N
N

N

HAL

open science

Propagation of chaos for stochastic particle systems with
singular mean-field interaction of LY — —L? type

Milica Tomasevic

» To cite this version:

Milica Tomasevic. Propagation of chaos for stochastic particle systems with singular mean-field inter-

action of L9 — —LP type. 2020. hal-03086253v1

HAL Id: hal-03086253
https://hal.science/hal-03086253v1

Preprint submitted on 22 Dec 2020 (v1), last revised 18 Jul 2023 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03086253v1
https://hal.archives-ouvertes.fr

Propagation of chaos for stochastic particle systems with singular
mean-field interaction of LY — LP type

Milica Tomasevié

Abstract

In this work, generalizing the techniques introduced by Jabir-Talay-Tomasevic [3], we prove the well-
posedness and propagation of chaos for a stochastic particle system in mean-field interaction under the
assumption that the interacting kernel belongs to a suitable L] — L? space. Contrarty to the large deviation
principle approach by [2], the main ingredient of the proof here are the partial Girsanov transformations
introduced in [3].

1 Introduction

In this work, we prove the propagation of chaos of the particle system
dXpN = L5 b, XPN XPY) de+ V24w, 1)
Xé’N i.i.d. and independent of W := (W% 1 <i < N), '

towards the non-linear stochastic differential equation

dXy = [(b(t, Xe,y)pe(y) dy dt +V2dW;, ¢ >0,
ps(y)dy == L(X),  Xo~ po(z)dz,

under the assumption that

loc

(H®) |b(t,z,y)| < he(z —y) for some h € L (R, ; LP(RY)), where p,q € (2, 00) satisfy % + % <1

In (1.1) and (1.2) W¥s and W are independent standard d dimensional Brownian motions defined on a
probability space (2, F,P)

The propagation of chaos of (1.1) towards (1.2) has been very recently established in the literature using
large deviation principle theory [2]. In this work, we propose a completely different approach relying on the
techniques introduced in [3] (where the present author is one of the co-authors).

The problem treated in [3] is the case of probabilistic interpretation of the parabolic-parabolic Keller-Segel
model in one-dimensional setting. The particles interaction is both non-Markovian and singular and as such
does not enter in the framework of [2]. However, the propagation of chaos was established and it seemed
important to adapt the techniques from [3] to the setting in (1.1) and make them available for other authors,
rather than treating the problems with singular interactions in a case by case studies.

Despite the one-dimensional setting, the problem treated in [3] presents a notable difficulty due to

the unusual interaction between the particles. Namely, instead of b(t, X/, X7?™) in (2.1), one has
f(f Ki_o( XN — X3N)ds where K is the singular kernel K,(z) = ﬁefé.

Inspired by [5], the authors in [3] first prove the weak well-posedness of the particle system by means of a
Girsanov transformation exploting the integrability properties (in time and space) of the interaction kernel.
However, in order to get propagation of chaos, the above transformation is not helpful as the estimate on
the exponential moment of the drift (appearing in the Novikov condition) explodes as N — oo. This dif-
ficulty is circumvented by an original idea to perform on the particle system the so-called partial Girsanov
transformations. These partial transformations fix a finite number of particles k£ < N and transform them to
independent Brownian motions while they also take off their dependence of the rest N — k particles. Their
advantage is that the estimates on the respective exponential martingales do not explode with V.

When one proves by hand the propagation of chaos, these transformations naturally appear as the particle



system is exchangeable. Hence, as it was noted in Sznitman [8, p. 180], what one needs to control are
functionals of finite number of particles (usually at most 4).

In this paper, we adapt the above techniques to the setting in (1.1). The fact the interaction is Markovian
simplifies lightly the computations. However, the multidimensional setting and the general assumptions on
b, complicate the computations.

We finish this section by noting that in [6, Theorem 1.1] strong well-posedness of (1.2) is established.
Also, a Gaussian estimate on the one dimensional time marginal densities is proved. In this work, as we show
the convergence in law of the empirical measure of (1.1) towards the law of the solution to (1.2), we will only
work with the martingale problem related to (1.2) that we formulate precisely in the next section.

