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We introduce a hierarchy of semidefinite relaxations of the set of quantum correlations in generalized
contextuality scenarios. This constitutes a simple and versatile tool for bounding the magnitude of quantum
contextuality. To illustrate its utility, we use it to determine the maximal quantum violation of several
noncontextuality inequalities whose maximum violations were previously unknown. We then go further
and use it to prove that certain preparation-contextual correlations cannot be explained with pure states,
thereby showing that mixed states are an indispensable resource for contextuality. In the second part of the
paper, we turn our attention to the simulation of preparation-contextual correlations in general operational
theories. We introduce the information cost of simulating preparation contextuality, which quantifies the
additional, otherwise forbidden, information required to simulate contextual correlations in either classical
or quantum models. In both cases, we show that the simulation cost can be efficiently bounded using a
variant of our hierarchy of semidefinite relaxations, and we calculate it exactly in the simplest contextuality

scenario of parity-oblivious multiplexing.
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I. INTRODUCTION

The contextuality of quantum theory is a fundamental
sign of its nonclassicality that has been investigated for
several decades. While contextuality was originally estab-
lished as a property specific to the formalism of quantum
theory [1,2], it has, in more recent times, been further
generalized as a property of nonclassical probability dis-
tributions that can arise in operational theories [3]. This
operational notion of contextuality is applicable to a broad
range of physical scenarios and has been shown to be
linked to a variety of foundational and applied topics in
quantum theory (see, e.g., Refs. [4-12]).

The principle of noncontextuality holds that opera-
tionally equivalent physical procedures must correspond
to identical descriptions in any underlying ontological
model [3]. This assumption imposes constraints on the
correlations that can be obtained in prepare-and-measure
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scenarios involving operationally equivalent preparations
and measurements. In such scenarios, which we term
“contextuality scenarios,” the correlations obtainable by
noncontextual models can be characterized in terms of lin-
ear programming [13]. In contrast, quantum models that
nonetheless respect the operational equivalences may pro-
duce “contextual correlations” unobtainable by any such
noncontextual model [3]. This leads to a conceptually
natural question: how can we determine if, for a given con-
textuality scenario, a given set of contextual correlations is
compatible with quantum theory? This question is crucial
for understanding the extent of nonclassicality manifested
in quantum theory, and hence also for the development
of quantum-information protocols powered by quantum
contextuality. While an explicit quantum model is suffi-
cient to prove compatibility with quantum theory, prov-
ing the converse—that no such model exists—is more
challenging.

Here, we provide an answer to the question by
introducing a hierarchy of semidefinite relaxations of
the set of quantum correlations arising in contextual-
ity scenarios involving arbitrary operational equivalences
between preparations and measurements. This constitutes
a sequence of increasingly precise necessary conditions
that contextual correlations must satisfy in order to admit
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of a quantum model. Thus, if a given contextual proba-
bility distribution fails one of the tests, it is incompatible
with any quantum model satisfying the specified opera-
tional equivalences. We exemplify their practical utility
by determining the maximal quantum violations of sev-
eral different noncontextuality inequalities (for noisy state
discrimination [14], for three-dimensional parity-oblivious
multiplexing [15], for the communication task experimen-
tally investigated in Ref. [16], and for the polytope inequal-
ities obtained in Ref. [13]). Then, we apply our method
to solve a foundational problem in quantum contextuality:
we present a correlation inequality satisfied by all quantum
models based on pure states and show that it can be vio-
lated by quantum strategies exploiting mixed states. Thus,
we prove that mixed states are an indispensable resource
for strong forms of quantum contextuality.

Equipped with the ability to bound the magnitude of
quantum contextuality, we ask what additional resources
are required to simulate preparation contextual correla-
tions with classical or quantum models. We identify this
resource as the preparation of states deviating from the
required operational equivalences, and quantify this devi-
ation in terms of the information extractable about the
operational equivalences via measurement. This allows
us to interpret preparation contextuality scenarios, and
experiments aiming to simulate their results, as particular
types of informationally restricted correlation experiments
[17,18]. For both classical and quantum models, we show
that the simulation cost can be lower bounded using vari-
ants of our hierarchy of semidefinite relaxations. We apply
these concepts to the simplest preparation contextuality
scenario [19], where we explicitly derive both the classical
and quantum simulation costs of contextuality.

II. CONTEXTUALITY

Consider a prepare-and-measure experiment in which
Alice receives an input x € [ny] := {1,...,ny}, prepares
a system using the preparation P,, and sends it to Bob.
Bob receives an input y € [ny], performs a measurement
M, and obtains an outcome b € [np]; this event is called
the measurement effect and is denoted [b|M,]. When the
experiment is repeated many times it gives rise to the con-
ditional probability distribution p (b|x,y) := p(b| Py, M,).

An ontological model provides a realist explanation of
the observed correlations p (b|x,y) [3]. In an ontological
model, the preparation is associated to an ontic variable
A subject to some distribution (i.e., an epistemic state)
p(Alx) and the measurement is represented by a proba-
bilistic response function depending on the ontic state,
p(bly, L) [20]. The observed correlations are then written

pbly) = plop®ly,1). (1)
A

Notice that every probability distribution admits of an
ontological model.

A. Operational equivalences

The notion of noncontextuality becomes relevant when
certain operational procedures (either preparations or mea-
surements) are operationally equivalent [3]. Two prepa-
rations P and P’ are said to be operationally equivalent,
denoted P >~ P’, if no measurement [21] can distinguish
them, i.e.,

V[bIM]: p(bIP,M) = p(bIP',M). ()
Similarly, two measurement effects [6|M] and [b'|M'] are
operationally equivalent, denoted [b|M] = [b'|M'], if no
preparation can distinguish them, i.e.,

VP: pblP,M)=p®|P,M). 3)

In prepare-and-measure experiments, we are particu-
larly interested in operationally equivalent procedures
obtained by combining preparations P, or measurement
effects [b|M,]. Specifically, one may have (hypotheti-
cal) preparations P, = ) '~ o Py and Pg = Y %, B.Px,
where {a,}, and {B,}, are convex weights (i.e., non-
negative and summing to one) and, likewise, measurement
effects [by|Mo] = > /2, Zﬁil ap[bIM,] and [bg|Mg] =

bt 2yl Bow[bIM, ], where {apy}o, and {Bpiy)s, are
sets of convex weights, with Py, >~ Pg and [by|My] =
[bp|Mg].

Such operationally equivalent procedures can naturally
be grouped into equivalence classes, and it will be conve-
nient for us to specify equivalent procedures in a slightly
different, yet equivalent, way as follows.

Definition 1. (a) A preparation operational equivalence is
asetEp = {(Sk, {fk(x)}xegk)}le, where {S;}; is a partition
of [ny] into K disjoint sets and, for each k, {§(x)},cs, are
convex weights [i.e., with &(x) > 0and ) _ 5, Ek(x) = 1].
We say that the preparations {Px}g , satisfy Ep if for all
kK € [K]

Y E@P > Y EX)Py. )

xeSy XeSy

(b) A measurement operational equivalence is a set
Enn = ((Te, {8 (bs3)) pyyer,)Vosys Where (T} is a parti-
tion of [ng] x [ny] into L disjoint sets and, for each ¢,
{¢e(D,y)}by)er, are convex weights. We say the measure-
ments {My};i1 with effects {[b|M,]},2, satisfy €, if for
all £,¢ € [L]

> abpbIM]~ Y G BIM] ()

by)eTy by)eTy
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Note that any operational equivalence of the form
2ooPe= ) P or 3o, any[bIM] =3, By
[b|M,] can be specified in this way [22]. The formula-
tion of Definition 1 allows us to consider natural partitions
into K > 2 or L > 2 sets, which will prove useful later. For
example, if one had three operationally equivalent prepa-
rations of the form (1/2)(Py + P2) >~ (1/2)(P; + P4) ~
(1/2)(Ps + P¢), we can express this as a single operational
equivalence rather than several pairwise equivalences.

B. Contextuality scenarios and noncontextuality

With these basic notions, we can now more precisely
define the kind of scenario in which we study noncontex-
tuality and its precise definition in such settings. In par-
ticular, we consider prepare-and-measure scenarios of the
form described above in which Alice’s preparations and
Bob’s measurements must obey fixed sets of operational
equivalences.

Definition 2. A contextuality scenario is a tuple

(ny,ny, ng, {57(?}521,{5/(3}?:1), where 57()") and 5/(31) are
preparation and measurement operational equivalences,

respectively.

Note that the normalization of the probability distribu-
tion p (blx,y) implies that ) ", [b|M,] = > ,[bIM,/] for all
y,V’, and hence every ontological model must satisfy the
corresponding operational equivalence. We generally omit
this trivial operational equivalence from the specification
of a contextuality scenario.

