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Résumé : Dans ce rapport, une fonction qui approxime la fonction de répartition d’une
somme de vecteurs aléatoires indépendants et identiquement distribués est présentée. L’erreur
d’approximation est majorée, et par consequent, une borne supérieure et une borne inférieure sur
la fonction de répartition sont obtenues. Finalement, pour des vecteurs aléatoires absolument
continues ou lattices, ’approximation proposée est identique & ’approximation du point de selle
de la fonction de répartition.

Mots-clés :  Approximation du point de selle, approximation Gaussienne
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4 Anade & Gorce € Mary € Perlaza

1 Notation

The real numbers are denoted by R, and the natural numbers are denoted by N. In particular,
0 ¢ N. The Borel sigma field on R*, with k¥ € N, is denoted by % (Rk) The Lebesgue measure
on the measurable space (R¥, Z(R*)) is denoted by 1. Given a discrete set K, the biggest
sigma field, i.e., the set of all its subsets, is denoted by 2X. The Euclidian norm in R* is
denoted by ||-]|. Given a set A C R¥, the closure of the set A, denoted by cloA, is defined

by cloA 2 {x eR*:Vr>0,3y e A, |[xr—y|| <r}. A diagonal matrix whose diagonal is the
vector € R¥ is denoted by diag ().

2 Introduction

Let n be a finite integer, with n > 1, and let Y1, Yo, ..., Y, be independent random vectors
such that each of them induces the probability measure Py on the measurable space (R*, Z(RF)),
with k& € N. Denote by Ky : R¥ — R the cumulant generating function (CGF) of each of these
random variables. That is, for all t € R”,

Ky (t)=In(Epy, [exp (tT Y)]). (1)

The gradient of the CGF Ky is a function denoted by Kg,l) : R¥ — RF. More specifically, for all
t € R¥,
KP(t) = Epy, [Yexp (7Y — Ky (1))] - (2)

The Hessian of the CGF Ky is a function denoted by K§,2) : R¥ — RFXF_ That is, for all t € R¥,

T
K@ (t) =Ep, [(Y - K§}>(t)) (Y - K§}>(t)) exp (7Y — Ky ()| . (3)
Note that K§,2)(0) is the covariance matrix of the random vectors Y, Yo, ..., Y,. In the

following, Kg)(O) is assumed to be positive definite (instead of positive semidefinite).

Let also "
A
X, =YY, (4)
t=1

be a random vector that induces the probability measure Px  on the measurable space (R,
%(R*)), with cumulative distribution function (CDF) denoted by Fx,,.

Often, the calculation of the CDF Fx  requires elaborated numerical methods. From this
perspective, approximations to the CDF Fx, , e.g., Gaussian approximations and saddlepoint
approximations [1-4], are rather popular in the realm of applied mathematics. In the particular
case of information theory, Gaussian and saddlepoint approximations play central roles in the
approximation of the fundamental limits of data transmission, c.f., [5H12].

When for all ¢ € {1,2,...,n} the random vector Y; in is absolutely continuous and its
corresponding CGF Ky is such that the set

Cy 2 {0 € RF : Ky (0) < o0} N — o0, 0[F (5)

is not empty, the CDF Fx, can be written as a complex integral |1]. In particular, for all x € R¥,

[T exp (nKy (1) — T x)
Pe.e)= [ P T 6)

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 5

where i is the imaginary unit; 7 = (71,72, ..., 7%); the constant c is arbitrarily chosen to satisfy
c € Cy; and the vector e = (e1, eq,...,ex) is such that for all t € {1,2,...,k}, e, = +o0.

The complex integral in @ results from the multivariate Laplace inverse transform [13|, and
can be approximated with high precision, as shown hereunder. Denote by D the following set

D2 {ueRk £ 3t €] — 00, 0[F, nK P (¢) :u}, (7)
and denote by 7o € R* the unique solution in T to

Kg,l)(‘r) = %m (8)

T

For all € D, a Taylor series expansion of nKy (1) — 7'« in the neighborhood of 7, leads to

the following asymptotic expansion of the integral in @:

exp (nKy (10) — 7§ x)
n ;

where the function Fx, : D — R is

- nrd K& (o) 7
Fx, ()=exp (m@(ro) izt 0+(0)0 Firw (K (To)To) (10)

and the function F ) : R* — [0,1] is the CDF of a Gaussian random vector with mean vector

(0,0,...,0) and covariance matrix an) (10)-
The vector 7¢ and the function Fxn in are respectively referred to as the saddlepoint and
the saddlepoint approximation of the CDF Fx . In [1], it is shown that the approximation
Fxn in also holds for the case in which for all ¢ € {1,2,...,n} the vector Y, in (4) is a
lattice random vector. Moreover, when for all ¢ € {1,2,...,n} the random vector Y’; in (4)) is a
Gaussian random vector, then saddlepoint approximation is exact. That is, Fxn and Fx, are
identical.
The main drawback of saddlepoint approximations, despite their well known precision, c.f., 3|
and [4], is that the approximation error lacks of a tight upper bound. This is the main motivation
of this work, whose main contributions are:
(a) A real-valued function that approximates the CDF Fx  is presented. This approximation
turns out to be identical to the saddlepoint approximation Fxn in @D when Y{,Yo, ...,
Y ,, are either absolutely continuous or lattices random vectors; and
(b) an upper bound on the error induced by the proposed approximation is also presented.
The asymptotic behaviour with n of the proposed upper bound is consistent with the one
suggested in (ED
This work is structured as follows. Section introduces the Gaussian approximation to Fx_,
which is used as a benchmark. Section [] introduces the main results of this report, mainly an
approximation to the measure Px; and an approximation to the CDF Fx . Section [5| presents
an example and numerical results. Section [6] concludes this work with some final remarks and a
discussion on the main results.

3 Gaussian Approximation

Let pyx € RFand vy, € R¥** be the mean vector and covariance matrix of the random vector
X, in . The Gaussian approximation of the measure Px, induced by X, is the probability

RR n° 9388



6 Anade & Gorce € Mary € Perlaza

measure induced by a Gaussian vector with mean vector px —and covariance matrix vy . The
following theorem, known as the multivariate Berry—Esseen ‘theorem [14], introduces an upper
bound on the approximation error.

Theorem 1 ( |14, Theorem 1.1]) Assume that the measure Py induced by each of the random
vectors Y1, Yo, ..., Y, in satisfies,

Ep, [Y] :(0,0,...,0), and (11)
1
Ep, [YYT} ~diag (L,1,...,1). (12)
Let Pz, be the probability measure induced on the measurable space (R*, B(R*)) by a Gaussian
random vector Z,, with mean vector (0,0,...,0) and covariance matriz diag (1,1,...,1). Then,
sup |Px, (A) — Pz, (A)| < min (1,c(k) nEp, [||Y||3D , (18)
AeCy,

where Cy, is the collection of all convex sets in ZB(RF); and the function c : N — R satisfies for
all k € N,

c(k) = 42k+ + 16. (14)
The measure Pz, in is often referred to as the Gaussian approximation of Px,. Simi-

larly, Fz , the CDF of the measure Pz, , is referred to as the Gaussian approximation of Fx .
Theoren{. leads to the following inequalities for all € R¥,

where,
S(n, 2)2Fy () + min (1,c(k) nEp, [||Y||3D , and (16a)
Y(n,)2Fz, (x) — min (1, c(k) nEp, [||Y||3D . (16b)

That is, the functions X(n,-) and £(n, -) are respectively a lower and an upper bound on the
CDF Fy, .

