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Functional estimation of extreme conditional expectiles
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(1) Univ. Grenoble Alpes, Inria, CNRS, Grenoble INP, LJK, 38000 Grenoble, France
@) Univ Rennes, Ensai, CNRS, CREST - UMR 9194, F-35000 Rennes, France

Abstract. Quantiles and expectiles can be interpreted as solutions of convex minimization
problems. Unlike quantiles, expectiles are determined by tail expectations rather than tail prob-
abilities, and define a coherent risk measure. For these reasons, among others, they have recently
been the subject of renewed attention in actuarial and financial risk management. Here, we focus
on the challenging problem of estimating extreme expectiles, whose order converges to one as the
sample size increases, given a functional covariate. We construct a functional kernel estimator of
extreme conditional expectiles by writing expectiles as quantiles of a different distribution. The
asymptotic properties of the estimators are studied in the context of conditional heavy-tailed
distributions. We also provide and analyse different ways of estimating the functional tail index,
as a way to extrapolate our estimates to the very far conditional tails. A numerical illustration

of the finite-sample performance of our estimators is provided on simulated and real datasets.

Keywords. Conditional tail index, expectiles, extrapolation, extremes, functional kernel

estimator, heavy tails, nonparametric estimation.

1 Introduction

The quantile, or Value-at-Risk in the actuarial and financial literature, is arguably the most
widespread tool in risk management. This is largely due to the simplicity and interpretability
of the quantile: if Y is a random variable with cumulative distribution function F', the quantile
of level @ € (0,1) of Y is given by the generalized inverse q,(Y) = inf{y € R|F(y) > a}, and
when F' is continuous and (strictly) increasing, q,(Y) is the unique solution ¢ of the equation
F(q) =P(Y < q) = a. An estimation of high quantiles, for « close to 1, is then a reasonable way
to get an understanding of extreme risk, routinely used when considering large claim amounts
in insurance, financial losses, or extreme wave heights during storms in environmental science,
for example. However, in the context of financial and actuarial risk management, it has been
repeatedly emphasized that the quantile has important shortcomings. One of them is that
the quantile does not induce a coherent risk measure in the sense of Artzner et al. (1999), in
particular because it does not fulfill the subadditivity property (see Acerbi (2002)). Another
major drawback is the reliance of quantiles on the frequency of tail events and not on their
actual magnitudes; this is of course an issue in risk management, where it is important to find

not only what constitutes an extreme level of loss but also what a typical extreme loss will be.



These pitfalls motivated part of the risk management community to propose alternative risk
measures. One of them is induced by expectiles, introduced in Newey and Powell (1987) and
defined by the following minimization problem:
ea(Y) = argmin E [1(Y — 1) = na(Y)],
teR

where 1,(y) = |a — ]l{ygo}|y2 is the so-called expectile loss function and 1y, is the indicator
function. Expectiles can be seen as L?—analogues of quantiles, in the sense that (see Koenker
and Bassett (1978)):

7 (Y) € arz%e?gin E[pa(Y —t) = pa(Y)],

where po(y) = |a — Tgy<pylly| is called quantile loss function. Both quantiles and expec-
tiles are part of the wider family of LP—quantiles (introduced in Chen (1996)), a subfamily
of M—quantiles (introduced in Breckling and Chambers (1988)). Unlike quantiles, expectiles
are determined by tail expectations rather than tail probabilities, and their calculation is thus
driven both by the probability of tail values and their actual realizations (see Kuan et al., 2009).
Moreover, as shown in Bellini et al. (2014), expectiles with o« > 1/2 are the only M —quantiles
to fulfill the coherence property. In fact, such expectiles define the only coherent law-invariant
risk measure that is elicitable (see Ziegel, 2016), meaning that they benefit from the existence
of a natural backtesting methodology (see Gneiting, 2011). The interest for expectiles is there-
fore growing in the financial and actuarial risk management literature (see, for instance, Taylor
(2008) and Cai and Weng (2016)). In particular, the problem of extreme expectile estimation for
heavy-tailed random variables has recently been considered in Daouia et al. (2018) and Daouia
et al. (2020). A substantial difficulty when working with expectiles is that they do not benefit

from closed form expressions, making their analysis significantly harder than that of quantiles.

In many applications, the random variable Y is recorded along with auxiliary information rep-
resented by a random covariate X. The difficulty of working with extreme expectiles is then
compounded by the necessity of integrating this auxiliary information into the estimation. When
X € RP is a vector, the problem of estimating such extreme conditional expectiles has been
considered in Girard et al. (2021) from a nonparametric perspective, by writing expectiles as
quantiles of a different distribution and using kernel estimation of distribution functions. The
basic idea behind this procedure dates back to Jones (1994). This followed a series of earlier
papers by Daouia et al. (2018, 2019, 2020) on the estimation of extreme unconditional expectiles
using their interpretation as convex minimizers. To the best of our knowledge, when X belongs
to a more general, potentially infinite-dimensional, functional space, the problem of estimating
extreme conditional expectiles has not yet been considered. This functional setup is precisely
the focus of this paper, in which we deal with the case when Y given X has a heavy right tail.
The heavy-tailed assumption, which is ubiquitous in actuarial and financial risk management
(see e.g. the discussions on p.9 of Embrechts et al. (1997) and p.1 of Resnick (2007)), makes it
possible to estimate extreme conditional quantiles and expectiles using a well-known extrapo-
lation argument of Weissman (1978), via the estimation of the so-called tail index: conditional

expectiles are first estimated at an intermediate level (that is, increasing with sample size, but



not too high), and these estimates are then extrapolated using the shape of the conditional

heavy-tailed distribution to obtain estimators of properly extreme conditional expectiles.

Our paper is organized as follows. Section 2 introduces our notation, assumptions, and the
general idea behind our approach, in which we adapt the two-step, extreme conditional quantile
estimation methodology of Gardes and Girard (2012) to the estimation of extreme functional
expectiles. Section 3 gives the asymptotic properties of our estimator of the so-called interme-
diate functional expectiles, which are the basic building blocks of our estimators of properly
extreme functional expectiles considered in Section 4. In the latter section, we will explain that
the estimation of the functional tail index of Y given X is crucial, and in Section 5 we suggest
and study a handful of estimators of this quantity. Section 6 proposes a simulation study to
give an overview of the performance of our procedure. Section 7 concludes by showcasing our

technique on a real financial data example. All proofs are relegated to the Appendix.

2 Notation and assumptions

Let (X;,Y;), i =1,...,n be independent copies of a random pair (X,Y) in E xR, where E is a
functional space endowed with a semi-metric d. We assume that the probability distribution of
X is non-atomic, and that the topology of E makes it possible to define the family of conditional
distributions of Y given X = x. For all & € E, the conditional survival function (c.s.f.) of ¥
given X = x is denoted by F(y|z) = P(Y > y|X = z). Discussing the existence of regular
versions of F(-|-) is beyond the scope of this paper; it is guaranteed when (E,d) is a Polish
space, see Theorem 1 and its discussion in Chang and Pollard (1997). When d is a semi-metric
defined exclusively on low-frequency components of a truncated basis expansion (for example
when E = L?[0,1]), the relevant conditional distributions will be defined with respect to the
quotient space of E by the equivalence relation considering that two elements are different if
and only if one pair of their low-frequency components are different. This quotient space is
then essentially a finite-dimensional linear space on which conditional distributions indeed exist,
the price to pay being of course that the conditional distributions only identify lower-frequency
components.

In this context, Gardes and Girard (2012) address the estimation of the conditional quantiles of
Y given X = x, defined by g(a|z) = inf {y € R|F(y|z) <1 — o}, when the quantile level « is
extreme, i.e. « = a,, — 1 as n — oo. We briefly describe here their two-step approach. First,

the c.s.f. is estimated thanks to a functional kernel estimator, also considered for instance in
Ferraty et al. (2006) and Ferraty et al. (2007):

Folyle) = ZK( LX)ty [ ) (2.1)

where (hy,) is a positive bandwidth sequence such that h, — 0 as n — oo, K : [0,00) — [0, 00)

is a kernel function (namely, positive and measurable), and for all b > 0,

i (x, hy,) ZKI’( ))



is the empirical counterpart of the quantity ug?)(w,hn) = E [K?(d(x,X)/hy)]. We high-
light that the particular case of the uniform kernel K(t) = Tjo<¢<1} leads to ,ug? (x,hy) =
P(X € B(x, hy)) =: w(x, hy,), the so-called small ball probability of X, see Ferraty et al. (2007)

for a discussion on this topic. More generally, we assume that

(K) K is a function with support [0, 1] and there exist 0 < ¢; < ¢2 < oo such that ¢; < K(t) < ¢
for all t € [0, 1].

One may also suppose without loss of generality that K integrates to one. In this case, K is

called a type I kernel, see Definition 4.1 in Ferraty and Vieu (2006).

Second, the functional estimator of conditional quantiles g(a|x) is defined via the generalized
inverse of (2.1):
G(alz) =inf {y e R Fulyle) <1-a}, (2.2)

In the situation where a € (0, 1) is fixed, weak and strong consistency are proved respectively in
Stone (1977) and Gannoun (1990) while asymptotic normality is shown in Stute (1986), Samanta
(1989) and Berlinet et al. (2001) when E is finite-dimensional and by Ferraty et al. (2005)
for a general metric space under dependence assumptions. In Gardes and Girard (2012), the
asymptotic distribution of the estimator (2.2) is investigated when estimating extreme quantiles,

i.e. when a« = o, — 1 as n — oo.

