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Abstract

We propose a new solvable class of multidimensional quantum harmonic oscillators
for a linear diffusive particle and a quadratic energy absorbing well associated with a
semi-definite positive matrix force. Under natural and easily checked controllability
conditions, the ground state and the zero-point energy are explicitly computed in terms
of a positive fixed point of a continuous time algebraic Riccati matrix equation. We also
present an explicit solution of normalized and time dependent Feynman-Kac measures
in terms of a time varying linear dynamical system coupled with a differential Riccati
matrix equation.

A refined non asymptotic analysis of the stability of these models is developed based
on a recently developed Floquet-type representation of time varying exponential semi-
groups of Riccati matrices. We provide explicit and non asymptotic estimates of the
exponential decays to equilibrium of Feynman-Kac semigroups in terms of Wasserstein
distances or Boltzmann-relative entropy.

For reversible models we develop a series of functional inequalities including de Bruijn
identity, Fisher’s information decays, log-Sobolev inequalities, and entropy contraction
estimates. In this context, we also provide a complete and explicit description of all the
spectrum and the excited states of the Hamiltonian, yielding what seems to be the first
result of this type for this class of models.

We illustrate these formulae with the traditional harmonic oscillator associated with
real time Brownian particles and Mehler’s formula. The analysis developed in this arti-
cle can also be extended to solve time dependent Schrodinger equations equipped with
time varying linear diffusions and quadratic potential functions.

Keywords : Feynman-Kac path integrals, Hamiltonian, particle absorption models,
ground state and excited states, Mehler’s formula, Boltzmann-Kullback Leibler relative
entropy, log-Sobolev inequality, Wasserstein metric, de Bruijn’s identity, Poincaré in-
equality, h-processes, Riccati matriz differential equation, continuous time algebraic Ric-
cati equation.
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1 Introduction

1.1 Description of the models

Given r > 1 and some square (r x r)-matrices A, R,S with real entries, let H be the
Hamiltonian differential operator given by the formula

1
H =—L+V with the potential energy V(z) := 5 Z xy Sk (1)

1<k, l<r

In the above display, £ stands for the second order differential kinetic energy operator

1
L:= Z Ap w1 Oy, + 2 Z Rt Oy 2)

1<k,l<r 1<k,l<r

In the present article we shall assume that R and S are positive semi-definite matrices and
the pairs of matrices (A, RY/?) and (A’,5'2) are both controllable, in the sense that the
(r x r?)-matrices

(R AR 0 B2 and [$7%, 4087 (A SY] have k. (3)

In the above display, A’ stands for the transposition of the matrix A. Note that the above
condition holds trivially when R and S are positive matrices.

The time dependent Schrodinger equation and the imaginary time version associated
with the hamiltonian H are given respectively by the equations

zﬁt‘llt(a;) = H(\Ijt)(.fl?) and — 6,5"%(3:) = 7‘[('¢t) (4)

with prescribed initial conditions. In the above display, ¢ € C stands for the complex number
such that > = —1. The right hand side equation is obtained by a formal change of time by
setting ¢(z) = W_;(x). The corresponding evolution equation takes the following form

Orhr(x) = L(Y)(x) — V(2) () (5)

The first term L represents the generator of a free linear diffusion process X; with drift
matrix and diffusion matrix R. The stochastic differential equation associated with this free
evolution process is described in more details in . We emphasize that A is not required
to be a stable Hurwitz matrix so that X; can be a transient diffusion process that evolves
exponentially fast to oo. As we shall see in the further development of the article, the
controllability condition ensures that the trapping force of the potential energy always
compensates the delocalization kinetic energy of the diffusion.

For a twice differentiable function g, the solution of is given by the Feynman-Kac
path integral formula

bl@) = Kiwo)(x) = j Ko, dy) o(y) (6)

E (q,z)o(Xt) exp < E V(X)) ds) | Xo = :c) .



The integral operator IC; is sometimes called the Feynman-Kac propagator. Besides its
mathematical elegance, the conditional expectations in @ can rarely be solved analytically.
Moreover, numerical solutions for general diffusions X; and/or potential functions V' that
are not necessarily quadratic require extensive calculations, see for instance [23], 24 [36, [38]
and the references therein.