2 Main Results

Let t > 0. As the interaction kernel b(¢,-,-) has only integrability properties w.r.t. the second or third
variable, it may be unbounded or not well defined in certain points. Let us denote by A, (t) the following set:

No(t) ={(z,y) R xR:  lim  |b(t,2’,y')| =00 or lim  b(t,2',y’) does not exist}.
(@",y" )= (z,y) (@ ,y") = (z,y)

However, as |b(t,z,y)| < hy(x —y) and hy € LP(R?), the set N} (t) is of Lebesgue’s measure zero in R? x R9.
Thus, in order to ensure that all the termes appearing in it are well defined, the particle system reads

i, N N i, N i\N .
{ AXp™ = X O X0 XL o oy g oy i+ VAW, @2.1)

Xé’N i.i.d. and independent of W := (W% 1 <i < N).

Here Ws are N independent standard d-dimensional Brownian motions on a probability space (€2, F,P).
Notice here that we assume that a particle does not interact with itself.

In practical examples, h; explodes (or it is not well defined) only in one point (zero) and thus, b(t, -, -)
may explode (or not be well defined) on the line 2 = y. In order to keep the result as general as possible,
we will rather work with the sets (NV(t))i>0. However, the reader should have in mind that this is just a
technicality and that, in practice L yin yivygp;, )y becomes Tyin vy (as in [3]).

It is reasonable to assume that b(t, -, ) is continuos outside of Ny (t) as in practice one deals with interaction
kernels in the form of convolutions that are well defined and continuos almost everywhere (like i‘x%)

Our first main result is weak well-posedness of (2.1).

Theorem 2.1. Assume (H®). Given 0 < T < oo and N € N, there exists a weak solution (2, F,(Fs; 0 <
t<T),QN, W, XN) to the N-interacting particle system (2.1) that satisfies, for any 1 <i < N,

2

T N
| o
N i, N N B
0 /0 & 2 bEXPTXE i i gny | dE<oo | =1 (2:2)

j=1.j#i

In view of Karatzas and Shreve [4, Chapter 5, Proposition 3.10], one has the following uniqueness result:
Corollary 2.2. Weak uniqueness holds in the class of weak solutions satisfying (2.2).
Before we state the propagation of chaos result, we formulate the martingale problem associated to (1.2).
Definition 2.3. Q € P(C[0,T);RY) is a solution to (MP) if:
(i) Qo = po;

(ii) For anyt € (0,T] and any r > 1, the one dimensional time marginal Q; of Q has a density p: w.r.t.
Lebesgue measure on R? which belongs to L"(R?) and satisfies

Cr

HCVT7 Vo<t < T17 HptHLT(Rd) < ti(l—

) ;

il



(iii) Denoting by (z(t); t < T) the canonical process of C([0,T);R%), we have: For any f € CZ(RY), the
process defined by

M= a(0) = 1)~ [ (V506D ( [0 00pst0)is) + 27061 ) ds

is a Q-martingale w.r.t. the canonical filtration.

Remark 2.4. Under the assumption (Hp) and that the measure po has a finite S-order moment for some
B > 2, the martingale problem (MP) admits a unique solution according to [0, Thm. 1.1]. In fact, [0,
Thm. 1.1] gives strong well-posedness of (1.2) and proves the Gaussian estimates punctually on the marginal
densities. In the martingale formulation it is enough to impose such estimates in L"-norms as along with
(Hyp) this will ensure that all the terms in the definition of the process (M) are well defined.

It is classical that a suitable notion of weak solution to (1.2) is equivalent to the notion of solution to
(MP) (see e.g. [1]).
We are ready to state our second main result, the propagation of chaos of (2.1).

Theorem 2.5. In addition to (H®), assume that for any t > 0, b(t,-,-) is continuous outside of the set
Ny(t). Assume that the XS’N ’s are i.i.d. and that the initial distribution of X&’N is the measure g that for

some 3 > 2 has finite B-order moment . Then, the empirical measure p¥ = % Zf\il dxin of (2.1) converges
in the weak sense, when N — oo, to the unique weak solution of (1.2).

