N

N

Derivation and Closure of Baer and Nunziato Type
Multiphase Models by Averaging a Simple Stochastic
Model

Vincent Perrier, Enrique Gutiérrez

» To cite this version:

Vincent Perrier, Enrique Gutiérrez. Derivation and Closure of Baer and Nunziato Type Multiphase
Models by Averaging a Simple Stochastic Model. Multiscale Modeling and Simulation: A SIAM
Interdisciplinary Journal, 2021, 19 (1), pp.401-439. 10.1137/19M1306609 . hal-03209659

HAL Id: hal-03209659
https://inria.hal.science/hal-03209659

Submitted on 27 Apr 2021

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://inria.hal.science/hal-03209659
https://hal.archives-ouvertes.fr

DERIVATION AND CLOSURE OF BAER AND NUNZIATO TYPE
MULTIPHASE MODELS BY AVERAGING A SIMPLE STOCHASTIC
MODEL

VINCENT PERRIER* AND ENRIQUE GUTIERREZ T

Abstract. In this article, we show how to derive a multiphase model of Baer and Nunziato
type with a simple stochastic model. Baer and Nunziato models are known to be unclosed, namely,
they depend on modeling parameters, as interfacial velocity and pressure, and relaxation terms,
whose exact expression is still an open question. We prove that with a simple stochastic model,
interfacial and relaxation terms are equivalent to the evaluation of an integral, which cannot be
explicitly computed in general. However, in different particular case matching with a large range
of applications (topology of the bubbles/droplets, or special flow regime conditions), the interfacial
and relaxation parameters can be explicitly computed, leading to different models that are either
nonlinear versions or slight modifications of previously proposed models. The validity domains of
previously proposed models are clarified, and some modeling parameters of the averaged system
are linked with the local topology of the flow. Last, we prove that usual properties like entropy
dissipation are ensured with the new closures found.

1. Introduction. The Baer and Nunziato model was first presented in [5] in the
context of granular compressible multiphase flows. In [42], the system was reformu-
lated as follows:

Orar +uyr - Vag = ,u(Pk — Pfc)
O (akpr) + divy (arprug) =0,
O (owprur) + div (ar (prur @ ug + Pr) ) = PrVay + A(ug — ug),
O (OékpkEk) + divx (Oék (pkEk + Pk) uk) = Prur - Vag — ;LP[(Pk — P;;) + Auy - (u,; — uk),
i (1.1)
where k is the index of the phase (k=1 or k = 2). In (1.1), k denotes the conjugate
index of k,ie. k=2if k=1, and k =1 if £k = 2. «a; denotes the volume fraction

of the phase k, py its density, Py its pressure, uy its velocity, and Ej its total energy,
which is defined as

|
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Ep =er+

where ¢ is the internal specific energy. It is linked with the other thermodynamic
parameters by an equation of state

ek = €k(Pr, prc)-

System (1.1) depends on interfacial terms: the interfacial velocity u; and the inter-
facial pressure Py, which must be defined. Last, system (1.1) depends on relaxation
parameters A and p, which shall be defined too. System (1.1) with A = p = 0 will
be called “the hyperbolic part” (even if we are not sure yet that the system is hyper-
bolic), and the hyperbolic part with, moreover, Py = 0 and u; = 0 will be called ”the
conservative part.”
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A large body of work exists on proposing closures for u; and Py, suitable for
different applications. In the original work of Baer and Nunziato [5], the closure
u; = u; and P; = P, was proposed when one of the media is nearly incompressible
and was obtained by physical modeling arguments. It has been widely used in the
literature, for instance [30, 20, 43, 13]. The other classical option consists in imposing
mathematical properties on the system, for example, obtaining a linearly degenerate
field for uy, as was proposed by Coquel et al. [10]. This closure sets the interfacial
velocity to uy = auy + (1 — a)uy, where a = ayp1/p and p = a1p1 + agpa. In
a similar way, the interfacial pressure is set to Py = bP; + (1 — b) P2, where b =
(1 —a)Ty/T and T = aTy + (1 — a)Ts, Tj being the temperature of the phase k. See
[18, 23, 34] for examples of its use. Finally, the so-called acoustic approzimation is
also commonly chosen to close the system (1.1). See, for example, [8] for a description
of the formulation and applicability of this closure.

Some generalizations of the closure presented in [10] have been proposed. Coquel
et al. [11] introduced a slight modification in the calculation of a and p, i.e. a =
xaip1/p and p = xaipr + (1 — x) aepa, where x is a nondimensional scalar lying
in [0,1] that characterizes the flow regime [33]. In like manner, Guillemaud [23]
introduced up to four free parameters in the expressions of a and b, associated with
thermodynamic coefficients, in order to take into account differences in the turbulent
structure.

A large number of works present closures based on averaging procedures, showing
a successful behavior for some particular applications. They are based on setting
u; = wiu; + wiuy and Pr = waPl + wag, where wj’ and wf: are weights that
vary depending on the formulation. The most used closure of this group is the one
proposed by Saurel et al. [42], where w = agpi/p and w! = aj. Other authors
proposed different values of the aforementioned weights, such as Delahaye et al. [15]
(w¥ = wf = ay), Chen et al. [7] (w¥ = wf = ay, especially designed in a Rayleigh-
Taylor instability context), Lhuillier [31] (wi* = 1/2 and w! = ay, in a context of
phase transition), and Ransom et al. [38] (w¥ = wf = 1/2). Linga et et al. [32] and
Jin et al. [29] proposed more complex weights, but followed the same general idea.
Some advances have been made in reference to the closure of the system (1.1) when
dealing with more than two phases, i.e. k& = 1,...,N. The multiphase extension
of the Baer and Nunziato closure can be written as u; = u; and Py = Z]kVZZ Py.
This is the most used closure in multicomponent scenarios (see, for instance, [24, 25]).
More complicated closures, still involving a single interfacial velocity, but involving
several interfacial pressures have been proposed also (see [26]). Belonging to this
more sophisticated modeling, it is worth highlighting Muller et al. recent work [36],
where different closures are studied in multiphase flows, ensuring meaningful physical
properties such as a nonnegative entropy production and thermodynamic stability. In
addition to these, other closures for multicomponent scenarios can be found [9, 41].

To our knowledge, the first attempt of using the Drew and Passman averaging
procedure for obtaining a full closed system was in [2], even if this procedure was used
for directly defining a numerical scheme, without caring about the continuous system
solved. By computing the limit when the mesh size converges to 0, a first attempt at
finding appropriate closure was proposed in [8]. However, the closure proposed is not
invariant by a Galilean frame change. This closure was corrected in [17] by using a
stochastic modeling approach. Nevertheless, in [17], very restrictive hypothesis were
made on the stochastic process, which induced to not finding any relaxation term,
and to finding a simple closure for the pressure and velocity interfaces. In this paper,

2



we propose to compute a formal system including
e a more complex model of pressure and velocity interface depending on the
local averaged topology of the flow,
e relaxation terms depending also on the local topology of the flow.

This article is organized as follows. section 2 is dedicated to recalling the deriva-
tion of Drew and Passman. This derivation depends on an averaging procedure which
is not defined in general. In section 3, we define a simple stochastic model based on a
Gaussian process for the flow topology which will be used as a basis for the averaging
procedure. If the choice of a Gaussian process allows us to perform explicit compu-
tations, its physical relevance is more questionable, and this is why a significant part
of this section is dedicated to the link between the properties of the Gaussian process
and the local topology of the flow. Then in section 4, properties on the stochastic
model are derived for allowing an averaging of the terms found in section 2. This leads
to a formal derivation of the relaxation and nonconservative terms of (1.1) depending
on an integral. Then in section 5, we explore different topologies and flow regimes
which allow us to explicitly compute the integral found. The most general system is
an extension of (1.1) and reads

Bk +ur - Vay, = R,

O (akpk) + divx (akpkuk) =0,

O (akpkuk) + divx (Oék (prur @ ug + Pk)) =PV + Rl(cﬂwv

O (OékpkEk) + divx (Ock (pkEk + Pk) uk) = (Pu)l -Var + R;pE)7

(1.2)

where Py is a tensor and (Pu); is not directly linked with P; and u;. In section 6,
classical properties such as hyperbolicity and entropy dissipation are proved. The last
section is a conclusion.

2. Derivation of Baer and Nunziato type model by the method of [16].
The aim of this section is to show how Baer and Nunziato models can be derived with
the Drew and Passman method [16].

We point out here that we are interested in multiphase flows, and not in multi-
component flows: in multicomponent flows, the different fluids are supposed to share
the same volume, each one of them being characterized by its density and its partial
pressure (e.g., mixture of different gases, or of miscible liquids). In multiphase flows,
each phase has its own volume.