There exists a rich literature on the micro-local analysis [54. [61} [86] and the semi-classical
analysis [46], [70, 94] of self-adjoint Hamiltonian operators for general smooth potentials and
Brownian particle free motions. These powerful mathematical tools provide a precise spec-
tral asymptotic analysis by connecting the Schrédinger equation with the classical mechanics
of point particles (a.k.a. Bohr correspondence principle) when the diffusion Planck constant
tends to 0.

Non-asymptotic estimates for general models are rarely studied in the literature and
they often rely on proving the existence of limiting unknown mathematical objects such as
quasi-invariant measures, the zero-point energy and the corresponding ground state, see for
instance [36], 39, 4], [42] and the more recent articles of Champagnat and Villemonais [25],
20, 27, 28] [41].

By an elementary second order Taylor expansion, any smooth potential V' can be ap-
proximated by a harmonic quadratic potential of the form at the vicinity of a stable
equilibrium point. The quantum harmonic oscillator corresponding to the case A = 0 and
diagonal matrices (R, S) is one of the most important quantum-mechanical Hamiltonian
systems for which an exact analytical solution is known. To the best of our knowledge, the
case A + 0 and non diagonal matrices (R,.S) has not been considered in the literature on
this subject. This article provides an analytical solution and a complete theoretical analysis
the multivariate quantum harmonic oscillator and related particle absorption processes for
general hamiltonian operators given by .

A brief description of the main objectives and the main results of this article is provided
below:

e One of the main objective of this article is to construct an explicit closed form solution
of the time dependent Schrédinger equation for abstract and general Hamiltonian
operators of the form (1)) in the reversible situation, that is when R > 0 and AR = RA’
(see Theorem . In this context we provide a complete description of the entire
spectrum of the Hamiltonian operator, including all the excited states in terms of the
matrices (4, R, S). In the non-reversible case, we also provide an explicit description of
the zero-point energy and the ground state of the Hamiltonian in terms of the positive
fixed point of a continuous algebraic Riccati matrix equation (a.k.a. CARE, see for

instance and Theorem .

e When the process is not necessarily reversible, our second main objective is to explicitly
compute the time varying distribution flow of survival probabilities including the
distributions of a non-absorbed particle ; see for instance the Gaussian preserving
property and the coupled equations . The distribution of a non-absorbed
diffusion and a particle evolving in the ground state (a.k.a. h-process) are connected
to each other by a Boltzmann-Gibbs transformation (a.k.a. Bayes’ rule or Doob’s h-
transform, see for instance and , as well as Theorem in the context of path
space models). For any initial Gaussian state we show that a non-absorbed particle



remains distributed according to a Gaussian probability with a mean vector satisfying
a coupled time-varying linear system depending of the solution of a time dependent
Riccati differential equation ([21)).

e An important part of the article is concerned with the long time behavior of h-processes
and normalised Feynman-Kac measures (cf. Sectionand section, including
the convergence of the conditional distribution of a non absorbed particle towards
the unique fixed point (a.k.a. quasi-invariant distribution) of a nonlinear semigroup
in distribution space . In the reversible case, the density of these limiting distri-
butions with respect to the reversible measure of the free particle coincides with the
ground state of the Hamiltonian .

Our main contributions to the stability analysis of h-processes and normalised Feynman-
Kac semigroups are twofold:

— Firstly, we provide explicit and non-asymptotic estimates of the exponential de-
cays to equilibrium in terms of Wasserstein distances or Boltzmann-relative en-
tropy. These results are summarised in Theorems [3.3] and [3:4 We emphasise
that these theorems are valid for non-necessarily reversible models, even when
the drift matrix A is unstable, yielding what seems to be the first result of this
type for this class of Feynman-Kac particle absorption models.

— In the reversible case, we analyze the stability properties of the h-process with a
series of functional inequalities including de Bruijn identity , Fisher’s infor-
mation decays, log-Sobolev inequalities, and entropy contraction estimates (cf.
Theorem . We also deduce Poincaré inequality and variance-type exponential
decays directly from the spectral theorem (see also Corollary .

e Last but not least, section[§discusses several classes of McKean-Vlasov interpretations
of the distribution of a non-absorbed particle. These probabilistic models and their
mean field simulation are defined in terms of a nonlinear Markov process that depends
on the distribution of the random states so that the flow of distributions of all random
states coincides with the conditional distribution of a non-absorbed particle. For a
more thorough discussion on these nonlinear sampling methodologies we refer to the
books [36] 38, 39, 40] and the references therein.