3 Proof of Theorem 2.1

We start from a probability space (Q,F,(F; 0 < ¢ < T),W) on which d - dimensional Brownian motions
(W1, ...,WN) and the random variables X/ (see (2.1)) are defined. Set X"V := X" + W} (¢t < T) and
X := (X*N 1< i< N). Denote the drift terms in (2.1) by b2 (z), € C([0,T]; R4, and the vector of all
the drifts as BN (z) = (b1'™ (2),...,bY "™ (2)). For a fixed N € N, consider

T B 1 T _
N = exp{/ BfV(X)'th—§/ |BtN(X>|2dt .
0 0

To prove Theorem 2.1, it suffices to prove the following Novikov condition holds true (see e.g. [4, Chapter 3,
Proposition 5.13]): For any T > 0, N > 1, x > 0, there exists C(T, N, k) such that

T
Ew (exp{n/o |B§V(X)2dt}> < C(T, N, k). (3.1)

Drop the index N for simplicity. Using the definition of (B{") and Jensen’s inequality one has

1M X T L
< Ew |exp Z Z / /€N|b(t,Xt27th)|2dt ,
i=1 " j=1,j#i”0

from which we deduce
T 2 1 1 N
exp n/ BNX)| dty| <= — Ewy
{ 0 ’ t | N Z N Z _

Assume for a moment that for ¢, 5 < N such that j # ¢ one has

T S
exp{/{N/ |b(t,XJ,Xﬂ)|2dt}
0

Then (3.1) is satisfied and the proof is finished.
The rest of the proof will be devoted to establishing (3.2). Actually, we will prove the following more
general statement:

Evwy

Ew < C(T,N). (3.2)




Proposition 3.1. Let T > 0. Suppose the hypothesis (Hy). Let w := (wy) be a (G;)-Brownian motion with
an arbitrary initial distribution pg on some probability space equipped with a probability measure P and a
filtration (G:). Suppose that the filtered probability space is rich enough to support a continuous process Y
independent of (wy). For any a > 0, one has

T
exp {a/ |b(t, w, Yt)|2dt}
0

where C(T, a) depends only on T and «, but does neither depend on the law L(Y') nor of uo.

E]p S C(T7 a),

To prove Proposition 3.1, we need some preparation in form of two auxiliary Lemmas.
z|2
First, for (¢,z) € [0,T] x R?, denote by g;(x) := We*%. Note that for any ¢t > 0 and any p > 1,

one has
Cp

. 3.3
t%(l—%) (3.3)

lgellp =
Lemma 3.2. Suppose the hypothesis (Hyp). Let w := (wy) be a (Gy)-Brownian motion with an arbitrary initial
distribution po on some probability space equipped with a probability measure P and a filtration (G;). There
exists a universal real number Cy > 0 such that
a=2

ta
Vz € C(0,T]:R), YO<t <ty <T, / B b(t, wy, ) 2t < Co(T)(ts — t1) 5.

t1

Proof. Using the assumption (Hy), one has

to ta
I:= / ]Eg‘1 |b(t, wy, )| 2dt < / /hf(y +wy, — X)) gr—t, (y)dy dt
t1

t1

Applying Holder inequality in space with & > 1 and afterwards in time with Z > 1, one has

t2 t2 P q
-2
1 S/ Hh’t”%P(Rd)”gt*tl||L;%2(Rd) < 1Pl za(o,mysLe me)) (/ (||9t7t1||Lﬁ(Rd)) dt)
tl tl

According to (3.3), we have

q—2

to Ta
I S Co(T) / %dt .
t1 (t - tl);m

d

For the last integral to be finite, one needs to have » < q%f =1- %. This is exactly the constraint in the

hypothesis (Hp). Thus, one obtains

q—2 _d
p

I<Co(TH" 5.
O

Lemma 3.3. Same assumptions as in Lemma 3.2. Let Co(T) be as in Lemma 3.2. For any k > 0, there
1