4 Saddlepoint Approximation

This section introduces two central results. First, given a convex set A in %(R¥), the proba-
bility Px, (A), with Px_ the probability measure induced by the random vector X,, in (4), is
approximated by a function that is a measure but not necessary a probability measure. Second,
using the first result, the CDF of X, is approximated by a function that is not necessarily a
CDF. Both functions, the one that approximates the measure and the one that approximates
the CDF, are parametrized by a vector in R* that can be arbitrarily chosen to locally minimize
the approximation error. Additionally, an upper bound on the approximation error induced by
both functions is provided. As a by product, an upper bound and a lower bound are provided
for both the measure Px, and the CDF Fx .

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 7

4.1 Approximation of the Measure

Given 0 € Oy, with

Oy 2 {t e R* : Ky (t) < oo}, (17)
let Yge), Yge), - Yff) be independent random vectors such that each of them induces the
probability measure Py ey on the measurable space (R¥, 2(R¥)) that satisfies for all y € R¥,

dP.

Y% (y) = exp (6T y — Ky (6)). (18)

dPy

That is, the probability measure Py ) is an exponentially tilted measure with respect to Py .
Denote by PY(e)Y(e) ¥ ©® and Py,vy,. vy, the joint probability measures respectively induced
1 2 - tn

by the independent random vectors Yge), Yée), e Ygf) and Y, Y, ..., Y, in on the
measurable space (R’””, B (kan)). Then, for all j € {1,2,...,n} and for all y; € R”, it holds
that

AP, 6)5-0) +(0 dP.
Y@y v Y(e)
_ . , 1
dPYlYQ...Yn (y17y27y2 H dPY j ( 9)
—exp Z (0 y; - (9)) . (20)
Using this notation, for all A C R* and for all @ € Oy, with Oy defined in , it holds that
Px, (A)=Epx, [1{x,ca}] (21a)
:EPYIYZ..,Yn {]1{2;:1 Yje_A}} (21b)

:]EP
v{Oy(®  v(®

dPy,v,..vy (8) ~~(6) P

1 —(Y YOyl >) 21

{Z?:1Y§S)EA}C1PY(9)Y(9) v® ! 2 " ( C)
1 2 X

PY(IB)YS’)...

d ® \
_ Yo (6) ~-(6) (9))
—]EPy(le)Yge)”_Y(ne) ]1{2;21 Y;‘”eA}( dPYlYQ...Y,L (Yl ’ Y2 9 e e 7Yn ) (21d)

= - T vy-(0)
“Er o0 o [, y@ea) P ;(Ky(e)o v (21e)
o
=exp (nKY(e)) ]EP (9) (9) Y(e) {Zn Y(B)GA} exp 701— ZY( ) ) (2]_f)
J=1

To ease the notation, consider the random vector

5 = Z Y, (22)

which induces the probability measure Pge) on the measurable space (R*, (R¥)). Hence,

plugging in ([21f) yields,

Px, (.A):exp (TLKY (9)) EPS;B) [exp (—OT S;G ) {S(Q)E.A} (23)

RR n° 9388



8 Anade & Gorce € Mary € Perlaza

The equality in (23) is central as it expresses the probability Px, (A) in terms of another
measure Psﬁf’)’ which is the sum of n independent random vectors. From this observation, it
follows that an approximation on Px, (A) can be obtained by arbitrarily replacing Pge) by
its Gaussian approximation, i.e., a probability measure PZS;) induced on the measurable space
(Rk,%(Rk)) by a Gaussian random vector Z§f’> with the same mean vector and covariance
matrix as the random vector S'%) in ([22). Denote by Ky € R and v 0 € R¥*k the mean

vector and the covariance matrix of the random vector ng), respectively. Hence,

uzgpéEpsgf,) Ed (24a)
—nEp, 0 (Y] (24b)
—nEp, [Y exp (aT Y - Ky(e))} (24c)
=nk{ (), (24d)

where K§,1) is the gradient vector of the CGF Ky defined in . Alternatively,

PO éEPs;m [(nge) - an/l)(e)) (SS?) - ”Kgfl)(e))T] (25a)
“Er, (YO - K00) (YO - kP 0)] (251)
—nEp, [(Y - KQ(@)) (Y - K<Y1>(9))T exp (eT Y - Ky(@))} (25¢)
=K (), (25d)

where Kgf) is the Hessian matrix of the CGF Ky defined in (3). The equality is a
consequence of the random vector 57(10) in being a sum of independent random vectors.
Hence, the central idea for providing an approximation to Px, is to approximate the RHS
of by the function 7y : RFx %(RF) x N — R, which is such that

ny(97.A, n) é exp (nKy(e))]EpZ(e) |:eXp (_BTZ%G)) ]I{Z£LQ>€A}:| . (26)

Note that 7y (0, .4,n) can also be expressed as follows:

1y (6, A,n)
— exp (nKy (0)) /R oxp(~073) 1y Py (2) (27a)
e (nKy(H) - 0Tz> e (z - ani)(o))T(nK@(e))_l(z - ani)(o)) (o
M \/ (27)kdet (anf)(e)) ’ 2 '
(27b)
_ exp(nky(6))
\/ (27)kdet (M(@(@))

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 9

(z —nk (9))T(nK<Y2> (9))_1(z —nk{ (9)) 20T(nK<Y2> (0)) (nK;” (a))_1 z
exp|— 5 exp|— 5 dvg(2)
8 (27¢)
exp <nKy(0) + w - 0TnK§,1)(0)>
B \/ (27)kdet (nl(,@ (0))
.
kD (0)+ (1K 2(9)8) (nk@0)) [z — nk P (0)+ (nk2(0)) 0
[EroeroB o) o papo)'a)
! (27d)
= exp (n <KY(9)9TK%)(W9 - 0TK<Y”(0)>> !
\/(27r)kdet<nK§,2)(0)>
.
ok (0)+ (k2 (0)0) (nk2(0)) (2 — nk D (0)+ (nk @ (@) 0
[ ooy o pago)'a)
! (27e)
= exp <n (Ky(O) + (’%;)(0)9 - eTK§,1>(9)>> Py (A) (27f)

where the probability measure Py ) is the probability measure induced by a Gaussian random

vector H'®) with mean vector n (K@(@)—K@(e) 9) and covariance matrix an)(B) on the

measurable space (R¥, Z(R")).
The rest of this section follows by upper bounding the error induced by replacing Pge) by
its Gaussian approximation P in (23). That is, establishing an upper-bound on ’

|Px, (A) —ny(0,A,n)], (28)
which is the purpose of the following lemma.