The notion of (operational) noncontextuality formal-
izes the idea that operationally identical procedures must
have identical representations in the underlying ontologi-
cal model [3].

Definition 3. An ontological model is said to be the
following.

(a) Preparation noncontextual if it assigns the same
epistemic state to operationally equivalent preparation pro-
cedures; i.e., if the preparations P, satisfy an operational
equivalence Ep = {(Sk, {£x(¥) }res,)}5_; then, for all %,
kK € [K]

VAL D &E@pGIY) =Y & @pQl).  (6)

xSy xeSy

(b) Measurement noncontextual if it endows opera-
tionally equivalent measurement procedures with the
same response function; i.e., if the measurement effects
[b|M,] satisfy an operational equivalence Eaq = {(T%,
{Ce(b, )} pyyer,) o, then, forall £, ¢ € [L]

Vi > abyp®ly. ) = Y eb.y)pbly. ).
(by)eTy (by)ETy

()

Finally, if an ontological model is both preparation and
measurement noncontextual, we simply say that it is non-
contextual.

The assumption of noncontextuality imposes nontrivial
constraints on the probability distributions that can arise in
an ontological model [3].

Definition 4. Given a contextuality scenario, the corre-
lations p(b|x,y) are said to be (preparation or measure-
ment) noncontextual if there exists a (preparation or mea-
surement) noncontextual ontological model satisfying the
operational equivalences of the scenario and reproducing
the desired correlations. If no so much model exists, we
say that the correlations are (preparation or measurement)
contextual.

It is known that the set of noncontextual correlations
(and, likewise, the sets of preparation or measurement non-
contextual correlations) forms, for a given contextuality
scenario, a convex polytope delimited by noncontextuality
inequalities [13].

C. Quantum models

Here, we are particularly interested in what correlations
can be obtained in contextuality scenarios within quantum
mechanics. In quantum theory, a preparation P corre-
sponds to a density matrix p [i.e., satisfying p > 0 and
tr(p) = 1], and two preparations p and p’ are operationally
equivalent if and only if p = p’. Preparation operational
equivalences thus correspond to different decompositions
of the same density matrix. Likewise, a measurement cor-
responds to a positive operator-valued measure (POVM)
{Ep} (defined by Ej, > O and ), E;, = 1), where the E}, are
the measurement effects. Measurement effects £, and E;,
are thus operationally equivalent if and only if £, = E,.

We can thus specify precisely what a quantum model for
a contextuality scenario corresponds to.

Definition 5. A quantum model for a contextuality sce-
R {8/(&)}(?:1) is given by two sets

r=1°

nario (ny,ny, ng, {57(5)}

of Hermitian positive semidefinite operators {p,}/*, and

HEpyY,2,),L,, which satisfy
Vx :tr(pox) =1, (8

np
Yy Y Eyy =1, ©)

b=1

as well as the operational equivalences

Vrk: Y & @p = o0y, (10)

(r)
xeSk
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Ya.t: Y P bEn =T,
(by)eTs?

an

for some operators o, and 7, independent of k and £.

If a quantum model consists only of pure states (i.e.,
if p? = p, for all x) or projective measurements (i.e., if
El%ly = Epy, and Ep,Ey), = 0 for all b,5/,y), then we call
the model pure or projective, respectively.

It turns out that quantum theory is conceptually differ-
ent from standard realist models, in the sense that there
exist quantum models for contextuality scenarios—that
thus respect the specified operational equivalences—but
nevertheless can give rise to contextual correlations [3].
Quantum theory is thus said to be contextual.

Interestingly, quantum models cannot provide any
advantage over noncontextual ontological models in the
absence of nontrivial preparation operational equivalences
[23]. In this sense, quantum theory is measurement non-
contextual. Conversely, however, quantum contextuality
can be witnessed in contextuality scenarios involving only
operational equivalences between the preparations [along
with the trivial measurement operational equivalence aris-
ing from Eq. (9), which is necessarily satisfied by any
quantum model for any contextuality scenario]. For this
reason there has been particular interest in preparation non-
contextual inequalities, although interesting contextuality
scenarios involving both preparation and measurement
operational equivalences have been proposed (see, e.g.,
Refs. [8,13,24,25]).

III. A HIERARCHY OF SDP RELAXATIONS

In recent years, hierarchies of semidefinite programming
(SDP) relaxations of the set of quantum correlations have
become an invaluable tool in the study of quantum cor-
relations [26,27]. Such a hierarchy capable of bounding
contextual correlations in contextuality scenarios, where
operational equivalences must be taken into account, has
thus far, however, proved elusive, and it is this problem we
address here.

The fundamental question we are interested in is the fol-
lowing: given a contextuality scenario (ny,ny,ng, {57(;)},

{Ej((fl)}) and a probability distribution p(blx,y), does
there exist a quantum model for the scenario reproduc-
ing the observed correlations, i.e., satisfying p (b|x,y) =
tr(prb\y)?

Note that, in contrast to many scenarios in quantum
information, such as Bell nonlocality, it is not a priori
clear that, in the search for such a quantum model, one can
restrict oneself to pure states and projective measurements
despite the fact that no assumption on the Hilbert-space
dimension is made. Indeed, while one can always purify a
mixed state, or perform a Naimark dilation of the POVMs,

such extensions may no longer satisfy the operational
equivalences of the contextuality scenario.

Although SDP hierarchies have previously been formu-
lated for prepare-and-measure scenarios [18,28-30], the
main challenge for contextuality scenarios is to represent
the constraints arising from the operational equivalences.
Here, we adopt an approach motivated by a recent hierar-
chy [18] bounding informationally restricted correlations
[17] and the fact that operational equivalences can be inter-
preted as restrictions on the information obtainable about
equivalent operational procedures (see also Sec. V A).

A. Necessary conditions for a quantum model

Similarly to other related SDP hierarchies, our approach
to formulate increasingly strict necessary conditions for
the existence of a quantum model is based on reformulat-
ing the problem in terms of the underlying moment matrix
of a quantum model. To this end, let us define the set of
operator variables

J = {]]-} U {px}x U {Eb\y}b,y U {O.I‘) T[}r,[a (12)

where o,, 7, (with » € [R], £ € [L]) are variables corre-
sponding to the operators defined in Egs. (10) and (11) and
are used to enforce robustly the operational equivalences.
Consideralist S = (S, . .., S|s)) of monomials (of degree
at least one) of variables in J. We say that S represents
the kth degree of the hierarchy if it contains all monomials
over J of degree at most & [31]. The choice of S will lead
to different semidefinite relaxations, but it should at least
include all elements of J.

Given a monomial list S, the existence of a quantum
model implies the existence of a moment matrix I' whose
elements, labeled by the monomials in u,v € S, are

T = tr(ufv) (13)

and satisfy a number of properties that form our necessary
conditions. Some of these constraints are common with
those found in similar hierarchies [points (I)+I1I) below],
while others capture important aspects of quantum mod-
els for contextuality scenarios [points (IV}+V)] and will
be expressed through localizing matrices [32]. We outline
these constraints below.

(I) Hermitian-positive semidefiniteness. By construc-
tion the moment matrix is Hermitian and it is easily seen
to be positive semidefinite [26], i.e.,

I =Tr'>o0. (14)

(IT) Consistency with p. Since the quantum model must
reproduce the correlations p (b|x,y), I' must satisfy

vx,y,b: Tpogy,, =pOlx,p). (15)

(III) Validity of states and measurements. Since any
quantum model must satisfy the constraints of Egs. (8)
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and (9), I' must satisfy

Vx: Ty, =1, (16)

as well as linear identities of the form

D culuy =0 if > cytr(u’v) =0, (17)
u,v u,v

where the sum is over all monomials u, v in S. These con-
straints are, in particular, those satisfied by any quantum
model that follow from the validity of the states and mea-
surements making up the model and the cyclicity of the
trace.

For example, Eq. (17) includes constraints of the form
> FEmy,quyf = FLE;,W as well as constraints such as
CEyy By = UorEyyEyys which follows from the fact
that tr(Ep), 0xEp|y) = tr(pxEy )y Ep)y). It thus includes the
constraints implied by the trivial operational equivalence
following from Eq. (9) that are satisfied by any quantum
model, thereby justifying the fact that we generally do
not explicitly include this operational equivalence relation
when specifying contextuality scenarios.

Note that if we were to assume the quantum model is
either pure or projective (so that, respectively, either p? =
Oy, OF Eily = Eyp), and Ep, Eyy), = 0), then this implies fur-
ther constraints of the form of Eq. (17). In particular, one
can always make this assumption if there are no non-
trivial operational equivalences of the corresponding type,
allowing the SDP hierarchy we formulate to be simplified,
but can also be considered as an additional assumption of
interest (see Sec. IV B).