T a=2_4d

exists C(T, k) independent of uy such that, for any 0 < Ty < Ty < T satisfying To — Ty < (Co(T)r) @ "7,

T
va € C(0,T|;R), E" lexp {n / |b<t,wt,xt>|2dt} < (T, ).
T
Proof. We adapt the proof of Khasminskii’s lemma in Simon [7]. Admit for a while we have shown that there

exists a constant C'(x,T) such that for any M € N

M P G T> k
Z EEPTl (/ |b(t, wy, z¢)|? dt) < C(T, k), (3.4)
k=1 """ Ty

=

provided that T — T} < (Co(T)k) 7" =% . The desired result then follows from Fatou’s lemma.



We now prove (3.4).
By the tower property of conditional expectation,

g Ty T2 T> T> T> g
ESn / b(t, wy, 20)|2dt —k'/ / / / / 97 bt e, 20 P bt 1y )
T th

Gy
X oo X [b(th—r, wey T )| (Ep’k 1|b(tk,wtk7xtk)|2) ] dty dty_y - dts dt,.
In view of Lemma 3.2,

T>
gt 1 =2 _d =2 _ d
/ S bty 20) P dty < Co(T)(Ty — tes) =% < Co(T)(Ty — Th)

te—1

Therefore, by Fubini’s theorem,

G T, k Ty Ty T, g
o (/ |b<t,wt,xt>|2dt> < MC(T)(Ty — T1) 7 / / / / 20 1601, e, 20 PIb(t, ey 20,)
Th

X oo X |b(tk71awtk,1axtk,1)‘2} dtk,1 s dtQ dtl.

Now we repeatedly condition with respect to Gy, _, (i > 2) and combine Lemma 3.2 with Fubini’s theorem.
It comes:

G T2 ’ _d = g _d
EPTl </T b(t,wt,xt)|2dt> < ENCo(T)(T> Tl) )k_l/ Ep " ‘b(tl’wtumh” dty < kNCo(T)(T> Tl) - )k

Thus, (3.4) is satisfied provided that To — T} < (C’O(T)m)_ T h m

Finally, the proof of Proposition 3.1 is identical to the proof of [3, Prop. 3.3] where F is replaced by b?
and the previous lemma is used instead of [3, Lemma 3.2].

4 Propagation of chaos

4.1 Girsanov transform for 1 <r < N particles

For any integer 1 < r < N, proceeding as in the proof of Theorem 2.1 one gets the existence of a weak
solution on [0, 7] to

dXIN =awl, 1<i<nw,
XY = { & 0 b XN X bde+awd, 1< <N, (4.1)
XN iid. and independent of (W) := (Wi 1 <i < N).

Below we set X := (X “N 1 <4 < N) and we denote by Q" the probability measure under which X is

well defined. Notice that ()?l’N, 1 <1 < r) is independent of ()?i’N,r +1 < i< N). We now study the
exponential local martingale associated to the change of drift between (2.1) and (4.1). For = € C([0,T]; RH)N

set
§’”>(g;):=(b§’N() N (@ mem ...,jlvgb(t,xgv,x};)).

In the sequel we will need uniform w.r.t N bounds for moments of

25 = exp{ / BO(R) - aw, — 1 / B0 (R Wt} (4.2)



Proposition 4.1. For any T > 0, v > 0 and r > 1 there exists Ng > r and C(T,~,r) s.t

VN > Ny, ]EQT’N exp {’V/ |ﬂ(r)( )|2dt} < C(T7’77T)'

0

Proof. For x € C([0,T]; RY)™N, one has

2
T

N 1 N—r r 2

r r+ 7

=3 (& Sttt + 3 (z >) |
=1 Jj=1 j=1

By Jensen’s inequality,

N—r r

B(T)F ZZ|b t xtvxt |2 + d |b(t, xr+j

lljl jlzl

For simplicity we below write E (respectively, X ') instead of Eqrv (respectively, XuN ). Observe that