Section [8:1] is dedicated to interacting jump interpretations. Their mean field inter-
pretations coincides with conventional Quantum Monte Carlo methods currently used
in numerical physics. Their path space version can be interpreted as the genealogical
tree associated with the killing and the birth/duplication/selection of walkers. An
alternative way of sampling the trajectories of a non absorbed particle backward is
provided in section (see for instance Theorem (7.2]).

In section [8:2] we present a new class of mean field samplers based on Ensemble Kalman
filters and the novel feedback particle filter methodology introduced by Mehta and
Meyn and their co-authors in a series of seminal articles [87, [88, 89, 090, O1]. To the
best of our knowledge, this class of advanced Monte Carlo methods have not been
used to solved ground state energies nor to sample non-absorbed particle processes.

A more formal discussion on the probabilistic models and the main results presented in



this article is provided in section and section The detailed statements of the main
theorems are presented in section

To facilitate the interpretation of the theoretical and numerical physics in the measure
theoretical framework used in this article, we end this introduction with some comments on
the probabilistic setting. In theoretical and mathematical physics, the Feynman-Kac prop-
agator defined by the integral operator @ is sometimes written in terms of the exponential
of the Hamiltonian operator with the exponential-type symbol

Ki:=e ™ orin the bra-kets formalism (o) = |e " |1)o).

The exponential notation is compatible with finite space models and the matrix notation of
the continuous one-parameter semigroup for time homogenous models. The bra-ket notation
(a.k.a. Dirac notation) is also used to represents linear projection forms acting on Hilbert
spaces associated with some reversible or some stationary measure, such as the Lebesque
measure for the harmonic oscillator.

The present article deals with different types of non necessarily stationary stochastic
processes, including the free evolution process X; discussed in @, h-processes and McKean-
Vlasov jump or diffusion-type processes. Apart in the reversible situation in which spectral
theorems are stated on the Hilbert space associated with a reversible measure, the use of
the exponential symbol or the use of the bra-kets formalism is clearly not adapted to repre-
sent different expectations with respect to different types of stochastic and non-necessarily
reversible processes.

To analyze these general stochastic models, we have chosen to only use elementary and
standard measure theory notation such as @ The integral actions of a given integral
operator K¢(x,dy) on the right on functions f(y) (such as (6))) and on the left on measures
p(dz) (such as (20)) are clearly compatible with finite space models and matrix notation.
The left action pu — pK; maps measures into measures, while the right action f — K;(f)
maps functions into functions

(k) dy) = [ (do) Ko dy) and Ki(1)(o) i= | Kilady) 1(0)
For finite or countable state space models the integrals are clearly replaced by finite or
countable sums, the integral operator K;(x, dy) is replaced by a square matrix, the function
f(y) by a column vector, and by duality, the measure u(dz) is represented by a row vector.

These are the only notation from measure theory used in the present article.
For any s,t = 0 the integral operators K; introduced in @ satisfy the semigroup property

Ksti(z,dz) = (KsKy)(, dy) = J Ks(z,dz) Ki(z, dy) = st = Ks(tt).

In terms of left action bra-kets, defining p,(dz) := ¢(x)dz, Fubini’s theorem yields

Cole™ My = fdw (@) K, dy) du(dy) = (oK) ()

o (sKCt) (0)) = poKstt(v0) = {ple™ DM g5,



1.2 Harmonic oscillator for linear diffusions

One of the main questions of quantum mechanics is to find the quantum numbers n, the
eigenstates h, and the energy levels )\, of the Hamiltonian operator introduced in ;
that is, to find a sequence of functions hy(z) in some Hilbert space and some energy levels
An € Ry := [0, oo[ satisfying for any quantum numbers n the time independent Schrodinger
equation

H(hp)(x) = Ay hp(z) <= Ki(hy)(x) = exp (=A\pt) hy(x). (7)

The complete answer to this question is rather well known for the conventional isotropic
harmonic oscillator associated with a null matrix A = 0 and diagonal matrices (R,S).
The one dimensional case with A = 0 corresponds to the well know harmonic oscillator
treated in any textbook in quantum mechanics, see for instance [34) 52 [65, 85, 02]. In
the multidimensional case, the Hamiltonian resumes to the sum of independent operators
in each dimension. The resulting energy levels coincide with the tensor product of energy
levels in each dimension. The isotropic harmonic oscillator corresponds to the case where
S = pl, for some constant p > 0. The case A = 0 and non diagonal matrices S arise in the
analysis of coupled harmonic oscillators, see for instance |29} B3], [69, [7T], [73] and references
therein. Coupled harmonic oscillators arise in a variety of applications including quantum
and nonlinear physics [48] [74], quantum cryptography and communication [47, 8], quantum
teleportation [84], as well as in biophysics [79) 82] and in molecular chemistry [60} 45].