2.1. Averaged system. For the moment, we suppose that a sufficiently regular
level set function f exists such that the fluid & is in x if and only if f(x) > 0. The
indicator function of the fluid k is therefore defined as

Xk (%) = 15020}
The indicator function yj ensures the following equation weakly:

O¢xk +vi- Vxg = 0. (2.1)

Indeed, (2.1) is clearly ensured when xi = 0 or xx = 1 because both the gradient and
time derivative vanish and holds also on a jump of x; in a weak sense provided v; is
the local interface velocity. For each phase, the Euler system of equation, abbreviated
as

8tUk + diVka(Uk) = 0, (22)
3



holds inside each phase. Following [16], the following equation holds for each phase
in a weak sense:

i (8, Uy, + divFi (Uy)) = 0. (2.3)

Indeed, (2.3) holds when the fluid is not present, because x; = 0, but also when the
fluid is present, because then the Euler system holds.
Based on (2.1) and (2.3), the following system can be formally derived:

Oy (XkUk) + diVx(Xka(Uk)) = (Fk(Uk) - VlUk) VXk- (24)
Note that by defining ' = (0, F) and U = (1,U), (2.1) and (2.4) can be rewritten as

o, (kajk) + div, (Xkﬁk(fjk)) - (ﬁk(m) _ viﬂk) Vs (2.5)

One idea developed in [2, 17] is that provided the local topology is known and suffi-
ciently regular, v; can be computed by solving a one dimensional Riemann problem.
Indeed, at one interface (so, one point in which f(x) = 0), and if we suppose that
V f(x) does not vanish, the unit normal to the interface can be defined as

Vi)
ZEEI

and n is inward with respect to the set {x eR? f(x)> O}. The Riemann problem
in the direction n with phase k£ on the left and phase k on the right can be solved, and
denoting by uy, (n) and P}, (n) the velocity and pressure of the contact discontinuity,
the interface ve10c1ty is vz =u?, (n) = u¥, (n)n, and the right hand side of (2.5) can
be computed as follows:

(Fk(fjk) - Viﬂk> Vi = Fr(U5)Vf(x) — Utv; - Vf(x)
= (Fu(Opm = Uguz, () [V (0.

o

kk(

Denoting by p; and Ej the density and total energy at the interface, we find

0 1
3 * pku’ ‘n * Pk
(U0 - Ugu Supm) | PR,
k kk kk kk + P, (n)n kk pk*lg“f
( ) Prg
B O
B Py (n)n
Pf:k )“ik(n
Defining the Lagrangian flux by
—up,(n)
lag o 0
Fid@ = pt (n)n
Pr, (n)uz, (n)
gives the final expression for (2.5)
N N iy (VIR
Oy (XkUk) + divy (Xka(Uk)) = F%kg (va(x)' IV (2.6)
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2.2. Averaging. For obtaining the set of equations at the macroscopic scale,
it remains to average (2.6). We consider an averaging operator E[-]. This operator
is supposed to commute with the spatial and time derivation (referred as Gauss and
Leibniz rules in [16, p. 102]). Then

00 (B [w0]) + divs (& [ubut00)]) = By (15 k ) 19700l 2)

Provided U is supposed to not depend on the flow topology, the left hand side of (2.7)
is equal to the time derivative and the conservative part of (1.1)

o, (akﬂ> + divy (aka(ka)) —E {ﬁgg <m> ||Vf(x)||] . (28)

whereas the right hand side

7 (oo ) 197091 29)

includes the nonconservative and relaxation terms of (2.7), which cannot be further
made explicit. Usually, at this point, (2.9) is modeled by convective and relaxation
terms depending on parameters, which can be guessed by physical arguments or by
trying to impose mathematical properties. Our point of view in this article is strongly
different: we want to make (2.9) further explicit, and this requires the definition of
the averaging operator. For defining it, we propose to use an explicit stochastic model
for xx, which will be developed in the next section.

3. Stochastic modeling of two phase flow. Now, following [16], we aim at
averaging the system obtained in (2.4) with an ensemble averaging.

We aim at defining a distribution of the two phases of the flow, based on random
modeling. We suppose that the presence of the fluid k£ is defined by a stochastic
process. In order to be able to perform explicit computations, we suppose that the
distribution is the image of a Gaussian stochastic process gx:

) = 1+ Sgn(gx).

Xk (x 5

Note that we then have

1 —sgn(gx) 1+sgn(—gx)

so that if xy, is the Heaviside image of the Gaussian process, xz is the Heaviside image
of the opposite Gaussian process.

3.1. Consistency of the model with the known moment of the flow. In
(1.1), the presence of each fluid is characterized by the volume fraction, which must
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be equal to a(x). Denoting by m(x) the mean of this stochastic process, we have

{1 + sg2n(gx)]

=

Oék(X) =

= \/% /OOO exp(—(u — mg(x))?/2) du
L h exp(—u?/2) du

—my(x)

1 /OO
ﬁ —my(x)/V2

oo (242

3

exp(—v?) dv

—_

[\]

Thus, for a given ay(x), my(x) is given by
my(x) = V2erf (20 (x) — 1).
Moreover, computing the derivative of this last relation gives

Vak(x) _ eXp(_mk(X)Q/Q) mG(X).

Ver

Because of the relation aj(x) = 1 — ag(x), we immediately find mj(x) = —my(x)
and Vmg(x) = —Vmy(x).

3.2. Auto-correlation function and its physical interpretation. We de-
note by R the auto-correlation function defined by

R:(x,y) € R xR — E[(gx — mr(x))(gy — ma(y))]-

Moreover, the stochastic process is supposed to be such that Var(gx) = 1 for all x.
As g is a Gaussian process, the vector (g, gy) is a Gaussian vector, which is totally
determined by its mean (mg(x), mg(y)) and its covariance matrix

( R(i » R()i’ y) )

R(x,y) =E(gx —mi (%)) (gy — mi(y))]
=E [9xgy] — (E[9x]) )
=E[(=9x) (=gy)] = (E{(=g)])",
which means that the auto-correlation function is the same for gx and (—gx), so that

an index k or k is useless.
In the next sections, we will see that

We remark that

Oxy R(x, %) (3.1)

will be an important parameter in the homogenized system. In this section, We aim
at giving a physical sense to (3.1).

Given a normalized direction n, we can consider (ngrtn)tele which is also a Gaus-
sian process, for which the auto-correlation function is

Ra(tz,ty) = R(x + tzn,x + tyn),
6
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Fic. 3.1. Ezample of one realization of the Gaussian process (in red). The values of x such
that the Gaussian process is above my(x) belong to the phase k, and the values of x for which
gx < my(x) belong to the phase k. The double arrows in blue link an upcrossing of the value my,(x)

with the first next downcrossing of my(x). The length ng) can be understood as the length of bubbles
(or droplets) of the phase k.

so that
Otut, Rn(0,0) = nT 05y R(x,x)n. (3.2)

All the numerical experiments will be performed in one dimension, and the extension
to higher dimension will be done using (3.2). In the one dimensional case, an example
of simulation is drawn in Figure 3.1.

3.2.1. Bubble size distribution. By studying sets of realizations of the Gaus-
sian process gx, some insights into the nature of the process can be extracted. First,
by using the model presented above, the distribution fr, of the sizes of the inclusions
L; (i.e. bubbles) can be obtained. It can be obtained by computing several realiza-
tions of the Gaussian process gx. For each realization, when the phase 1 is present at
the midpoint of the domain, the distance from this midpoint to the left phase change
point L; is measured. Figure 3.2 shows the typical shape of the bubble distribution
(i.e. its normalized density spectrum) when using the proposed model. In this case,
a squared exponential auto-correlation function has been used [39]:

Rsg (x,y) = exp <—(y2_<2X)> , (3.3)

where ( is a free parameter, set to 3.5 in this case. Results shown in Figure 3.2
highlight the typical behavior of f7,, when using the model presented above: a single
maximum value is obtained for a particular bubble length, with a constant decrease
to the right and left of that value. Note, therefore, that the model is not suitable for
flows involving more than one typical bubble size.

3.2.2. Example of oceanic flows. When it comes to studying real applica-
tions, if the shape of the bubble distribution fr, is known, in general it is possible
to design an auto-correlation function that gives rise to the desired spectrum. There
are many different auto-correlation functions available in the literature [39], which in
general depend on free parameters to control the influence range and the shape of the
function. In this way, real distributions can be reproduced by properly choosing the
auto-correlation function and its free parameters.

7
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Fic. 3.2. Typical bubble size distribution obtained by using the model described in the present
paper. fr, is the normalized probability density function, and Li is the bubble characteristic length.
A squared exponential auto-correlation function has been used here, with a parameter ¢ equal to 3.5

(see (3.3)).

As an example of this process, we analyze here the case of the bubble distribution
in the first meters of the ocean, which has been widely studied due to its intrinsic
importance in many engineering applications [19]. In this case, the bubble spectra
was completely characterized by Deane et al. [14], identifying two different regions.
These regions are separated at a characteristic length scale called the Hinze scale [27],
whose value for this particular application is one millimeter. The bubble spectrum
shows a well-defined —3/2 power-law scaling with the bubble characteristic length L
to the left of the Hinze scale, and a —10/3 power-law scaling to the right [14]. As
shown in Figure 3.3, the model presented here is capable of reproducing the theoretical
behavior and the experimental results. In this case, a y-exponential auto-correlation
function [39] has been employed, R, (x,y) = exp (— ((y — x) /¢)"), where ¢ and v are
free parameters, set for this particular case to 0.05 and 0.5, respectively.

3.2.3. Average bubble length. The average size of the bubbles is a partic-

ularly important property of the distribution. Henceforth we focus on the Matérn
auto-correlation function R4, scaled as [39]:

o (x,y) = 2 (‘/T“(y‘x)> K, (m> (3.4

I'(v) ¢ ¢

with positive parameters ¢ and v, where I, is a modified Bessel function [3]. In
particular, we focus in the case v = 3/2. We define A as the square root of the second
order derivative of the auto-correlation function. For the particular case considered
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¢ ¢ Present work
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¥ ¥ Deane et. al (2002)
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L

Fic. 3.3. Typical bubble spectrum in oceanic flows applications, in log scale. It has been
obtained by using a y-exponential auto-correlation function R~. Results obtained with our model
are compared against those of Deane et al. [1}], for a volume fraction a equal to 0.1. The horizontal
azis shows the bubble characteristic length (in mm), and the vertical one is the bubble distribution
fr, . Dashed lines show the theoretical values for the slopes to the right and to the left of the Hinze
scale. The wvertical solid line indicates the position of the reference Hinze scale (1mm). For this
particular application, the parameters v and ¢ of the y-exponential auto-correlation function are set
to 0.05 and 0.5, respectively.

here (i.e. Raqu—=3/2); A can be expressed as follows:

AMw=3/2 = \ég (3.5)

Following [4], the number of upcrossings N, of the value u of a one dimensional
stationary Gaussian stochastic process in [0, 1] follows the Rice formula [40]

A u?
E[Nu] = g exp (—2) s

where A is the square root of the second spectral moment, matching with the square
root, of the second order derivative of the auto-correlation function. In our case, we
are interested in the upcrossings with the value my(x). Referring to Figure 3.1, the
total length of fluid & is

Nomy, ()

Lo
2 b

and we expect the mean of this to be ai(x). If we suppose that the number of

upcrossings and the length are independent, then
Nong, (0

IE [Lk] E [Nmk(x)] = ]E Z L](;) = Oék(X),
i=1
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which gives the following heuristic formula for E [Ly]:

e oag(x) 2 o (x 1
E[Li] ~ Ly := E [Nm(x)] n exp (_mk(x)2> k(%) Y
2

(3.6)

Numerical simulations have been conducted to evaluate the deviations of f/k defined
in (3.6) with respect to the experimental values E [Lj]. By using (3.4), several real-
izations of the Gaussian stochastic process have been computed, resulting in different
sets of E[L;] values, as explained in subsubsection 3.2.1. For each value of «, the
number of realizations is set to 5 - 10%/a, where the « dividing factor is intended to
ensure an approximately constant number of measures for the different volume frac-
tions. Additionally, the domain size is computed as Cy - Ly. Here L is the expected
bubble length given by (3.6), and Cy is a constant that ensures that less than 1% of
the bubbles cross the domain boundaries (typically Cy ~ 50). Finally, the cell size is
obtained by dividing the expected bubble length Ly into a constant number of points,
ie. ﬁl/Cr, where C,. is set to 40 in this case.