T
Bexp {5 [ 157 (D)}
0
r N
< (Eexp{Z?Z/OT |b(t,)?gjg‘”zdt})l/z(Eexp{ﬁ; Z/OT|b(t,)?:+j,)?§)|2dt}>l/2
i=1 " j=1 =1 i

o1 a T i N2 2r 1 291 T vr+i i W=
S(HNZ]Eexp{%rA ot X, XDt} ) T (T = Yo Bexp {5 / e, X7, Ky }) .

i=1"" j=1 j=1 i=1

In view of Proposition 3.1, the proof is finished. O

4.2 Tightness

We start with showing the tightness of {"} and of an auxiliary empirical measure which is needed in the
sequel.

Lemma 4.2. Let QN be as above. The sequence {uN} is tight under QN. In addition, let vV :=
ﬁ Zf\; k=1 0xiN xin xk~ xin. The sequence {vN} is tight under QN .

Proof. The tightness of {u™}, respectively {v"}, results from the tightness of the intensity measure
{EgnpN(+)}, respectively{Egn v (-)}: See Sznitman [3, Prop. 2.2-ii]. By symmetry, in both cases it suffices
to check the tightness of {Law(X")}. We aim to prove

3C > 0,YN > Ny, Egn[| XN = XEVH < Oplt —s)?, 0<s,t<T, (4.3)
where Ny is as in Proposition 4.1. Let Z(Tl) be as in (4.2). One has
Eon [1X Y — X3N] = B [(207) 71X PN = XN,
As XU is a one dimensional Brownian motion under QuY,
Egn[1X) = X2V 4] < (Bqr v [(Z3) )2 (B v [ K1Y = REN )2 < (B [(Z8)2)2Cl — s,

Observe that, for a Brownian motion (W#) under Q%
(1) g g
Eqin[(Z80) %] = Equ exp {2 [ awi - [ <X>|2dt} .
0 0

Adding and subtracting 3 fOT | ﬁ§1)|2dt and applying again the Cauchy-Schwarz inequality,

T 1/2
Equx[(257)7%] < (E@ exp{a / wﬁl)(foﬁdt}) :

Applying Proposition 4.1 with £ =1 and v = 6, we obtain the desired result. O



4.3 Convergence

To prove Theorem 2.5 we have to show that any limit point of {Law(u™)} is dg, where Q is the unique
solution to (MP). Since the particles interact through an unbounded possibly singular function, we adapt the
arguments in Bossy and Talay [, Thm. 3.2].

Let ¢ € Cy(RPY), f € CE(RY),0<t; < <t,<s<t<TandmeP(C0,T];R?). Set
Gm) = | oty .oh) (Fad) — Fa)
(Clo,T)R%)?

_,/ Af(z du—/ Vf(x u,xu,xu)du>dm( Y ® dm(2?).

We start with showing that

2
ngnooE[(G( 1)) =0. (4.4)
Observe that
1 < : : ;
Gy = 3 oKL XN (1Y) - s = [ s
=1

- / VIXEN) - blu, XN, XN) du).
Apply Ito’s formula to 4 Zz LFXPNY = F(XENY). Tt comes:

Nt
E[(G(u™))"] < %E(Z / f’(x:';N)de)2 < %

Thus, (4.4) holds true.
Suppose for a while we have proven the following lemma:

Lemma 4.3. Let I1*° € P(P(C([0, T); R%)*)) be a limit point of {law(v™)}. Then

N\\27 _ 1y 1 _1 tA 1
i E[(G())7] = /P <c<[o,n;w>4>{ Lo, D =05 [ 2

2
/ Vi) blu,zk, xu)du] x ¢z, ... ,x%p)du(xl ceesy x4)} dll*(v),
and

i) Any v € P(C([0,T]);RY)*) belonging to the support of I is a product measure: v =v* @v! @ v @vl.

ii) For any t € (0,T], the time marginal v} of v' has a density p; which satisfies for any r > 1

1 T
ElCT, V0<t ST, ||pt||Lr(Rd) S t%(l—%)
Then, combining (4.4) with the above result, we get
[ et [ - @ - [ ssan [V L~ )0 (w)dydu] 4 (&) = 0.
C([0,T;R4)

We deduce that v! solves (MP) and thus that v! = Q. As by definition II*° is a limit point of Law(v"), it
follows that any limit point of Law(u®) is dg, which ends the proof.