In this paper, we propose a similar approach for functional expectile regression. For that purpose,
let us recall that, from Jones (1994), the expectile e(a|x) of level o of Y| X = @ may be seen as

the quantile of level a associated to the c.s.f. E(y|z) defined by:

E[(Y —y)Lyysy | X =]
EflY —y| [ X = z]

E(ylx) =
Introducing, for a nonnegative integer k and provided the expectations exist,
$O(ylz) = E [V = )" Lyogy | X = 2] and mP(yla) =B |(v —9)" | X =a|,  (23)
it thus follows that e(alx) = inf{y € R| E(y|z) <1 — a}, with

W (y|x)
29 (yle) — m) (ylz)

In view of (2.3), we decide to build our estimator upon the following two random quantities:

~ 1 — d(x, X; —~
W le) = n}jm—m’%((h ))ﬂ{m} [ @ )
i=1 n

E(ylz) = (2.4)

k) = 23 05— & (ML) fi0n,)
i=1 "

The quantities @nk) (y|x) and ) (y|x) are (under technical conditions) consistent estimators of

Y ®) (y|z) and m®) (y|x), respectively. The c.s.f. E(-|x) defined in (2.4) is then estimated by:
~ (1)
= " €T
En(y’m) = o <y|A21) .

(2.5)
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We refer to Girard et al. (2021) for a similar approach in the case where the covariate X is

finite-dimensional.

In the following section and below, our aim is to estimate e(a|x) when the expectile level is
extreme, i.e. « = o, — 1 as n — co. We introduce several modelling and regularity assumptions
in this respect. We first assume that Y| X = « has a heavy-tailed distribution, namely, there

exists y(x) > 0 such that the c.s.f. is regularly varying at infinity with index —1/~(x):

. Fyle)
Vy >0, lim — % = (@), 2.6
Yy h Ft|z) y (2.6)

We refer to Bingham et al. (1989) for a general account on regular variation. In our context,
v(z) is referred to as the functional tail index since it tunes the tail heaviness of the conditional
distribution of Y given X = . More precisely, the heavy tail condition (2.6) is refined in the

following way:
C1(y(x)) There exists v(x) > 0 such that F(-|x) is continuously differentiable and satisfies

i YW _ o

y=eo F(yle)
It follows from Theorem 1.1.11 in de Haan and Ferreira (2006) that condition (2.6) is indeed
satisfied if Ci(y(x)) holds. Another consequence of condition Ci(y(x)) is that the conditional
density function f(:|x) = —F’(-\x) exists and is also regularly varying, with index —1/v(x) — 1.
This regularity condition is unlikely to be very restrictive in practice due to the fact that all
commonly used heavy-tailed models satisfy this condition. In addition, Newey and Powell (1987)
point out in their Theorem 1 that continuous differentiability of the c.s.f. is a reasonable sufficient

condition for expectiles to characterize the underlying distribution.

Condition C;(y(x)) will reveal useful in Section 3 to estimate extreme expectiles e(a,|x) asso-
ciated with intermediate levels «,, and located within the sample. For higher levels a,, extreme
expectiles may be located outside the sample. Extrapolation techniques are developed in Sec-

tion 4, and they require a stronger condition on the distribution tail:

Co(vy(x), p(x), A(:|x)) There exist y(x) > 0, p(x) < 0 and a positive or negative function A(-|x)

such that:
p(®) _q
W@ Y2 it pla) < 0
L (0wl @) Y m e <0,
>0 ( 1—tijtle) Y )7 . 27)
Y@ log y if p(x) = 0.

According to Theorem 2.3.9 in de Haan and Ferreira (2006), this so-called second-order condi-

tion (2.7) generalizes condition (2.6), since it is equivalent to

vy >0, Jim ———! <F(ty‘“”) _ —1/w<w>> _ @ yr@n® -1
=00 A(1/F(tlz)|x) \ F(tlz) y(x)p(x)

Our last assumption is a local Lipschitz condition on the conditional moments. Similar conditions

are used, for instance, in Krzyzak (1986), or more recently in Daouia et al. (2013) and El Methni



et al. (2014) in the context of conditional extreme value analysis with a finite-dimensional
covariate. Let us denote by B(x,r) the ball with center & € E and radius r > 0, associated

with the semi-metric d, and by V the maximum operator.
(£) One has m®(0jz) =E [Y?| X = ] < oo and there exist ¢, > 0 such that

vz’ € B(z,r),

mW(0]x') — m(l)(()\w)’ Y ‘m(2)(0]az’) - m(2)(0]w)‘ <cd(z,x').

We conclude this paragraph by introducing some notation, which will prove very useful, for the

oscillation of the c.s.f. F(:|z) above a high level y,:

W ) — su og —
hn \Yn 22751 log 2 g F(Z‘.’B)
x’'€B(x,hn)

The quantity wp, (yn|x) measures the discrepancy between the extremes of the conditional dis-
tributions of Y at neighboring points. Similar quantities are introduced in Gardes and Stupfler
(2014, 2019) and Stupfler (2013, 2016). In order to get an idea of the typical asymptotic behavior
of wp,, (yn|x), consider the Karamata representation of F(-|x):

Vz>1, F(z|lz) = 277 ® exp <?7(z\a:) +/ e(ullw)du> ,
1

where 7(-|x) and e(-|x) are measurable functions converging, respectively, to a constant and 0
at infinity, see Theorem 1.3.1 in Bingham et al. (1989). In this context, it is straightforward to
prove that if there are ¢,r > 0 and zy > 1 with

n(zlz) — n(zla’)

va' € B(z,r), |y(z) —v(z')| V sup V sup |e(z|z) — e(z|z')| < cd (z,x'),
2220 log 2 2>1
(2.8)
then wp, (yn|x) = O(hy).
3 Intermediate functional expectile estimation
We consider from now on the case when y(z) < 1 and Y_ := max(—Y,0) has a finite first

conditional moment. These conditions combined ensure that E(]Y|| X = x) < co and thus that
conditional expectiles at any order exist indeed. These will be our minimal working conditions

throughout this paper.

Let us consider a sequence (o) such that oy, — 1 as n — oco. It has been established in Gardes
and Girard (2012, Theorem 2) that the functional estimator (2.2) of the extreme quantile g(a, |x)
is asymptotically Gaussian provided that n(1 — ay)m(x, hy,) — 00 as n — co. In this situation,
q(alx) is referred to as an intermediate conditional quantile. It is, for n large enough, located
within the sample since there is then almost surely at least one sample point in the region
B(z,h) x (¢(a|x),00) C E x R, see Gardes and Girard (2012, Lemma 4). Condition n(1 —
ap)m(x, hy) — oo in fact ensures that there will be a growing number of observations larger
than the conditional quantile to be estimated. In this section, we propose a similar approach

for estimating intermediate conditional expectiles. Let

enlonlz) =inf {y € R| Balylz) <1-an}. (3.1)
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Here E,(y|z) is defined in Equation (2.5). We start by studying the joint asymptotic distri-
bution of estimators (2.2) and (3.1), as this will be crucial in our construction of extrapolation

procedures in Section 5. To this end, let us introduce

a_l(ac) — (n(l _ an)'u%)(m’hn)Q> v .
12574 (mvhn)

Note that, under (K), o;,}(z) and \/n(1 — a,,)7(x, hy,) are of the same asymptotic order since

S (@, 1)
W52 (@, )

The following result may be seen as a functional version of Theorem 1 in Girard et al. (2021).

(c1/co)?m(x, hy) < < (e2/c1)*7(x, hp).

It establishes the joint asymptotic normality of J empirical conditional intermediate expectiles
en(omjlz) with 1 —ap; = 75(1 —ay), 0 < 71 < -+ < 77 < 1, together with an empirical

conditional intermediate quantile g, (an|x).

Theorem 1. Assume that (K), (£) and Ci(v(x)) hold with v(x) < 1/2. Suppose that there
exists § € (0,1) such that E[Y?T°|X = x] < co. Let a, — 1, hy, — 0 as n — oo and 7 > 0,
O<mm<m< <715 <1 with

l—ap=7(1—0an)(1+0(1) and 1—ap;="1;(1— ),
forje{l,...,J}. Assume further that n(1 — ay,)m(x, hy) — 00 and
o, N (x)log(1 — an) wh, (1 —6)(e(an|z) A g(an|x))|z) — 0. (3.2)

Then,

a ){<€(O‘"J‘w) 1>1<j<J’<Q(an‘w) 1)} — N (0,7 (@) B ()

where X(x) is the symmetric matriz having entries

ot [ (m)
Yiu(x) =T [1_27(:1:)<Tz) 1]7

—y(x) —(x) -
1 (T AT N AR G A
(@) = Ti <T> [(7(:3)1 -1 A T i y(x)~t -1 4 T (7’) ’

Yyi141(x) =771

for (5,1) € {1,...,J}? with j <.

In particular, Theorem 1 provides the following asymptotic normality result for e, (o, |x), which

may be seen as a functional version of Theorem 2 in Daouia et al. (2018):

o, (@) <g"(a”|m) - 1) N (0 2w) ) .

e(an|@) 1= 29(a)



This is done under the assumptions v(z) < 1/2 and E[Y?*°|X = 2] < co. These essentially
guarantee that |Y| has a finite conditional moment of order 2+, a reasonable assumption in this
context of estimating conditional expectiles which generalize the conditional mean. In addition,
condition (3.2) ensures that the bias incurred by the use of the functional kernel smoothing

technique in this conditional extreme value setting is asymptotically negligible.

As we have already noted, Theorem 1 requires the condition n(1 — ay,)7(x, hy,) — oo which
prevents the estimation of expectiles at arbitrarily large levels a,,. In the next section, we

propose to overcome this issue using an extrapolation tool.