Figure 3.4 shows a comparison between the average bubble lengths obtained nu-
merically and those obtained by using (3.6), with respect to the volume fraction a.
Several ¢ parameters have been considered, ranging from 2.6 to 4.6 in 0.4 increments.
Correspondingly, Figure 3.5 presents the relative error among results, showing the
suitability of (3.6) around a = 0.4 for the chosen conditions.

45 T T T T

e o E[L],(=26
W0 — Ly, =26 °
v v E[L4],(=3.0
Bl L, ¢=30
|{a a E[Li], (=34
0H iy ¢ =34
sl < E[Ly], (=338
S || fnc=38
E 20f» » E[Ly],¢(=4.2
— L, ¢=42
Brlie o E[Li],(=4.6
Ly, (=46
10
51
%40 0‘2 014 0‘6 0‘8 1.0

F1G. 3.4. Results comparison of the average characteristic size of the bubble E[L1] with respect to
the volume fraction o. Numerical results are represented by points and those obtained by using (3.6)
by lines. Simulations have been conducted using a Matérn auto-correlation function, Rp ,—3/2-
Several ¢ parameters have been considered, ranging from 2.6 to 4.6 in 0.4 increments.
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Fic. 3.5. Error plot of the results comparison presented in Figure 3.5. The relative error Ei
has been computed as E1 = ’E[Lﬂ — £1’ JE[L1], where E[L1] denotes the average bubble length

computed numerically, and Iy theoretically.

3.2.4. Dependency of E[L;] on A. In any case, it seems that the average
bubble size remains proportional to A~! for any value of a, as (3.6) suggests. For
example, using the same auto-correlation function as above for a volume fraction
ranging from 0.1 to 0.9, the mean bubble sizes E [L1] obtained for different A\ values
have been computed. Note that a change in A is obtained by changing ¢ and keeping
v constant, as extracted from (3.5). Figure 3.6 shows the behavior of the computed
E [L] with respect to A, in log scale, showing a well defined slope of —1.

This behavior of E [L;] with respect to A is very interesting in multiple dimensions.

Indeed, following (3.2),
Arn = /N7 0xy R(x,X)n.

As a consequence, in multiple dimensions, it is not possible to get the average radius
of the bubbles, but OxyR(x,x) fully defines the anisotropy of the average bubbles:
its eigendirections define the directions of anisotropy, whereas the ratio of the square
roots of its eigenvalues give the anisotropy intensity.

4. Formal derivation of the nonconservative and relaxation terms. The
aim of this section is to define additional properties on gy for giving a sense to (2.9)
when f is no more a regular function, but a stochastic process. Equation (2.9) includes
the derivation of an indicator function, and this indicator is the image of f by the
Heaviside function H. Given any regular function f, the gradient of H(f(x)) in the
distribution sense is

Off(x)=0} V.J- (4.1)
11



10? - - T

—e o =0(.1
—v a=02
4 o =0.3
— +< a=04
N> a=05
£ o—o a=06

a=0.7

- %

[11]

10° . n n
0.3 0.4 0.5 0.6 0.7

Fi1G. 3.6. Average bubble length E[L1] varying with respect to the square of the second order
derivative of the auto-correlation function X, for several values of the volume fraction a. A well-
defined slope of —1 can be observed for all values of a.

Now, we are interested in the expression (4.1) in the case when f is no more determin-
istic, but stochastic. What we see from (4.1) is that we must be interested in the joint
behavior of gx and its gradient. In subsection 4.1, we will derive the properties of gx
and Vgx. Then in subsection 4.2, the constraints on g, will be derived for ensuring
the measurability of (4.1) when f is equal to gx.

4.1. Moments of g and Vgx. In this section, we are interested in the existence
and properties of V.
PRrROPOSITION 4.1. We suppose that g« is Gaussian and that its auto-correlation
function R is €*(RY,R?). Then the following hold:
o Vyx exists in the mean square sense, is Gaussian, and has Vmy(x) as mean
and O3, R(x,X) as variance.
e The vector [gx, Vx| is Gaussian and has

(oyrinn Bofien )

as variance.

Proof. As the auto-correlation function is ¢?(R%, R%), the derivative of g, exists
(following [37, Appendix 9.A]). Moreover, as gx is a Gaussian process, the vector
[9x1s Gxzs - - - » Gx,,] 18 Gaussian for any x;,...,x; € R%. As a consequence, Vgy, but
also [gx, Vgx] are Gaussian vector, which are characterized by their first and second
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order moments. The mean of Vgy is Vmy(x), and for any n;,n, € R%,

— — 1
Cov <gx+nn1 9x , Ixtane gx> = — (R(x+7ny,x + 7ony)
T1 T2 T1T2

*R(X + mny, X)
—R(x,x + m2n2) + R(x,x))
T 52
m} nj axy.R(X7 X)IIQ.
Thus, Cov(Vgx, Vgx) = 92, R(x,X).
The mean of [gx, Vx| is [mx(x), Vimy(x)]. For any n € R?, we have

Cov <ng Gx+rn — gx> _ R(xx+7n) - R(x)
T T
j 6yR(X, X) -1,
so that Cov (gx,Vgx) = OyR(x,x). As a consequence, the covariance matrix of
[gx7 v.gx] iS
1 Oy R(x,x)T

dyR(x,x) 02 R(x,x) )’

0

4.2. Measurability of the process. For ensuring that (4.1) is measurable
when f = gy, we must add some hypothesis on gx. This is summarized in the
following proposition

PROPOSITION 4.2. Vx is measurable if and only if Oy R(x,x) = 0 and 8,2(yR(X, X)
1§ nonnegative.

Proof. Considering (4.1) with the random process gx requires the measurability
of

1 XTy-1x
Ot =0} Xd (2m)d+T det my1/z P (2) (42)
with

5 1 Oy R(x,x)T
IdyR(x,x) 92, R(x,x) )’

and X = (21 — mp(x),xq — Vmy(x)). Integrating in z; gives

1 XTy-1X
M emdtdet )iz P 2

with X = (—my(x), X4— Vmy(x)). The argument of the exponential can be developed
as

XT2X = —my(x)? + 20, R(x,%) - (x4 — Vmy(x))
+(xq — mG(x))TaiyR(x, x)(xqg — Vmg(x)).

If we want to ensure that the argument of the exponential tends to —oo for any x4
tending to infinity, this requires that 0y, R(x,x) = 0 and that 8,2(yR(X, x) is nonnega-
tive.

13



Reciprocally, if dy R(x,x) = 0 and 97, R(x,x) is nonnegative, then

Sipe exp(—my(x)?/2) e (%= Vmi(x)) "0y R(x,x) ™" (xa = Vimi (x)
{z1=0} ((2m)4+1 det 8,2(yR(X7 x))1/2

is measurable. O
Note that under the hypothesis of Proposition 4.2, we find E [Vx(x)] = Vag(x).
Indeed, denoting by

Y= aiyR(x, X),

we can compute

eimk( 1T
E|V = Sip— —XTE'XT /244, d
[ Xk(X)] ((27r)d+1 dot 5 1/2/ZIGR/Xd€Rd {z1=0}%Xd€ r1dXyg
e_mk(x) /2 XTs-1%T
_ - /2
= 5 | qot s 1/2/ dXde dXd
((2m) e 2) x4€R
E [Vx&(x)] = e Xe X"571X"/2qx
Xk (27)3+1 det )12 /., cpa d
+e my (x) /QmG(X) 1 _ / e_XTz IXT/ZdXd.
V27 ((2m)d det X2)1/2 /., cre

In this last formula, the first integral vanishes, whereas the Gaussian law can be
recognized in the second one, which gives

=m0 2T iy (x)
V2T

Once we have been able to define the context of measurability of (2.9) when f is a
Gaussian process, we can now state that with our Gaussian model, we have

EF$Q§ﬁ50”<’q
oxp(-mi(%)2/2)

((2m)@+ det 02 R(x, x))1/2

(xd—mG(x))TB2 R(x,x) "L (xg—Vmy(x)) ~ Xd
S 2 o () Il
x1ER,xg€RT || H
1

This integral can be integrated once in z;, and if we denote by % = 6,2(yR(x, x)~ 1, we

get

[kk g ) 197601

B exp(—my(x)?/2)

C((2m)d+ det 32)1/2
(xd—mG(x))TEZ*de—mG(x)) lag<

E[Vxk(x)] = = Va(x).

(4.3)

X €
xqER?

= |) Iall dxa.

5. Some particular cases. In this section, particular cases are studied, in which
the integral found in (4.3) can be either exactly computed or approximated. The
different cases rely on the following criteria:

14



e the memory of the stochastic process, more precisely the relative behavior of
Vmy(x) and ¥,

e the tropicity of the self-correlation of the stochastic process,

e the relative state of the two fluids, which may induce a simplification in the
Lagrangian flux that is averaged.

5.1. Local contact. When locally the two fluids are at mechanical equilibrium,
(4.3) can be computed explicitly.

PROPOSITION 5.1. If for a given x we have ug(x) = uz(x) = ug and Py(x) =
Pr(x) = Py, then (4.3) gives (1.1) with P = Py and uy = ug (and with undetermined
A and p, as these terms are not active in this case).