4.3.1 Proof of Lemma 4.3
Proof of (4.5): Step 1. Notice that

N N
Ny 2 1 i,N vk,N 1 iN vk,N vI,N
E[(GM) ] = 3zE D @ XEN) 4+ 5B 3 @g(xhY, XEN, X
i,k=1 i,k,l=1
1 N N
+ 33 > <I>3XkNX1NX7N)+ﬁE > (XN XIN XEN XBNY, (4.6)
i,7,k=1 i,7,k,l=1

where

Do (XN, XPN) = (XN, XY (XN, XEY)

() = 1) = 5 [ aponan) (70 = e - [ At ),

By (X0, XBN XEN) = —o (XN, XY o (ST X

4 ) 1 ! i,
(AN = 100 = 3 [ A8 au) [ RO b X v ey

(XN, XIN, XEN XN = oY, X e XEY)

o, N ©,N N
//va “b(ur, Xy, ’Xj )1 LX) XA ) ENG (un)}

uy 1 uq

% vf(quj;N) . b(UQ,szN,Xl N) (XN XN ) &N (u2)} duy dus.

ug

Let Cn be the last term in the r.h.s. of (4.6). In Steps 2-4 below we prove that C converges as N — o0
and we identify its limit. We have: Define the function F' on R(ZP+4)d

F(a!, .. a®t) = ¢(a®,. . aPt) ¢(a?*?, . 2T V(2!) - b(ur, 2t 2?)V f(2%) - blug, 27, 2?)
X Lyt w2)g Ny (un)} L{(2%,24) g ()} (4.7)
We set Oy = fst fst An duy dus with

N
> EEXGN,XPN XEN XN XN XPN XS X)),

wp w2 Pug I Pug
ij k=1

We now aim to show that Ay converges pointwise (Step 2), that |Ay| is bounded from above by an integrable
function w.r.t. dfy dfs duy dus (Step 3), and finally to identify the limit of C'n (Step 4).

Proof of (4.5): Step 2. Fix uj,us € [s,t] . Define 7V as

N
N 1
T ::N E 5X1NX]NXkNXlNX1N XzNXkN X’“N
i,7,k, =1

Define the measure QY o, ., 0, on (R*T4)? as (@uNhu%thm’tp (A) = E(7V(A)). The convergence of

{law (")} implies the weak convergence of QY 4 {uz,0a,t1,....t, b0 the measure on (R2P+6)d defined by

— 1 .2 .3 .4 .1
Qui us ty,.ty (A) = / / LAy, , Ty, Ty Ty Tty - - »
P(C([0,T]RY)*) JC([0,T;RH)4

a:tlp,xf’l,.. )du(w z?, 23, 2)dII>® (v).

Let us show that this probability measure has an L2-density w.r.t. the Lebesgue measure on (R?P+4)>d ( 12
could be replaced with any L"). Let h € C,(RP*94), By weak convergence,

|< Qulv“&,tl,-..,tp, h >|
1 |
= lim — > BN XIN XEN XUV XN XN XN

N—>ooN4‘ up ) uz ) tug 0y 0
i,5,k,1=1

kN
x5

yeeey



When, in the preceding sum, at least two indices are equal, we bound the expectation by ||h|/e. When
i # j # k # [, we apply Girsanov’s transform in Section 4.1 with four particles and Proposition 4.1. This
procedure leads to

) C
< Quiruz oo ity h > < Jim (oo

. . . 1/2
AR (B2, KN, REN, KEN XN, KRN XEN LX) ).