4 Extreme functional expectile extrapolation

Our aim in this section is to estimate conditional expectiles at an extreme level (5, such that
n(1—py)m(x, hy) — ¢ < co. In extreme quantile estimation, a well-known approach is to use the
Weissman extrapolation device, see Theorem 4.3.8 in de Haan and Ferreira (2006): remarking

that under Cy(y(x)),
1—a,

(o) = (15

the extreme conditional quantile ¢(f8,|x) can therefore be estimated using the intermediate

~(x)
) g(anlz)(1 + o1), (4.1)

empirical quantile g,(an|x) and a suitable estimator of y(x). We refer for instance to Daouia
et al. (2011) or Gardes and Girard (2012) for extreme conditional quantile estimators developed
on this basis. In the expectile case, a similar approach can be adopted based on the convergence

 Fle(alz)lz) 4
This is a consequence of the heavy-tailed assumption (2.6): see Bellini et al. (2014, Theorem 11)

and more recently Daouia et al. (2018, Proposition 1). This convergence is in fact equivalent to

o ez o @)
lim ) = (y(z)™t=1) ", (4.3)

meaning that extreme quantiles and extreme expectiles are asymptotically proportional. As a
consequence, Equation (4.1) also holds for expectiles. As proposed in Girard et al. (2021) in
the finite-dimensional context, we introduce a Weissman-type estimator of functional extreme

expectiles:

_ Aan ()
é\?‘;[fan(ﬁﬂm) = <1 _ gn) é\n(an‘x)y (44)

where 7,,, () is any estimator of y(x). Using the second order assumption Co(y(x), p(x), A(-|x)),

we can state the asymptotic behavior of €/, (8p|z) under high-level conditions.

Theorem 2. Assume that (K), (£) and Co(y(x), p(x), A(-|x)) hold with v(x) < 1/2 and p(x) <
0. Suppose that there exists 6 € (0,1) such that E[Y?*°|X = ] < co. Let ay, — 1, B, — 1
and hy, — 0 be such that n(1 — o) (x, hy) — 00 and n(1 — Bp)m(x, hy) — ¢ < 00 as n — 0.
Assume further that

i) ot (x)log(1l — ap) wp, (1 — 8)e(ay|z)|x) — 0,



i) 07 () 10g (1 — ) /(1 = ) = o0,
iti) o (@)A (1 — o)) = A € R and 0, (x)/q(om|z) = A2 € R.

If, in addition, o, ' (x) (Y, () — y(x)) SN I, where T" is a nondegenerate distribution, then

o7 (@) W Bala) )
1og<<1—an>/<1—/3n>>< e(Bule) 1>HF'

The Weissman-type estimator /éz‘f a, (Bn|z) is built on the previous estimator €,(cy,|x) of the
intermediate expectile, hence the conditions y(z) < 1/2 and E[Y2T|X = x] < oo to ensure
the asymptotic normality of €, (a,|z). In order to relax these assumptions, one may exploit the

asymptotic proportionality relationship (4.3) to define another Weissman-type estimator:

_ () ~
W) = (125) dnlanle) Gl - 1) 7. (45)

The following high-level result establishes the asymptotic properties of this estimator, under

weaker conditions than those of Theorem 2.

Theorem 3. Assume that (K) and Ca(y(x), p(x), A(:|x)) hold with v(x) < 1 and p(x) < 0.
Suppose that E[Y_|X =] < oco. Let o, — 1, By — 1 and hy, — 0 be such that n(1l —
an)m(x, hy) = 00 and n(1 — Bp)w(xz, hy) — ¢ < 00 as n — co. Assume further that

i) o, (x)log(1 — an) wh, (1 —68)q(an|z)|x) — 0 for some & > 0,
ii) oyt (®)/log (1 — o) /(1 = Bn)) = o0,
iti) o (x)A((1— an) Hz) = A\ € R and 0, (x)/q(an|x) — A2 € R.
If, in addition, o, (x) Fa, () — v(x)) LN I, where T' is a nondegenerate distribution, then,

on' (@) (’émnwnx) B 1) a

Tog (1— an)/(L—B)) \ e(Bule) —h

To illustrate these results, let us consider the case 1 — o, = (n7w(x,hy)) ™ and 1 — 3, =
(nm(x, hyn)) P with 0 < @ < 1 < band ¢ = 0. In this case the two conditions n(1—ay,)7(x, hy) —
oo and n(1 — B,)7(x, hy,) — ¢ = 0 turn into the single condition nz(x, h,) — co. We shall also

work under Assumption (2.8) which entails wy, (yn|x) = O(hy) when y, — oco. Recalling that

the rate of convergence o, ' (x) grows like \/n(1 — a,,)7(x, hy,) = (n7(x, hy)) 1 ~/2, we find that
the other conditions on a,, 8, and h,, required in Theorem 2 and Theorem 3 can be simplified
as (nm(x, hy)) =92 log(nm(x, hy))hn — 0, as n — oo, and a > 1/(1 + 2€) with &€ = min(y, —p).

We illustrate the implications of this discussion on two classical examples for X.



Example 1. If X is a fractal process of order 7 > 0 with respect to the semi-metric d, then
7(x, hy) ~ Ch7, as h, — 0, for some C' > 0, see Definition 13.1 in Ferraty and Vieu (2006). This
situation includes the finite p—dimensional case, where 7 = p. Here, the conditions nr(x, hy) —

0o and (nm(x, hy)) =9/ log(nm (2, hy))hn — 0 imply that one can choose h,, = n=? with

0 € <1_a, 1) .
2471(l—a)’ T
Let us stress that there is no constraint on b, apart from b > 1, and therefore extreme functional
expectiles of level converging to 1 at an arbitrarily fast polynomial rate n?(™=1 b > 1, can
then be estimated with (4.4) or (4.5). Letting a | 1/(1 + 2£), the bias associated with the
smoothing (condition ¢) in Theorem 2 and Theorem 3) and the bias associated with the tail
approximations (condition 4i7) in Theorem 2 and Theorem 3) are of the same order. It is
then possible to balance the squared bias and the variance of the Weissman type estimators by
choosing 6 = £/(1 + (2 + 7)€). This yields a polynomial rate of convergence n—¢/(1+2+7)8),

Example 2. If X is an exponential-type process with orders 71,7 > 0 with respect to the
semi-metric d, then m(x,h,) ~ Cexp(—h, ™ (—logh,)™), as h, — 0, for some C' > 0, see
Definition 13.4 in Ferraty and Vieu (2006). We refer to Li and Shao (2001) for several examples
of Gaussian processes which are exponential-type processes for the metric associated with the
supremum norm in functional spaces. Here, we focus on the case 75 = 0 for the sake of simplicity,

and we let h, = (logn — kloglogn)~ Y/ with

ne<0,ﬁ(12_a)>.

This choice yields 1 — 3, ~ C *b(log n)*b". The considered Weissman type estimators are, in this
case, limited to the estimation of extreme functional expectiles of (arbitrary) logarithmic level.
Finally, balancing the bias and variance by letting x 1 2/[71(1 — a)] yields a logarithmic rate of
convergence (log n)_l/ 7. This slow rate of convergence is a consequence of the exponentially
fast decay of the small ball probability 7(x, hy) as h, — 0. One way to avoid this vexing effect
is to consider projection-type semi-metrics, for instance using functional Principal Component
Analysis; this will be tried out in our finite-sample illustrations.

In view of Theorem 2 and Theorem 3, the asymptotic distribution of the Weissman-type
estimators of €, (Bu|x) and €)', (Ba|x) is exactly determined by that of the functional tail
index estimator 7,,, () used in its construction. It is therefore essential to provide estimators of
~(x) having good performance. The next section is devoted to this problem from an expectile

perspective.

5 Functional tail index estimation

The estimation of the tail index is a central problem in the extreme-value literature. In the
unconditional heavy-tailed setting, the most popular estimator is arguably that of Hill (1975),

and is based on the mean of the log-excesses. This idea of averaging log-excesses was adapted

10



to the conditional framework in Gardes and Girard (2012): for a given integer J > 2,

J

fy\&{b)(w) _ logi]wzbg (Z]\n (1—-(1— @n)/3’$)> (5.1)

= Gn (am|)

The asymptotic properties of ‘y\&‘?

(x) may be found in Theorem 4 and Corollary 1 of Gardes and
Girard (2012) under mild conditions. Our first contribution here is to strengthen their results
by making the bias term explicit; this will inform the construction of another of our estimators

(/)

below. In the Appendix, we provide the joint asymptotic distribution of 7y, () and estimators

of extreme conditional quantiles (see Theorem 7).

Theorem 4. Assume that (K) and Ca(v(x), p(x), A(-|x)) hold. Let o, — 1, hy, — 0 be such
that n(1 — ay,)mw(x, hy) — 00 and

i) o, (x)log(1 — an) wh, (1 —6)q(as|z)|x) — 0, for some § > 0,
it) o, (@) A ((1—an) ta) = A\ €R.
Then,

VA 1 L je@ 1 J(J—=1)(2] —1
oitt@) (801 @) 4 i (S | e @

As pointed out in Daouia et al. (2011), the choice J = 9 leads to the smallest asymptotic
variance: in this case the factor J(J — 1)(2J — 1)/(61og(J!)?) is approximately equal to 1.245.

Second, to define an estimator of the functional tail index ~y(x) solely based on the use of
expectiles, we introduce an alternative device based on the asymptotic relationship (4.2): this

relationship implies
1-«a

x) = lim = '
v(x) a=11— o+ F(e(alz)|x)

This leads us to consider the following estimator:

~ 1—ay,
T () = - . (5.2)
1 —ap + Fr(en(an|z)|x)

Note that this expectile-based estimator was first introduced in Girard et al. (2021) in the finite-
dimensional covariate setting. The next result gives the asymptotic distribution of the functional

tail index estimator 7,,, ().

Theorem 5. Assume that (K), (£) and Ca(y(x), p(x), A(-|x)) hold with v(x) < 1/2. Suppose
that there exists 0 € (0,1) such that E[Y?*T|X = x] < co. Let ay, — 1 and hy, — 0 such that

n(l — ap)m(x, hy) — 00 as n — 0o and
i) o, () log(1l — ay) wh, (1 —d0)e(ay|z)|x) — 0,

it) oy (@)A (1 — an) ) = A €R and o, () /q(an|) = X2 € R.