(IV) Operational equivalences. A quantum model
must satisfy the operational equivalences of Egs. (10)
and (11). While this implies that the traces of each
side of those equations must be equal—which in turn
imposes the corresponding linear identities on the moment
matrix—this alone does not fully capture the constraints
implied by the operational equivalences, and notably is not
enough to provide a good hierarchy. To properly enforce
these constraints, we draw inspiration from the hierar-
chy of informationally restricted quantum correlations [18]
and make use of localizing matrices. These are addi-
tional matrices of moments whose elements (or a subset
thereof) are linear combinations of elements of I', and
which themselves must be positive semidefinite [32].

We thus define, for all » € [R], k € [K”] and all ¢ €
[0], £ € [L?9], the localizing matrices A* and A@®
with elements

AL’:;}") =tr|u |0 — Z P )py | v

(r)
xeSk

(18)

A =wlu" 1= Y g Pb.)Ey v ], (19)
(by)er®

which are labeled now by monomials from a monomial
list £, in general different from S (and which, in principal,
could differ for each localizing matrix). Ideally, £ should
be chosen so that the elements of the localizing matrices
are linear combinations of elements of the moment matrix
.

For a quantum model exactly satisfying the operational
equivalences Eg) and €7, with o, and 7, defined as in
Egs. (10) and (11) one has A"% = A@D =0, tr(s,) =
1 and tr(z,) = Z(b,y)erf) Q(q) (b,y)tr(Epy,). Such compli-

cated matrix equality constraints (which one could in
principle enforce without defining the localizing matrices),
however, tend to lead to poor results in practice due to the
numerical instability of SDP solvers. Instead, we impose
the more robust constraints that A"® A@0 = 0 (along
with the equality constraints on the traces of o, 7,, which
serve to “normalize” the localizing matrices), which follow
from the existence, for any quantum model, of Hermitian

operators o, 7, satisfying o, > er 50 Sk(r) (x)px and 7, >

Z(b,y)eTzq) Cg(q) (b,y)Ep),. We thus have, for all , k, g, £

ACR >0, AG@D » g,

Z gz(q)(b’y)rﬂ,Eb‘);-

()
(by)eT,

(20)
e2y)

Iﬁ]l,zrr = 1> 1_‘]l,rq =

Moreover, whenever the monomials u, o,u, and p,u are in
S we have

A (rk
A,(Z;)) = Fu,zrw - Z E}ir) Fu,va’ (22)
xES,(:)
and, when u, t,u, and Ep),u are similarly in S,
AL(,{;@ = 1_‘u,rqv - Z é‘[(q)l—‘u,Evava (23)

(by)ery?

thereby relating the localizing matrices to the moment
matrix I

We note that the operators o, and 7,, and the localizing
matrices expressing the deviation of their moments from
those of the operational equivalences, hence play the role
of'slack variables to robustly enforce the operational equiv-
alencies. As we see in Sec. V, the formulation we adopt
here will also allow a natural generalization allowing us
to study the simulation cost of preparation contextuality,
where the trace of o, has a natural interpretation, further
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motivating our choice to present the constraints in the form
given here.

(V) Positivity of states and measurements. In most
SDP hierarchies used in quantum information, one can
assume without loss of generality that the states and mea-
surements in question are projective (see, e.g., Refs. [26,
27]); since all projective operators are positive semidefi-
nite, it is not necessary in such cases to consider explicitly
the constraints the positive semidefiniteness of the opera-
tors in a quantum model imposes on a moment matrix. As
already mentioned, however, for contextuality scenarios
this is not a priori the case, and to capture the constraints
implied by the positive semidefiniteness of states and mea-
surements (i.e., py, Ep, > 0) we again exploit localizing
matrices.

Let us thus introduce the localizing matrices (for all
x,v,b) T* and T®) with elements

T, = tr(' pev), (24)
T = tr(u'Epypyv), (25)

which are labeled by monomials from a monomial list O,
in general different from S (and which, as for £, in prin-
ciple could differ for each x,y,b). Ideally, O should be
chosen so that the elements of the localizing matrices are
also elements of the moment matrix I".

It is easily seen that the positive semidefiniteness of p,
and Ep), implies

Vx: T¥ >0, (26)

vy,b: YO =0, (27)
which in turn (for well chosen Q) constrains I'. More-
over, for all u, v in O, whenever the monomials u, p,v or,
respectively, u, Ep,v are in S we have

TL)IC,'U = Fu’va, ’Y‘(b,y) = Fu:Eb\yU’ (28)

u,v
thereby relating the localizing matrices to the main
moment matrix.

For given choices of the moment lists S, £, and O, the
constraints presented above thus provide necessary condi-
tions for a given correlation to have a quantum realization
in the contextuality scenario. Note moreover that, by stan-
dard arguments [26], one can actually assume the moment
matrix (and localizing matrices) are real since the above
constraints involve only real coefficients. These condi-
tions are all semidefinite constraints, which leads us to the
following proposition summarizing our hierarchy of SDP
relaxations.

Proposition 6. Let S, L, O be fixed lists of monomi-
als from J. A necessary condition for the existence of a

quantum model in a given contextuality scenario repro-
ducing the correlations {p(blx,y)}px, is the feasibility of
the following SDP:

find T, (A"}, (ADO), (15, (YO,

suchthat T =0, A0 =0, A% >0,
T >0, T¢ »o, (292)
FPXsEb\y = p(b|xay)a (29b)
Tip =1, (29¢)
Z cu,vru,v =0 lf Z cu,vtr(uTv) = 0,
u,v u,v
(294d)
F]l,(fy = 1, Fﬂ,rq == Z é'g(q)(b,)’)FIL,Eb‘y,
(by)ery?
(29¢)
[\15},’;116) = Fu,aru - Z é,gr)ru,va, (29f)
xES](:)
AGO =Ty — > Ty (299)
(by)er?
’Y\Iiv = F“ava’ ’?‘;ﬁ;}’) = F“:Eb\yv’ (29h)

where the above operators are all symmetric real matrices.

By taking increasingly long monomials lists S, £, and
O, one thus obtains increasingly strong necessary condi-
tions for a quantum realization, and which can be effi-
ciently checked by standard numerical solvers for SDPs.

While the above hierarchy applies to arbitrary contextu-
ality scenarios, in many scenarios or situations of interest,
it can be somewhat simplified. In particular, if one wishes
to determine whether a given correlation is compatible
with a pure and/or projective quantum model, the extra
constraints imposed on the states and measurement effects
(cf. Definition 5) correspond to further linear constraints
in Eq. (29d), meaning that the corresponding localizing
matrices T* and/or T®» [and subsequent constraints in
Eq. (29h)] are not required. Similarly, if there are either no
preparation or no measurement operational equivalences
present in the problem (i.e., if R = 0 or Q = 0) then the
corresponding localizing matrices A" or A @9 [and sub-
sequent constraints in Egs. (29¢) and (29f)] are also not
required. The later case is particularly relevant in many
(preparation) contextuality scenarios of interest, includ-
ing the examples we consider in the following section. To
illustrate this, in Appendix A we show how the SDP sim-
plifies for the case of preparation noncontextuality, where
only nontrivial preparation operational equivalences are
considered.
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Although the above hierarchy solves a feasibility prob-
lem, asking whether a distribution p (b|x,y) is compatible
with a quantum model for the contextuality scenario, in
practice one is often interested with maximizing a linear
functional of the probability distribution over all pos-
sible quantum models—i.e., a noncontextuality inequal-
ity—perhaps subject to some further constraints on the
distribution. It is easily seen that, following standard tech-
niques, the hierarchy of necessary conditions we present
also allows one to bound such optimization problems by
instead maximizing the corresponding functional over all
feasible solutions to the SDP of Proposition 6.

As we see in the following section, the hierarchy of
Proposition 6 allows us to readily obtain tight bounds
on quantum contextual correlations in many scenarios of
interest. However, in some cases involving both nontriv-
ial preparation and measurement operational equivalences
and no assumptions of pure states or projective mea-
surements, it performs relatively poorly in practice. This
appears to stem from the fact that, in such cases, the
probabilities p(b|x,y) do not appear on the diagonal of
the moment matrix or any of the localizing matrices.
In Appendix B we show how these difficulties can be
overcome by presenting a modified version of our hier-
archy, obtained by taking the operators {,/o.}, and/or

{VEp}p,y in the operator set J [cf. Eq. (12)] instead of
{px}x and {Ep),}p,,, an approach that we believe may be of
independent technical interest.

IV. APPLICATIONS OF THE SDP HIERARCHY

We implement a version of this hierarchy (and the vari-
ant described in Appendix B) in MATLAB, exploiting the
SDP interface YALMIP [33], and our code is freely available
[34]. Our implementation can handle arbitrary contextu-
ality scenarios, restrictions to pure or projective quantum
models or to classical (commuting) models, and solve
either the feasibility SDP of Proposition 6 or maximize a
linear functional of the correlations p (b|x, y) subject to lin-
ear constraints on the probabilities. In solving large SDP
problems that would otherwise be numerically intractable,
it can make use of RepLAB [35,36] (a recently developed
tool for manipulating finite groups with an emphasis on
SDP applications) to exploit symmetries in noncontextual-
ity inequalities, a capability we exploit in obtaining some
of the results presented below.