Proof. When locally, the phases have the same velocity ug and pressure Py, the
solution of the Riemann problem in the direction n is a contact with velocity ug - n
and pressure Py. Then, for all n, P*(n) = Py and u*(n) = ug - n, so that

Xd
—up - —
OHXdH —Ug * X4
- 0
lag _ _
B o) x| = beal = | pox
P, ;
oUo - X4
Pouo
[l
In the integral, it remains the expectancy of x4, which gives
—ug - Vay
PPN - 0
E | (Fr(Ug) — viUr)Vxi| = PoVay
Pou() . VOék

This gives the model (1.1) with P; = Py and uy = up. O

5.2. Long memory case. The long memory case matches with the case in
which the auto-correlation function R is flat, more precisely, when 8,2(},R(x, x) = 0.
In this case, the following hold.

PROPOSITION 5.2 (Long memory case). When d3,R(x,x) — 0, (4.3) gives the
system (1.1) with A = u =0, and the following interfacial velocity and pressure:

w = (e ot ™ 7= ()

Proof. the integral of the function

1 _(xd—th)Ti_l(xde'm))
(2r)ddet )12 ©

over R? tends to an approximation of the identity concentrated in Vmy(x), which
gives

B [(Bu(U0) — w0 V] = S gy (Y ).

As Vmy,(x) and Vay(x) are colinear, we may rewrite

u*( Vmy(x) ) u*< Vay(x) ) Vag(x) — Vmg(x)
[V (x) IVor(x)1| ) [Vew(x)[| - [[Vm ()]
15




Setting

u[:u*( Ve (x) ) Vor®) 4 p = pr (va’“(x)>

Ve (x)| ) Vo (x)] Ve (x)|l
we find
T B e
. . exp(—my(x)? 0
E [(Fk(Uk) - ViUk)vXk} = \/]2% PVm(x)
Pruy - Vmg(x)
—uy - Vag(x)
0
PIVak(x)
P[ll[ . Vak(x)
O

Note that this case was previously derived in [17]. It also matches with the limit

model of the numerical method described in [2] and matches in one dimension with
the closure derived in [8].

5.3. One dimensional case. In the one dimensional case, the auto-correlation
matrix ¥ is a nonnegative scalar which we denote by A\?. Then (4.3) can be computed
explicitly and gives the system (1.2).

PROPOSITION 5.3 (One dimensional case). In one dimension, setting

)

the system is closed by the following interfacial quantities

I1+w | w—1
2 @rena) + U g (Ouan(a)) )

Pr =sgn(dyan(x)) 1tw P (Oyap(z)) + wT_l P,jk(—amak(x))) :

u; =sgn(dyak(x))

2

1+w ’

(Pu)r =sgn(dzak(w)) | —5— Py (Osan(z))ufy (Ozan())

w—1

0 P ey (uon(a))

and includes the nonlinear relazation term

Vis(Due) i Ore)
A T a2
1e ' o2 Py

Pt (Bp0(x))uty (Dp0(z)) — Py (~Bp0(z))

Proof. We are interested in the computation of
e—mk($)2/2 1
e
V 27T )\1 V 27T x’ER

In the integral, we change the variable 2’ by u defined as

—(x'—ammk(ﬂﬂ))z/(2/\f)]§\gzg(x/) 2| da.

x’ — Opmy(x)
A1 ’
16



and this gives

ome(@)?/2
e
V2T /\1\/ QW/U,GR

which can be simplified as

“UZR (9 () + M) [0emy(x) + Ayl Ardu,

efmk(I)Q/Q —u?/2lag
o /MERe Fo7 (0emy(z) + Au) [0pmy(z) + Au| du. (5.1)

We remark that f‘ﬁg (8zmi(z) + A1u) may take two values, depending on whether
it is positive or negative. We therefore divide the integration domain of u into two
domains: u < —9,mg(z)/A and u > —0,mi(x) /A1,

/ e—uZ/Qﬁw%{g (Opmy(z) + Mu) |Opmy(z) + A\u| du
ueER

—aka(I)/Xl 5 o
_ _/ e 2R19 (1) (D,mi(x) + Ayu) du

—0o0
o)

—|—/ e‘”z/QF%‘lkg (1) (Bzmg(z) + Au) du.
_azmk(x)/)\l

We gather on one hand the terms including d,my(z), and on the other hand the ones
factorized by A\q
e Terms including 9,my(x). The terms including 9, my(z) are

—Ozmyp(z)/ M1

Glmk(x){ - ]?‘%akg(—l)/ e~ /2 dy

o0

+ﬁ%‘jf(1)/6wmk($)/heu2/2 du}
= dmie)y [ { o) (erf (W) 4 1)
o -w(2)
—0.mu(o)\[5 {Ff:u) ~ B )

nlag lag *a:vm x
—(F29(1) + Fi39(—1))erf <A1\/’“§()> }

In the other closures found, the direction Vay/ ||[Vag|| appeared as a factor
and as a direction for the Riemann problems. In one dimension, this term is
equal to sgn(dyax(x)), or equivalently sgn(d,myg(z)). Then the term may be
rewritten

8mmk(x)sgn(3mak(x))\/§ {Fﬁgﬂkg(azak(x)) - F%ﬂkg(fazak(x))

L @r00(e) + Pl (s (o)t (7)) }
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Using the factor coming from (5.1) gives

(Opag(2))sgn(dy () (1+2w f‘%‘;g(azozk(x)) + wal cmg(a”’ak(x))> .

e Terms factorized by \;. Terms factorized by \; are

. —0xmy () /M1 2
A1 — F;’;g(_:[)/ ue™" /2 du

o0

+13“§55(1)/ e~ /2 du}

—Ozmy(z)/ M1

Qla —u2/27—0smp(x)/ X
-nf - B

- —u?/2700
9 (1)[—e /2]_awmk<w>/h}

2 2 (Nla Bla
= Ay (Grma(@)7/227 (F%kg(ﬁxak(aﬂ)) + F%kg(*amak(x)o :

0

We remark that in one dimension, if A\; — 0, then w — 1, and the closure of Propo-
sition 5.2 is recovered.

5.4. Short memory case. The modeling we are using essentially includes two
length scales: one is given by the invert of the spatial derivative of the volume fraction,
Vag(x), and another one is given by the invert of the square root of the eigenvalues
of the self-correlation function. If we suppose that the stochastic process has a short
memory compared with the variations of aj, then we are in a short memory case, in
which an asymptotic expansion of (4.3) can clearly make appear a relaxation and an
interfacial term.

PROPOSITION 5.4 (Short memory case). We denote by A? a diagonalization of
Y and Q an orthogonal matriz such that ¥ = QTA2Q. Also, we denote by [Vq| the
volume of the d-dimensional unit ball, and by |Sd71’ the surface of the unit sphere in
dimension d.

If we suppose that A='Vmy(x) < 1 then the system (1.2) is found with the
following closure of the interfacial terms

Xd

271
UIziv/ ux (
V4] |det 5|2 Sxac@raeeny M\ lxdll

1 Xd ~
P;= — / P () XdXTdXd 2_17
V| |det 2|72 ( xac@ra@e-1) "\ Ixall ¢
1 —1

¥ X4
(Pu ,:7/ Pu)* () Ixa]| xadx4,
! V] |det 52|/ cucaraain' R Tl
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and with the following nonlinear relaxation terms,

o exp(—my(x)?/2)
Ry = s (~ut,) Ial| dx,
21 [Va_1||det 2|77 /xacQra(se-1) H ||
u — 2/9
R}(Cp ) _ exp(—my(x) V/ 1)/2/ P ( )dexd7
21 [Vy_1||det 2|7 Jxac@racsi—r) [[xdll

exp(—my(x)*/2)
Ry = s (Pu)g, Ixall dxa.
21 [Vao1| |det B /7 /xae@ra@s—) || ||

Note that the relaxation terms look rather as relaxation terms if the integral on the
sphere S%~1 is done on a semisphere, by assembling the terms of opposite direction.
Proof. With the hypothesis we have, the integral we have to evaluate is equal to

_mk(x)2) (x —Vm,)Tz_l(x —Vmy)
exp (45 S / (T ) g el
Var  (2m)2(det )12 [y cpe H

The existence of @ and A? is ensured because ¥ is strictly nonnegative. It can
therefore be diagonalized in an orthonormal basis. Denoting @ the transformation
matrix toward an orthonormal basis of diagonalization of ¥, and A the diagonal
matrix with the square roots of the eigenvalues of ¥, we have ¥ = QTA%2Q. We
perform the variable change yq = A7'Qx4. As Q is the matrix of an isometry,
[x4ll = ||QTAya| = [[Ayal. Also, as det@ = 1, the determinant of the variable
change is the product of the square roots of the eigenvalues of ¥, and so is equal to
(det ¥2)'/2. This gives

exp(—mp(x)2/2) 1 (_M) s :
Nz @) ), epa” 9(Q"Aya) | Q" Aya|| dya-

Developing the exponential gives

(_ ||A*IQV"%||2>
exp(—my(x)%/2) ¢ i
Ver (2m)d/2
X e*HYd||2/2e(vka-QTA71Yd)F%ﬂkg(QTAyd) | Aya|l dya.
Ya€ER?

If all the eigenvalues are of the same order, and large with respect to a given parameter

A, then
ntavm
- 140 ( ! )
e = —
A2 (5.2)

o(VmEQTAT ) —1 4 UmTQTA Yy + O (;) '

We may therefore identify the following.
e The interfacial terms

exp(—my(x)?/2) 1
Var ()
X e*HYdHQ/? (VmgQTAflyd) laQ(QTAyd) HAde dya,

ya€ER4
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which can be rewritten
Vachgﬂu\fl

T % - —llyall®/2y, foleg (T A Avalld
(2m)/2 /ydeRde ya¥ 7,/ (Q" Aya) [[Ayall dya.