11



Then, 0, () (Fa, (x) — v(x)) is asymptotically Gaussian with mean

y(@) () — 1)
1 —(z) — pla)

b(z) = M+ @) (v(@) = 1) P EY X = 2]

and variance
(@) (1 = ()
1—2y(x)

V(x) =

(/)

The main advantage of 7, (x) compared to 7y, () is its much smaller asymptotic variance
for small values of v(x). However, the asymptotic normality of 7,, () requires the condition
~v(x) < 1/2, and the variance explodes when (x) is close to 1/2. To avoid this drawback, we
propose to replace the “direct” estimator of the functional expectile €, (ay,|x) in Equation (5.2)
by an “indirect” estimator designed from Equation (4.3). We thus propose a third estimator
combining the two previous approaches, having a lower asymptotic variance compared to %j? (),

and asymptotically Gaussian under weaker assumptions compared to 7y, ():

~ 1— Qo

~ [, D@
1—a,+Fy ((7(&{1)( )71 - 1) o qn(Oén|Cl})’£C>

The following result provides the asymptotic normality of this new estimator.

Theorem 6. Assume that (K) and Co(y(x), p(x), A(-|x)) hold with v(x) < 1. Let o, — 1,
hn — 0 be such that n(1 — ap)7w(x, hy) — 00 as n — oo and

i) o, () log(1 — ayn) wh, (1 —6)g(an|x) A e(an|x)|z) — 0, for some § > 0,
it) o, N (@) A ((1 = an) Hae) = A € R and o, (z)/q(an|z) — X2 € R.

Then, o, (x) (%({ZL)(:U) - fy(:n)) is asymptotically Gaussian with mean

('y(x)*l _ 1)*P($) -1

baf@) = | ho@)) s 27') - (1= (@) T — M
and variance Vi (@) = v2(x)v,(x), with
wia) = i DB L@ )
(a2 O ST S 22,

where h(t) =1— (1 —t)log (t7* — 1) and j* € {0,...,J} is such that Tj» < ~y(z)™' =1 < 75041,
in which we set 70 =0, 7, = (J —j+1)7! for all j € {1,...,J}, and 7741 = 00

We can notice that the variance term v;(z) = Vy(x)/v%(x) may also be written:

JJ-1)2J -1 1 2
i) = w4 (g - )

J-1
oA T [ )t 1) - (1 e - 1)),
j=1

log(J!
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In the Appendix, the proof of Theorem 6 is provided using the above formula. Straightforward

calculations lead to the equivalence of these two expressions.

It appears that this new estimator is asymptotically Gaussian under weaker conditions than those
imposed on 7,, (x) and has only one source of bias (in the sense that its bias does not depend
on )y, coming from the condition o, !(z)/q(an|z) — X2 € R). We investigate the asymptotic
variances of the three estimators ;y\&g) (), 7%()‘9”) (x) and 74, () in Figure 1. We can see here

n

that 7,,, () seems to have the lowest variance among all three estimators for v(x) € [0,0.25].
The new estimator ﬁ(()i)(a:) seems to strike a middle ground, in the sense that it appears to
have the lowest variance when the conditional tail index lies between approximately 0.25 and
0.5. In addition, its variance remains relatively stable when y(x) € [0.5,1], even though the

9)

quantile-based estimator 7y, (x) has the lowest variance in this interval.

Finally, let us note that Theorem 1 opens the door to the design of estimators of the functional
tail index based on a combination of several empirical conditional intermediate expectiles. One
could for instance consider a Pickands-type estimator (Pickands, 1975) based on the following
three empirical conditional intermediate expectiles: e,(1 — kn/n|x), €,(1 — k,/(2n)|x) and
en(l — kyn/(4n)|x) with k, = n(l — «y,), which corresponds to considering three intermediate

expectile estimators as in Theorem 1 with 74 = 1/4, 79 = 1/2 and 73 = 1.

Asymptotic variances

1.2

1.0

0.8
|

0.6

0.4

0.2
|

0.0 0.2 0.4 0.6 0.8 1.0
gamma

(9)

Figure 1: Asymptotic variances of s, ©

(z) (black curve), 7a,, () (red curve) and 7,,, () (blue

curve) as functions of v(x) € [0, 1].
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6 Illustration on simulated data

We briefly illustrate here the finite-sample performance of the estimators on N = 500 replications
of an independent sample of size n = 500 (resp. 2,000) from a random pair (X,Y’), where
X € E = L?0,1]. Here, X may be three different stochastic processes:

e (X1): A process given by X; = cos(2nZt) for all t € [0,1] with Z a latent uniform random
variable on [1/4,1], and the functional tail index is given by v(X) = (8/|X|3 —3) /2.5
with || X3 = fol XPdt = 3 (1 - Sinﬁ;z)). A similar specification is used in Gardes and
Girard (2012); in this context v(X) € [0.06,0.61] and d is the standard metric on L2[0, 1].

e (X3): A process given for all ¢t € [0,1] by

X = \/iio: ﬂZ- cos(jmt)
= ’ 7
where the Z; are i.i.d. uniform on [—1,1]. Such an example is considered in Kato (2012).
In this more difficult example, it is suitable to consider a (functional) Principal Com-
ponent Analysis semi-metric (see Chapter 3 in Ferraty and Vieu (2006) and particularly
Section 3.4), defined as

JPCA (X XY — Zq: {/01 (X, — X)) gok(t)dt}Q,

k=1

where 1, ..., ¢, are eigenfunctions of the unobserved covariance operator (s, t) — E(X;X})
associated with its first ¢ eigenvalues Ay > Ay > --- > A,. This semi-metric induces a semi-
norm by setting || X ||#T¢4 = d#PCA(X, 0) where 0 is the zero function. A numerical study
using the R package fdapace (see Carroll et al. (2021)) shows that a choice of ¢ = 2 leads
to an explained variance around 80%. We thus take ¢ = 2, estimate ¢ and o with the R
function FPCA in this package, and consider a conditional tail index v(X) = 0.25+2|| X||.

e (X3): A standard Brownian bridge (X;) on [0, 1]. Inspired by the previous model, we keep
v(X) = 0.25 + 2|| X ||2. Here also, around 80% of the variance is typically explained with

the first two eigenfunctions and we take ¢ = 2 in this example too.

An overview of the shape of the three covariates considered is proposed in Figure 2 through
the simulation of a few realizations. The first kind of process may be found in areas like
environmental sciences (representing sound or light waves). The other two are more frequent in
finance (see Metwally and Atiya (2002) for an example). Given X, the random variable Y has,
in all cases, a Pareto distribution with c.s.f. F(y|X) =y~ /7X) y > 1.

The aim of this study is to assess the quality of the estimates of the extreme functional expectile
e(fnlx) with B, = 0.995 (1 — 2.5/n when n = 500 and 1 — 10/n when n = 2,000). For that
purpose, the Weissman-type estimators (4.4) and (4.5) are used with the kernel K (¢) = (1.9 —
1.8¢)11o<¢<1}. The tail index is estimated with ﬁ((lg) (z) and ’7“533 (z) defined in (5.1) and (5.3)

n
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Figure 2: 10 realizations of the covariate X for models (X7) (left), (X2) (middle) and (A3)
(right).

respectively. Throughout this section, the L?—norm of a function (zt)ie(0,1) 1s numerically com-

puted through its discretized form |/m=1 7" | &7 , with m = 101 and #;, € {0,0.01,0.02,...,1}.

Similarly, the PCA semi-norm || - [|#F¢4 is computed as \/23:1 (m=L S w04(t)) 7

6.1 Cross-validation procedure

In an extreme regression framework, the question of selecting the bandwidth h, and the in-
termediate level oy, has been considered in Gardes and Girard (2012), Daouia et al. (2013) or

Girard et al. (2021) for instance. These papers proposed the following type of bandwidth h*:

n n
= 2
e =argmin{ > (nmzm—Fn,,i(Yj\Xi)> :
her =1 j=1

where %n,,i is the empirical c.s.f. computed on the (n — 1)—sample X_; where the pair (X;,Y;)
has been removed, and H is a regular grid of size 15 on [Amin, Amax] With Ayin = 1r£1iagxn Iggl d(X;, X ;)
and hpax = . gl:;u)g(nd(X i» X j). This approach returns a value h* typically around 0.2 for n = 500
(0.14 for n = 2,000) on our first two models, and tends to return hmax in the third one. In-
deed, such a general choice of bandwidth not depending on € E does not take into account
the heterogeneity of @ on its support; in particular, it may be thrown off by an isolated point
X; in the data. Therefore, we propose a choice of h, related to @, which ensures that the

n X hy, =~ 500 x 0.2 = 100 nearest neighbors are included in B(x, hy,):
h*(x) = min {h > 0 such that Z Lix,eB(@n) = 100} .
i=1

This applies to the case n = 500; for n = 2,000, we consider 2,000 x 0.14 = 280 nearest
neighbors instead. Once the bandwidth has been chosen, the intermediate level o* is selected

by minimization of a quadratic score:

() = argmin Y (Vo _4(X:) — om(X:)®.
ac(0,1) ;=
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Here, %, _; denotes either ﬁc(yg) or %[9) computed on the (n — 1)—sample X_;, and Jp5(X;) is

the local Hill estimator computed on the subset of 100 values {Yj(i), j=1,...,100} :={Y;: 0 <
d(X;, X;) <h*(x), j=1,...,n} whose covariate values are within distance h*(x) of X;. This

estimator is defined by

R Yl(Oig) i+1,100
:V\LH(XZ) = E IOg (i;j+ ’ 5
; Z Y,
j=1 100—k;,100

where we set k; = 20 (50 for n = 2,000) and Yl(fl)oo <... < Yl(é()),loo are the order statistics
associated with {Y , j=1,...,100}, sorted in increasing order. This procedure yields selected
values a*(7%) ~ o*(7¥) typlcally around 0.84 (0.805 for n = 2,000) for (X;), 0.80 (0.815 for
n = 2,000) for (X2) and 0.70 (0.88 for n = 2,000) for (X3).