Lemma 2 Given 0 = (61,0,,...,0,) € Oy, with Oy in , and a convex set A € B(RF), it
holds that

IPx,,(A) = 1y (6, A,n)| < exp (nKy (6) — 67 a(A,0)) A Py, Pyior) (29)

where

A
A (PS(H)’PZ(G)) = Ssup
" " BeCy,

Psﬁf) (B) — PZﬁf) (B)

; (30)
the collection C, contains all convex sets in B(R¥); and the vector a (A, 0) = (a1(A,0), as(A,0),

RR n° 9388



10 Anade & Gorce € Mary € Perlaza

..oy i (A, 0)) is such that for olli € {1,2,... k},
0 if 0, =0

a; ('A’ 0) é (b1,b2 ,1<I<1~7bk)6A Zf

(31)

sup by if 6, <O.
(b1,b2,...,bk)EA
Proof: The proof of Lemma [2]is presented in Appendix [A]
)

Note that the term A (PS‘TLB)’PZSF in can be upper bounded by using Theorem For

doing so, consider the function ¢y : R¥ — R, such that for all + € R,

((v- &) (xw) " (v - &)

Using this notation, the following theorem introduces an upper bound on the error induced by
the approximation of the probability Px, (A) by 7y (8, A,n), where A C R¥ is a convex Borel
measurable set and @ € RF is a fixed parameter.

R 3/2
§y (t) =Ep,

exp(tTY — Ky(t))] .(32)

Theorem 3 For all A € Cy, with Cy the collection of all convex sets in B(R¥), and for all
0 = (01,0, ...,0;) € Oy, with Oy in (17), it holds that

IPx.. (A) — ny (8, A,1)| < exp (nKy(B) —07a (A,H)) min (1, W\/‘%(G)) : (33)

where the functions ¢ and ny are respectively defined in and (271); the vector a(A,0) 2
(a1(A, 0),a2(A, 0),..., ar(A,0)) is defined in [B1); and the function &y is defined in (32).

Proof: The proof of Theorem [3]is presented in Appendix [ |

4.2 Approximation of the CDF

The CDF Fx, can be written in the form of the probability of a convex set in %(R¥). That is,
for all x = (z1,22,...,7) € R¥, let the set A, be such that

Ap ={(ti,to, ..., tp) ERF 1 Vi€ {1,2,... Kk} t; <z} (34)
Then, for all & € R¥, it holds that
Fx,(z) = Px, (Az). (35)

This observation allows to use Theorem [3] to approximate the CDF Fx_ of the random vector
X, in (). Explicitly, for all z € R* and for all § € Oy, with @y in (17), it holds that

\Fx, (x) — 0y (0, Az, n)| < exp (nKy(H) — 0" a(As,, 0)) min (1, Wﬂ) . (36)

The approximation of the CDF Fx_ in can be enhanced by choosing the parameter 8 € Oy
that minimizes the right-hand side (RHS) of . From this standpoint, the parameter 8 must
be searched within a subset of ®y in which

0" a(Az,0) = 0" x < 4o0. (37)

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 11

More specifically, given A, in ([34), it follows from that the minimization must be restricted
to the set

O3 2 {(ti tay ... 1) €Oy, Vi€ {1,2,... k}, t; < O}. (38)

An arbitrary choice of 0 is the one that minimizes the exponential term exp (nKy (9)70T a(Ag, 0)),
which depends on . Denote such a choice by 6(x), which is defined in terms of the following
quantity:

7 () 2 argmin (nKy () — thz), (39)
teclo®y,

where clo®y, is the closure of ©@y,. The uniqueness of T(x) in , for a given «, follows from
the fact that the set @y in is convex and the function nKy (8) — 07 a(Ag,0) is strictly
convex with respect to 8. More specifically, the difference between a strictly convex function, i.e.,
nKy (0) and a linear function, i.e., o' a(Ag, 0) is strictly convex. The former is strictly convex
due to the fact that the covariance matrix Kg) (0) is a positive definite matrix, c.f., |3, Section
1.2] and [15, Theorem 7.1].

Given 7(x) in ([39), the choice of the vector € to reduce the RHS of is

_ 7(x) if (x) € Oy
O(x) = { 7(x)+€ otherwise, Y (40)

where € € R* is chosen such that two conditions are simultaneously met: First, ||e|| < r, with
r > 0 arbitrary small; and second, 8(x) € O .
The following lemma, presents some of the properties of 8(x).

Lemma 4 For all x € R*, O(x) in satisfies

(z —px,)"0(x) >0, (41)
and
O(px,) =0, (42)
where,
-
""Xn = (,an‘U,U’Xn,za"'v,an,k) (43)

is the mean of the random vector X,, in .

Proof: The proof of Lemma [ is presented in Appendix [C] [ |
Let the set £x, be defined by

5Xné{(l‘1,])2, . ,xk) S R* Vi e {1,2, .. .,k‘},xi > MXn,i} s (44)

where for all i € {1,2,...,k}, ux, , is defined in . From , it holds that for all x € £x,,,
the vector & — pux is such that all components are strictly positive. Similarly, from , it
follows that 8(x) is a vector whose components are all nonpositive. Hence, from , it follows
that,

0(x) =0, (45)

which leads to the Gaussian approximation of the CDF Fx _ at the point . Hence, for all
x € Ex,, the choice of 6 in can still be improved. In this case, the objective is to focus on
1 — Fx, (x) and write it as a sum of probability measures of convex sets with respect to Px,, .
The following lemma provides such a result.

RR n° 9388



12 Anade & Gorce € Mary € Perlaza

Lemma 5 For all = (x1,22,...,71)" € R¥, with k € N, it holds that

1-Fx, (@)= ) (~1)"VIPx, (Bo(7)), (46)
JeZ (k)

where the sets .Z (k) and Bx(J), with J € L (k), are respectively,

L(k) ={LC{1,2,...,k}: LAD}; and (47)
Bo(T)={t = (t1,t2,....tx) ER¥ :Vie T t; > z;}. (48)
Proof: The proof of Lemma [5]is presented in Appendix [D] [

For all J € .7 (k), the probability Px, (Bz(J)) in can be approximated by using Theorem 3]
More specifically, for all 7 € #(k) and for all 8 € Oy,

. c(k 0
P (Ba()) ~ 1y (6.5u(7), )| < exp (nEy (6) ~ 67 a (B2(7).0)) min (1, LX) ag
Similar to the previous discussion on the minimization of the RHS of , the minimization of
the RHS of is focused only on the term exp (nKy(O) - OTa(Bm(j),9)>, and thus, the
choice of @ must be constrained to a subset of Oy in which 8" a (B(7),0) is finite. That is,
for all z € R¥, the choice of @ must satisfy that

0" a(Bx(TJ),0)=0"x < +oc. (50)

More specifically, given a set B (J), it follows from , that the the choice of 8 must be
restricted to the set

@{,é{(el,e2, o 0k) €Oy :Vie{1,2,...,k}, 0, >0if i € 7, and 0; = 0 otherwise}.(51)
Denote such a choice by 8 7(x), which is defined in terms of the following quantity:

T7(x) = argmin (nKy (t) — t" z) (52)
tEclo@i

with clo®y, the closure of @5,. The uniqueness of T7(x) in (52), for a given @, follows from
the fact that the set @y, in is convex and the function nKy (8) — 0" a(B,(J), 0) is strictly
convex with respect to 6, as discussed above.