We remark that Flag (QT Ayq) is homogeneous of degree 0 and that ||Ay.||
is homogeneous of degree 1. The integration can be made with a polar or
spherical variable change, which can be written

/ de‘"Yd”z/deFﬂg(QTAYd) [Ayall dya
ya€R

= e~/ 2pdt1 gy
0
0
<[ v Ay Ayl dya
ya€Sd—1

where S?~! is the (d — 1) unit sphere. We recall that

o0 n— 1
/ e 2 dr = 25T <n+ )
0 2

and that the volume of the unit ball in R? is [V,4| =

/2

d b
T({=-+1
3 +1)
the following compact formulation for the interfacial terms:

which gives

1 a
vaT QTA y Fi9(Q" Aya) | Ayall dya.
|Vd| ydESd 1

Going back to the original variable for the integral x; = Q7 Ay, gives
2—1

Vol —=
V] |det 32|/

/ xdﬁgg(xd) (%4l dxg. (5.3)
xg€QTA(S4-1)

Note that in (5.3), the multiplication Va™ ¥~ 1x, is scalar. For the integration
of the interfacial pressure term, for which F%“kg (x4) is a vector, it is more suited
to move this scalar to the right of the integral and to transpose it.

The relaxation terms

2
exp(—my(x)~/2 1 —llyall?/2pla A
( 27(T )°/2) (27r)d/2/y o Iyal/2E%99(QT Ay q) || Ayl dya.

Remarks on the homogeneity of the different terms still holds, and the integral
can be computed by

/ e~ Ival* /2Rl (QT Ayy) || Ayl dya
ya€R?

e T /2 d(jT

/ F(QTAya) [Aydll dya

41 o
r( ) [ F@ v Iyl dva
ya€Si—!
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and we remark that

expl-mi(x)?/2) 1 as (d1Y _ exp(—my(x)*/2)
Vor (27r)d/22 F< 2 > 27 Vg1 ’

so that we finally find for the relaxation terms

exp(—my(x)*/2) -
i/ Fi% (x4) |[x4]| dxq.
27 [Va—1| [det S| 77 /xa€@T A1)

5.5. Short memory, linearized case. When the pressure and velocity of the
two fluids are close, the expression of the Lagrangian flux can be linearized by using
the acoustic approximation. In general, the solution of the Riemann problem in the
normalized direction ng; is computed by intersecting the left and right wave curves
in the (P,u- n) plane, see [22, Chap I1.3]. The Riemann problem can be formalized
as follows:

:uE'nEk_%(UE’ng)v

4
=uy - ngy, + % (Ur, P7,), (5-4)

*
Find (u%k, P,—c*k) such that { uﬁk

kk
where #;(U;, P*) is the wave curve coming from the state U; with equation of
state ¢ evaluated at a pressure equal to P*. The intersection of the wave curves
https://start.ubuntu-mate.org/ for general equations of state is a nonlinear problem,
which can be solved, for example, with the Newton-Raphson method. The acous-
tic approzimation consists in linearizing the problem (5.4): instead of intersecting the
wave curves, the solution of the Riemann problem is approximated by the intersection
of the linearization of the wave curves. In this case, the linearized Riemann problem
becomes

1
. Upy = Ug g — . (Phy, = Pr)
Find (u%k, P];*k) such that pkl k
o Upp = W - Dy + (Pi, — P) -
PkCh

This linear system can be solved explicitly, giving the following linear approximation

Zrpuyg + Z,;u,; PE — P
ur (ng, )=——-—"""F .n;, 4+
kk( - Z %k—’—gkp ng (Zk+ZE)
Ok + 4ty k4p(Up — g
P (o) = 2Rk 2 k(U e
kk(nkk) Zi + 75, Zi + 75, Wk

Using such an approximation, the integrals involved in Proposition 5.4 can be explic-
itly computed up to some constants that are not totally explicit.

ProPOSITION 5.5 (Linearized case). Suppose that the hypotheses of Proposi-
tion 5.4 hold. If we suppose that for all x4

_ Zyuy + Zpuy, Xd P, — Py

* — .

WD T T

P (xq) = ZiPy + Zp P, ZyZrp(up —uyg) - Xd
kT Zi + 7 Zi + 24, x|’
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where Zi = prcg is the acoustic impedance, then, defining the interfacial linearized
exTpressions

L _ Z];Pk + ZkPE

LiZkukJrZ,;u,; p
- T 7 | 7 I — )
Zk‘i‘ng

Z, + ch ’
the relaxation coefficient
Z(A) = |Sdll/xdesd1 Axa]| dxa,
and the relaxation matric
X T2 1 Yaya
A= (i [, i) @
then system (1.2) is found with the following closure of the interfacial terms,
P;=PFl,,
uy = 11%7
(Pu)[ _ (Zz Py + Zkac) (Zkuk + Z,;u,;) + 2ZkZE(Pfc — Pk)(u,; — uy)
(Zk + Z;;)
and the following linear, anisotropic relaxation terms,

exp(—my(x)?/2) ’Sd_l‘ Z(A) P, — P

b

(a)
R = :
k 2w2|vd,’1|d | Zy + Zj,
— 2)|ISTY ZznZp
R(pu) _ eXp( mk(X) / k Alus —u ,
k 27 [Vy_i] Zot 2y (0T

RY® =uk R — PERL.

The proof consists in computing explicitly the integrals found in Proposition 5.4.
The computations are a bit long, and the proof is deferred to Appendix A. As a first
order approximation was used for P* and u*, it would then be consistent to neglect
the second order term in (P; — Py)(ugz — ug) of (Pu)r, which leads to the interfacial
terms of [43, 45]. We remark that with the acoustic approximation, the interfacial
terms do not depend on the anisotropy of the distribution, whereas the relaxation
parameters depend on this anisotropy. Moreover, referring to subsubsection 3.2.4, we
remark that the intensity of the relaxation parameters is linked with the invert of the
size of the bubbles, for which a rather good approximation for intermediate « is given
by (3.6), and that the anisotropy of the relaxation parameters is directly linked with
the anisotropy of the average bubbles.

5.6. Short memory, isotropic, linearized case. When the auto-correlation
function is isotropic, the relaxation terms can be further simplified for giving the
following.

PROPOSITION 5.6 (Linearized case with isotropic distribution). In the same
conditions as in Proposition 5.4, and if we suppose moreover that the auto-correlation
function is isotropic, ¥ = 121y, then the same closure for the interfacial terms as
Proposition 5.4 is found, and the relazation terms can be further simplified for giving
a form similar to (1.1) with

_ exp(—my(x)?/2) |Sd*1| v 1

27 | Vg_1] Zi, + ch7
N exp(—my(x)?/2) [T v ZpZ;
2w |Vd_1‘ Zy, +Zf€.
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Note that in the previous proposition, the relaxation parameters are depending on
two types of parameters,

exp(—my(x)?/2) |S? | v
2 |Vd,1| ’

which is characteristic of the mixture of the flow (volume fraction, bubble size), and

2 Zy, - - -
and , which are depending on the local state of the two phases.
Zn + Z; Zn + Z; p g p

Note that the ratio of the relaxation parameters is consistent with the ones of [44].

6. Properties of the model found.

6.1. Hyperbolicity. The most general system found is (1.2), which was found
in the short memory case with a nonlinear flow in Proposition 5.4. It includes also all
the models derived in this paper. The hyperbolic part of this system can be written
in the following quasilinear form:

d
OV + ) Ai(V)0,V = 0.
i=1

In this whole section, we denote by & a nontrivial direction in R¢. The Jacobian
matrix in the & direction J¢ reads

uy - § 0 0
0
P1k1
(Pl e )5 e Buler; () | 0
d P1k1
P+ u-§ — (Pu)s-
ZAi(V)éi: < ' B1 ) 15 ( )I é ,
i=1 0
P2K2
N (P2 + Ba ) §+Pig 0 Eulery ()
K
_ (p2 + P2 2> uy - &+ (Pu);-€
B2
(6.1)
where Eulery (€) is the Jacobian of the classical Euler equations, equal to
0 'S 0
2, Jwl” - Hk) r, &lug 3
WMe] = HE ) ¢ . _ i
(Ck i kaﬂk € (- Qui | uy P Bk + (- Ol P Bk )
(Ci‘FM—Hk)uk'g HkgT_uk'nug <1+L)uk£
P Bk P B P B

where the following notation was used

Oe Oey, P
Br = <k) ) Kg = <k> ., Hy=E,+—.
P, ), Opr ) p, Pk

Clearly, the Jacobian of the system has real eigenvalues, which are the eigenvalues of
the Euler parts u; - € with multiplicity d and wu; - € &+ ¢; ||€]| with multiplicity 1, and
uy - & with multiplicity one. The minimum number of eigenvectors of (1.2) is given
by the following.
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PROPOSITION 6.1 (Minimum number of eigenvectors). In the direction €, the
system has at least 2(d 4+ 2) free right eigenvectors, which are associated with the
eigenvalues uy - & with multiplicity d, and uy, - € £+ ¢y ||€|| with multiplicity 1.

Proof. Considering the block structure of the Jacobian matrix, the vectors

e (0,71(€),0), where 71 () is one of the (d + 2) right eigenvector of Euler; (&),

e (0,0,72(&)), where 72(€) is one of the (d + 2) right eigenvector of Eulers (&)
are a system of 2(d+2) free eigenvectors of the Jacobian matrix, which ends the proof.
]

As a consequence, when uy - € # uy - € and uy - € # uy - € + ¢ ||€]], the system
has a full set of eigenvectors and is hyperbolic. However, the system is only weakly
hyperbolic in general, as given by the following proposition.