6.2 Results

In example (X}), Figure 3 displays the performance of the conditional tail index and conditional
expectile estimators on boxplots, within the space of functions {x; — cos(27zt), t € [0,1]},
depending on the latent variable z € [1/4,1]. In other words, at each z within a fine grid
of points in [1/4,1], we estimate the conditional tail index and extreme conditional expectile
estimators given & = (¢t — cos(27zt)). The numerical results associated with ﬁgi) (z) and 751) (x)

are in line with the theoretical results illustrated in Figure 1: it appears indeed from the length

of the represented boxplots that the estimator i(g)

o+ (&) tends to have a lower variance for lower

values of (), and to be slightly more accurate on average, than the estimator 7( )( ). Finally,
it seems that both Weissman-type estimators €. (8,|) and €V, .(8,|x) generally perform
similarly at the level 0.995, with an advantage for the direct estlmator e,w* (Bn]x) in areas
where the tail is heavy, and, by contrast, an advantage for the indirect estimator é‘?{a* (Bn|x) in

areas where the tail is light.

In examples (X3) and (X3), contrary to the first example, we can no longer represent the results
as a function of a single univariate latent variable. To visualize our results, we thus propose
to simulate a test sample @1, ..., x100 of size 100 (fixed across all samples), and estimate the
extreme expectiles e(5,|x1), ..., e(Bn|®100). The results are reported in Figure 4 as functions of
the L?—norms of x;,1 < i < 100. In the area where most of the data are typically concentrated,
the proposed estimators provide a good approximation of the conditional tail index and the
conditional extreme expectile. However, in the areas where this is not the case (for unusually
small or large L?—norms), trusting our estimators is of course more difficult. This problem is a
classical problem in the nonparametric literature. Note that the empirical curves are smoothed
with the R function loess, and a smoothing parameter of 0.25. Note also that we computed
the bias-reduced versions of our extreme expectile estimators introduced in Girard et al. (2021)

(dashed lines) which improve the accuracy of the results:

WER(Gz) = W (Bl) (1—W>+mn<mﬁ<m>,

] (6.1)
g’r‘/LValiR(ﬁn|w) = é}z/[,/an(ﬁﬂw)""mn(m):y\(w)
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Figure 3: Simulation results on a conditional Pareto distribution with model (X3). Top panel:
tail index estimators ﬁf(ﬁ)() (green box plots) and ﬁ((ﬁ)() (blue box plots), where at each z €
[1/4,1] we represent estimated values at & = (¢t — cos(2mzt)), for n = 500 (left) and n = 2,000
(right). The red curve is the true value of v(-). Bottom panel: Indirect (green box plots) and
direct (blue box plots) expectile estimators ’éfl‘fa*(ﬂn\-) and é\‘,ffa* (Bn|-) based on the tail index
estimator 7((3*)() for n = 500 (left) and n = 2,000 (right). The red curve is the true value of

e(Byl"), with B, = 0.995.

These bias-reduced versions have the same asymptotic behavior as the original 'e\}f’/ o, (Bnlx) and

éfxan (Bn]x) but perform better in finite samples, as illustrated in Figure 4.

7 Real data example

We consider data on the price of the Bitcoin cryptocurrency between January 1, 2012 and
January 8, 2018 on the exchange platform Bitstamp!. We use our estimators to, based on
hourly log-returns of the price of Bitcoin on a given day, estimate the level of extreme swings
of the price of Bitcoin the next day. More specifically, our goal is to estimate extreme expectile

levels of the maximum hourly log-return Y of Bitcoin price based on the information on past

!This dataset is available at https://github.com/FutureSharks/financial-data/tree/master/
pyfinancialdata/data/cryptocurrencies/bitstamp/BTC_USD and is on file with the authors.
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Figure 4: Histograms of the PCA-norm of the test sample @1, ..., x99 of (X2) (first two rows)
and Brownian bridges (A3) (last two rows), and the associated theoretical values of v(x;) and
e(fnlx;) (red curves) as functions of ||x;||2. On the tail index panels, the median values of
estimates ﬁ((xg)() and %(ﬁ)() are respectively represented with the green and blue curves. On

the expectile panels, the median values of the direct and indirect estimators /e\}f o+ (Bn]-) and

éﬂfa*(ﬁnl-) (both computed with ﬁ(gg)()) are respectively represented with the green and blue

. o . _W,B ~W,B
curves, and their respective bias-reduced versions eZV ;I*R(,Bn|‘) and eZV ’Q*R(ﬂnm are the dashed

lines. The sample size is n = 500 for the first and third rows, and n = 2,000 for the others.
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price behavior given by its curve X of hourly log-returns the day before. In order to reduce the
obvious temporal dependence existing in the data, we construct our sample of data by keeping

a gap of one day between observations: in other words,

e X and Y] are respectively the curve of hourly log-returns on day 1 and maximum hourly

log-return on day 2,

e X5 and Y5 are respectively the curve of hourly log-returns on day 3 and maximum hourly

log-return on day 4,...

More generally, the ith data point (X;,Y;) is obtained by considering the curve of hourly log-
returns on day 2¢ — 1 and maximum hourly log-return on day 2¢. Data cleaning leads to the
removal of days with missing data, leading us to a final dataset X = {(X;,Y;),i=1,...,n} of

size n = 917. The left panel of Figure 5 provides an overview of this dataset.

To confirm that the assumption of a heavy right tail is appropriate for the unconditional dis-
tribution of Y, the right panel of Figure 5 displays a quantile-quantile plot of the log-excesses
Wik =log(Yn—it1n/Yn—kn), 1 <i <k against the quantiles of the standard exponential distri-
bution. It is indeed known that, if Y is heavy-tailed with tail index ~ and if k, corresponding

“extreme”, is chosen sufficiently

to the sample fraction of the highest data points considered as
small, then the W; ;’s are approximately order statistics of an exponential random variable with
mean 7, see for instance Equation (10) in Beirlant et al. (1999). The linear trend appearing in
the right panel of Figure 5, for which £ = 100 (thus taking into account approximately the top
11% of the data) constitutes graphical evidence that the assumption of a heavy right tail makes

sense, with an estimated unconditional tail index around 1/2.

We now discuss the choice of the parameters A and «. In the considered situation where the
X,’s are widely scattered (with respect to the L? or PCA semi-distances d), it is sensible to
use the uniform kernel K (t) = 1y9p<¢<1}, and to select a local bandwidth h; for each day i so as
to guarantee that enough data will be available for our local estimation. As in the simulation
study, we choose here h} so that there are always 100 covariate values in the A — neighbourhood
of X;, that is, #{j € {1,...,n} : d(X;, X ;) < h}} = 100 for all i € {1,...,n}. We also use
the PCA norm || - ||>PCA, as this allows to explain an estimated 75% in the variance, see the
bottom left panel of Figure 5. The cross-validation procedure introduced in Section 6 (with 25
points used in the local Hill estimator) yields intermediate levels a*(3(9)) = 1-230/917 ~ 0.749,
(7)) =1 —230/917 ~ 0.749 and o*(7) = 1 — 120/917 ~ 0.869.

It is then interesting, as a first step in the analysis, to compare the behavior of the three

functional tail index estimators ?Si)

(@), Yor (T), ﬁég)(a:) and the local Hill estimator introduced
in Section 6. Note that in this application, we use a (partly) bias-reduced version of 7« (x):

_ Fule) U= Fofe))),

en(a*|z)

SR (2) = 3o () (1

Indeed, according to Theorem 5, this estimator features a bias term linked to 1/¢(a,|x), which
can be eliminated in a straightforward way (we use here a procedure similar to that of Corollary 2
in Girard et al. (2021), and we omit the details). The unconditional Hill estimate used in the
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Figure 5: Financial data on the price of Bitcoin. Top left panel: Hourly log-returns
of Bitcoin price. Top right panel: Exponential quantile-quantile plot of the log-excesses
log(Yn—it1,n/Yn—kn) (vertically) versus log((k+1)/i) (horizontally), for 1 <i < k, with & = 100.
The straight line has a slope computed using the Hill estimator on the top k Y;’s. Bottom panel:
scree plot following the functional PCA procedure, obtained via the FPCA function of the R
package fdapace.
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QQ-plot of Figure 5 is slightly below 1/2; it is likely, from Theorem 6 and Figure 1, that this is

a favorable case for our proposed estimator 5(9*)

o+ (&), due to our estimator having lowest variance

in this area.

Using these selected parameters, our aim is now, for each i € {1,...,n}, to predict the expectile
of level 3, of Y;, the maximum hourly log-return of the price of Bitcoin on day 7 + 1, given X,
the curve of hourly log-returns on day 4, using the dataset X_; = {(X;,Y}), j # i}. We propose
to consider the extreme level 5, =1 —1/n &~ 0.999. To give a reasonable idea of how extreme

conditional expectiles vary in this functional context, we represent the bias-reduced estimated

_W,BR
Bnya*

PCA norm || X;||>P“4 and the daily volatility s?(X;) = mean((X; — X;)?) (here X; denotes

the average hourly log-return) in Figures 6 and 7. One can observe that the expectile curves

expectiles (6n]X;) (introduced in Equation (6.1) and improving upon (4.4)), versus the

seem to increase with respect to both the norm and the volatility, and that all the proposed
estimators return similar values. As a sanity check, we recall that from (4.2), as n — oo, one has
nP(Y >e(1—1/nlz)|x) = (y(x)~' —1). In this example, based on a value of the functional
tail index around 0.4, we would therefore expect no more than a handful of exceedances above
the estimated conditional expectile 311/ ’ﬁR(ﬁﬂX i) = @,VX ’a[fR(l —1/n|X;). A graphical inspection
yields 2 exceedances for the estimate based on 7(9)

a*
based on either ﬁt(ﬁ) (x) or ¥BE(z). Finally, in order to confirm our previous observation on the

(x), and 4 exceedances for the estimates

trend of extreme expectiles depending on volatility, we plot in Figure 8 our expectile predictions
sorted by volatility observed the previous day. The estimated expectile curves generally behave
as the observed values of the Y;; in comparison with the other estimates, 2% (z) seems to lead
to lower estimates of the extreme expectiles. All in all, it appears that our extreme expectile
method gives a reasonable account of large movements in the price of Bitcoin; they in particular
give an indication that a large volatility on a given day leads to potentially more extreme swings

in price the following day.
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A Appendix: proofs

This Appendix is organized as follows: Section A.1 provides some preliminary results useful for

the proofs of the main results in Section A.2. Define

~ 1< dz, X;
PP yle) = EZ Y, —y)" K <(h)> Livi>yy /M%)(fﬂahn)
i=1 n
_ 1 — d(xz, X,;
ad @Plz) = 500t K (YY) [l
i=1 n

The quantities zz(@k) (y|x) and k) (y|x) are the pseudo-estimator counterparts of 127(1’6) (y|x) and

) (y|x) when the smoothed small-ball probability ,u%)(ac, hy) is assumed to be known.