Given 77() in (52), the choice of the vector 8 to reduce the RHS of is

: J
os@) ={ TE) s O &

where € € R* is chosen such that two conditions are simultaneously met: First, ||e|| < r, with
7 > 0 arbitrary small; and second, 0 7(x) € Oy

Finally, for all J € .#(k), it holds from that the probability Px, (Bz(J)) can be approxi-
mated by 1y (0, B.(J),n). Using these approximations in , the approximation error can be
upper bounded as follows:

1-Fx, ()= Y (~)"gy(05(2),Ba(T),n)
Jes (k)

Inria
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=| > ()P, (Bo(7) = Y (1) Iy (85(2), Bu(T), 1) (54)

TeF (k) Jes (k)
< Y |Px, (Bo(7)) =1y (05(w), Bo(T),n)] (55)
TeS (k)
: c(k) &y (07(x))
< exp (nKy (0) — 0% (x) ) min (1, =L ) (56)
2, (r@ =G (1 S

where the inequality in follows from the triangular inequality; and the inequality in (56))
follows from .

In order to ease the notation, let the functions (y : N x R¥ — R and dy : N x R¥ — R be
such that for all (n,z) € N x R¥,

Ny (6(x), Az, n) ifedéx,
A
Gy (n, )= , 57
v(n,@) 1+ > (—D)Viny(85(x),Bx(T),n) ifxcéEx,, (57)
JeZ (k)
and
exp (nKy (6(z)) — 6(x)" ) min (1, M\ﬁ({%m))) ifeé¢x,
by (n, @)= (58)
> exp (nKy(Gg(x)) -0 (x) :c) min (1, C(k)f"i\/(gj(m))) ifeelx,.
Jes (k)
Using this notation, the following theorem summarizes the discussion above.
Theorem 6 For all x € R¥, it holds that
[Fx, () = ¢y (n, @)| < Oy (n, ), (59)

where the functions (y and dy are respectively defined in and (58).

An immediate result from Theorem |§|is the following upper and lower bounds on Fx_(x), for all
x € Rk,

Q(n,z) < Fx, (z) < Qn,z), (60)

where,
Q(n,x)=Cy (n,x) + Sy (n,z), and (61)
Q(n, a:)ég“ (n,x) — 0y (n,x) (62)

Finally, the following claim underlines the relation between the saddlepoint approximation Fxn

in and the function (y in .
Claim 7 For all x € D, with D in , it holds that
v (n,2)=Fx, (@), (63)

where the function Fxn and Cy are respectively defined in and .

RR n° 9388
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Proof: From (7)), note that for all € D the solution in ¢ to
nKP () =x (64)

denoted by T( exists and the components of 7¢ are all strictly negative. Thus, 7o € O3, with
O3 in (38).

Note that the vector T is also a solution to for all @ € D. This follows from the fact that
the CGF Ky is strictly convex and Kg,l) is the gradient vector of the CGF Ky . Thus, the vector
O(x) in satisfies

0(x) = 0. (65)

Then, for all # € D, from (65), all the components of 6(z) are strictly negative and thus,
x ¢ Ex,. Then, plugging in yields

CY(nvw):nY(TOaAman)v (66)
T .-(1) Tg Kg)(To) To
=exp | n | Ky (10) — 79 Ky’ (T0) + R — PH;fo>(Aa:) (67)
T 1-(1) ”Tg Kg)(To)TO
=exp | nKy (7To) — n1o Ky’ (T0) + T S— Pyeo (Aq) (68)
T (2
—exp (nKY (79) — Tg—m n nT KY2 (T0) TO>PH5:'0)(-AOJ) (69)

o (), (70)

T K(Q)
=exp (nKy(To) —Tix+ Ty Ky (To) 7o TO) F

where P, (- is the probability measure induced by a Gaussian random vector H SLTO) with mean

vector n(Kg,l)(To) - Kg)(To)To) and covariance matrix anE)(T0> on the measurable space
(R¥, (R*)); and Fro) is the CDF of the random vector H{™). The equality in follows

from (27f). The equality in follows from 7¢ being the solution in ¢ to nK;l)(t) =z
Let the random vector Z(7) be such that

ZS—O) _ Hglro) —n (ngl)(TO) _ Kg)(TO)TO) , (71)

which induces the probability measure P, on the measurable space (R*, 2(R¥)) and the
corresponding CDF is denoted by F Z(70) - Then, the mean vector and the covariance matrix of

Z(70) are respectively (0,0, ...,0) and an)(To). Thus, for all € R*, it holds that

Foyeo (®)=F 4o (90 -n (ngl)(To) - Ky ("'0)"'0)) (72)
= Zgro) (an)(TO>TO) 3 (73)

where the equality in follows from T being the solution in ¢ to nK{’ () = a.

Plugging in yields

nrl K& (ro) 1
Cy (n,x)=exp (nKy(To) —Tlx+ O+(O)O Eyiro) (TLK@ (To)‘l’()) (74)

Inria



Saddlepoint Approximations of CDFs of Sums of Random Vectors 15

where the equality in follows from . This concludes the proof. ]
5 Examples

Consider the case in which the independent random vectors Yy, Yo, ..., Y, in , with n fixed,
are such that for all 7 € {1,2,...,n},

20 )

where p € [0,1) is the Pearson correlation coefficient between the components of Y;; and both
B; and Bs are independent Bernoulli random variables with parameter p = 0.25. The mean of

T
X, inisy,Xn:np(l,p—F\/l—pQ) .

Given a vector € R?, Figure [1| depicts the set A, in (34) (blue rectangle); the set B ({1}) \
B, ({1,2}) (grey rectangle), the set B, ({2})\Bx({1,2}) (yellow rectangle); and the set B, ({1,2})
(red rectangle) in ({48). Four cases are distinguished with respect to the given vector = € R?
and the mean vector px in . In Sub-figure the mean vector px belongs to the set
B ({1,2}). In Sub—ﬁgure the mean vector px belongs to the set B ({2}). In Sub-figure
the mean vector py belongs to the set Bz ({1}). In these three cases, the approximation of the
CDF Fx, is done using the set Ay, i.e., using the equality in (35). In Sub-figure [Id] the mean
vector px belongs to the set A,. In this case, the approximation of the CDF Fx  is done
using the sets B, ({1}), Bz({2}), and B({1,2}). That is, using the equality in (46).