4 uy 0 up ug

iAj kAl
All the processes XN sy XhLN being independent Brownian motions we deduce that
|< Q“h“%tlv“-vtp’ h >| < Cu1,u2791,927t1,--~7tp”h”LQ(RQ””j)'

It follows from Riesz’s representation theorem that Qu, u,.¢,,....¢, has a density w.r.t. Lebesgue’s measure in
L?(R(P+4)4) Therefore, the functional F' is continuous Quyus te,..
F' is also bounded Qul,umtl,wtp - a.e. we have

.t, - a.e. Since for any fixed uy,us € [s,1]

lim Any =< Qu; us.ty tpr B>
N —o00

.....

Proof of (4.5): Step 3. In view of the definition (4.7) of F' we may restrict ourselves to the case i # j
and k # [. Use the Girsanov transforms from Section 4.1 with ; ; x; € {2,3,4} according to the respective
cases (1 =k,j=1), (i =k,j#I1), (i #k,j #1), etc. Below we write r instead of r; ; ;. By exchangeability
it comes:

> B re)| < 35 X (Ben#) " (Ben i)

i),k i#g,kF#l

By Proposition 4.1, Egr.~ (Zg))2 can be bounded uniformly w.r.t. N. As the functions f and ¢ are bounded
we deduce

Egrn (F2(-++)) < C (Egew (h2, (W — Wi )2, (WE —wi )",

fori# j, k #1 and r =r; ;. We consider the three cases:

e i #*k j#1: As all 4 Brownian motions are independent, one can separate this into a product of
expectations and using the same computations as in Lemma 3.2, one has

i i 1/2
(B (2, (W5, — Wi )2, (WE, — < ST B ey 1911 g W Ty 19 25

e i =F, j=1: As we ony have two independent Brownian motions, we condition by the smaller time
index and by one of the two independent Brownian motions. It comes

1/2

(B (02, (W3, = W2, 0V, = W) < L, cuay (I [ el 24

1
2
X ”huz ||%P(Rd) ||gu2*u1 ”L;%?(Rd)) +1{u2<u1} (Hhul ||%P(Rd) nglfu2 ”Lﬁ (R4) X ”huz H%P(Rd) ”guz HL# (Rd))

e i =k, j #[: Same bound as above is obtained by conditioning by the smaller time index and W7 and

Wt

In any of the above cases, in view of the assumption (H), the bounds are integrable in L ((0,7)2). We thus
have obtained:
An < CH(uy,usz),

where H belongs to L((0,7)?).

Nl



Proof of (4.5): Step 4. Steps 2 and 3 allow us to conclude that

lim CN :/ / <Qu1,uz,t1,...,t,ﬂF > duldu2.
N—o0 s s

By definition of Q, .y, .¢4,....t, and F' we thus have obtained that

P

t t
lim CN:/ / / / qb(x%l’...,x%p)qﬁ(mfl,...,x?p)
N—oo P(C([0,T);R)%) C’( [0,T; Rd)4

X Vf( ) (ulazula )Vf( ) (u2a 131,23 uz)]]'{x LFTL }]]-{;E3 #at,
dv(z!, 2%, 2%, x*) dby dby duy duy dII(v).

A similar procedure is applied to the three other terms in the r.h.s. of (4.6). Together with the preceding,
we obtain (4.5)

Proof of i) and ii). Now, we prove the claims i) and ii) of Lemma 4.3.

i) For any measure v € P(C(]0,T];R)?), denote its first marginal by v!. One easily gets [I*° a.e., v =
vievt vt @ vt (see [I, Lemma 3.3]).

ii) Take ¢ € C.(R9) and fix r > 1. Let a € (1,7') where ' is the conjugate of 7. Using similar arguments
as in the above Step 1, for any 0 < ¢t < T one has II*°(dv) a.e.,

<vi,p>= lim Bgv <p,h>= lim Egn(p(X," N))—ngnooEQlN(Z(T%(Wl Ny
Do\ 1 1
< O (B (Z))" (Bov (™))" < Cllellr mallol iy < Clellir oy

T

Thus, one has

1
1
<V ¢ > COllellr @) oy

Apply the Riesz representation theorem to conclude the proof.
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