A.1 Preliminary results

Lemma 1. Assume that (K) holds. Then for any € € E, h >0 and b > 0,
(@, h) < ) (w,h) < S, h).
In particular, for any b,b/ >0 and § > 0, [ug)(aj, h)]”‘s/ug?)(:c, h) =0 as h — 0.

Proof. The double inequality is an obvious consequence of assumption (K). The desired conver-
gence follows because, by monotone convergence, 7(x,h) — P(X = x) = 0 as h — 0 (since the

probability distribution of X is non-atomic). O

Lemma 2. Assume that (L) holds. Let y, — oo and hy, — 0. Then, uniformly in €' € B(x, hy,),

m(l)(yn|w/) - m(l)(yn|m) = O(hn) and m(2) (yn|m,) - m(2)(yn|m) = O(ynhn)

Proof. Remarking that

mO(yalz’) ~mOnlz) = m®(0f) —m®(0]).
O (gala’) ~ m® le) = m@(Ofa!) — m® (0f) - 24 (m 0f") ~ m O (0))

the result is a straightforward consequence of (£). O

Lemma 3. Assume (K) holds. Lety, — oo and h,, — 0 be such that nm(x, hy,) — 0o asn — oco.
Then,

W52 (@, )

(1) )2

E [ﬁ%%o)(yﬂm)} =1 and Var [ﬁl%o)(ynm)} = ( )
N (T, Ny,

(1+o(1)).

If moreover (L) holds then

@) (o
E [0 (ga[2)] = m) (gu[2)+0(ha) and Var [0 (ga[a)] = L5 EL)_1n@)(3 2)140(1)).

S (2, hi)?
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Proof. By definition,

)

B[ (150)]
E [mg))(yn’w)} = (1) o =1
HE (:13 ) hn)
hence the first result. The second one is obtained through a similar calculation:

s [ (4529)] - (=[x (*29)])” _ i @) — i

n:ug(l') (33, hn)2 n/‘g) (m) hn)2

Var [0 (yn )| =

Using Lemma 1 proves the result. Then,

E [m(l) (yn| X)K (d(ﬂéff)

W (@, )

from Lemma 2. The third result is proved. The fourth one is obtained through a similar

E [ (ynl)] = ) = m M (ya|@) + O(hy)

calculation:

Var [mg)(yn\w)} =

n

2
B | (00l ) ~ O o) & (452)°| 4 0 o2 2.0 _ il

nplg (, hn)? n

1+0(1)).

Clearly m™ (yp|2) = yu(1 + 0(1)) and m® (y,|z) = y2(1 + o(1)). Combining the results of

Lemmas 1 and 2 concludes the proof. ]

In the next lemma and throughout, B(-,-) denotes the Beta function. The proofs of Lemmas 4
and 5 are omitted: they are straightforward adaptations of corresponding results (Lemma 2i) and
Lemma 3 respectively) in Girard et al. (2021), whose proofs are written based on a multivariate

covariate (their finite-dimensional nature not playing any role whatsoever).

Lemma 4. Suppose Ci(y(x)) holds. Then, for all a € [0,1/v(x)),
B(a+1,7(z)™" —a)
()
Lemma 5. Assume Ci(y(x)) holds. Let y, — 0o and hy, — 0 such that wp,, (yn|x)log(y,) — 0.

Then, uniformly in ' € B(x, hy,) and for all a € [0,1/v(x)),
' (yn| )
(@) (yn|)
Lemma 6. Assume that (K) and Ci(y(x)) hold. Let y, — oo and h, — 0 be such that
Wh,, (Yn|x) log(yn) — 0 as n — oco. Then, for all a € [0,1/y(x)) and b > 0,

[ o (15D Y| = o)l o)1+ O, o) o)

P (ylz) = y*F(ylz)(1+0(1)) as y — oc.

— 1 = O(wh,, (yn|z) log(yn))-

In particular,

Va € [0,1/4(@), B [§0(ale)] = ¢ nle) (1 -+ O (o, (gal) log(sn)

- @ (g b
and Va € 0,1/(21())), Var |5 (gale)] = 0@ (yala) (“f)(’”) (1+0(1)).

D (@, 1)
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Proof. The first identity is immediate by noting that
o d(x, X a d(x, X
B =) K (TG Y1y | = B s ix0xt (15

and applying Lemma 5. The second one follows immediately because

[0 ] = |0 (U5 v

The third result can be obtained by similar calculations, which yield

O (g @)y (@, hn) ¥ (yu|2)?
Var |94 (yu )] = Dy o) = =1 o),

Combining the results of Lemmas 1 and 4 completes the proof. ]

Lemma 7. Assume (K) and Ci(y(x)) hold with v(x) < 1/2. Suppose also that there exists
6 € (0,1) such that E[Y*Y|X = x] < oo. Let y, — 00, hp — 0 and z, = 0y, (1 + o(1)), with
0 > 0, such that nF(y,|x)(x, h,) — oo and

\/nF(yn|a:)7r(:1:, hn) log(yn) wh,, (1 —0)(0 A D)y,|z) — 0

If, forall j € {1,...,J}, yn; = ijv(w)yn(l +o(l) with0 <7 <7 <...<T75 <1, then

(1) (
nE x 1237¢ (:B ) Un (yn7j|$) _ Y (Zn‘x) B d z
J @ ) {(w mile) 1>1<j<J’<¢< ) 1)} N O Vi)

where V (x) is the symmetric matriz having entries:

N Tt I I T S A e AN ,
VJJ( )_ 7(33) 1 [1—27(%) <Tl> 1]7 (],Z)E{l,...,J},jgl,

1-1/v(x
()01 (@) (e v T]ﬂ(“”)) "1 @) (e v @ T]ﬂ(m))
VJ}J-H("'B) = 1—(z) , JE {17"'7J}7
'7(33)7']'

| Vitnrp(e) = 017@),

If in addition (L) holds, then
Py a2 ) <En<yn,ja:> B 1) | (ﬂ(znm B 1) A (0)s V (@),
\ln (3/ ’ ) (2)(x ) E(ymj ) i F(zn\a:) — ( J+1 ($)>
Proof. Let B = (B1,...,87,87+1) € R7T! and v, (x) = \/nF(yn]:c)“K((w};:)) One has:
J (1) 7(0)
) (Yn,jl) 1 Yn’ (2n|T) 1
onl®) {Zﬁ (w D (g gle) ) i <w<0><zn\m> )}
L (O agle) —E [ (gl 00 (zulw) B [0 zalo) |
= vp () Z Bj D + Br41 )
2 S0 (g o) S0 (zf)

s (B[ (gl E 5 (zule)
+ vp () {jzlﬁj ( T g |) -1 4B+ W_l )
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According to Lemma 6,

{ E [0 (zu])] = v (z0l2)(1 + Ofwn, (zale) Log(20)).
E |98 (yngl@)| = ¥ @ol2) (1 + Olwn, (ynsl@) log(yns):

) < wh, (1 = 0)ynlz),
Vi e {1,...,J}. Similarly z, > 0y, (1 — J) and thus wy, (z,|x) < wp, (( 0)0yn|x). Moreover,

log(yn,;) = O(log(yn)) for any j € {1,...,J} and log(z,) = O(log(yn)). Therefore

J E [ (yn j]2) Gnle)
v () {jz:lﬁj ( 1&( ol } - 1) + Br+1 ( 1[/,( 0) (2| ) } )} (1).

We now focus on the asymptotic distribution of

J O (ynjle) —E |98 (ynjl2) O (znl) — E [ (20]2)
Zn, = vp(x) {ZBJ ( J 1/}( (ynE‘w) J }> + By ( w(o)(zn[’m }) } .

Noticing that for n large enough, vy, j > yn(1 — J), we obtain wp,, (

Jj=1

We clearly have E[Z,] = 0. In addition, Var[Z,] = F(y,|z)8" B™ 3, where B™ is the sym-

metric matrix-valued sequence having entries

BJ(.’;) _ cov ((Y —Ynj) K (C(I(T )) Liysy, b (Y =y K (Cl(cfzif)) 1{Y>yn,z}>7 i<iefl,....J},
| D (@, ho )0 (g |2 (31| )

P () L ) P R,
| 12 (@, b )0 (g )0 (2 |)

B Var [K (4522) Ly
ST O ) O )2

Let us first focus, for j < [, on the term ASZ) = B](jll)lp(l)(yn,jlw)q/)(l)(yn’l]:c). Since Yn,j > Yni

for n large enough, we find:

1 d(z, X)
AW = E [(Y—yn -)(Y—ym)K2< i )11 ]
o 1 (@, hy) 7 ’ ha, ¥>yn3}
1 d(x, X) d(z, X)
7(2) (w N )E I:(Y - ym])K ( hn ) ]1{Y>yn,j}] E |:(Y - yn,l)K < hn ]1{Y>yn,l} .

z) /1 (@, h) (1+

According to Lemma 6, the second term is equal to u%) (2, hy )2 (Yn,j )y (D (
(n)

o(1)). It thus remains to focus on the first term of A;;" which we rewrite as

1 d(z, X) d(z, X)
ﬁ <E [(Y - yn,j)2K2 ( h > ]1{Y>yn,j}] + (Unj — Yn,t)E [(Y - yn,j)Kz ( h ]l{Y>yn,j} :
MK (m7 n)

Using Lemma 6, we get

1
(2)(&. h)

o S (== F ) BT A es)
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and

Yn,j — Yn, d(xz, X —v(x —v(x
g =0l [y =y (N5 ) 14y, ] = (570 = 709) 60l (L4o(1)
12574 (x, hn) n

Besides, Lemma 4 and the regular variation property of F(-|x) provide, for any j,

b0 (g slz) = —EL @ By z) (1 + (1),

1—y(z)’
@) 2y(x)? @) o N ,
P (yn,jlx) = A= @) (1 —@) " YnTi F (yn|2) (1 + 0(1)).

