 for all £ and y; > 0 while Gy
has only non-negative components. Then, wy, := Zif:l Yev;,/ (25:1 ye) gives
us a convex combination of the v; such that (wk,vj_é) >0forl </?<k.
Note that if (w,v;,) = 0 for all £, then w = 0 which is impossible as we just
pointed out. Thus, (wy,v;) > 0 for some [ € {1,---,k}. By induction, there
is a convex combination wy_; of the {v; , £ # [} such that (wy_,v;) > 0 for
¢ # 1. Putting u = Awy, + wy_; for large positive A, we get (u,v;,) > 0 for
1 < ¢ <k,and then w := u/(1+ \) gives us the desired convex combination.
This proves the claim.

To recap, we have shown that whenever U;, NU;, N---NU;, # 0, there is a
coordinate cylinder over U; NU;, N --- N Uj, whose direction w has strictly
positive scalar product with every v; .

Let now (¢;) be a Lipschitz partition of unity subordinated to the Uj;, and
set 14(€) = Zjvzl p;j(§)v; . Clearly, v, is continuous, and since (v;,ng) is

equal to 1/4/1+ |VVU,(y)|?> when ¢ € RegU; and y = ®;(&) it holds that
(11(8),ne) > 1/v/14+n2M? for £ € RegM. We define v := vy /|14].
Pick £ € M and let jy,-- -, ji be the set of j € {1,---, N} such that { € U;.
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Let also jyy1,- -+ ,Ji be the set of j such that ¢ € U; \ U;. For r = r(€)
sufficiently small, B(£,7) N M intersects no U; with j ¢ {j1,--- .7}, and it
is contained in E := (N}_,U;,) N(Nh_y11Uj,). Since E is an intersection of
coordinate cylinders, we know from the previous part of the proof that there
is a coordinate cylinder over £ with direction we such that (we,v;,) > 0 for
1 < ¢ <I. By restriction, we get a coordinate cylinder over B(, ) N M with
direction wg, and since ¢;(¢) =0 for j & {j1,---, 5} when ( € B({,r) N M,
we have that (v((), we) > infi<e<i(v;,, we) =: ¢¢ > 0. Finally, we may pick a
neighborhoud V¢ of £ in M, included in B(§, ) NM, whose projection in the
direction wg is a disk. Covering M with finitely many Vg for 1 <i < N', we

get the desired atlas, with ¢ := min{1/v1 + n2M?2 min; c¢, } /|1 ||pe vy O

For short, we call the collection of open sets (V;) of M appearing in the
definition of a regular family of cones a cover for the family, see Section [4]

Lemma 7.8. For any u € (0,1), there exists a reqular family of cones asso-
ciated to a G-atlas whose coordinate cylinders have cross-section a ball and
their contraction by p, when intersected with M, is a cover for the family,
while the length of the coordinate cylinders is independent of L.

Proof. Choose a G-atlas U;(Uj, ¢;)1<j<n, & continuous map v : M — S”
and a constant ¢ as in Lemma . For ¢ € U; and r = r(§) small enough
that B(¢;(£),r) C B;, we let O;(&,r) indicate the right circular coordinate
cylinder over ¢ (B(¢;(£),r) N M obtained by restriction of C;. Since M is
compact, we can find § > 0 such that, whenever £ € M, there exists j = j(&)
for which 0, (&, ) C C;. We note for later use that for r < ¢:

B(§,r)NM C 671 (B(¢;(€),7)) C B&,rvV1+M)NM, (72)

where the first and last balls are in R®"! and the middle one in R™. Pick
0 < v < ¢. By the uniform continuity of v, there is ¢y > 0 such that,
for every & € Reg M, we have (v(&),ne) > v for £ € Reg M N B(&, €o).
Consequently,