A. Quantum violations of established preparation
noncontextuality inequalities

To illustrate the usefulness of the hierarchy described
in Proposition 6, we first exploit it to derive tight bounds
on the maximal quantum violation of three preparation
noncontextuality inequalities introduced in the previous
literature. In Appendix C we detail the analysis of two
examples based on the inequalities derived in Ref. [15]

and the inequalities experimentally explored in Ref. [16].
Here, we focus on the noncontextuality inequalities for
state discrimination presented in Ref. [14].

To reveal a contextual advantage in state discrimina-
tion, Ref. [14] considers a scenario with x € [4], y € [3],
and b € [2] and attempts to discriminate the preparations
Py and P,, while P3 and P4 are symmetric extensions that
ensure the operational equivalence (1/2)P; + (1/2)P5; =~
(1/2)P, + (1/2)P4. The first two measurements (y = 1,2)
correspond to distinguishing preparations P; and P3, and
P, and P4, respectively (in the noiseless case, these should
be perfectly discriminable); while the third (y = 3) corre-
sponds to the state discrimination task, i.e., discriminating
Py and P,. There are three parameters of interest: the
probability of a correct discrimination, s; the probability
of confusing the two states, ¢; and the noise parameter,
€. Under the symmetry ansatz considered, the observed
statistics are thus required to satisfy

s=p]1,3) =pQ2]2,3) =pQ2[3,3) =p(1]4,3),

c=p12,1) =p11,2) =pQ2|4,1) = p(2[3,2),

l—e=p12,2) =p|1,1) =p2J4,2) =p2|3, ).
(30)

The authors show that, for € < ¢ <1 — ¢, the following
noncontextuality inequality holds:

c—¢€
s<1-—

€2))

What is the maximal quantum advantage in the task?
Ref. [14] presented a specific family of quantum models
that achieve

5= % <1+\/1 —e+2ye(l —e)e(l — ) +c(2e — 1)),
(32)

which violates the bound, Eq. (31), and conjectured it to
be optimal for qubit systems. The semidefinite program-
ming hierarchy presented in the previous section allows us
to place upper bounds on s for given values of (c, €) by
maximizing s under the above constraints. Using a moment
matrix of size 42 and localizing matrices of size 7 [37], we
systematically perform this maximization with a standard
numerical SDP solver [38] for different values of (c,¢)
by dividing the space of valid parameters (i.e., satisfy-
ing € <c <1—¢)into a grid with spacing of 0.01. We
consistently obtain in every case an upper bound agreeing
with the value in Eq. (32) to within 10~>, which is con-
sistent with the precision of the SDP solver. We thus find
that Eq. (32) indeed gives the maximal quantum contextual
advantage in state discrimination.

For the interested reader, in Appendix D we use this
example to show more explicitly what form the constraints
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of the SDP hierarchy take and how they relate the moment
matrix and localizing matrices.

B. Mixed states as resources for quantum contextuality

In many forms of nonclassicality, such as Bell nonlo-
cality, steering, and quantum dimension witnessing, the
strongest quantum correlations are necessarily obtained
with pure states. In the former two, this stems from the
fact that any mixed state can be purified in a larger Hilbert
space. In the latter, it follows from the possibility to real-
ize a mixed state as a convex combination of pure states of
the same dimension. Interestingly, however, it is a priori
unclear whether mixed states should play a more funda-
mental role in quantum contextuality: both purifications of
mixed states and postselections on pure-state components
of mixed states may break the operational equivalences
between preparation in contextuality scenarios. Here we
show that this intuition turns out to be correct: prepara-
tion contextuality indeed is exceptional as mixed states are
needed to obtain some contextual quantum correlations.

To prove this, we consider the noncontextuality scenario
of Hameedi-Tavakoli-Marques-Bourennane (HTMB) [16].
In this scenario, Alice receives two trits, x :=xjx; €
{0,1,2}% and Bob receives a bit y € [2] and produces a
ternary outcome b € {0, 1,2}. There are two operational
equivalences involved, corresponding to Alice sending
zero information about the value of the sums x; + x, and
X1 + 2x, (modulo 3), respectively. Each of these corre-
sponds to a partition of Alice’s nine preparations into three
sets. Under these constraints, Alice and Bob evaluate a
random access code [39]. The HTMB inequality bounds
the success probability of the task in a noncontextual
model [16]:

1 2
Anrmp = 3 ny:P(b =xlx,y) < 3 (33)

We revisit this scenario and employ our semidefinite relax-
ations to determine a bound on the largest value of Ayrms
attainable in a quantum model in which all nine prepa-
rations are pure. As described following Proposition 6,
this scenario can easily be considered with our hierarchy
by simply including the linear constraints following from
p? = p, (for all x) in Eq. (29d) and noting that the local-
izing matrices Y~ are no longer required. Using a moment
matrix of size 2172 and localizing matrices of size 187,
we find that Ayrme < 0.667 up to solver precision. To
make such a large SDP problem numerically tractable, we
use RepLAB [35,36] to make the moment matrix invari-
ant under the symmetries of the random access code,
thereby significantly reducing the number of variables in
the SDP problem. This gives us strong evidence (i.e., up
to numerical precision) that pure states cannot violate the
HTMB inequality (33), and we conjecture this to indeed

be the case exactly [40]. Importantly, however, mixed
states are known to enable a violation of the inequality:
six-dimensional quantum systems can achieve Ayrmp ~
0.698 [16,41]. This shows that sufficiently strong contex-
tual quantum correlations can require the use of mixed
states.

C. Quantum violation of contextuality inequalities
involving nontrivial measurement operational
equivalences

The examples discussed above focused on preparation
contextuality scenarios, in which there are no nontriv-
ial measurement operational equivalences. Nonetheless,
quantum contextuality can also be observed in scenar-
ios involving measurement operational equivalences (in
addition to preparation operational equivalences), and we
demonstrate the ability of our hierarchy to provide tight
bounds in such scenarios by applying to the noncontextu-
ality inequalities derived in Ref. [13].

In Ref. [13], the authors consider a scenario with
x €[6], vy €[3], and b €[2] where the preparations
satisfy the operational equivalence (1/2)(P;+ P;) =~
(1/2)(P3 + P4) =~ (1/2)(P5 + Pg) and the measurements
satisfy the operational equivalence (1/3) Zy[l |M,] ~
(1/3) Zy [2|M, ]. The authors completely characterized the
polytope of noncontextual correlations in this contextual-
ity scenario, finding the following six inequivalent (under
symmetries), nontrivial noncontextuality “facet” inequali-
ties [where we use the notation p,, 1= p(1]x,y)]:

(34a)
(34b)
L =pi1 — 2pxn +2p3 — par — 2ps1 + 2ps3 < 3, (34c)

Iy =pi +p3+ps3 <25,
L =pi+pn+ps3 <25,

Iy =2p11 — po2 +2p3p <3, (34d)
Is = p11 + pan +p3o —psi +2ps3 < 4, (34¢)
Is = p11 + 2p2 — ps1 +2ps3 < 4. (341)

While it was shown in Ref. [24] that a quantum model
can violate the first of these inequalities and obtain the
logical maximum of /; = 3, the degree to which the other
inequalities can be violated has not, to our knowledge, pre-
viously been studied. We note that this question is also
addressed in the parallel work of Ref. [42].

In this scenario, where we have both nontrivial prepa-
ration and measurement operational equivalences, we fail
to obtain nontrivial bounds on these inequalities using
the basic hierarchy described by Proposition 6. Instead,
we employ the variant of the hierarchy described in
Appendix B, which uses the principal square roots of the
states o, and/or measurements £p, in the operator list,
but otherwise follows the same approach. This hierarchy,
which is a strict extension of the one described by Propo-
sition 6, allows us to place strong bounds on all the above
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inequalities. Indeed, using moment matrices of size 1191
and localizing matrices of size 85 (and monomials involv-
ing square roots of measurement operators, but not of
states; see Appendix B), we obtain the following quantum
bounds [43]:

I, $3.000, I, <2.866, 5 < 3.500,

(35)
I < 3.366, Is < 4.689, I, < 4.646.

Using a see-saw optimization approach, for all six inequal-
ities we are able to obtain quantum strategies saturating the
bounds from the hierarchy, showing that they are in fact
tight up to the precision of the SDP solver.