Figures depict the CDF Fx, of X, in (#); the Gaussian approximation Fz, in (16); the
saddlepoint approximation (y in ; and the saddlepoint upper and lower bounds €2 in (61))
and @ in ; through the line ad + px . The plots on the left and the center in Figures
are respectively for fixed vectors d = (1,1)T and d = (1,—1)T, as a function of a. The plots
on the right in Figures are in function of p for a fixed point in the line ad + px , with
a € {—6,—-12,—24} and d = (1,1)7, i.e., the tail of the distribution in the direction of the
vector d = (1,1)T. Note that Gaussian and saddlepoint approximations are particularly precise
near to the mean py . That is, when a = 0. Nonetheless, away from the mean, i.e., a < —4
when n = 25, or a < —10 when n € {50,100}, the Gaussian approximation induces a large
approximation error. Note that this is in sharp contrast with the saddlepoint approximation.

For the value of n = 50, Figure [3] the lower bound 2 is negative, except when a > 5.
Alternatively, the Gaussian upper and lower bounds ¥ in and ¥ in are trivial. That
is, the lower bound is negative and the upper bound is bigger than one, which highlights the
lack of formal mathematical arguments to evaluate the Gaussian approximation. For instance,
note that when a < —10, the Gaussian approximation is bigger than the upper bound due to the
saddle point approximation. In particular, note that Figure [3| (Right) highlights the fact that
the same observation holds for all values of p.
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T2

B ({2}) \ Bx({1,2

T

B ({2}) \ B=({1,2})

(c) (d)

Figure 1: Example of the set A, in (blue rectangle); the set By ({1}) \ Bx({1,2}) (grey
rectangle), the set By ({2}) \ Bx({1,2}) (yvellow rectangle); and the set B ({1,2}) (red rectangle)
in (48).
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102
. Ground truth CDF: Fx (ad + fix.))
10 Saddlepoint approximation: Cy (n,ad + ix. )
10° Upper bound (saddlepoint): (n, ad + jix, )
107
102 -
107 10
109
10°
104
102
Ground truth CDF: Fx, (ad + /ix,) 10
Saddlepoint approximation: Cy (n,ad + pix, ) -
10° Upper bound (saddlepoint): ©(n,ad + ix. ) Gromd truth ODF: Piofad +x) | k.
e e o 1) addlepoint approximation: Cy (n, ad + s, )
e e (o Upper bound (saddlepoint): 2(n, ad + jix, )
Saussian approximation: Fy, (ad + ix.) Gaussian approximation: Fy, (ad + ix, )
. p =025 p=01n=25add=(11) p=025p=01;n and d = (1,-1)7 107
° 6 4 2 0 2 4 6 6 P 2 0 2 4 3 01 02 03 04 05 06 07 08
a a P

Figure 2: Sum of the independent random vectors Y1, Yo, ..., Y, with n = 25, such that for
all : € {1,2,...,n}, Y, satisfies (

“ T T T T T T T
100 0 =% Ground truth CDF: Fx (ad + jix.))
Saddlepoint approximation: Cy(n,ad + ix, )
105 Upper bound (saddlepoint): Q(n,ad + pix, )
-O- Gaussian approximation: F, (ad + jix,)
ia=-12n d=(1,1)7°
102
104
10°°
[~ Ground truth CDF: Fx, (ad + jix. ) 107"
10°¢ Xsmdlcpoim approximation: ¢y (n,ad + pix, ) [<¥=Ground truth CDF: Fx_ (ad + fix,)
Upper bound (saddlepoint): Q(n, ad + pix, ) Saddlepoint approximation: Cy(n,ad + pix,)
Lower bound (saddlepoint): Q(n, ad + jix, ) Upper bound (saddlepoint): Q(n,ad + jix, ) 10712
-O-Gaussian approximation: F, (ad + jix,)
P =025 p=0.1; n =50; and d = (1,1)° =025 p=0.1; n =50; and d = (1, 1)
0-10 T T T T g 10713
15 -10 5 0 5 10 15 15 10 5 0 5 10 15

a a

1010

1012

107

10710 1016

1018

107°

[¥=Cround truth CDF: Fx. (ad 1 fix.) 2 - '
Saddlepoint approximation: Cy (n,ad + jix.) =% Ground truth CDF: Fx, (ad 1 fix.) 10 §(.wuml truth CDF: Fx, (ad + ix.))

Upper bound (saddlepoint): Q(n, ad + px, ) Saddlepoint approximation: Gy (n,ad + jix, ) Saddlepoint approximation: Cy(n,ad + ix,)
n,ad + px,) Upper bound (saddlepoint): ©(n,ad + jix. ) Upper bound (saddlepoint): O(n, ad + px,)
ian approximation: Fz, (ad + pix,) 10224 -O- Gaussian approximation: Fy, (ad + jix, )
R p=025a= 24 n=100;d = (1,1).

Lower bound (saddlepoint): ¢
Gaussian approximation: Fy, (ad + pix, )
p=0.25; p=0.1; n =100; and d = (1,1)".
-30 20 -10 0 10 20 30 -30 -20 -10 0 10 20 30 0 01 02 03 04 05 06 07 08
a a P

25; p =0.1; n =100; and d =

Figure 4: Sum of the independent random vectors Y1, Yo, ..., Y, with n = 100, such that for
alli € {1,2,...,n}, Y, satisfies (

RR n° 9388



18 Anade & Gorce € Mary € Perlaza

6 Final Remarks and Discussion

A final remark is the fact that for all @ € D, the saddlepoint approximation Fxn(:c) in
is identical to (y (n,x) in (57). That is, the saddlepoint approximation FXn can be obtained
from Theorem |§| in the special case in which the vectors Y1, Yo, ..., Y, in are either lattice
or absolutely continuous random vectors. Additionally, it is worth to highlight that Theorem [f]
holds for all random variables whose CGF exists. Under this condition, the Multivariate Berry-
Essen theorem in [14, Theorem 1.1], Theorem [1} is a special case of Theorem [3] for the choice
6=0.

The advantages of approximating the probability of a convex set in Z(R*) by using Theorem
instead of Theorem [I] are twofold. First, the proposed upper bound on the approximation error
depends on the set to be approximated. Second, both the approximation and the upper bound
on the approximation error are parametrized by 8 € Oy, with ©y in (17). Thus, the vector
0 in can be tuned to minimize the upper bound on the approximation error. Nonetheless,
such optimization is not trivial. In this work, a non necessarily optimal choice has been made for
obtaining an approximation of the CDF Fx  in Theorem @ That being said, the possibility to
obtain tighter upper bounds on the approximation error on the measure Px, from Theorem
and on the approximation error on the CDF Fx , from Theorem [f]is not negligible.