(v, vl < (=9l veTM, ¢€RegMN B(&, ) (73)
Fix £, € Reg M and let j be such that O(&, d) C U;. We assume without loss

of generality that g9 < ¢, and L; = Id, whence v; = ¢, 41 = (0, ,0, 1)t
Then, we can write & = (yo, ¥;(yo)) with yo € B;, and implies that each
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¢ € B(&,e0) N M is of the form £ = (y, V;(y)) with |y — yo| < 0. Hence,
o-a.e. £ € B(&,e0) N M can be written as

ly—yol
E=6t /0 Do o + tu) (w)dt, (74)

with v = (y — yo)/|ly — vo| € S™. Note that indeed holds for o-a.e.
¢ € B(&),e0) N M, because for H"-a.e. u € S" the map ¢ — ¢;1(y0 + tu) is
absolutely continuous on [0,eo] with derivative D¢ (yo + tu)(u) at a.e. ¢,
by the (version in polar coordinates of the) absolute continuity on lines of
Sobolev functions, see for example [56, Thm. 2.1.4]. If 6, € (0,7/2) is such
that cosfy = (1 —~%)"/2, then (73) means that every tangent vector to M at
a point of Reg M N B(&y, £p) lies in the complement F of the double (untrun-
cated) cone Cyy(g)(0) U Coy—u(e) (0). In particular, D¢ (yo + tu)(u) € E
for a.e. t and H"-a.e. u. Moreover, by (20), quj_l(yo + tu)(u) belongs to the
vector space IT, generated in R"*! by the two orthogonal vectors (u, 0)" and
ent1. Because II, is a plane containing 0, the intersection IL, N F is either II,,
or a closed double (untruncated) cone €U(—€) with vertex 0 and axis orthog-
onal to the projection 1, (&) of v(&) onto II,. Note that 1,(£) # 0 because
(v(&), €ns1) > c. Since the integrand of lies in II,, so does the integral.
Therefore, if 11, N E = II, we have that (¢ — &, v(£&))] < (1 —~2)2€ — &)|
for o-a.e. € € B(&,e0) N M. Assume now that II, N E = €U (—€). As
(1u(&0), ent1) > ¢, the half-line A, emanating from 0 with direction (u,0)" is
entirely contained in one of the two half-planes cut out in II, by the straight
line through 0 with direction v,(&p), which is perpendicular to the axis of
¢ U (—=C). Therefore D¢ (yo + tu)(u), which is of the form u + pe, 1 with
p € R by (20), either lies in € for all ¢ € (0, |y — yo|) or in —€ for all such
t. Since € and —¢€ are closed and convex, the integral in must be-
long to one of them, hence |(€ — &, v(&))| < (1 — +?)Y2|€ — &| again for
o-a.e. £ € B(&,e0) N M. By density, this inequality in fact holds for every
6 S 3(50,80) N M:

B(SO’ 50) NM cCR™ \ (Coovl’(io)(go) U 0907*1/(50)(50)) ] (75)

because the right-hand side of this inclusion is closed.
Consider now a doubly truncated right circular cylinder I'¢,, with axis having
&o as middle point and direction v(&y), whose length 2! and radius ry satisfy:

ro < (1 —~4HY21/~ and 1(1—cAY? 4 roe < g (76)
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The exact value of [ and rg do not matter, as long as they are strictly positive
and satisfy , but it is important that they can be chosen independently of
&o. The first inequality in entails that the initial and final cross sections
of T¢, are included in Cy, ,(gy)(§0) U Coy,—u(go) (€0). Moreover, as (v(&), ng,) >
¢, it holds that & =+ ev(&) € QF for € > 0 small and therefore, by (75),
that Co,)(&0) N B(&o,€0) and Coy —ye0)(§0) N B(&o, €0) belong to distinct
connected components of R"™\ M. Hence, since the axis of I'¢, meets M at
& only (by(75)) and otherwise meets both Cpy, () (&) and Cyy v (&0), the
initial and final cross sections of I'¢, must lie in distinct connected components
of R"™1\ M as well. Thus, each segment of length 2/ parallel to the axis in
I, intersects both Q% and 2~ and therefore meets M. We claim that such
a segment, say A, can intersect M only once. For if § = (y1,¥;(y1)) and
& = (y2,¥;(y2)) are two distinct points in A N M, then y1,y2 € B(yo, <o)
since the orthogonal projection of I'g, onto R"™ x {0} is contained in B(yo, €o),
by the second inequality in . Thus, we can find y5 € B(yo,e0) such that
& = (v4. ¥;(yh)) is arbitrary close to & in M and ¢ ' (y1+tu) is differentiable
at a.e. ¢t € (0, |yy — 1]) for u = (y5 — y1)/|ys — y1[- Then,