PROPOSITION 6.2 (Hyperbolicity of the system).

o Iffori=1,2,u;-£€#u;-€ anduy-€ # u; - € £ ¢ ||€]|, then the system is
hyperbolic.
o Ifur-E=up-Eanduy-&#ug;-& uy-&#£ug - €L €] then the system
is hyperbolic if and only if
1. for all ¢ normal to &, (TP1€ = 0.
2. ungﬁ — (Pu)l f =0.
o Ifur-&=up &+ [l€]l, anduy - & # ug - & ur- & # ug - &+ e [[€]], then
the system is hyperbolic if and only if

— (prer (PuBy+ map0) €] = BiETP 1€ ) + [I€] ((Pu)y - € — ulP1€) = 0.
(6.2)
The proof is a bit long and is deferred to Appendix B. We remark that if the
two conditions of hyperbolicity when u; - £ = uy, - £ are ensured in all the directions
&, then the first one implies that P; is isotropic, whereas the second one implies that
(Pu); = Pruy, = Pruy. Isotropy of the interfacial pressure is ensured for the model of
Proposition 5.6, but the second property is not ensured. This means that depending
on the closure, the case uy - £ = u; - £ may be resonant if P; is not isotropic, or may
not be resonant otherwise.
When uy - £ crosses uy - € + ¢ ||€||, and if we additionally suppose that Py is isotropic,
that (Pu); = Pruy, and that the fluid 1 follows a perfect gas equation of state, then
(6.2) is proportional to 8; + ¢; which never vanishes. We conclude that in general,
the case uy - € = uy - € + ¢1 ||€|| is resonant.

6.2. Nature of the field u; - £&. Most of the numerical schemes for hyperbolic
systems rely on the finite volume method, in which the Riemann problem can be seen
as a building block. For solving it, an important property to check for each field is
whether it is genuinely nonlinear or linearly degenerate (see [22, p.41]). In the first
case, it may induce a shock or a rarefaction wave, whereas in the latter, the solution
of the Riemann problem through this wave is a discontinuity moving at the velocity
of the field. This concept is even more important for systems like (1.1),(1.2) which
cannot be written in a conservative form: if the field is linearly degenerate, then
Rankine-Hugoniot relations across discontinuities can be defined, whereas if the field
is genuinely nonlinear, it is not possible. This raises also problems from a numerical
point of view, for example when nonconservative methods are used for conservative
systems, see [1, 28]. In the case of essentially nonconservative systems, usual numerical
schemes applied to a genuinely nonlinear field involving nonconservative products
usually lead in fact in a monconvergent scheme. This fact is unfortunately rarely
reported, but for multiphase flows, this was very well illustrated in [23]: for a closure
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for which the fluid u - £ is genuinely nonlinear [21], the VFRoe numerical scheme is
not convergent [23, Fig. 8.3 p. 135], whereas it is convergent for [10], a closure where
(uy - £) is linearly degenerate [23, Fig. 8.7 p. 143].

As far as the closures that were introduced in this article are concerned, the one of
Proposition 5.2 was discussed in [17] and gives a genuinely nonlinear field. For the
closure of Proposition 5.5, tedious calculation performed with perfect gas equation
of state proves that this field is also genuinely nonlinear in general. We did not
investigate if the additional degree of freedom given by (Pu); # Pru; could be used
for enforcing the linearly degeneracy of the field uj.

6.3. Phase entropy dissipation. If s, denotes the specific entropy of the phase
k, then (—pgs) is a mathematical entropy for the Euler system (2.2), which we denote
by Sk. One characteristic of the system (1.1) is that it does not have an entropy in
general. In this section, we are not interested in the existence of a mathematical
entropy for the system (1.1) or (1.2), but rather in the dissipation property of the
phase entropy «aSk. A first step is to find the phase entropy equation.

PROPOSITION 6.3 (Phase entropy equation). For (1.2), the following phase en-
tropy equation holds:

Oy (Osz;i(Uk» + divy (Oszk(Uk))
+?k ((Pu); + Pru — Pruy — ukP[) Vay (6.3)

_ L L@ (pu) _ 1 (pE)
=7 (~PRE +we - RV — R

Proof. S = —ps is a mathematical entropy for the Euler system. This defines the
following entropic variables:

L P

1 [ 9731

SU:T u ’
-1

where g is the free enthalpy
P
g=c+ ——"1Ts.
p

For regular flows, the conservative equation on the entropy is obtained by multiplying
on the left the conservative system by Sy. This gives

8:5(U) + divy (S(U)u) = 0.

Remarking that

(Su)" U= g +5(U)  and  (Su)" F(U)

I
—
Nl
+
=
=
~
£

25



we get, for any o

(Su)" (8, (a,U) + divyk (ax F(U))) = ay, (Su)” (8,U + divy (F(U)))
+ (Sv)" Udiay, + (Su)" F(U)Vay
=y (0:(S(U)) + divk(S(U)u))

+ (? + S(U)) (8tak +u- Vak)
= 8t(akSéU)) + divk(apS(U)u)
+T (Ora, +u-Vay).

Now, using this last equation with model (1.2) gives for the fluid k&

B¢ (xS (Uyg)) + divy (S (Uy))

+o ((Pu); + Prug — Pyur — u,Pr) Voy,
k
1 u
=7 (kaRi.a) + ug 'R,(f ) 'R;pE)> .
k

0

The phase entropy equation (6.3) includes three types of contributions: the phase
entropy conservation contribution (first line of (6.3)), the nonconservative contribu-
tion (second line of (6.3)), and the relaxation contribution (third line of (6.3)).

It is usual to expect entropy dissipation coming from the relaxation terms, how-
ever, entropy dissipation may come from the nonconservative part also, as was re-
marked on [12]. This is actually something that is common to some of the models
derived in section 5, as summarized in the following proposition

PROPOSITION 6.4 (Entropy dissipation of the nonconservative part). For the
nonconservative part defined in Proposition 5.2, the nonconservative part of the en-
tropy equation is dissipative:

1
Tk ((Pll)] + Pyup — Pruy — ukP[) -Vai > 0.

For (1.2), if uy = Yyuy, + Yzuy, with Yy + Yz = 1 and if Py is isotropic, then the
nonconservative part of the entropy dissipation is 0 if and only if

{ P[ZY,}P}C +Ykp}}7 (6 4)
( .

Pu)[ = YkP,;uk + Y,;Pku,;.

The full proof was deferred in subsection C.1. Note that for the closure proposed in
Proposition 5.4, the interfacial quantities do not depend on the gradient of the volume
fraction. As a consequence, the nonconservative part of the entropy equation can be
not dissipative. For the same reason, the nonconservative part of Proposition 5.3,
cannot be entropy dissipative, because it gives Proposition 5.4 in some limits.

In general, the closures proposed in Proposition 5.5 and Proposition 5.6 do not
ensure the condition (6.4). We remark that a closure giving a nonconservative con-
tribution for the entropy equal to 0 is the objective of [12] and see here that this
objective can be fulfilled more easily provided the constraint on (Pu); is relaxed (i.e.
(PU.)] 75 lel[).

Last, we prove that the relaxation terms also contribute to the entropy dissipation.
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Models Hyperbolic terms | Relaxation terms
Long memory model v v
One dimensional model No v
Short memory model No v
Short memory, linearized model No v
TABLE 6.1

Summary of the phase entropy dissipation results for the different systems found.

PRrOPOSITION 6.5 (Entropy dissipation of the relaxation terms). For the relax-
ation terms defined in Proposition 5.3, Proposition 5.4, Proposition 5.5,
1

T (~PRL 4w R = RPF) <0,

The proof of this proposition is also given as an annex in subsection C.2. The
results concerning the entropy dissipation were summarized in Table 6.1. We remark
that the nonlinear model proposed in Proposition 5.4 does not ensure the entropy
inequality for the nonconservative terms, but only for the relaxation terms. However,
we recall that Proposition 5.4 relies on an asymptotic development of (4.3) when ¥
is greater than the gradient of the volume fraction. In this asymptotic regime, the
zeroth order terms are the relaxation terms, whereas the nonconservative products
are the first order terms, (see (5.2)). This implies that in this regime, the relaxation
terms are one order of magnitude larger than the nonconservative products.

Last, we remark that only the phase entropy dissipation was addressed in this
section. The equation on the full entropy can be obtained by adding the two phase
entropy equations. For the long memory case, the full entropy is dissipative. In
the other cases, the nonconservative part does not vanish and has no sign, and the
relaxation terms are entropy dissipative. Still, the remark on the relative magnitude
of the relaxation terms and nonconservative terms states that the dissipativity of the
relaxation terms should be enough for ensuring the full entropy dissipation.

6.4. Symmetrizability of (1.2). A weaker form of the entropy existence is the
symmetrizability of the system. Conditions for symmetrizability of the system (1.2)
are summarized in the following proposition

PROPOSITION 6.6. The system (1.2) is not symmetrizable in conservative vari-
ables in general. The proof of Proposition 6.6 is detailed in Appendix D.

7. Conclusion. In this article, a general framework was proposed for deriving
two-phase models by homogenization of Euler equations. This framework relies on
two ingredients:

e the knowledge of the local exact solution, based on the solution of the Rie-
mann problem,

e the definition of an explicit stochastic model for the spatial phase distribution.
Choosing a model based on a Gaussian process allows to perform explicit
computations based on few parameters, which, in our case is only the second
order derivative of the auto-correlation function. The physical relevance of
this model was discussed in section 3.

Thanks to this method, we managed to

e find again the closure previously proposed in [17, 2, 8], but by giving a clear

topological context of this closure in Proposition 5.2,
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e propose a calibration of the relaxation terms for (1.1) based on the local aver-
age topology of the flow in Proposition 5.6, which may include the anisotropy
of the bubbles and droplets in Proposition 5.5,

e propose a new model (1.2), which is a generalization of (1.1) when the flow
is still well mixed, but nonlinear.

Beyond the new models derived, we would like to emphasize that the method clarifies
the hypothesis on the local topology of the flows which lead to these averaged mod-
els. We would like also to point out that a general outcome of our method is that
relaxation terms and interfacial terms both come from the averaging of the same term
(4.3), so that they cannot be considered separately: for example, the closure found in
Proposition 5.2 matches with well separated interfaces, and so the relaxation terms
are 0, whereas Proposition 5.6 matches with well mixed flows, for which relaxation
parameters are large.