In the single dimension case, i.e., K = 1, Theorem [3| leads to the same approximation on the
measure Px_ in |16, Theorem 2]. Nonetheless, the upper bound provided in |16, Theorem 2] on
the approximation error is better than the one provided by Theorem

Inria
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A Proof of Lemma 2

The proof relies on noticing that:

|Px, (A) —ny (0, A n)| = ’PXn(.A) — exp (nKy(a))Eng_)) [eXp (_QT Zsle)) {20ea)

‘ (77)

and thus, plugging in the RHS of yields
|PX" (A) - 77Y(0a A7 n)‘

_ Tg(®) T 7(0)
= exp (nKy(e)) EPS%G) [exp (—0 Sn ) ]1{5519>€A}:| — EPZ%"’) |:eXp (—0 Zn ) ]I{ZSL‘”EA}] ’ .
(78)
In the following, explicit expressions for the terms
Epsﬁf) [exp (—0T ,5’519))1{S£L9)€A} and (79)
T 7(0)
in are obtained.
A.1 Explicit Expression of (79)
From (79), the following holds
T o6 T
EPSELB) [exp (—9 S?(AL ))]I{S%G)EA}:| = /]Rk exp (—9 m)]l{-’EGA}dPSEF> (:B) .
(81)

The next step consists in writing the function exp (—HT w) in the right hand-side of as

a Lebesgue integral. For doing so, consider the set K = {1,2,...,k} and let the set-valued
functions Z~ : Oy — 2K, 7 : Oy — 2X and ZT : Oy — 2F be respectively defined such that
for all w = (u1,ug,...,u;) € Oy

I (uw)={i€{1,2,...,k} : u; <0}, (82)
Z(u)={i e {1,2,...,k} : u; = 0}, and (83)
I (u)={ie{1,2,...,k} : u; > 0}. (84)

Then, for all € = (1, 72,...,7;) € R¥, the following holds

exp (—HT w)

=exp (=011 — O — ... — Oxy) (85)

= exp(—0121) exp(—0ax2) ... exp(—0Orxy) (86)

= H exp (—0; x;) H exp (—0; z;) H exp (—0s x5) (87)
i€Z—(0) JEZ(O) s€Z(0)

= H/ —0; exp (—0; t;)dt; H/dt H/ 0, exp (—0, t,)dt, (88)
€L~ (0) JEZ(6 seZt (0

RR n° 9388
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= (-1)F © / 0;exp (—0;t)dt: | | ] /dt wﬁsexp(—ﬁsts)dts . (89)

i€Z—(6) i€Z(0) seI+
To ease the notation, for all © € R and for all @ € R, let the set B, , be

[0,1] ifu=0
(—o0,a] fu<0 (90)
[a,00) ifu>0.

VAN
Bua:

)

Then, using the notation in (90), the equality in can be written as follow

exp <—0T£B)
~-nT eIl T] /Bgiymieiexp(—ﬁiti)dti H/ H/B 0, exp (—04ts)dt,] (91)

€T (0) jez(ey Beo; seZ+(0Y Bos.ws
= (=1)lF" @I H 0; / / / exp ) dty ... dtodty, (92)
i€Z—(0) seI+ Boy .21/ Bog.ag Be,, .z,

where the equality in follows from the linearity of the integration. To ease the notation,
consider the set defined as

Ba,m == Bel,xl X Beg,xg X ... X Bek,mw (93)

where for all ¢ € {1,2,...,k}, the set By, ,, is defined in . Then, plugging in yields

exp (—GT t) duy, (¢) (94)

exp(—GTm):(—l)lIf(e)‘ H 0; H 05 /

i€Z-(8) s€T+(8) Bo.=

——nT@ I e I ¢ /exp(—eTt)n{teBmdyk(t), (95)
Rk

€I (9) s€I+(0)

where v, is the Lebesgue measure on the measurable space (R*, Z(R")).
Then, plugging in yields

EPS%S) {exp (—QT Sgle))ﬂ{s(f)eA}

:/(—1)\17(9” H 0; H 0, /kexp(—BTt)I[{tegeym}de (t)ﬂ{meA}dPSg’)(w) (96)
R R

* icT-(9) s€T+(0)

el 17 el T e / k / b (~078) 1y, )1 we i () APy (@) (97)
REJR :

(€T (0) SEZ(0)
= (—1)‘17(0” H ei H 93 /Rk”exp (—OTt) ]l{teBg,m}]l{meA}de . PSS:” (t, :II) s (98)
(€L (0) SEZ(0)
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where the Lebesgue integral in is with respect to the product measure v - Py on the
measurable space (R**2 Z(RF*2)). Note that the integral in is absolutely integrable.
Thus, using the Fubini’s Theorem [17], the right hand-side of can be written as follows

]EPSE?> {eXp (70T Sﬁf’)) ]I{SSLG)GA}}

—-p= @ IT e II ¢ exp(fOTt>]l{tege,m}]l{weA}dPs(e) (z) dvy (t).
Rk JRE "

€T (0) s€T+(8)
(99)
From , the indicator 1y¢ep, 1 in can be written as follows
Lpesooy = | [] Teseo IT trcen T tesen (100)
JET(0) €T (0) s€T+(0)
To ease the notation, let the set
Bg,t = Behtl X 392’,52 X ... X Bemtm (101)
where, for all i € {1,2,...,k}, the set By, ;, is defined by:
) R ifg; =0
Bei,ti = (7OO,ti] if 6; >0 (102)
Then, plugging (101)) in (100) yields
Leespoy = | [I Liwetony | Moeso,)- (103)
JEL(6)
Hence, plugging (103)) in yields
_9T 6
Ergo {GXP (67 s )]l{sg@eAﬂ
=== @ TT e | II ¢ exp (<07¢) | T teweom
icT-(0) s€T+(8) vk o RE JET(8)
ﬂ{wegeyt}ﬂ{mEA}dPSf) (.’B) dl/]€ (t) (104)
=(-nF @ T e I ¢ exp (—HT t) IT Leeom
i€Z(0) s€I+(8) R JET(6)
]l{wege,t}]l{wEA}dPSS?) (:13) duy, (t) (105)

Rk

=(—1)T ©I H 0, H 0, exp<_9Tt) H Li15ei0,113]Pgtor (A N Bo,z) vk ()(106)

i€T(9) s€T+(0) RF JEZ(0)
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Note that the support of the integrand in is a subset of R¥. Hence, the objective of
the following lines is to characterize a subset of R¥, denoted by D(A, @), that contains the
support of the integrand in (106). The integrand is different from zero if PS,(") (Aﬂ Bgyt) and
HjeI(O) Ly¢,ef0,1]) are simultaneously strictly positive. On the first hand, gi?/en a vector t =
(t1, ta, ..., tr) € R the product HjeI(B) Lt,ef0,1)y is strictly positive if and only if for all
i€ {1,2,...,k}, it holds that

t; €0,1] if 6; = 0. (107)
On the other hand, given t = (¢, to, ..., tg) € RF, a necessary condition for PS(9> (Aﬁ Bgi)
to be strictly positive is that the set AN 69715 is not empty. Now a necessary condition for the
non-emptiness of AN By is that the set Bg ¢ contains at least one element e = (eq,eq,...,ex)
such that for all ¢ € {1,2,...,k},
inf b; <e; < sup b;. (108)
(b1,ba,....,br)EA (b1,b2,...,bk)EA