lyh—y1|
g—et /0 D7 (yr + tu)(w)it, (77)

and since y; + tu € B(yo, go) for t € (0, |y, — y1|) we can argue as we did on
(74), to conclude that [(¢) — &, v(&))] < (1 —~2)"?|&, — & |.This prevents &,
from being arbitrary close to A, a contradiction which proves the claim.
What we just showed is that a rotation Re, of angle cos ™ (v(&), €,t1) In
R™! such that R, (v(&)) = ent1, makes Re, (g, N M) the graph of some
function g, over its basis. In addition, if &,& € I'g, and we let w be the
orthogonal projection of & — & onto the hyperplane orthogonal to v(&),
we get upon writing & = (y1, V;(y1)) and & = (y2, V;(ye)) with y1,y2 €
B(yo,¢€0) that

61— &P = w]* + (1 —2y2> (1) — ‘I’j(yz))ty v(&))?
<fuft (14552,

since |w| > |y1 — ya|c because (v(&o), €nt1) > ¢. Thus, @g, is Lipschitz with
o, < (1+M 2 /¢, so that Tg, is a coordinate cylinder with direction
V(&) over 'y N M. The natural cones Cy 1) (§), where § € ul'gy N M
and tanf < c;glo, can be truncated to some length p > 0 small enough that
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they are included in I'¢, and therefore in (2F. In fact, if we restrict to those
0 with tan @ < ¢/(1 4+ M?)'/? (which is less than 1/c,. by what precedes),
then p can be adjusted independently of &, for it is enough that p < [ and
pc/(1+ M?)Y2 < (1 — pu)rg. Let us pick ) < 0 < 0y < tan~c¢/(1 + M?)'/2,
Obviously, we have that Cel,iu(go)(&)) C Ce7i,,(§0)(§0) C CQQ,i,,(go)(fo), and
shrinking ro further if necessary we may ensure by the uniform continuity of
v that

Coy 0(60) (§) C Cox0(6)(&) C Cpyanee)(§), € € pulg,. (78)

Note that the shrinking of ry involved to get is independent of &, and
depends solely on 61, 05, and the modulus of continuity of v.

As &) ranges over Reg M which is dense, the ul's, cover M because I'g,
contains B(&, ure) whose radius is independent of . Therefore, we can find
finitely many T'g, - - Ter such that the ,uf‘gg cover M to produce a G-atlas
whose coordinate cylinders I'g¢ have direction v(&f) and whose graphs have
Lipschitz constant at most (1 + M?2)¥/2/c. Then, if we put z(¢) = —v(€),
indicates that {Cp 1.(¢)(§)} is a regular family of cones associated to this
atlas, with cover (Mrgg N M). Finally, note that the common length [ of the
coordinate cylinders Fég and NF&{; is independent of . O

Remark 1. With the notation set up the previous proof, to any v € M
there exists by density a & € RegM such that x € B(&, puro/2)), the ball
being in R™"™. Then, ul'¢, together with the ul'¢ for & € RegM and |€ —
&o| > 3ure/2 is a cover of M, from which we can extract a finite subcover
ey, ple, -+, e, This shows that, in Lemma a fived x € M can
always be assumed to lie interior to exactly one member of the cover of the
reqular family of cones and to the closure of no other.