Interestingly, we are moreover able to show that the
maximum quantum violation of the third inequality (34c)
cannot be obtained with projective measurements. Indeed,
by using the hierarchy of Proposition 6 and imposing the
constraints following from the projectivity of POVM ele-
ments (and using the same monomial lists as for the above
results) we are able to show that /5 < 3.464 for projective
quantum models. Using a see-saw optimization, we are
able to obtain projective quantum models saturating this
bound to numerical precision, thereby confirming its tight-
ness and showing that nonprojective measurements, just
like mixed states, are resources for quantum contextuality.

V. SIMULATING PREPARATION
CONTEXTUALITY

Quantum correlations are famously capable of going
beyond those achievable in classical theories in numerous
scenarios, as highlighted by the violation of Bell inequal-
ities and, indeed, noncontextuality inequalities. One can
likewise consider correlations that are even stronger than
those observed in nature, which we call “postquantum”
correlations. Interest in postquantum theories stems from
them nonetheless respecting physical principles such as no
signalling, and understanding what physical principles dis-
tinguish quantum and postquantum correlations can lead to
new insights into quantum theory itself [44—46].

An interesting strategy to study the correlations obtained
by different physical theories is to ask what kind of
resource, and how much of it, one should supplement a the-
ory with to achieve stronger correlations. This question has
been extensively studied in the context of simulating Bell
correlations with classical theory and additional resources.
Two such resources that can be used in that case are
classical communication [47,48] and measurement depen-
dence [49]. Similarly, various resources have also been
investigated in Kochen-Specker contextuality experiments
with the goal of simulating quantum correlations within
a classical theory [50-52]. To our knowledge, however,
nothing is known about what resources would be neces-
sary to simulate operationally contextual correlations, and

in particular the especially relevant resource of preparation
contextuality.

In this section, we begin by casting preparation contex-
tuality scenarios as information-theoretic games, and show
how these allow us to formalize a notion of simulation cost,
for both classical and quantum models. The resource used
is the preparation of states, which deviate from the required
operational equivalences. This is a natural figure of merit
as the defining feature of a model for noncontextual corre-
lations within a given theory is that the underlying ontolog-
ical model obeys the specified operational equivalences; it
is thus this condition that must be violated in some way if
stronger correlations are to be simulated. We leverage our
hierarchy of semidefinite relaxations to quantify both the
simulation of quantum contextual correlations using classi-
cal theory, and the simulation of postquantum correlations
using quantum theory.

A. Zero-information games

To show how the cost of simulating preparation con-
textuality can be quantified in information-theoretic terms,
we begin by giving an alternative interpretation for prepa-
ration contextuality scenarios (i.e., contextuality scenar-
ios involving only nontrivial operational equivalences
between sets of preparations). In particular, we describe
how preparation contextuality scenarios can be interpreted
as games in which Alice is required to hide some knowl-
edge about her input x (see, e.g., Ref. [53]).

Consider thus a contextuality experiment involving R
preparation operational equivalences. For a given such
equivalence » € [R] involving a partition into K, sets Y
let Alice randomly choose a set S,Er) [with uniform prior
p(S,(:)) =1/K®] and a state from that set with prior
p(x|S,(:)) = S,Er) (x). How well could a receiver hope to

identify which of the sets {S\”, ... Sl((r(),)} the state they
receive is sampled from? The optimal discrimination prob-

ability in an operational theory is

K®

G" = max = Z Y &0 p k),

S(V)

(36)

where p is the response distribution for the discrimi-
nation. Using that Zl,f;l p(klx) =1, it straightforwardly
follows (see Appendix E) that the discrimination proba-
bility is G = (1/K™) (i.e., random) if and only if the
rth operational equivalence is satisfied. The discrimination
probability constitutes an operational interpretation of the
min-entropic accessible information about the set mem-
bership of x [54], and is convenient to work with. More
precisely, the accessible information is given by

7, = 10g,(K") + log,(G"). (37)
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Thus, we can associate the operational equivalences to an
information tuple Z = (Z3, ..., Zg). A contextuality exper-
iment is a zero-information game since G = (1/K®) for
all r is equivalent to vanishing information: Z = 0.

B. Information cost of simulating preparation
contextuality

Since a vanishing information tuple Z is necessary for
a faithful realization of a contextuality scenario in a given
physical model, it follows that contextual correlations that
cannot be explained in said model require an overhead
information, i.e., an information tuple Z # 0. In both clas-
sical (noncontextual) models and quantum theory, this
means that the preparations are allowed to deviate from
the operational equivalences specified by the contextuality
scenario to an extent quantified by the overhead informa-
tion. By doing so, one necessarily goes beyond a standard
model for the scenario, as defined in Definition 3 for
classical models and Definition 5 for quantum theory.

For the simplest case of a single operational equivalence
(i.e., R = 1), we define the information cost, 9, of simu-
lating p (b|x,y) in quantum theory as the smallest amount
of overhead information required for quantum theory to
reproduce the correlations:

Qlp] :==minZ,

suchthat p, >0, tr(p) =1, Ep, >0,

> Epyy =1, and p(blx,y) = tr (pcEp,) .  (38)
However, when several operational equivalences are
involved, the information is represented by a tuple Z and
it is unclear how the information cost of simulation should
be defined (note, in particular, that the operational equiva-
lences may not be independent, so information about one
may also provide information about another). We thus
focus here on the simpler case described above, and leave
the more general case of R > 1 for future research.

It is not straightforward to evaluate Q. However, by
modifying our semidefinite relaxations of contextual quan-
tum correlations we can efficiently obtain lower bounds on
Q in general scenarios. Indeed, note that from Eq. (36),
interpreted in a quantum model, it follows that if o,
satisfies o, > ersx(f) £ (x)py for every k € [K™] then

one has G < (1/K)tr(c,). Thus, rather than imposing
the constraint arising from tr(o,) = 1 in our hierarchy of
semidefinite relaxations, we can instead minimize [(1/K;)
times] the term corresponding to tr(c,) in the moment
matrix, which thus provides an upper bound on G Note
that this provides an alternative interpretation to the con-
straint that 'y, =1 in Eq. (29¢): it enforces the fact
that Bob should have no information about which set S,ir)
Alice’s state is chosen from. This interpretation makes
an interesting link to the recently developed approach

to bounding informationally constrained correlations [18],
and which indeed is the initial motivation for the approach
we take in this paper.

Considering still the case of R = 1, we thereby bound
the information cost of a quantum simulation by evaluating
the semidefinite relaxation as follows.

Proposition 7. For any fixed lists S, L, O of monomi-

als from J, the quantum simulation cost Q[p] is lower
bounded as

10g2(K(1)) +1og, (G*) < Qlp], (39)

where G* is obtained as

Fﬂa

* .01

G* = min Ok

suchthat T =0, AMP =0, T >0,
Fﬂ,px = 15

Zcu,vru,v =0 lf ZCu,vtI‘(MTU) = 0,
u,v

u,v

A (Lk 1
AIS,I’J) = luov — Z gk( )Fll,vaa
xeSlil)
T;C,U = Fu,va, (40)

where the above operators are all taken to be Hermitian.

The correctness of Proposition 7 follows immediately
from Eq. (37) and the fact that G* is an upper bound on
G,

Furthermore, one can similarly consider the information
cost of simulation in classical models. In analogy with the
quantum simulation cost, we define the classical simula-
tion cost, C, as the smallest overhead information required
for a classical noncontextual model to reproduce given
correlations:

Clp] :=minZ such that p(blx,y)
= " p(p by, 1),
A

Vi Y pGlx) =1, Y0.») 1 Y ply.n) =1 @41
A b

Naturally, in contrast to quantum simulation, every contex-
tual distribution p (b|x, y) is associated to a nonzero classi-
cal simulation cost. In analogy with the quantum case, we
can place lower bounds on the classical simulation cost
using the SDP hierarchy we discuss and assuming that
all variables commute, thereby introducing many further
constraints on the SDP and providing necessary condi-
tions for a classical model to exist for a given value of G.
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However, it turns out that a precise characterization of the
classical simulation cost, in terms of a linear program, is
also possible by exploiting the fact that the set of classi-
cal, informationally restricted, correlations forms a convex
polytope [17,18,55].

Finally, we make the interesting observation that the dis-
crimination probability G can be given a resource-theoretic
interpretation in terms of a robustness measure. As we dis-
cuss in Appendix F, this can be used to give an alternative
interpretation of the simulation cost Z.

C. Simulation cost in the simplest scenario

We illustrate the above discussion of the classical and
quantum simulation costs of contextuality by applying it
to arguably the simplest contextuality experiment, namely
parity-oblivious multiplexing (POM) [19]. In POM, Alice
has four preparations (x € [4] written in terms of two
bits x := x;x; € [2]?) and Bob has two binary-outcome
measurements (y € [2] and b € [2]). The sole opera-
tional equivalence is (1/2)Py; + (1/2)Py =~ (1/2)P1, +
(1/2)P;1, which corresponds to Alice’s preparations car-
rying no information about the parity of her input x. The
task is for Bob to guess the value of her yth input bit.
The average success probability in a noncontextual model
obeys

1 3
Avow = ;pw =xly <y 42

In contrast, quantum models obey the tight bound Apoy <
1/2)[1 + (1/\/5)] [19]. However, a postquantum proba-
bility theory can achieve the algebraically maximal success
probability of Apom = 1 [56].