)

Consequently the first term in Ag’; is of order y2F(y,|z) and thus dominates, by Lemma 1.

Straightforward calculations then yield:

m _1-n®) _ 1 1
By = y(m) T 1 [1 — 2v() Tlfv(w) -1 F(yn|a})(1 +olL)-

We now deal with B; J)+1

E [(Y — Yn,j) K <d(%x)) ]1{Y>yn,jvzn}] —E [(Y — Ynj) K (d(iz;x)> ]l{Y>yn,j}} E [K (d(:f{f)> ]l{Y>zn}]
12 (@, B )0 (g ) ) (2 |) '
(1)

Using Lemma 6, the second term in the numerator equals 3 (2, b )20 (yn, j|2) O (2, ]2) (1 +

for j € {1,...,J}, which can be rewritten as

0(1)) and the first term can be rewritten

d(z, X)
h

n

E [(Y - yn,j)K2 < > ]1{Y>yn,jv,zn}]
(2)

= 10 (@, hn) (6D g V 20l2) + G V 20— 90O (g V 2al)| (1 +0(1).

Combining Lemma 1 and Lemma 4 with the asymptotic equivalent F(y, ; V z,|@)/F(yn|x) =
CAY% Tj_FY(w))_l/ 7(®)(1 4 0(1)), we get that the first term dominates again. From straightforward

calculations,

(1) ) , — o Na)(0) ,

) _ YO Wng V zl®) + Gng V20— YO G V zl)

B! _ 1+ o(1

7,J+1 w(l)(yn’j’w)w(o)(zn’x) ( ( ))
_ 1-1/~(x) _ _ _ —1/~(x)
() (9 VT v(zc)) + (1 —~(x)) (9 VT V@) _ 7 7(m)) («9 VT, V(m)) 1 (14 o(1))
_ — o)
,Y(w),]_jl—’Y(fc)H—l/'y(m) F<yn|m)

fy(ac) (0 v Tj—'y(m) + (1 _ 7($)) (0 V Tj—“/(m) _ T]-_’Y(m)) g—1/7(x) 1 (1 N (1))
= inl o '
Y()r, @1/ F(ynfa)

)171/%@)

Finally, combining Lemmas 1, 4 and 6, the variance term B((;fgl 741 s clearly

E [KQ (g) ]l{Y>zn}} {IE [K (d(w X)) ]l{Y>zn}] }2 o
12 @, 1) O (2 )] =0 o).
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Therefore, Var[Z,] — 8"V (x)3, where V (x) is given in the statement of the lemma. It only

remains to prove the asymptotic normality of Z,,. We thus write Z, = >_I" | Z; », where

S w@ (Vi =y ) K (D550) Ly, ) —E |V = o) K (U050 145y, ]
" D 2 s

n/"LK (w) h’l’b) ‘771 m)
d(z, X ;) d(x,X ;)
p(x K ( Fin ) Liy;>z,y —E [K (T) ]l{Yi>zn}]
+ 0 Bri1 © .
Ny (T, hy PO (2, |)

We prove that there is § > 0 such that nE|Z;,|?>T% — 0 as n — oo; the result then follows
by the Lyapunov central limit theorem (see Theorem 27.3 p.362 of Billingsley, 1995). For that
purpose, note that, if 71, ..., Tj, have finite (2 4+ §)—moments,

. ais 1/ (2+0)

> [T — B(T)]

=1

q
< Z{E|T |2+5}1/ (2+9) +E|T| < 2(] max {E|T ’2-1—6}1/(24_5)
i=1

E

by the triangle inequality for the standard norm in the space of random variables with finite

(2 + 0)—moment, and Jensen’s inequality. Therefore, E|Zlyn|2+5 =
— 146/2 d(, X) 245 i, X) 245
19, F(yn|z) o E (¥ - y"’j)K< :Zn )]I{Y>yn,j} i K( 7 )]l{Y>Zn}
FNC)EFEN 1rila<XJ 1) , + (0)
g (x, hy) SIS Y (yn,j|) PO (z,|)

Combine now, for § small enough, Lemmas 1, 4 and 6 with the asymptotic equivalences F(z,|x) =
0= /1@ E(ypl2) (1 +0(1) and F(yn,;lz) = 75F (yal2) (1 + o(1)) to get

- —6/2
nE| 210270 = O ([nm(@, h) F(yal2)] %),
which clearly tends to 0 as n — oo. The first result is proved. To show the second result, set

2 (08 (nl@) = 0D (g gle)) = () (ngle) = mD (yol2) )
2¢(1)(yn,j|$) - m(l)(yn,j|$) ‘

) in(?/m@) _ %n(zn‘w) _
Bj (E(ymjj\ac) 1) + on(x)Br41 (F(zn\ac) 1)
(1)
(yn, ) - Y (2n|) 1
(w( )(ynj’m) 1) (1 +Rn,j) 1+vn(w)BJ+1 (w(o (Zn’CC 1) ﬁ”l,no)(zn|$)

ﬁ' ((1 + Rnhj)*l — 1) + vn(:c)BJH (M — 1) .

R j =

We may write

vp ()

0D

+ ()

Mk mpgg M-

1

<.
Il

Combining Lemmas 1, 3 and 6 directly entails

1 1
VjE{l,...,J}, ij:O]p():O]p — i>0
(@, fn) (@, ha) F(ya )
and the result then follows by applying the first result of the lemma. O
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Lemma 8. Assume (K) and Ci(y(x)) hold. Let y, — 00, hy, — 0 and z, = 0y, (1 + o(1)), with
0 > 0, be such that nF(y,|x)n(x, h,) — 0o and

36 >0, \/nF(yn|z)7(x, hpy) log(yn)wh, (1 — 6)(0 A V)y,|2z) — 0.

Then if, for all j € {1,...,J}, ynj = T]-_V(m)yn(l +o(l) with0 <7 <71 <...<75 <1, one

has

nF (ue|) PE (x, hn)? En(ynglz) F(znlz) d -
\l F(yn‘ ) Mg)(m’ hn) { ( F(ynd|m) 1) 1§j§J, ( F(zn’m) 1> } — N(0J+1, 2( )) ’

where X(x) is the symmetric matriz having entries:

Sjle) =771 (G0 e{1,..., J¥ <,
2j7J+1($1:) = (Tj V 971/’7(@)_1 , J € {1, RN J},
Yri1ap1(x) = 01/7@),

Proof. The proof is entirely similar to that of Lemma 7 and is thus omitted. O

A.2 Proofs of main results

(1)

Proof of Theorem 1 Let us recall that o, !(z) = \/n(l —an)%’hh'”);, introduce z =
Ky (@Ehn

(z1,...,27,t) and focus on the probability

ot = 1A (G 1) st (B 1)

j=1
J

= P | [ {enlanl2) < e(angl®) (1 + zjon(@))} N {Ga(anlz) < alanlz) (1 +ton (@)}
j=1

~

By noticing that 1 — oy, j = E(e(ay j|@)|z) and 1 — a, = F(q(ay,|x)|z), and using that for all y,
<1l—aand ¢,(a|x) <y< Fo(ylx) <1— «, we find that ®,,(2) is

a, ex(alz) <y En(y|$)

equal to

~

J —~
P | () {Eulelansl2) (1 + zou@))|z) < B(elanlo)|z) b 0 {Fula(anle)(1 + ton(@))|2) < Flglan|2)lz) |
j=1

Letting y, = e(an|m)7 Yn,j = e(an,j|m)(1 + Zjan(m))7 Zn = Q(an|m)(1 + tgn(m)) and Un(m) =

_ (1)
\/nF(yn\w)W, we have
12078 (2,hn)

J = AP Tle(ay, |2)|z




By Corollary 3 of Girard et al. (2021), E(-|z) is continuously differentiable with
E F 1
o YE W) . yE (yle)

y—oo E(y|x) y—oo F(y|z) y(x)
Thus, for any j € {1,...,J}, a Taylor expansion shows that there exists 6, ; € [0, 1] with:
E(ynjlz) = 1—an;+ zjan(m)e(an,j|m)E,(e(an,j|m) + O jzjon(x)e(an, jT)|T)

= 1 an; + zon(@)e(an;|2)E (e(anjle) @)1 +o(1))

= (=) (1= 228 04 o)) = Bletanslole) (1= 27814 01)).