The inequalities in (108]) impose some conditions on the given vector . More specifically, from the
definition of the set Bg ¢ in (101)), the vector £ = (¢1,t2, ..., t;) must satisfy foralli € {1,2,...,k},
t; = inf b; if 6; > 0; and
(b1,ba,...,bk)EA
< sup b, if6; <O0.
(b1,b2,...,bp)EA

N (109)

Hence, from (107) and (109) the set D(A, @) can be defined as follows
'D(A,a)é{@l,tg,. .. 7tk) S R* : Vi S {1,2, .. .,k}, t; € [0, 1] if 6, =0,
t; = inf b; if #; >0, and t; < sup b; if 0; <0 ,. (110)
(b1,b2,....br)EA (b1,b2,...,bi) €A

Then, the equality in (106]) can be written as follows

EPS;‘G) [exp (—GT SSLQ))]I{S;G)E.A}

T I e I /

exp (—OT t) P
eI (0) s€T+(8) D(A,6)

s (AN Boy) duy (8). (111)

A.2 Explicit Expression of

Following similar steps as in Subsection the following holds with the random vector Z(:
T 7(6)
EPZ$LB> [exp (—0 Z'n )]l{Z;G)E.A}:|

T @[ T o I o /

exp (_aT t) Py (AN Bay)dug (t). (112)
€T (0) sET+(8) D(A.0)
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A.3 Upper Bound on (78)

The proof ends by plugging (111)) and (112) in the right hand-side of . This yields,
|Px, (A) —ny (6, A,n)|

=exp(n 1)1z (9] ) . ox , N
pnKy (9)|(~1) Cep(e)9) <se£[(e>0) /D(A,e) p( ) t) 0 (AN Bo.r) du(t)
—(—1)1F )l 0, 0 oxo (—0T¢) Powo) (ANB 2 dv 113
- (iep(g) ) (561':‘[(9) ) /D(_A}g) p( ) zP ( M Be ) k()] ( )
:exp(nKy(O)( H 0;( H 95)
(€2 (0) SE€IT(0)
/1)(,479) exp (—OT t) ( 5 (.A N By t) Z(e) (./4 N Be t)) dug (t) | (114)

The set Bg+N.A in (114) is convex Borel measurable, given that A is convex Borel measurable
from the assumptions of the lemma. From (30), it holds that

’Ps@ Amzégt) = Py (AN Bot)| < A (Pyor Pyo) (115)

s
Then, plugging (115) in (114) yields
|PX'n.( ) - TIY(Q’Aa TL)|

< exp (nKy (0)) ( H _9i> ( H 93)/D(A O)GXp(—GT t) A (PSELQ),Psze)) v(dt)(116)
9) )

€T~ ( s€T+(0)

_ T

_exp(nKy(G))A(PSSP,PZ%;)) I - I1 o / exp(—o t)z/k(dt)(ll?)
i€ (8) SETH(0) D(A8)

The expression [, , 4) €xp (—OT t) dvy (t) in (117) using the notation in and can be

written in the form

/D(A,e) exp (—BT t) duy, (t)

ai(A,0) 0
= H / exp (—0;t;) dt; H / exp (—0sts) dts (118)

ieZ—(0)Y ~° s€T+(0) as(A,0)
€XP (_01 a; (-Aa 0)) H €XP (_93 Qs (-Aa 0))
= II - (119)
eI (0) 0; s€T+(0) s
B exp (—GT a (A, 0)) (120)

(Hiez—(e) _ei) (Hsez+(e) 93)
where the vector a(A4,0) = (a1(A,6),a2(A,0),...,ar(A,0)) is defined in (31I). Hence, plug-

ging (120) in (117) yields

IPx, (A) = 1y (6, A,n)| < exp (nKy (6) — 6T a(A,0)) A (P, Py ). (121)
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which completes the proof.

B Proof of Theorem [3

From Lemma [2] it holds that

IPx,,(A) = 7y (6, A,m)| < exp (nKy (6) — 67 a(A,0)) A (P, Py ) . (122)

Hence, the objective is to provide an upper bound on A (PS(9>,PZ(9>). An upper bound would

be obtained immediately from Theorem (1} except for the fact that the vectors Ygg), Yég), .
Yfle) in (22) do not have means (0,0,...,0) and variances %diag (1,1,...,1), as required by
Theorem Denote by pyey € R* and vye) € R¥¥F respectively, the mean vector and the
covariance matrix of these random vectors, for some 8 € Oy, with Oy in . Then, the
following holds,

Hy (o) éIEPY(Q) [Y(e)] (123&)
—Ep, {Y exp (eT Y - Ky(a))] (123b)
=k(0), (123c)

where Kg,l)(e) is the gradient vector of the CGF Ky defined in (2). Alternatively,

vy@=Ep_, [(Y“” - K(Y”(a)) (Y“” -~ K§}>(9))T} (123d)
—Ep, [(Y - K§,1)(6)> (Y - KE[”(B))T exp (aT Y - Ky(@))] (123¢)
—K{(0), (123f)

where K§,2)(9) is the Hessian matrix of the CGF Ky defined in (3). Let the Cholesky decompo-
sition of the matrix vy o) be

Vy(0) = Ly(f’)[l);'(ﬂ)v (124)

where ly (o) is a real lower triangular matrix. Note that the matrix vy (o) is nonsingular. This
follows from the assumption that the covariance matrix Kg) (0) is positive definite, which implies

that the CGF Ky is strictly convex and thus, its Hessian matrix Kg) is positive definite.
Let the random vector R,(f) be such that

A 1
R = %lylm (S%G) - nuyw)) (125)

which induces the probability measure Ppe) on the measurable space (Rk,% (Rk)). Plugging

in (125)) yields:

1 0
RS@:ﬁ LY (Y§ ) _ [,Ly(e)) (126)
j=1
_zn: L (ye (127)
= LY (© j Hy (@)
j=1
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=S ul?, (128)
j=1
where
A 1 -
U;B) = 7LY1<9) (Y§0) - Ny(G)) (129)

is a random vector that induces the probability measure Py on the measurable space (R¥, 2(RF)).
Thus, the random vector Rg’) in (125) is the sum of n IID random vectors Uge), Uge), ce

U%e) such that each of them induces the probability measure Fp;e) on the measurable space
(R*, Z(RF)), which satisfies,

Ep, @ {U(g)}:%EPY(m [L;lm (Y(O) - Nyw))} (130)
:%L;’]@)EP},(Q) [(Y(g) - My<e>>] (131)
=0, (132)

and

Ep, [U(O)U(O)T}:% Ep, o [l;h,) (Y(e) _ uy(m) (L}_;%e) (Y(") — Hy(e)))T] (133)

:%L;%,,)]Epy(e) [(Y”) ~yo ) (Y - MY(9)>T} (o) (134)
=% Llovyo (k)" (135)
:% Lo ly©lye (l;l(m)T (136)
z%diag (1,1,...,1). (137)

Similarly, let the random vector ngg) be such that

A 1
w2 %Lylw) (Zgzg) - "My(m) ; (138)

which induce the probability measure Py, o) on the measurable space (R*, 2 (R*)). The mean

vector and the covariance matrix of the random vector Z ;9) are identical to those of the random
vector S1(10). See for instance and . Then, from and , it holds that the mean
vector and the covariance matrix of the random vector W?) are identical to those of the random
vector R;e).