Given a regular family of cones {Cy 1. (€)} and a function b : QF — RF,
we Nnow compare N;Zh(ﬁ) = SUDucq, .. o () |P(¢)] with the nontangential
maximal function truncated at distance d, given by

J\/‘Tgfih = sup |h(x)|,
zeRIE(6)
d(z,M)<d

where R2*(€) was defined in (44). Recall from the notation f* for the
distribution function of f : M — R; i.e,

PO i=o{Ee M:F©I> ), Ao (79)
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Recall also the (centered) Hardy-Littlewood maximal function of ¢ € L'(M),
which is the function MMy : M — R4 U {+o0}, defined by

1
M) =8 e A M) /B@,rm 1 de,

where B(&,r) indicates a ball in R™™. As M is a space of homogeneous,
type, the following weak 1-1 estimate is well-known to hold [9, Thm. (3.5)]:

o({e € M: () > M) < Sl (50)

Lemma 7.9. Let {Cy .+ (§),§ € M} be a regular family of cones. To each
a>1 andp € [1,00], there exist d,Cy > 0 depending on «, p and the family
{Ch126)(€)} such that, for every function h: Q* — RF:

(NTEah)™ < Cy (NfLh)". (81)

Proof. We only consider the case of QF, as the proof for Q7 is similar. Be-
cause any regular family of cones can be refined into one of the type described
in Lemma [7.8] at the cost perhaps of truncating the cones to smaller length,
we may assume that the G-atlas (U;, ¢;) and the regular family of cones
{Co..6)(£), & € M} are as in this lemma. We use the notation set up in Sec-
tion , in particular coordinate cylinders are denoted by C;, and after the
previous remark their cross-section is a ball. We will adapt a density-point
argument, much in the style of [33] Prop. 2.1.2]. However, technicalities arise
due to the local character of natural cones.

For z € C; N QF, we denote by {(z,j) € U; the projection of x onto M
in the direction v;; this projection uniquely exists, since C; is a coordinate
cylinder. When r = (&) is small enough that B(¢;(&(z,7)),r) C Bj, we
let O;(€,7) be the coordinate cylinder over ¢ (B(¢;(¢(x,4)),r)) obtained
by restriction from C;. Since the uC; cover M which is compact, there are
0,01 > 0 such that, whenever x € R"*! satisfies d(x, M) < dy, there exists
j = j(z) for which O;(x,8;) C pCj. Let I > 0 be the common length of
the cones Cy.(¢)(£) in our regular family, and put ¢ := min{d;,/} as well as
by 1= 0/(2+(14+M?)V/2). Pick x € QF with d(z, M) < min{dy, 55} and j such
that O;(x,01) C puC;, whence O;(z,d) C puC;. Assume for simplicity that C;
is oriented along the x,i-axis, so that L; is the identity, and write x = (s, t)"
with s € uB; and t € (a;j, ¥,(s)). For & € M such that |z — &| = d(z, M),
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w get since |z — &| < Jy < & that § € O(x,0) C uC;, so we can write
& = (Yo, ¥, (yo)) with yo € uB; and |yp — s| < d2. Hence,

0< \Ijj(S) —t< ‘iIZ’ — f(]’ + ’60 — (8,\Ifj<8))‘

< Gy + (1 + M?)Y2|s — yo| < Ga(1 + (1 4+ M?)Y2).

Thus, if we set 6 := dy/(1+ M?)'/2, we get from that if y € R™ satisfies
ly — s| < &3, then y € uB; since 3 < §; and moreover:

3, W5(0)) — 2] < 103 Uly) = (5. WD+ Wsls) =1 g
< (T4 M)Y255 4+ 6,(1+ (1 4+ M)V =6 < L.