We consider the information cost of simulating a given
value of Apoy (i.€., the minimal information cost over all
distributions compatible with that value, which can eas-
ily be evaluated by modifying the linear and semidefinite
programs defined above) in both classical and quantum
models. The results are illustrated in Fig. 1. The classical
simulation cost is analytically given by

Crom = log, (4Apom — 2) . (43)

In Appendix G we present an explicit simulation strategy
that saturates this result, while the results of the linear pro-
gram and the classical version of the hierarchy coincide
with this value up to numerical precision.

For quantum models, we employ the described semidef-
inite relaxations using a moment matrix of size 547 and
localizing matrices of size 89. The results are illustrated
in Fig. 1. Importantly, we find that this lower bound on
the quantum simulation cost is tight since we can sat-
urate it with an explicit quantum strategy (detailed in

1.0
_ 08 ]
g 1
= 0.6r Classical 1
g ]
k| ]
g 041 Quantum ]
= ]
0.2F ]
0.0 | | | | ]
0.75 0.80 0.85 0.90 0.95 1.00
Success probability in POM Apowm
FIG. 1. The information cost of simulating contextuality

in parity-oblivious multiplexing using classical and quantum
models.

Appendix G). The quantum simulation cost is analytically
given by

Q = log, (2APOM - ﬁ) +log, (2 + ﬁ) L 44

VI. CONCLUSIONS

In this paper we introduce a semidefinite relaxation
hierarchy for bounding the set of contextual quantum cor-
relations and demonstrate its usefulness by applying it
to solve several open problems in quantum contextual-
ity. This approach opens the door to the investigation of
the limits of quantum contextuality in general prepare-
and-measure experiments, as well as potential applications
thereof. Moreover, it provides the building blocks with
which to explore several interesting, related questions,
such as whether our approach can be extended to con-
textuality scenarios involving more than two parties, and
whether it can be adapted to bound quantum correlations
in Kochen-Specker-type contextuality experiments.

By leveraging the interpretation of contextuality experi-
ments as zero-information games, we introduce a measure
of the cost of simulating preparation contextual correla-
tions in restricted physical models, and show how this
simulation cost can be bounded in both classical and quan-
tum models. This raises three fundamental questions: (1)
How can the definition of the simulation cost be extended
to scenarios with multiple preparation operational equiva-
lences which, a priori, may not be independent? (2) How
does the simulation cost of contextuality scale in prepare-
and-measure scenarios with increasingly many settings?
and (3) For a given number of inputs and outputs, what
is the largest simulation cost possible in order for classical
correlations to reproduce quantum correlations? Addition-
ally, it would be interesting to investigate how the sim-
ulation cost of operational contextuality relates to other
notions of simulation, e.g., in Bell nonlocality, Kochen-
Specker contextuality, and communication complexity. In
particular, can our semidefinite relaxation techniques be
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adapted to also bound simulation costs in such correlation
experiments?

Our work thus provides both a versatile tool for bound-
ing quantum contextuality and a general framework for
analyzing the simulation of contextual correlations.
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Note added—Recently, we became aware of the related
work of Ref. [42]. This work also addresses the prob-
lem of bounding the set of contextual quantum correla-
tions. It uses a hierarchy of semidefinite programming
relaxations that is considerably different to the one intro-
duced here. For contextuality scenarios featuring measure-
ment operational equivalences, as well as general mixed
states and nonprojective measurements, the hierarchy of
Ref. [42] appears to provide faster convergence [they
recover, for example, more readily the bounds of Eq. (35)].
In contrast, the hierarchy we introduce here appears par-
ticularly well suited to preparation contextuality scenar-
ios, admits a generalization to quantifying the simula-
tion cost of contextuality, and makes an interesting con-
ceptual connection to informationally restricted quantum
correlations [17,18].

APPENDIX A: SDP HIERARCHY FOR
PREPARATION NONCONTEXTUAL
CORRELATIONS

There has been particular interest studying noncontex-
tual correlations in contextuality scenarios involving only
nontrivial operational equivalences for preparations; i.e.,
preparation noncontextual correlations. Since many of the
examples we apply our SDP hierarchy to are of this form,
we show here explicitly how Proposition 6 simplifies in
such scenarios.

The case of preparation noncontextuality is particularly
simplified by noting that, in this particular case, we can
assume the measurements to be projective. Indeed, we
can always invoke Naimark’s dilation theorem to obtain
projective measurements on a larger Hilbert space that
give the same statistics on the states in a given quantum
model. Crucially, since there are no (nontrivial) measure-
ment operational equivalences, these dilated projective
measurements also provide a valid quantum model for the
contextuality scenario in question.

Proposition 8. Let S, L, O be fixed lists of monomi-
als from J. A necessary condition for the existence of a
quantum model in a given preparation contextuality sce-

nario reproducing the correlations {p(b|x,y)}px, is the
feasibility of the following SDP:

ﬁnd Fa {[\ (V:k) }I‘,k: {’YN‘«‘C }x:

suchthat T =0, A" >0, YT*>0, (Ala)
Ly, =P (blx, ), (Alb)
T, =1, Tpg =1, (Alc)
Z Cu,vru,v =0 lf Z cu,vtr(u%v) = O,
u,v u,v
(Ald)
ALP =Tugw— Y & Tupr (Ale)
xeS](:)
1oy = Tupwos (ALf)

where the above operators are all taken to be real symmet-
ric matrices.

APPENDIX B: VARIANT OF SDP HIERARCHY
USING PRINCIPAL-SQUARE-ROOT OPERATORS

In the hierarchy described in Proposition 6, if the mea-
surements are taken to be projective or the states pure
(so they are likewise described by projectors), then all of
the probabilities p (b|x,y) appear on the diagonal either
of one of the localizing matrices T* or T®» or, if both
these sets of operators are projective, the moment matrix
I'. For example, in the case of projective measurements
(as can always be assumed for preparation noncontex-
tuality), one has Tgmy,Eb\y = tr(Ep|y pxEp)y) = tr(oxEppy) =
p(blx,y). The positive semidefiniteness of these matrices
thereby imposes strong constraints on the probability dis-
tribution, even at low levels of the hierarchy (notably, that
they are non-negative, although the constraints are strictly
stronger that this).

In the most general case, however, when no assumption
of projective measurements or pure states can be made, the
probabilities only appear on off-diagonal entries. In prac-
tice, we find that a consequence of this is the need to go
to much higher levels of the hierarchy to obtain nontriv-
ial constraints. Indeed, for the inequalities discussed in
Sec. IV C we are unable to obtain useful constraints with
the hierarchy of Proposition 6. Here, we show how this
hierarchy can be modified and generalized to overcome
this shortcoming.

Our approach exploits the simple fact that, since
the states o, and POVM elements FEj, are positive
semidefinite, they have positive semidefinite principal

square roots ./p, and ~/Ep, such that ,/poc/px = o«
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and v/ Epy v/ Ep), = Ep)y, respectively. Instead of taking the
operator set J defined in Eq. (12), we reformulate our
hierarchy using the finer-grained operator set

J/ = {]I}U{\/ px}xU{VEb\y}b,y U {Gr’ Té}r,l~ (Bl)
The moment matrix I' and localizing matrices A%, A @0
can be constructed in the same way as for the original
hierarchy, while the localizing matrices Y* and T are

now used to enforce the positive semidefiniteness of the
principal roots, and thus have elements

Ty, =t /pev), (B2)
T = tr(u VEy,v). (B3)

While this modification may appear to change lit-
tle, an immediate consequence is that the probabili-
ties p(b|x,y) now appear on the diagonal of I'; indeed
one has F@m’%m = tr(\/E\/EbW\/Eb‘y\/E) =
tr(Epyox) = p(blx,y).

Apart from this change in operator set, the conceptual
approach of the hierarchy remains unchanged. The con-
straints (I[)«(IV) described in Sec. III A are thus enforced
in the same way, but now on the squares of the operators
/Px and v/ Ep|, around which the hierarchy is constructed.
For example, the constraint that, for all x, tr(p,) = 1 in any
quantum model is now imposed by requiring that I" satisfy

inrm’m=l. (B4)
Following analogous reasoning to that of Sec. IIT A, we
thus arrive at the following proposition describing the
modified hierarchy.