The rest of the proof follows by noticing that for all B € 4 (Rk), the set S (B) defined by

A 1
B2y e R 50 by = Ll (0 -y} (139)
:{y S RF (\/ﬁly(e)y + nuym)) € B} . (140)
allows writing that
PSSLQ) (B):]Epsg;) |:]1{S§L9)€B}:| (].4:].)
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:]EPR&Q) ]l{ (\/ELY(B)RS;)JHLHY(Q))GB}
=Ppo ({y e R*: (Vnly oy + npye) € B})
=Pgro (S(B)).

Similarly, from (138) and (139)), it holds that

P (B)=Pyy0) (S (B)).

This implies that,

A(P (9),P (9))=Sup

Pro) (8 (B)) = Pyyo) (S (B))].

S z sec, | B w
<sup PREZB) (S) — ngbe) (8)‘

(142)

(143)
(144)

(145)

(146a)
(146b)

(146¢)

where the inequality in ([146bf) is a consequence of the fact that the collection Cj of all convex
sets in Z(RF) is stable under linear transformations. Then, from the multivariate Berry-Essen

Theorem (Theorem , it holds that

A (Prgrs P
< min (1,c(k) nIEpU(e) [HU(9)||3D

(Y(G) - Hyw))T (QY(S))_l (Y(e) - MY(G))> ;] )

B 3/2
1908, |((F — o) (yie) ™ (¥ = i)

where c is the function defined in ([14).
Finally, plugging (123c) and (123f) in (147f) yields

A (P Pyyo)

leo

wlw b— 1

((Ly(f’)y1 (Y(e) - HY(H)))T (ly(m)il (Y(g) - NY(e))) i

( |
(1o |
 min (1, s | (@ = tv0) " (@) o)™ (O = i)
( (
(

(147a)

(147b)

> (147¢)
D (1470

(147e)

exp (eT Y - Ky(B))]>7(147f)

< min(l, C(\/I;BEPY [((Y — K&})(g)>T<K§f)(0))—l (Y — Kg,l)(g))>3/2€xp (QTY — Ky(@))])

— uin (1, L @),

(148a)
(148b)
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where the function £y is defined in (32). Plugging (148D) in (146 yields

A (PSE?>’PZ£?)) S min <1, C(/ﬂ)f\/}7:l(0)> . (].49)
Finally, plugging in yields
IPx,(A) = 1y (6, A,n)| < exp (nKy (6) — 67 a(A,0)) min (1, Wﬂ) . (150)

which completes the proof.

C Proof of Lemma [
Note that for all € R, it holds from and from the fact that 0 € @y, that
nKy (8(x)) — 0" (x)x < (nKy(0)—0Tz) = 0. (151)
Moreover, for all € R¥ and for all 8 € clo®y, it holds that
nKy (8) — 0" z=nlog (]EPY [exp (OTY)D — 0" x (
>nEp, [log (exp (07Y))] - 672 (
—nEp, [OTY] 9T (154
=0"nEp, [Y]-0" x (
—0" (nEpy [Y] - ) (
[(Xn] - (

=0" (Epy, [X,]—2)
=0" (ux, —x), (158

where the inequality in (153) follows from Jensen’s inequality [18], Section 2.6]; the equality

in (157) follows from ; and the equality in (158)) follows from (43)).
From (151) and (158), it holds that for all z € R*, 8(x) in satisfies

0" (z) (nx, —x)<0, (159)

which implies that (z — px )76(x) > 0 and proves the inequality in (4I)).
From (151) and (158), it holds that for = px ,

nKy (t(px,)) — TT(HXTL) px, = (nKy(0) — o' px,) = 0. (160)
Thus, the uniqueness of 7(ux ) implies from that
T(ux,) = 0. (161)
Finally, note that 0 € ©3 and thus, from ([40), it holds that
O(px,) =7(ux,) =0, (162)

which concludes the proof.
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D Proof of Lemma [5

For all x = (21, 7,...,2;) € R¥, it holds that

k
1-Fx,(z)=1-Ex, lH H{Xn,t<:z:t}‘| (163)
t=1
K
:EX" L- H ]]'{Xn,tgxt}‘| (164)
t=1
=Ex, [max{l{x, >0y :t€{1,2,....k}}]. (165)

The proof continues by using a property of the max function provided by the following lemma.

Lemma 8 For all k € N, and for all (a1, az, ..., a) € {0,1}%, it holds that
max{a, as, ..., a5} = Z (—1)1+|jl H aj, (166)
JeZ (k) €T

where the collection . (k) is defined in (7).

Proof: The proof is made by recurrence. For & = 1, the results is trivial. For & = 2, it
holds that

max{ai,as} = a1 + as — ajas. (167)
Assume that for all k¥ € N and for all (a1, az, ..., a;) € {0, 1}, it holds that
max{ai, az, ..., a5} = Z (=)t H aj, (168)
JeS (k) JjeET

where the collection . (k) is defined in . Let ajy1 a real be such that ag41 € {0,1}. Then,
it holds that

max{ai, as,...,ak, ax+1 = max{ag41, max{ai, as,...,axt}. (169)

Note that max{a1,ag,...,ar} € {0,1}. Then, plugging (167) in (169) yields

max{ai,as,...,ak, ax+1} = agt1 + max{ai,as,...,ar} — ap+1 max{ay,as,...,ax}. (170)
Then, plugging (168) in (170)) yields

max{ai,as,...,ak, ag1+1}

= Qpy1 + Z (=11 H a; | —ag+1 Z (=1)t171 H a; (171)
Jes (k) JjET Jes (k) JjeT

=app+ | D DI Ta |+ Y2 D) Mla [T g (172)
Jes (k) JjET JeZ (k) JjET

=apt+ | Y, GOV |+ > VO] e ) (173)
Jes (k) JjET JeZ (k) jeTJU{k+1}
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Note for all k € N, using the definition in (47), it holds that

Sh+1)={{k+1}}ULS kK U{k+1}UT : T € Z(k)}. (174)
Then, plugging (174) in (173) yields
max{ai,as,...,a%, Qg1 }= Z (—1)1+“7‘ H aj, (175)
Tes (k+1) jeT

which concludes the proof by recurrence.

|
Using Lemma I 8| in , it follows that

1-Fx,(2)=Ex, | > (~D"VI] 1x,, 50, (176)

JeZ (k) j€eT
= > (-D"VEx, |[] Vx50 (177)

Jes (k) Jj€T
= Y (-1)"*VIPx (B.(7)), (178)

JeZ (k)

where the set B, (J) is defined in ([8). The equality in (I77) follows from the linearity of the
expectation. This concludes the proof.
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