(82)

In another connection, for £ € Uj, let 5017U_+ (&) be the untruncated positive
cone with vertex &, direction vj and apertu;e 260,. If we write £ = (y, V;(y)),
a little geometry shows that x € Cy, ,+(§) as soon as [y —s| < tan 6 (¥;(s) —
t)/(1+ M tan 60y); this holds for any J01 € (0,7/2), but we mean it for 6, as
in (49). From this and together with (19)), we get that x € Cy . (¢)(€) as
soon as £ = (y, V;(y)) where y satisfies:

tan 0y (V;(s) — t)>

4
1—|—Mtan91 <8 )

|y — s| < min <53,

Now, if z € RS (1) for some n € M, then |z —n| < ad(z, M) < a(T;(s)—1),
and letting K = tan#,/(1 + M tan#,) we see from that the set A, of
those £ € M such that x € Cp.)(§) contains all (y, ¥;(y)) € U; for which
ly — s| < min(ds, K|z — n|/a). Thus, either |x — n| > «d3/K and then
d(x, M) > §3/K, or else |x — n| < ads/K in which case A, contains all
(y, ¥;(y)) for which |y — s| < K|z — n|/a. In view of (72), this implies:

(x e RY (n) and d(z, M) < %) :B({(m,j), W) NMcC A, (85)

Observe also, since |z —n| < a(¥;(s) —¢) as pointed out after (84)), that
and the definitions of §5 and 0 imply |z —n| < d;, whence n € O(z,d;) C uC;.
Thus, we may write n = (¢, ¥;(¢)) with ( € pB; and we see that

o =0 = |s — ¢ > [€(z, j) = nl/ (1 + M?)V2.
Therefore, by the triangle inequality, we get that
Klx — K
B (5(1’,]’),#) NMCB (77, <(1 + M*HY? 4 E) |z — 77\) N M.
(86)
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Now, for A > 0, let O, :={{ € M : N(;fzh(g) > A} which is open in M, by
the continuity of z. Set A := M\ O,, and define for v € (0, 1):

AL ={{eM:o(AN B, ) = yo(MNB(E,r)), ¥r > 0}.

Next, set d := d3/K and define Oq \ == {£ € M : NT h(§) > A} which is
also open in M. Fix n € O, and pick 2 € R (n) with d(z, M) < d such
that |h(z)| > A. From and (86), we deduce that

B (f(m,j),@) NMcCO\NB (77, ((1+M2)1/2+§) |:13—77|)

and therefore, putting for simplicity p := (1+ M?)"? + £ we get from (14):

o(Bm,plz —=n)nM) =  o(BMmplzr—n)nM) —C

7 (03N Blnple =) _ 7 (B(6@ 51 aM) (K/@)".
p

So, letting r := p|z — 1|, we obtain upon taking complements that

o(ANB) _ ¢ (K/a)"’

o(B(n,r)NnM) — o

p

and if we choose 7 such that 1 — g—// (KT/O‘> < v < 1, we find that n ¢ AZ.

Thus, with this choice of 7, we have that O, C M\ Az, Consequently, in

view of ,

(NTER) (V) = 0(0ap) < oM\ AL) =o({€ € M: Mxa(§) <7})
=a({€ € M: Mxo,(€) > 1-7}) < 1%0(0x) = G (NLA) (V).

This achieves the proof. O

For any f: M — R, one has [|h[|o = inf{A : h*(X) = 0} and [|R[[7, ) =
p [, P R (t)dt for 1 < p < oo, see e.g. [B, Prop. 1.8]. Hence, Lemma
ﬁentails that H./\/'Tgilhﬂp < C’||N9:7tzh||p for some constant C. When £ is
harmonic, a stronger estimate holds, as we now show. Recall that a harmonic

function on an unbounded domain in R™, m > 3, is harmonic at infinity if
it tends to zero there [6, Thm. 4.8].
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Lemma 7.10. Let {Cy .+ (§),& € M} be a regular family of cones. To each

a>1andp € [1,00], there exist C > 0 depending on «, p and the family
{Coa26)(&)} such that, for every harmonic function h : Qi — R* (including
at infinity in the case of Q™ ):