Proposition 9. Let S, L, O be fixed lists of monomi-
als from J'. A necessary condition for the existence of a
quantum model in a given contextuality scenario repro-
ducing the correlations {p(b|x,y)}px, is the feasibility of
the following SDP:

find T {A"0Y,  (AGD), 0 (T, (T,

suchthat T =0, A0 =0, A@O >0,
T >0, T »o, (B5a)
L iy yae/By e = PO, (BSb)
L mvm =1, (B5c)
Yl =0 if Y eutrlv) =0,
(B5d)
[ =1, (B5e)

@

P = > "Gy vE (B5f)

(by)er?®

Z\EZ’J{) = Luoo — Z SIEV)F Dxits/PxV> (B5g)
xeSlir)

A0 — @

AR =Tuzp = 25 &M rruvEse  (BSH)
(by)ers?

Y:, =Tuymen TEV =T, Erv (B5i)

where the above operators are all symmetric real matrices.

Let us note firstly that Proposition 9 is strictly stronger
than Proposition 6. Indeed, the latter can be seen as a
special case of the former in which the monomial lists
S, L, O are chosen so that the square root operators only
ever appear in “matching” pairs.

While one may worry that one must go to higher levels
of the hierarchy to obtain similarly strong constraints when
employing this modified hierarchy, in practice we find that
the situation is more subtle. Even in the case where either
the measurements are assumed to be projective, or the
states pure, we generally find that equally tight bounds
could be obtained using either hierarchy. On the other
hand, in the fully general case, we find that the modified
hierarchy of Proposition 9 provides a clear advantage.

Finally, we note that one could likewise consider the
intermediate possibility of taking the principal roots of
only the states or the POVM elements in the operator set.
In this case, the probabilities instead appear on the diag-
onal of the localizing matrices T* or Y®¥). We find that,
in practice, this option generally provided the best results
for moment and localizing matrices of a given size. Indeed,
the results for the example of Sec. IV C are obtained using
the operator set

J'= {]l} U {px}x U { \ Ebly}b,y ) {Ur: ‘Cl}r,l- (B6)

The implementation of our hierarchy, which is freely avail-
able [34], allows one to choose between all these different
variants of the hierarchy.

We finish by noting that, to our knowledge, this
approach of building a SDP hierarchy from principal
square root operators is novel, at least within quantum
information, and may be of independent interest in other
applications.

APPENDIX C: MAXIMAL QUANTUM
VIOLATIONS OF NONCONTEXTUALITY
INEQUALITIES

Here we present two further case studies illustrating the
practical usefulness of the hierarchy of semidefinite relax-
ations of the set of quantum correlations in contextuality
experiments that we describe in the main text.
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1. The inequality of Ref. [16]

Ref. [16] experimentally implemented a test of contex-
tuality based on the communication games introduced in
Ref. [57]. In the scenario considered there, Alice receives
one of six preparations x := x;x,, where x; € {0,1} is a
bit and x; € {0,1,2} a trit. Bob receives a binary input
y € {0,1} and produces a ternary outcome b € {0, 1,2}.
The authors then present the following noncontextuality
inequality:

! —_— :
A= E Z(—l) p(b = Tmlxﬂy) = 55

x.y.m

(CD)

wherem = 0,1and 7, = x — (— D™ m — x1y mod 3.
This inequality is valid under the operational equivalence

1 1
gzpoxzzgzplxza
R%) X

(C2)

i.e., when no information is relayed about the bit xi.
Notably, this noncontextuality inequality is isomorphic
to the Collins-Gisin-Linden-Massar-Popescu Bell inequal-
ity [58]. It is shown in Ref. [16] that a quantum strat-
egy (based on qutrits) can achieve the violation A =
(3 4 /33/12) ~ 0.7287, but the optimality of this viola-
tion was not proved.

Using our semidefinite relaxations we evaluate an upper
bound on the largest possible value of A attainable in quan-
tum theory. Specifically, using a moment matrix of size 386
and localizing matrices of size 49 (with £ = O) and eval-
uating the corresponding semidefinite program, we obtain
the value A (up to the precision of approximately 10~7).
Hence, up to solver precision, this shows that the quantum
protocol considered in Ref. [16] is indeed optimal.

2. The inequality of Ref. [15]

Ref. [15] introduced noncontextuality inequalities based
on the task of random access coding. The authors consider
a scenario in which Alice has an input x € [d?] represented
as two d-valued entries x = x1x; € {0,...,d — 1}* while
Bob receives a binary input y € [2] and produces an output
be{0,...,d—1}. Alice is required to communicate no
information about the modular sum x; +x, mod d, i.e.,
her preparations must respect the operational equivalences

V(s,s) : cll > szcll > P,

x1+xp=s x| +xp=s'

(©3)

where the addition is modulo d. Ref. [15] shows that
the success probability in the random access code in a

noncontextual model obeys

d+1

1
Avi= 55 Y pb=xly) < ——. (C4
x.y

2d

Notably, these noncontextuality inequalities are isomor-
phic to known Bell inequalities for random access codes
[59].

Let us focus on the case of d = 3 (note that the case of
d = 2 was solved in Ref. [19]). It was shown in Ref. [15]
that there exists a quantum strategy (based on qutrits),
which achieves the quantum violation A€ = (7/9). How-
ever, the authors were unable to prove that a better quan-
tum implementation cannot be found. Using a semidefinite
relaxation corresponding to a moment matrix of size 563
and localizing matrices of size 52 (with £ = O), we eval-
uate an upper bound on A valid for general quantum
models. Up to solver precision, we recover the result A2
(it agrees up to order 10~®), thus showing that the explicit
quantum strategy of Ref. [15] is optimal.

APPENDIX D: PEDAGOGICAL ILLUSTRATION
OF SDP HIERARCHY CONSTRAINTS

To give some further understanding into the SDP hier-
archy we present in Proposition 6 and in particular the
form of the moment and localizing matrices and the con-
straints imposed upon them, we show here somewhat more
explicitly the form that they take in the example we treat
in Sec. IV A based on state discrimination.

In this example, the only operational equivalence is the
preparation operational equivalence (1/2)P; + (1/2)P; ~
(1/2)Py + (1/2)P4, which in the form of Definition 1 is

€ =[({1,3}, 13, 7)): (2.4}, (3. 5)] . ©OD

As a result, we assume the measurements are projective
and use the simplified version of the SDP hierarchy given
in Proposition 8.

In order to derive the tight bounds discussed in
the main text, we take the moment lists to be
S=,p,E,0,0E, ,E, sE, p4E,cE) and L=0 =
(1,E), where we use the shorthand p = (p1, 02, 03, 04)
and E = (E1|1,E2‘1,E1|2,Ez‘z,E1|3,E2|3), so that ,OXE =
(oxEn1, pxEo1s - - - ), etc., and we denote o7 = o since we
have only one operational equivalence (R = 1). We thus
have |S| =42 and |£| = |O| = 7. The moment matrix
thus has the following block structure:
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voi | (LLLD | Tag | 1 | p®llLy) | p0I2,y) | pbI3,y) | pl4,y) | T1ck
Fp,p Fp,E Fp,o Fp,plE Fp,ﬂzE Fp,psE Fp,mE F;o,aE
I'eg | 'eo | TepE I'E o,k IE,psE e ok IEqE
Yoo | LopE Lo ooE Lo psE Ly o I'soE
I'= CoemE | TokmE | TpEpsE | TpEpE | TpEGE | o (D2)
UobmE | UoEpE | ToEpsE | UosEcE
FpenE | ToEpE | TosEcE
Lok pe | ToEoE
I'sEoE

where the blocks correspond to the block specifica-
tion of & given above, and we give only the upper
triangle since the matrix is symmetric. The vectors
p(b|x,y) are to be understood as p(blx,y) = [p(1]x, 1),
pQIx, 1, p(11x,2),p (21, 2),p(11x,3),p2Ix,3)]. Let us
note immediately that, by Eq. (A1b), one has

p(1[1,y)
p2[1,y)
pG[Ly)
p(4(l,y)

(D3)

J

(

The localizing matrices Y* and A® can readily be identi-

fied as
. ( i p(FbEIZi) ) (D4)
and
A — (L’%) _ % Z T, (D5)

xeS

where S; = {1,3} and S, = {2,4}.