We see at least two directions for further developing this model:

e The derivation of the averaged system by homogenization was based on the
Euler model without surface tension between the phases. We plan to perform
similar computations including surface tension effects inside the local Rie-
mann problem. Also, diffusive terms, namely, using Navier-Stokes equations
instead of Euler equations, can be considered for including viscous effects in
the closure and relaxation terms. In this article, the relaxation terms are
induced by the nonlinear effects of the Euler system, which tend to induce
equality of pressures and normal velocities at a contact and depend on acous-
tic coefficients in the two fluids. If additionaly Navier-Stokes terms are taken
into account, they will tend to induce equality of temperatures and full veloc-
ities at a contact through relaxation terms depending on the heat conduction
and viscosity. When considering viscous effects, relaxation terms similar to
the ones proposed in [6] should be found, at least in some regimes.

e The derivation was led with only two phases. By developing another stochas-
tic model which would include more than two phases, we should be able to
derive a model with an arbitrary number of phases. For the moment, we have
no idea on how to model a flow with more than two phases with a stochastic
model.

Further extensions include the derivation of numerical schemes for the new sys-
tems developed. A natural framework for developing numerical schemes based on a
stochastic model is [2]. This method depends on the definition of weights which are
characteristic of the topology of the flow. More precisely, the weights proposed in [2]
were proved to match with the long memory case (i.e. interface flows) in [17]. By
using a stochastic model with a different covariance function, which will lead to other
weights, it is possible to extend the numerical method developed in [2, 17] to different
regimes of multiphase flows.

Acknowledgment: Experiments presented in section 3 of this paper were carried
out using the PlaFRIM experimental testbed, supported by Inria, CNRS (LABRI and
IMB), Université de Bordeaux, Bordeaux INP and Conseil Régional d’Aquitaine (see
https://wuw.plafrim.fr/).

Appendix A. Details of the computations for Proposition 5.5.
For the sake of simplicity, we rewrite the pressure or the velocity linearization in
the acoustic regime as

aTXd

[Ixall
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A.1. Interfacial velocity computation. We want to compute

/ ( ) HXdH dexd
rac@ra@-n) ™\ Tl

Xq ) aTx,

Ixall ) lixall

/ (ochd) xgdxg + / B ||1xaqll xadx4,
xa€EQTA(SI—1) xa€QTA(S4-1)

which can be rewritten

</ xdxgdxd> a+f (/ Ixall xddxd> .
xg€QTA(S-1) xa€QTA(S4-1)

By symmetry, the integral after 5 is 0. For the integral in front of a, which we denote
by 4, we have

with u} ( + . We then have to evaluate

fl :/ XdXZ;dXd
xa€QTA(S4=1)
:i/ (QTAya) (QTAya)" [det | dyg

ydesd—l

~11/2
fp%fA(/ ngwOAQmﬁzﬂ,
ya€Si—1

and it can be proved that

/ yaysdya = [Va|1a.
ya€Sd—1

We finally find that

= V| |det 212 5

and that

Zrug + ZEUE

A

A.2. Interfacial pressure tensor . We want to compute

/ P ( )xdxgdxd
xa€EQTA(SI1) [[%all

T
with P7, ( Xd ) _ & Xd + 5. We then have to evaluate
xall )~ Ixall

T
a’'x
/ M xdxgdxd + B xdxgdxd.
xg€QTA(SI1) [Ixall xg€EQTA(SI1)
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The integral involving « is zero, by symmetry. We are then interested in the integral
in front of 3, which we denote by .#;. Then

fg = / degdxd
xg€QTA(SI-1)

y Q"Ayq (QTAyq)" |det S|
yq€SI—1

~1/2
= |det 3|"* QTA ( / S ydygdyd> AQ
ya€Sd—1

1/2

1/2
/de

— |det 52 [,/ £,

We finally find that
Zy P, + Z, Py, I
Zi + Z];

We are looking for the value of the integral

A.3. Interfacial (Pu) .

/ (Pu >*( )||Xd><dd><d
xa€QTA(SI-1) x4l

l—: and u%, are linear

Supposing that both P, ik
* Xd
k = + 607
M Ixall || dll
Xd T Xd
u =af 24 45,
M lxall b lxall
and then
X4 Xd
(Pu)i () =af —% Otl + (Browo + Boor)T =" + BoBi.
[[xall || d|| %4l
deg . .. .
is zero. The remaining part is the same

By symmetry, the integral involving 5

[[xall
as the integral computed for the interfacial velocity. We then find that

. (Z]}Pk‘FZkP]}) (Zkuk +Zkuk)+Zka(P Pk)( 7. —uk)
(Pu)r = :
(Zk + ch)

A.4. Relaxation in volume fraction. We want to compute

/ <*>( )nxddxd
oA Tl

T
Xd ) _ & Xd + B. We then have to evaluate
[l [[all

—/ (OLTXd) dXd — / 6 dell dXd.
xa€QTA(S4-1) xa€QTA(S41)

The integral in front of a is zero by symmetry. In the second integral, we make the

same variable change as usual for finding

/ I¢all dxg = ( / Axal dxd) det 3
xdGQTA(Sdfl) deSd
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This integral cannot be explicitly computed in general. Defining

1

L= S Jxaese-1

[Ax4]| dxa,

this leads to the following relaxation term for the volume fraction:

exp(—mi(x)%/2) [SH L(A) P, — Py
2 |Vd_1‘ Z +Zj€.

R =

A.5. Relaxation in momentum. In this case, we aim at computing

/ P* < )dexd
xa€QTA(SI1) 14l

T

a

with P7, (”Xd”) = I Xﬁ + 5. We then have to evaluate
Xd Xd

(aTxd)
——xqdxg + Xqdxy.
xa€QTA(SI1) (%l xq€QTA(S4-1)

As previously, the integral in front of £ is 0, and we denote by .#3 the integral in front

of . Then
T
j3 = / XdXd dXd
xg€QTA(S4-1) ||Xd||

—QTA (/ Yaya dyd) AQ |det 2|12
xaesi-1 [[AYdll

T
The matrix / YdYd dyq is diagonal. Defining
xqesi-1 || Ayl

. 1 yayr
R Ldy,) Q.
ST Jyesar [[Ayall 2

we then find that

exp(fmk(x)2/2)|Sd*1| VAV

R(Pu) — A(uz — .
k 27 | Vg_1] Zy+ 2y, (uk ux)

A.6. Relaxation in energy. In this case, we want to compute

/ <P>( )||xd|dxd
xa€QTA(SI-1) lIxall

T
(Pu)%y (|Xd) =af *d¥%q =d oy + (Brag + Boar) x4 BoBi.

[%al [[%all [I<all

with

Thus, we want to evaluate

xgxT
af / Pl dxy | ar + (Bre + Boan)T / xqdxq
xa€QTA(SI-1) [l xa€QTA(S?1)

+Bob1 </ lI%al| dxd> .
x€QTA(S4-1)
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The first integral is similar to the one computed for the relaxation in momentum, the
second one is zero by symmetry, and the third one is similar to the one computed for
the relaxation in volume fraction. This finally gives

B Iy Py + Zy Py, R(a).

E u
Rl(cp ) _ u?Rl(cp ) 7ot ZE .

Appendix B. Details of the proof of Proposition 6.2 . In general, defining
Ki=pipitur-&—w;-§E+ci|[€)(ar- & —ci[[&]l —wi-&)(ur- & —u; - §),

the expression for the eigenvector Wy, .¢) associated with uy - § is

—K1 Ko
Ko ((ui-€—ur-€) p1 ((B1Py+ kapn) €12 - 51€TP1€) + €12 ((Pw)T € — u]P )
Kz (P0T € —ulPrg—p1 (1P +pren) (ur - € —wi-©) ((ur-§—wi - © €+ I&]°w)
+p181 (3 (667 —€T¢) +(ur - - &) (uy-€—uw - E+wéT))Prg
Kz (prf1 ((ur- € —wi-€—ca l€l]) (ur - € —ur - €+ [J&]) (Pu)T €
+(c3uy - €+ Hy (ur - € —u1 - §)) TP E)
- (01 (B1P1 + p11) (ur - € —uy - €) + ul P — (Pu)] 5)
(wi-g(ur-g—u-&)+Hillg)?))

where the dots represent the same expression by inverting the sign and the indices 1
and 2. As the first component of the other eigenvectors is always 0 (see the proof of
Proposition 6.1), this vector is always independent of the other eigenvectors provided
K; # 0, which means that uy - € #u; - € and uy - £ # u; - € + ¢; ||€||. This proves the
first point of the proposition.

Suppose now that uy-&€ = uy-£€. Then in dimension d, this eigenvalue is of multiplicity
d + 1, with at least d eigenvectors, which are the usual eigenvectors associated with

111-5.

0 0
1 0
ux C]’
3 _ H, — 2 < N C.
W= 1 315101 Wile = u10Cj 7
0 0

where the ¢; are (d — 1) orthonormal vectors which span the orthogonal of §. We
consider the following vector, obtained as the second term of the Taylor expansion of
W{ul'ﬁ} when uy 6 — U E

—K1 K>
Ko <fp1((,31P1 +r1p1) |1€]7 - ,81§TP1§))
Wiaep = K (((PU)I -&ul'P€) € — p1 (B1Py + prr1) ||€]1° wr + 01B1U1£TP1£)

K <01,31H1ETP1£ —p1 (BLP1 + pira) Hi €))7 — (] P& — (Pu); - €) w '5)
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with K; = p1Bi(ur - € —uy - € +c1 ||€])(ug - &€ — 1 ||€] —uy - &), and where the dots
are exactly the same terms as Wy, ¢y, where Ky was replaced by K;. Then

JeW i, ey = (ur-€) Wiy ey + [I€]]° (u]P1€ — (Pu), - €) W

P {u1-£}
¢;
+Y mpiet (CTPig) W -
=1

This last equation gives in general a Jordan block in the matrix, except when CjTP €=

0 for all j and u?P;& — (Pu) ;& = 0. These two conditions are therefore necessary
and sufficient for ensuring hyperbolicity.