To the best of our knowledge the case A #+ 0 has not been considered in quantum
mechanics literature, the hypothesis of universal Brownian particle velocities in real time
is always in force in all the studies published in this field. The main objective of this
article is to extend conventional quantum harmonic oscillators to linear drift-type particle
diffusions and general potential functions associated with some quadratic form. This class
of models differs from the damped quantum harmonic oscillators with Ornstein-Uhlenbeck
stable diffusions in imaginary time discussed in the series or articles [3] [7, 19, 311 32, 35| [64].

For matrices (A, R, S) satisfying the controllability condition , we provide an explicit
description of the zero-point energy Ao and the ground state hy of the Hamiltonian (see
Theorem in terms of the positive fixed point of a continuous time algebraic Riccati
matrix equation. More precisely, we have

1 1 (8)
= A= iTr (RQx) and ho(x) =exp <—2 7' Qo $>

Here, and in the rest of the article, Tr(.) stands for the trace operator. As a rule in the
present article, the state vectors z € R? are column vectors and 2’ stands for the transposed
row vector.

Riccati equations such as the one discussed above play a central role in signal process
and optimal control theory, starting with the pioneering work of Kalman in the beginning
of the 1960s, see for instance [I], 2], [I8], (66, [78], and the more recent articles [15, [17] in the
context of filtering theory. To the best of our knowledge, their application in the context of
quantum harmonic oscillators seems to be new.

For large scale problems, the numerical solving of the algebraic Riccati matrix equa-
tion using exact or inexact Kleinman-Newton type methods is generally impractical [50}



60, 63]. Several improvements have been suggested to avoid the degeneracy of the residu-
als arising in the Lyapunov recursions associated with these sequential gradient type esti-
mates [12), 13, 55, 62]. An alternative approach is to use Diffusion Monte Carlo methods
and extended versions of Ensemble Kalman type methodologies used in signal processing
and information theory.

In the reversible situation, that is when AR = RA’, we solve the Schrodinger eigenvalue
problem with the imaginary time technique. In this context the entire spectrum of H can
be computed explicitly in terms of the matrices (A, R, S). For instance, the ground state
can be computed with the formula

Qoo = R'A+ RY(A% + RS)'2. (9)

In the above display (A? + RS )1/ 2 stands for the square root that has positive eigenvalues.
A proof of the above assertion is provided in section [9.1
In section [3.2] we shall see that the energy levels A, are indexed by multiple index

quantum numbers n = (ny,...,n,) € N” and given by the formulae
1 1
A= Tr(A)+ > (ni+ = )+/IN(A2 + RS, (10)
2 1<i<r 2

where \;(A% + RS) stands for the non-negative eigenvalues of (A? + RS). The excited
eigenstates h,, with the energy level A, are defined on the Hilbert space La(u) associated
with a locally finite Gibbs-type measure p that only depends on the matrices (A,R) (see
Theorem [3.7). We already mention that u is Gaussian if and only if the drift matrix A is
Hurwitz.

After decomposing the initial state 19 = ¥¢ into the h,-basis discussed above, we apply
the time evolution at each energy level \,. Reassembling all eigenstates we obtain the
solution of both the time dependent Schrédinger equation and the imaginary time version
discussed in ; that is, we have that

W) = 3 e @) | o) ha(0) pldy) and dile) = Vole) (1)
neN”

The null quantum number (0, ...,0) € N” will correspond to the bottom of the spectrum of
the Hamiltonian H and to simplify notation we shall write Ao and hg instead of Aq,... o) and
h(o.....0)- A detailed description of the measure u, the energy levels and the corresponding
eigenstates discussed in and is provided in the end of section

We illustrate these spectral decompositions in section [4 One dimensional models are
discussed in section In this situation, it is clear from that the the trapping force of
the potential energy always compensates the delocalisation kinetic energy of the diffusion
even when A > 0 is very large.

In section we show how to recover directly Mehler’s formula from our spectral de-
compositions. The multidimensional quantum harmonic oscillator discussed in section [£.3|
corresponds to the null drift A = 0 and diagonal matrices (R, .S).