The remaining constraints of interest are those referred to in Eq. (A1d). To illustrate these, let us expand on the form
of some of the blocks in I'. From the completeness relation ) _, Ep, = 1 we can write I' ;g as

YpioEy Vpio = VoioEyn  YoioEqp

Fp oE = VosoEyn Voo = VpaoEyn  VpaoErp
’ YosoEyr  Yeso = VpsoEiyn  VpsoEip
YoaoE1 Vpao = VpsoEyr  VoaoEnp

Ypio = VpioEyp  VpioEys Yoo — YpioEy;3

Voo = VpoEyny  VpoEyz Vo = VpaoEy3 (D6)
— — b

Yoso = VpsoE1p  VpsoEis Voo = VosoEq

Yoso = VogoErp  VoaoEry  Ypso = VpsoErp3

where v, are the elements of I'y,. By the cyclicity of the trace and the projectivity of the measurement (i.e.,
EpyEy|y = 8pp Ep|y), the elements of T, ;g are then related to the elements of I, g o as [recalling that ", , = tr(ufv),

so the elements of the monomial u are reversed]

YoxoEqp 0 VowoE1pErn YoxoEapErn  VpxoEigEin YVexoEypEyp
0 Voxo By YoxoErpEy1  VoxoEypEar  YVoxoElpEyr  YVoxoEysEn
prEcrE= YVoxoE1nE1p Yoo EyiEqpp YoxoEqpp YoxoEi3E1p  YVoxoEysEnp ,
' YVoxoE1 1By YoxoEyjiEapp 0 YoxoEy YoxoE\3Eap  YoxoEy3Eapp
YoxoEriE1s VYoxoEyEryz  YoxoErpE1s  VpxoEypEr VoxoEyp3
YoxoEi1Ea3  VoxoEyEy3  VoxoEipEys  VoxoEapEaj 0 YoxaEy3

where, for the sake of legibility, we do not yet apply the

completeness relations. These, e.g., further impose that

Yoo EapEry = YoxoEyn — YooEipEits YoxoEapEanr = Yoxo = VpxoEip = Voo By T Voo EypEypy > ©LC-
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The other blocks of I can be reduced and related in
similar ways by applying similar simplifications.

In practice, our code (which is freely accessible [34]),
works by applying reductions to every element of the
moment matrix to reduce it to a canonical form, before
identifying the unique elements. The completeness rela-
tions can then be applied to further reduce the number
of variables in the optimization problem. We note, how-
ever, that when projective measurements are considered
it is generally not actually necessary to apply the con-
straints arising from the completeness relation. Although
one obtains a potentially weaker set of necessary condi-
tions, in practice we rarely see any difference in the power
of the hierarchy under this relaxation.

APPENDIX E: CONTEXTUALITY EXPERIMENTS
AS ZERO-INFORMATION GAMES

Here we show that, for a given operational equivalence
(i.e., a fixed » € [R]), a uniform discrimination proba-
bility G = 1/K (i.e., a vanishing information Z = 0) is
equivalent to the corresponding operational equivalence

Y &@P = ) &P,

xeSk(x) xeS (x)

(ED)

being satisfied. To this end, use that Zl,le plklx) =1 to
write the discrimination probability on the form

1 K-1

1 -
G= e +;r(1%E Z [ Z & (x)p (k|x)

k=1 =xeSrx)

- > SK(x)ﬁ(klx)}.

xeSK (x)

(E2)

It then follows from the convex linearity of p in x (cf.
Ref. [20], noting that p must by definition arise from an
ontological model) that the operational equivalences (E1)
imply that the bracket in the above expression vanishes,
thus leading to G = 1/K. Conversely, the condition G =
1/K is equivalent to

K—-1

0 = max
D(Ix)

Y @K — Y Ex)p(Klx)
k=1 | xeSi(x) xSk (x)

(E3)

If the bracket on the right-hand side does not vanish
we can always find a p(-|x) such that the argument of
the maximization becomes positive. Thus, the operational
equivalences are implied.

APPENDIX F: SIMULATION COST FROM
ROBUSTNESS OF OPERATIONAL
INEQUIVALENCE

Let us first show how the discrimination probability
G, as defined in Eq. (36), can be related to a robust-
ness measure within a resource-theoretic framework (see
Ref. [60] for an overview of robustness measures in such
frameworks). To start with, let us write G, for a quantum
model, as

K

1
G= max - Z Z Ex()tr[po L],

k=1 xeS},

RS
= mﬁx X ;tr [okEk] , (F1)

where 65 1= ) . St &, (x) pr and the maximization is taken
over POVMs {E}} . Note that this optimization can equally
well be written as an optimization over sets of opera-
tors {Ex} for which E; > 0 for all k and ), trlo E;] < 1
for all quantum states o. In this way, the optimization
variables {E;}; can be interpreted as witnesses for the (non-
membership in the) set F' consisting of tuples of states
of the form {6}y = {0,...,0}, where o is some quan-
tum state. This “free set” F' can be interpreted as the set
of coarse-grained states ) é‘,fr) (x)py arising from opera-
tionally equivalent preparations. Indeed, any such prepara-
tions give, by definition, {6;}; € F, whileany {o,...,0} €
F can be obtained from such a set of preparations by taking
oy = o for all x.

Given a witness for a set, one can look to give an inter-
pretation to its violation. Such an interpretation depends
highly on the form of the involved optimization problem.
In our case, our optimization problem is formulated in such
a way that it corresponds to a commonly used resource
quantifier in quantum-resource theories. Namely, the prob-
lem in Eq. (F1) is, up to scaling and shifting, the SDP
dual of the generalized robustness measure Rr of a state
tuple 7 = {6} with respect to the set F. The generalized
robustness is defined as

T ++tT
1+¢

Re(T) i= min{tz 0] eF}, (F2)
where the optimization is over all tuples of states 7
that are of the same size as 7. Rp is thus a measure
of how much the operational equivalences between the
states {p,}, are violated (or, more precisely, how far their
coarse grainings are from being equal), and we call it
the (generalized) robustness of operational inequivalence.
The dual of Rp(7) is straightforward to obtain (see, e.g.,
Refs. [61,62]), leading to the relation

1+Re(7T)=KG. (F3)
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Hence, for a given set of states {p.}y, the accessible
information Z can be related to the robustness of the cor-
responding tuple {6;}; with respect to those tuples that
contain no information about the index £, i.e.,

7 =log,[1 + Rp(T)]. (F4)

In this way, the quantum simulation cost corresponds to the
minimum robustness Rr(7") taken over all tuples 7 arising
from states {p.}, compatible with the observed statistics
p(blx, ).

We note that, in recent years, several links between
robustness measures and advantages in discrimination
tasks [61,62] and more general quantum games [63] have
been uncovered. Free sets of the form of F have not pre-
viously been studied, and it remains an interesting open
question to study how the robustness of operation inequiv-
alence relates to advantages in such operational tasks,
albeit one beyond the scope of the present paper.

APPENDIX G: SIMULATION STRATEGIES

Here we first present optimal strategies for both the
classical and quantum simulation cost of contextual cor-
relations in parity-oblivious multiplexing (POM).

1. Classical model

We first give an optimal strategy for the classical sim-
ulation cost of parity-oblivious multiplexing. A score of
Apom = 3/4 can be obtained by the trivial classical strat-
egy of sending only x;, which reveals no information about
the parity of x; @ x,. A score Apom > 3/4 can be obtained
by mixing this strategy (which has a simulation cost of
0) with another trivial strategy that has a simulation cost
of 1 (e.g., by classically sending both x; and x,). More
precisely, a score of

Apom =1 — q/4, (GD)

for g € [0, 1], can be obtained by using these two strategies
with probabilities ¢ and 1 — g, respectively. This trivially
gives G = 1 — (¢/2) and thus Z = log, (2 — ¢), providing
an upper bound on C.

Using the hierarchy of semidefinite relaxations with
commuting operators as described in the main text, we
tested 100 values of Apoy as given in Eq. (G1) (with
q € [0,1]) and found that, in each case, the lower bound
on C matched the above upper bound (up to the numeri-
cal precision of the solver). We thus find, as claimed in the
main text, that

C = 10g2 (4~APOM — 2) . (G2)

2. Quantum model

Here we describe an optimal quantum strategy for simu-
lating postquantum correlations in parity-oblivious multi-
plexing. Recall that the optimal quantum strategy in parity-
oblivious multiplexing gives Apom = (1/2)[1 + (1/+/2)].
This value can be obtained by taking the preparations

4 S0t (—1)”%) (G3)

1
xx:_]l
P 2( V2

and performing projective measurements in the x and y
bases if y = 1 or y = 2, respectively [19].

A score Apom > (1/2)[1 + (1/+/2)] can be obtained by
mixing this optimal strategy (which has a simulation cost
of 0 as it obeys the operational equivalences), and a trivial
strategy with a simulation cost of 1 (e.g., by classically
sending both x; and x;). More precisely, a score of

(L
Apom =1 2<1 ﬁ)’

for g € [0, 1], can be obtained by using these two strategies
with probabilities ¢ and 1 — ¢, respectively. This trivially
gives G = 1 — (¢/2) and thus 7 = log, (2 — ¢), providing
an upper bound on Q.

Using the hierarchy of semidefinite relaxations as
described in the main text, we test 100 values of Apom
as given in Eq. (G4) (with ¢ € [0,1]) and find that, in
each case, the lower bound on ©Q matched the above upper
bound (up to the numerical precision of the solver). We
thus find, as claimed in the main text, that

(G4

Q = log, <2APOM _ ﬁ) +log, (2 n ﬁ) . (G5)
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