Suppose now that uy - & = uy - € + ¢1 ||€]]. The eigenvector associated with
up €+ e [[€]] s

0
1

3
u; + ¢ ———
€]l
u .
W{U1~€+01} = Hy Jr61||1£%”

0

0

We consider the following vector, obtained as the second term of the Taylor expansion
of Wiy, ey when uy-§ — uy - € +cy [[€]|:

—K1K>
Ko (—01 ((51131 +r1p1) 1€ - 51€TP1£>>
Ks (((PU)I & —ufP€) & — p1(BLP1L + prra) [I€]I7 wy
—p1(B1P1+ p1k1) (ur - € —ur -n+er [€])) €
Wia, ey = +p181ETPréus + p1B1 (ur - € —ur -n+er €]) PIE)
K> (Plﬁl (ur-&—wr-&+ci|€]) (Pu)r- €+ p1 1 H1ETP 1€
— (uTPr&— (Pu)r-&ui - ¢
—p1 (B1Py + prri) éul & (ur € —ur - €+ lgl) + Hallg)?))

with K1 = p1Bi(ur-€—uy-€+cy ||€])(ur-€ —uy - €), and where the dots are exactly
the same terms as Wy, ¢}, where K; was replaced by K;. Then

JeW a6y = (ur - O Wiy, g
+Ko (* (PlCl (P1B1+ k1p1) ||§||2 _ /31£TP1€> + [l ((pu)I £ - u'{PIS)> €I W gy e er}-

This means that except when

- (P101 (P1f1 + Kip1) ||€||2 - 51€TPI$) + 11|l ((Pu)[ & - UTPIE) =0,

the system is resonant. This ends the proof.

Appendix C. Details of the different proofs for entropy dissipation.
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C.1. Proof of Proposition 6.4. All the proofs for the entropy dissipation of
the nonconservative contribution rely on the following lemma.
LEMMA 1. We suppose that the equation of state (t,s) — p(7,s) of the fluid k
has the following properties:
dp c dp 0%p
< a>2 —>0 — >0 C.1
o7 0s or? (C.1)
We denote by P, and uf, the pressure and velocity of the solution of the Riemann
problem with a right state having Py and uy - n as pressure and velocity. Then for
any unitary direction n

(P = Pe) (ujy — we-m) 2 0.

Proof. Following [22, Theorem 3.1 p. 134], conditions (C.1) ensure that the wave
curve coming from the point (ug - n, Py) is increasing. This means that an increasing
function ® exists such that all the states (u*, P*) that can be linked with the state
(ug - n, Py) through a right wave curve follow

u* = ug -n+ O(P).
The function ® being such that ®(P;) = 0, we find
(Pi = Pe) (uf — e - m) = (P, — ) (®(PF,) — 2(Pr))

which is nonnegative, because ® is increasing.
0

Note that the conditions (C.1) can probably be relaxed; see [35] for tighter con-
ditions on the equation of state.

We now prove Proposition 6.4 for the long memory model described in Proposi-
tion 5.2. In this case, we have

1
Tk ((Pu)[ + Pyuy, — Pyup — U.kPI) Vay

=75 (i (aciar) =) (s (Wasceir) - o) 17501

Applying Lemma 1 gives immediately the entropy dissipation.
We now focus on the second part of the proposition. If the nonconservative part
of the entropy contribution is 0, then

(Pu)1+Pkuk — Pruy —ui Pr=0 (02)

for k = 1,2. If the velocity is such that uy = Yzux + Yzuj, then equaling the two
formulas for (Pu); obtained from (C.2) leads to Pr = Y; P, + Y P;. Using this last
expression for Pr leads to (Pu); = Y Pyuy + Yz Peug.

C.2. Proof of Proposition 6.5. We first prove the following lemma
LEMMA 2. With the same the hypothesis and notations as Lemma 1, for any
unitary vector n, defining

U(n) := Pyup, (n) + Py, (n)(uy - n) — Py, (n)ug, (n),
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and defining ¥(n) := ¥(n) + ¥(—n), then

Proof.
¥ (n) = Ppuf, (n) + Pf, (n)(uy -n) — Pf (n)ur
+Prui, (—n) + P (—n)uy - (—n) — Pf, (—n)uf, (—n)
= Pyui, (n) + P7, (n)(ug - n) — P, (n)us, (n)
. —Pyusr(n) — P (n)(ug - n) + Py (n)uy; (n)
\I/(l’l) = (Pk - P]‘:k)uik( ) + (uk ) (P’—:k(l’l) - P/:];(n))
+ug(n) (P () = P)

Then, as said in the proof of Lemma 1, an increasing function ® exists such that

with ®(Py) = 0. This leads to

‘i’(n)Z(Pk—P,-:k)U§k(n)+( k1) (P, (n) — P (n))

+u};(n) (Pf(n) — Pr)
= (P, — P}, (w -0+ ®(Py, (n))

)
+(uk . ) ( gk(n) - Pk]}(n))
+(u-n-— ®(P})(n) (P;:;;(n)

= (P, — P)® (P]:k(nf) —® (Pr
— (P — ) (@ (B (m) - @)
+ (2P ~ @ (P () (

As @ is increasing, this leads to ¥(n) < 0, which ends the proof. 0
We now prove Proposition 6.5 for the nonlinear relaxation terms of Proposition 5.3

PRy 4y - RYY - R

2
3zmk’(’f/)2 —*mk;m)

— e GT@(ﬁxak(x)).

where W is the function defined in Lemma 2. Applying this lemma ends the proof.
We are now interested in proving Proposition 6.5 with the nonlinear relaxation
terms of Proposition 5.4. In this case

~BRY +u - R — RYY
exp(—my(x)%/2

__exp(—m( )v/l)/ / q;( )|xd||dxd,
27 Va1 ’det E| xg€QTA(SA—1 (%l

where ¥ was defined in Lemma 2. The integral can be divided as the sum of two
integrals

Xd
/ \I/ ( > ||XdH dXd / \I/ < ) ||Xd|| dXd
xgEQTA(SI-1) [Ixall xg€QTA(S1),xV >0 lIxall

+ ) ||Xd|| dXd

xa€QTA(SI-1) xP <0 (|X |
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Remarking that the second integral includes exactly the opposite vectors of the first
one, we find

/ \I/( >|xd||dxd / xp( )|xd||dxd
x4 €QT A(S4-1) [Ixall xa€QTA(S1),x{V >0 lIxall

Applying Lemma 2 ends the proof.
Last, we prove Proposition 6.5 for the models proposed in Proposition 5.5 and
Proposition 5.6. In this case
1
Ty
_i ((PL_P)R(Q) (u —u ) R(PU))
T T I k) g k I
Zr exp(—my,(x)%/2) |[S*71
2T |Vd_1| (Zk + Z,‘ﬂ)2

(~PRE + - R — R

(X(A)(P,; — P)? + Z2(u;, — ug)A(uy — uk)) .
As Z(A) is nonnegative and A is also nonnegative, we get

( P R(a) + ug R(/’u) RI(C/JE)) < 07
Ty

and this ends the proof of Proposition 6.5.

Appendix D. Proof of Proposition 6.6. The computations for this section
are not straightforward, and SageMath [46] was used for solving formally some linear
systems. In general, a symmetrizer for (6.1) can be written blockwise

T T
S11 S12 Si3

S= 512 S22 Saz |,
- T
513 Siy3 Ss3

where 517 is a scalar, 512 and 513 are vectors of size (d + 2), and S22, Sa3 and Ss3 are
(d+2) x (d+ 2) matrices, and Soe and S33 are symmetric. Writing blockwise that S
is a symmetrizer of (6.1) immediately gives that S;; is a symmetrizer of Euler;_; (&)
for ¢ = 2 and 3. In general, symmetrizers for the Euler system are a two parameters
family of matrices, which reads in conservative variables

5}51 _ (pﬁsg) (1)) T sg)
( ﬁs (1)> u pﬁsg)Id + s(b?) u’u —Sg)u
Sg) *S(El)uT S%J)

with
st = s (08 (I +¢2) + [uf = H) + 5 (luf* — ),

and where s(b?) and sg) are two free parameters, and sg) = sg) — (|u|2 — H) sg).

Some tedious computation leads also to Sz = 0. If (6.1) is formally rewritten block-
wise as

us-§ 0 0
j1(€) Euler (&) 0 ,
j2(€) 0 Eulers (&)
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then & symmetrizes J¢ if and only if

{ (§1T2EUIQY1(£))T = (us - &) 512 + S22j1(§),
(5{3EUIer2(§))T = (uy - &) 513 + S33j2(§),

which are two independent systems involving either phase 1 or phase 2. We deal with
the phase 1 and remove any index identifying the phases. Then j is solution of the
system

where the matrix A is

s <c2+“‘H>sT—<u-s>uT <c2—H+'“"H> (u-¢)

3 (w-€&) — (ur-€))Ia+&u’ —
T

u-§

0 5 T - (u-g

£
pB
and the right hand side is

((1+pB)ETPru— (Pu), & = p(PB+rp) (u-€)) s
+("Pru—(Pu), - €) (juf — 1) s
p((PB+pr) €~ BP1€) 5T — (€7Pru— (P, -€) su
(€7Pru— (Pu), -€) 5

b:

The system (D.1) is solved with Cramer’s rule, which involves the determinant of A

det A= (u-é—u;- &) (u-€—u-&—clé])(ur-€—u-€+clé).

We are interested in the last component of j. This component can be expressed with
Cramer’s rule, as the ratio of a determinant by the determinant of A. In general, it
can be written as

. Qur-&(us-€—u- gt
Jd+2 = det A )

where @ is a polynomial. As the symmetrizer should be independent of &, @ should
have u- € and u- £ £ ¢||€|| as single roots. The full expression of @ is not given here,
but only its values for u; - € =u- € £ c||€|:

Q(u-&cllgl) = (Il (€"Pru— (Pu); -€) & pe (P8 + pr) [€]1° — 5" P1) )
x (s = (Juf = #) 55" el

Equations (D.2) induces immediately

0
s = (juf = H) s, (D3)
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which can also be seen as sg) = 0. Now, remarking that under condition (D.3), b is
an eigenvector associated with the eigenvalue u- & — uy - €, we find

T lul* — H
j= £ Pru—(Pu), - ¢ —u 50

But as the symmetrizer should be independent of &, a symmetrizer may exist only if
IM V¢ €'Ppu—(Pu),-£=M(u-€—us-§).

However, we immediately see that even if this condition holds, the symmetrizer found
cannot be full rank, and so cannot be strictly nonnegative, which means that the
system is not symmetrizable.
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