+
INSE Rl 2oy < CING Al e m)-

Proof. In view of Lemma and the remark after its proof, it is enough by
Holder’s inequality to show that

sup{|h(z)| : x € OF, d(z, M) > d} < C/HN;’:Z}LHLI(M) (87)

where C’ depends on M and the regular family of cones. We shall need that
to each & > 0, there exists a C°-smooth compact hypersurface S* C QF such
that the coordinate cylinders C; of the atlas (Uj, ¢;) on M, associated to the
family {Caiz(g)( )}, are also coordinate cylinders with the smooth graph
property on S*, and if we represent any ( € S* NC; as (y, fi( )) where
y € B; and fi B; — R is a C"*°-smooth function, then ]fi( ) —¥(y)| <e.
The existence of Si follows from [46, Thm. 1]. Since the [LC cover M, note
that they cover ST as well. Let us fix € = d/2, where d is as in Lemma ;
without loss of generality, we assume that d is less than the common length
of the cones in our regular family. Thus, if one picks ¢ € uC; N S*, one
sees from (49) upon writing ¢ = (v, fji(y)) for some j and some y € B; that
¢ € C’;tz (&) with £ = (y, ¥;(y)), whence |h(¢)| < Ni (&) So, if we put v*
to der51gnate the volume measure on S* and M; := sup; ||Vf | 2o (uB;), We
get in view of . that

Je,mse (M= = [ 1h(y, £ ()L + [V f5717) 2 dm (y)
< (1+ M2 )2 [, Nei (v, U5() (L + [V *) 1 2dm, (y)
= (1+ MP)\/? fucij |h|do.

As the pC; cover M and 8%, the previous inequality implies that

Il (s=) < el Nghllroa (88)

where ¢ depends on M, S*, and the regular family of cones. To achieve the
proof it remains for us to show that, for some C' depending on S*, we have:

sup{|h(z)| : € OF, d(z, M) > d} < CllPll L1, (s+)- (89)
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Let Qg be the interior of ST and G(z, x¢) the Green function on Qy with pole
at o € Q. Asis well-known, (n—2)w,G(z,x¢) = 1/|x—xo|" '+ H(z), where
H is harmonic in €y with boundary values H(¢) = —(n — 2)w, /| — zo|"*
for ¢ € St and w, is the surface area of S". Since ST is C*°-smooth, classical
regularity theory (see for example [40, Thm. 8.3]) implies that 0,G(z,z) is
a C*°-smooth function of (z,z9) € 8T x €y, where 0, denotes the exterior
normal derivative on S*. Hence, if we set Ey := {zo € Qo : d(x¢,ST) > d/2},
then 0,G(x, o) is uniformly bounded on ST x FEj by some constant Cy and
it follows from the Green formula that |h(zg)| < COHhHL1+ (s+) for zg € Ej.
Because {z € QF, d(z, M) > d} C E; by construction, we obtain with
superscript “+”. The argument for the superscript “-” is similar, but a minor
adjustment is needed because 2~ is unbounded and we cannot directly use
[40]. Assuming without loss of generality that 0 € Q1 one way to proceed
is to introduce the inversion Z(z) = x/|z|*> mapping Q= onto a bounded
domain ©; C R™™ and the Kelvin transform K[h|(z) = |z|*""h(Z(x)) which
is harmonic on Q; [0, Thm. 4.7]. Let Qs C Q~ be the exterior of S~ and put
Q3 := Z(93), which is a domain with C*°-smooth boundary 923, such that
Q3,003 C Q. If we denote by Go(., x¢) and G3(., z9) the Green functions of
sy and Q3 with poles at zg and 2 respectively, and if we write 9,G2(x, x¢)
and 0,G3(, z) for the normal derivatives at z € S~ and { € 093, we
get from the change of variable formula, since the derivative DZ(x) is a
similarity transformation with ratio 1/|z|? [6, Prop. 4.2], that 9,Gs(z, ) =
|20 2| =10, G5 (Z(x), Z(x0)). Now, if weset By := {x € Qy: d(z,87) >
d/2}, then Z(E;) C Qg is at strictly positive distance from 023, so 9,G3(&, zo)
is bounded on 9§23 x Z(E4) by classical regularity theory. Thus, 9,G2(x, x¢)
is bounded on S~ x E; and the proof can proceed as before. O