In view of (4.2), v, (x) = 0, 1 (x)\/y(z)~! — 1(1 + 0o(1)) and therefore

Vi€ {l,....J}, vile) <(€(0‘"J‘“’)’ )—1> - m JI®@ G gy

E(ynz) Y\ (@)
Similarly
F(q(an|z)lz) _t 1=9(=2)
i) (FEEET 1) = s o 0o
Finally, y,; = Tj-*V(w)yn(l + 0(1)) and z, = (y(z)™* —1)7(93) 7@y, (1 4 o(1)), since, in

x) < wp, ((1—
d)e(ap|x)|x) and wp, (zp]|x) < wh, ((1 — §)g(an|z)|x). Moreover, log(yn ;) = O(log(y,)) and

view of (4.3), e(-|z) is regularly varying. Thus, for n large enough, wp, (yn;
log(zn) = O(log(yn)). Noting that log(y,) = O(]log(l — a,,)|) by the regular variation prop-
erty of the tail expectile function ¢ + e(1 — t~!|z), Lemma 7 can then be applied with

0=7"7@ (y(z) - 1)7@) to conclude the proof. O

Proof of Theorem 2 The key is to write

o (CRE) (15 i ([ 55

The first term is controlled by our assumptions on 7,,, (), the second term by Theorem 1 and
the third one by Lemma 8 of Girard et al. (2021) (whose proof carries over to the functional

case without modification). The delta-method concludes the proof. O

Proof of Theorem 3 The key is to write

e(Bnlx)

Under our conditions, the second term is a Op(o,,(x)). According to Theorem 4.3.8 in de Haan
and Ferreira (2006) and condition i), the third term is a O (A ((1 — ay)t|2))). Similarly,
Proposition 1 in Daouia et al. (2018) entails that the last term is a O (A ((1 - an)fl\a:)) +
O (q(om|z)~1). Finally, our assumptions on 74, () imply that the fourth term is a Op(op(x)).
The result follows. |

+ log ((%n(f”)_l — 1;_ an(m)> + log (q(ﬂn\w) (v(x)! - 1)_7(m)> |
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Extension and proof of Theorem 4 The proof of Theorem 4 hinges on the result below.

i) (@ hn)
Recall that oy, (z) = 1/4/n(1 — ay) 5.
12379 (mvhn)

Proposition 1. Assume (K) and Ci(y(x)) hold. Let oy, — 1, hyy — 0 and 1 — a,, = 7(1 —
an)(140(1)) be such that n(1 — ay,)mw(x, hy) — 00 and

30 >0, V/n(1 — an)w(@, hn)wn, (1= 0)(777® A Dg(ay|a)|z) log(l — ay) — 0

Then, if 1 — o j = 7j(1 — o) for some 0 <11 <15 <--- <775 <1, one has

o\ (@) { <@1(0‘w‘|"’) _ 1>1<j<J, (an(a”’x) - 1> } 5 N (041,72 (x) S(x))

Q(an,j‘x) Q(an’w)
where X(x) is defined in Lemma 8 (with 6 = 7=7(%) ),

Proof. The proof is entirely similar to that of Theorem 1, applying Lemma 8 rather than
Lemma 7 at the final step. We omit the details. ]

Theorem 7. Assume (K) and Ca2(y(x), p(x), A(-|x)) hold. Let o, — 1, hy, — 0 be such that
n(l — ap)w(x, hy) — oo and introduce 1 — a, = 7(1 — an)(1 + o(1)), where 7 > 0. Assume
further that

i) o, (x)log(l — o) wp,, ((1— &) (7@ A 1)g(a|z))|z) — 0 for some § > 0,
it) oy (@)A((1— an) ) = A €R.

Then

J_l(m) (ﬁ(‘])(w) —’7(£E) Zl\n(an‘x) 1 a\n(an‘w) o 1>

o " q(an|x) " q(an|x)

converges in distribution to a Gaussian random vector with expectation

J .
1 @) 1
A1,0,0
log(J!) jz; p(x)
and covariance matrizc
J—1
6 log(J!)? 0 log(J!) = (7 v 7) (v~
7 (x) 0 1 (rv1)~t
1 J—1
log(J!) Y lmvot—avn)] (rvyT 71
j=1

where 7; = (J —j+1)7! for all j € {1,...,J}.
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Proof. Recall that 7; = 1/(J — j 4+ 1) (in particular 7; = 1) and therefore

0. (38 (@) — (@)

J—1 . ~
I 1 o [ I (1-71-—an)lx)\ J-1 o an (1 —77(1 — ay)|)
- @ ]Efg( > ! 1g(az(l—zf(l—anﬂaw)

J—-1 1 — o)l
+ o, (x) ! . log <q(1_7—j(1 )l ))—’y(m) =: A, + B,.

The bias term B,, is controlled by applying Theorem 2.3.9 in de Haan and Ferreira (2006): since

- q(1—(1—oayp)/ulz) _ @ BT w® 1 .
Vu > 0, L onlz) <1+A((1 n) )[p(w) + o(1)

it is easily seen that, by condition ii),

5 - —P(zc)_l jpw)—l )
log g 1 log Z 1 as n — oQ.

Besides, by Proposition 1 and a Taylor expansion,

G(l-n(i-ayle) _ |
a(=ri(1=an)le)

(17717_(‘]_1)) @ |

log(J! Gn(1=77-1(1—an)|®) _
Og( ) q(lfTJJ—11(1*an)|m) L
n(l-my(l-an)l®) ¢
q(l—TJ(l—an)|w)

—+ O[P(l).

By Proposition 1 again, it follows that A, = o, (x) (ﬁé‘?( ) — (), q"((a’]f)) -1, q"((a’]f)) — 1)

is asymptotically Gaussian, with asymptotic mean

1 J @) _q
<1og<J!> (Z o) )Al’o’o) |

It remains to calculate the covariance matrix of this limiting Gaussian distribution. Note that,

by Proposition 1 and straightforward calculations,

J(J —1)(2] — 1)

Var(da) = 6log(J!)?
(see also Gardes and Girard (2012)) and
cov (An, Gnlanl®) _ 1) ( (V) - (- 1)y v 7)1)
q(an|x) 1Og
1 J-1
= log(7]) 2 (vt =@avr)™]



It now follows directly from Proposition 1 and straightforward calculations that the covariance

matrix is
J(J—1)(2J-1) s —1 —1
Glog(J)2 0 Tog(J1) '21 (vt =1V~
]:
7 () 0 1 (rv1)-!
J=1
gy 2 (V)T =V (rvyT
J:
as required. O

Proof of Theorem 5 Let 7 =(x)! — 1. For any z € R, let us focus on the probability

[y

By(z) =P <a;1(m) (F” Cnlanf@)lz) T> < z) —P (Fn (énlan|z)|z) < (1 — an) (r + zan(a:))) .

1—a,

Equivalently, ®,(z) = P(én(an|®) > Gn(Bnlx)), where B, = 1 — (1 — ay) (T + zon(x)) and
therefore ®,,(z) is given by
0,71 T én(an|m) _ 0_71 T (jn(ﬁn’w) _ Q(6n|m) 0,71 T Q(/Bn‘w) _
(o' (Faa —1) 2@ (e -1ty + '@ (g 1))

From de Haan and Ferreira (2006, Theorem 2.3.9), condition Ca(v(x), p(x), A(.|x)) entails

Q(/Bn|w) — (=) T—p(m) -1 — -1 T 0 _ ’)/(.’ZZ)ZO',-L(JJ) 0
onrs L TR A (- ) M) (o) - T o)
(A1)
In addition, under Co(y(x), p(x), A(.|x)), Daouia et al. (2018, Corollary 1) yields
e(an|z) = 7@ r(om|T T -1 —ay) e
esle) L rlanfe) + T LA (- e o) (A2)
where
r(anfz) = 2O BYVIX a4 o(1) + T o)) A0 - an) ).
" q(am|z) 1 —~(z) - p(x) "

Combining (A.1) and (A.2) yields

o () <q<5"|“’) _ 1) _ @) o(1) — o (@) (an|z) (1 + o(1)).

e(an|x) T

In view of conditions i) and i), one has

(”y(w)*l _ 1) —p(x)

o (@)r(am|T) — A = M+ (@) (@) = 1) P EY|X = 2]\ asn - oo

1 —v(z) — p(x)
This entails
o () (Zg:"g - 1) - _ﬂ(f) — A+ o(1). (A.3)

Then, ®,,(z) can be rewritten as

P <W(Tx) [—a,;l(x) (M - 1) +o; (2 <m - 1> (1+ 0(1))} - )\% +o(1) < z> ,
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Fo(én(anl2)|®)
1—an

and therefore the asymptotic distribution of o, !(x) ( — ’7') is the same as that of

én(an|z) 1

1 —~(x) o e(anle) 1—~(x)
——— (-1, o, (=) | . — A
2 n n(Bn 2

Finally, ,, () being obtained by applying the function u + (1 +u)~! to ﬁ’n(én(an|w)\w)/(l —

ay,), its asymptotic distribution is the limit in distribution of

én(anlz) 1

(1=(2) (1L, -Do (@) | 207 ) 4+ A1 = (@)
by the delta-method. Apply Theorem 1 to conclude the proof. O
~(J) 36 (@) _

Proof of Theorem 6 Let 7 =~(z)~! — 1, &,(ay|z) = ( o ()71 — 1) gn(an|x) and

for any z € R, focus on the probability

@,(2) =P <an<w>-1 (F Culonlzle) _ ) < ) = B (B @lonl@)la) < (1 — ) (7 + z0u() )

Similarly to the previous proof, and using (A.3), ®,(z) can be rewritten as
T - en(an|z) -1 Gn(Bnl) T
P —anla}(—l)—i—an w<—1 14+o01))| —A——=+0(1) <z
(e e (e AT B A BT R
where 5, =1 — (1 — a,,) (7 + zo,(x)). Consider the expansion:

on(x)™! <g"(a’1"n) - 1)

e(an|e)

() N
B ~ - e (@) —~(x An|T) gn(Op |
= oul@) 1((7@(.@) L) >> d(0n]2) Ga(anl)

e(anl®) g(an|z)

+ on(x) <(Yn(an|m) — 1> T ®g(onfx) +op(z)7! (W _ 1) )

q(an|z) e(an|x) e(an|z)

By (A.2) above, Proposition 1, Theorem 4, and Slutsky’s lemma, the asymptotic distribution of
on(x)7 (€ (an|x)/e(an|2) — 1) is that of

AD(z) -z @)
on(a)! <1—1wm ~log (1(2) 7 — 1), 1) ( qq(<(|)|)> 1(1 )> T T m

Recall then (A.3) to find that oy, (x)~* (ﬁ’n (en(an|x)|x) /(1 — ay) — 7') has the asymptotic dis-

tribution of

()

(@) - ()
T -1 1 -1 Gn (an|x) r P
———op(x —— —log (y(®)"" -1 ,1,—1> oy — 1 + Al
@ (T s - sl | @ i

q(Bulz)
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Finally, ﬁé‘?(m) being obtained by applying the function u + (14 u)~! to I%n('én (an|x)|x)/(1—

ay,), its asymptotic distribution is the limit in distribution of

A (@) — ()

1 - —p(x) _ 1
_ -1(_ - -1_ _ an(anlz) —(1— T
(=(@on@) ™ (s~ o (1)~ 1) 1,-1) =1 |~
aBale) 1
by the delta-method. Apply Theorem 7 to conclude the proof. O
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