7.5. Continuity to the boundary of integrals against harmonic measure

For 0 ¢ R a bounded open set which is regular for the Dirichlet problem
(i.e. whose complement is non-thin at every point of its boundary [4, Thm.
7.5.1]), the harmonic measure w is the Borel probability measure on the
boundary 02 such that, for each continuous function ¢ : 9Q — R, the
function ug(z) := [ pdw? is harmonic in 2, continuous on 2, and coincides
with ¢ on 052, compare Section [4 If ¢ is a bounded Borel function on 052,
then ug is still a well-defined harmonic function on 2, and lim,_,¢ ug(z) =
©(€) at every continuity point £ of ¢ [4, Cor. 6.6.6]. When ¢ is merely
integrable with respect to w (this does not depend on z € ), the above-

mentioned continuity property can fail [4, Ex. 6.6.18], but it does hold if
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is the interior of a connected hypersurface M with the local Lipschitz graph
property, provided that ¢ € L?*(M) (which implies that ¢ € L*(M,w), by
Lemma . This continuity property will be proven below.

We shall need the well-known connection between harmonic measure and the
Perron process to solve the Dirichlet problem. More precisely, for f : 02 —
[—00, +o0] and z € Q, define

F?(z) = inf{u(z) : u superharmonic and bounded below on €2,
liminfos, e u(y) > f(§), all £ € 00}, (90)
H ?(z) = sup{v(z) : v subharmonic and bounded above on €2,

lim Supgay_% U(y) S f<£>7 all 5 € aQ}’

above, a function which is identically +0o0 (resp. —o0) is considered to be
superharmonic (resp. subharmonic). Now, for each z € Q, we get when
f €LY (M,w,) (see [4, Thm. 6.4.6]):

19 = 7}(:) = [ fa. (91)

Equation entails that the exact definition of f on a subset of harmonic

measure zero of J€) has no influence on H' ? nor ﬁ?

Hereafter, we let M be a compact connected hypersurface embedded in R**!
with the local Lipschitz graph property, and use the notation of Section
regarding G-atlases, coordinate cylinders and natural cones. As in Section [4]

we put w to mean w" with Q the interior of M, and we write u} instead

O+
of (U

Lemma 7.11. If ¢ € L*(M) and ¢ is continuous at & € M, then

lim uf(2) = @(é)- (92)

Q+32~>€0

€+

Proof. Replacing ¢ with ¢ — ¢(&), we may assume that ¢(&) = 0. Let
(Uj, ¢;) be a G-atlas of M and V; an open cover such that Vj C Uj. The
coordinate cylinders are of the form C; := L]-_I(Bj x (aj,b;)), with direc-
tion v = L_l(O, -++,0,1)". For & € V; and appropriate 6§ € (0,7/2), we
denote by Cy,+(§) C QF the natural cones of aperture 20 relative to Uj,
Vi, cf. . We also put M := max;cy,. Choose jy such that § € Vj
and assume for simplicity that L;, = Id, Whence v;g =(0,---,0,—-1)". We
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set Mpuj(§) = SUDec) o © ylut ()] It follows from [10, Thm. 2] that

f Myujdo < C'1||go||L2(M “for some Ch = C1(M,V,,8). Pick ro > 0 small
enough that, whenever 0 < r < rq, the open doubly truncated right circular
cylinder Oj, (fo, r) = B(P,(&),r) x (aj,, bj,), having radius r and axis par-
allel to v; passing through &, has its closure contained in Vj, x [a;q, bj,] and
is such that O;, (&, ) N QT is starlike about any point on the axis sufficiently
close to the base B(P,(&),r) x {aj,}. Such starlikeness certainly holds as
soon as 19 < (b, —a;,)/M. The boundary ¥, of O;, (&, )N can be decom-
posed into three parts: () the base ¥, 1 := B(P,(&),r) x {a;,} contained in
Q*; (ii) the base ¥,5 := 0;(&, ) N M, contained in M; (iii) the cylindrical
hypersurface 3,3 := {(z, t) c 2z € S(Pu(&o),T), aj, <t < W (2)}, contained
in Q. One can see that O;, (&, 7)N2T has the local Lipschitz graph property.
In the rest of the proof, we put for simplicity OT (&, r) := O;, (&0, 7) N QT
By [10, Thm.2], we have that ijO [uf (€ = neny1)Pdo(€) < ¢ for all n < ng
small enough and some constant ¢. In another connection, points in Q1 N
Vio % (@jy, bj,) which are not of the form § —ne, 1 for some & € V}, and some
n < 1o remain at distance greater than § > 0 from M. Hence, as u} ()
is bounded for d(z, M) > ¢, it follows that fO*(fo,ro) luf[*dmp41 < oo and
therefore, by Fubini’s theorem, ons |u$|2d7{” < oo for a.e. 7 < ry. Fix such
a r and pick € > 0, together with p > 0 so small that B(&,p) "M C X,
and |p(&)] < e for € € B(&, p) N M.

Define a function ¢, on X, by letting ¢ = u+ on X, U, 3 and ¢ = ¢ on
Y2\ B(&, p) while ¢ = O on ETQOB(&], p). Thus (0 11es in L2(Z,, H"|%,).

For 2z € O* (&, ), set vi(2) := [5 Py dw? T where w? ") denotes har-
monic measure on O (&, ) By construction, v; is harmonic on O™ (&g, 7).
If we pick zyp € Ot (&, r) and consider for z € O+(50, r) the Radon-Nykodim

derivative K(z,.) := dw?+(§0’r)/dw2)+(§°’r) which lies in LOO(ET,wgf(gO’T)) by
Harnack’s inequalities, we may write

n(2) = [ DEK(z )dwl &N (g) = / B(E)K (2, €)dw D (€),
X 21U JU(ET,2\B(€07,0))
o

since 1, vanishes on 3,5 N B(&, p). Now, let us choose zy so that O* (&, r)
is starlike about zo. Then, it follows from [34, Lem. 5] that

| K(z, —0  when z — &.

) ”Loo(z \B(€0,0), S €07
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Fom this estimate, we obtain on applying the dominated convergence theorem

in (93) that imo+ (g, r)s2-¢, v1(2) = 0.
Next, define ¢ : ¥, — R to be ¢ on X,5 N B(&,p) and 0 elsewhere on

%, Letting vy(2) := [5, odw? "6 we find since wd" ") is a probability
measure and [is| < ¢ that
—e < liminf wy(z) < limsup we(2) <e.
O (&o,m)22—60 O+ (&0,m)22—80
So, if we put ¥ := 11 + 1), so that ) = u;g on X, UX,3and ¢ = ¢ on X,
we get with v = vy + vy = [ wdw? ") that

—e< liminf w(z) < limsup o(z) <e. (94)

O+ (&o,r)22—&0 Ot (&o,m)22—¢0

Now, if u is superharmonic and bounded below on QF with lim info+5,, ¢ u(y) >

@(§) for all £ € M, it holds that u > uf on QF by and (91). Therefore
liminfo+ gy moy—e u(y) > (&) for all £ € 3, and hence, by and
again, u > v on O" (&, r). Infimizing over such u, we deduce that u;r > v on
O* (&, 1), and a similar argument dealing with subharmonic functions yields
that also u < v there. Hence, v is the restriction to O* (&, r) of u, so that

implies because € > 0 was arbitrary. O
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