1.3 Particle absorption processes

Consider a process X{ starting from X§ = Xj, evolving as the diffusion X; and killed with
rate V(Xf). We denote by 7¢ the random killing time of the process. In this interpretation,



the Feynman-Kac propagator discussed in @ takes the following form

Yi(x) = Ki(o)(z) = E(¥o(XF) Lrest | XG = 7). (12)

An important question arising in applied probability and rare event analysis is to study
the long time behavior of the conditional probability of the process X with respect to the
non-absorption event and starting from a random variable X§ = X with distribution 7.
In a more synthetic form this distribution is given by the formula

ne(dx) := Py (X{ e dx | 7€ > t). (13)

Equivalently, for any bounded measurable function f on R” we have the integral formula

n(f) = j F(x) milde) = E(F(XF) | 7 > 1)

In section we shall see that 7, satisfies a nonlinear integro-differential equation given in
weak form for any smooth functions by the formula

ome(f) = ne(L(f)) = ne(fV) + ne(f)m(V). (14)

In contrast with conventional Markov processes, the flow of conditional probability mea-
sures 7; has a nonlinear evolution semigroup; that is, for any s < ¢ we have

ne = Prs (773) ) (15)

for some nonlinear mapping ®; from the set of probability measures on R" into itself. For a
detailed description of these nonlinear transformations we refer to section[6.2)and section 6.3}

The stability analysis of the nonlinear evolution semigroups given by the composition of
mappings P = P, 0 @, is closely related to the long time behavior of a particle evolving
in the ground state hg, sometimes called the h-process, denoted (Xth)t;(] and defined by the
stochastic differential equation

dxh = <AXth + RV log ho(Xth)> dt + BdW. (16)

The initial distribution of the random state X} is defined by a Boltzmann-Gibbs transfor-
mation of ng with respect to the ground state hg; that is, we have that

M6 = Bro(mo)  with B, (no)(dz) =

iy o) mo(da) a7)

whenever 7g(hg) is a well-defined positive normalising constant. By , the generator £
of the diffusion process X{l is defined as £ by replacing A by the matrix (A — RQu).

The distribution 7/ of the random states X/ and the distribution 7; of a non-absorbed
particle are connected by the Boltzmann-Gibbs transformation; that is, for any time horizon
t = 0 we have that

nt =By, (n:) and 7 = Bhal(nf) with  hgl(z) := 1/ho(x). (18)



In the same vein, the Markov transitions of Xth defined by the transition probabilities
K (2, dy) == P(X}' e dy | X§ = x)
are connected to the Feynman-Kac propagator K; discussed in (@ and by the formula
exp (Aot) K@, dy) = ho(w) K (2, dy) hg (v)- (19)

The Boltzmann-Gibbs formulae and remain valid for nonlinear diffusions X; (see
for instance exercise 445 in [40]). Under our controllability conditions , we shall prove
that the flow of probability measures 7; and 7' converge exponentially fast as t — oo towards
a pair of unique limiting measures, 7, and nélo. That is for any ¢ > 0 we have

Moo = @y (10)  and 1 (dy) = (LKD) (dy) = f it (d) Kz, dy). (20)

The uniqueness property of 7, is discussed at the end of section[3.1] The measure 7, satisfies
a nonlinear fixed point equation and it is sometimes called a quasi-invariant probability
measure. Another important problem is to describe these limiting measures in terms of the
parameters of the model and to quantify, with some precision, the convergence decays to
equilibrium.

To briefly outline our answers to these questions, we denote by A/(m, P) an r-dimensional
Gaussian probability measure with mean m € R" and covariance matrix P.

We also let (X, P;) € (R” x R™") be the solution of the coupled evolution equations
given by the system

oX, = (A-—PSX,
(21)
otP, = Rice(P;) with Rice(P):= AP+ PA'+ R— PSP

for some initial state Xo € R" and some given positive semi-definite matrix Fy. Under the
our controllability conditions QID we shall see that Xt converges exponentially fast to 0
as t — o0, and the Riccati matrix P, converges exponentially fast as £ — o to a single
positive fixed point matrix P, satisfying the continuous time algebraic Riccati equation
Rice(Py) = 0.

Our main reason for introducing the coupled process ()2}, P,) comes from the following
pivotal Gaussian preserving property

o = N(XOaPO) =Vt = 0 e = N(tht) —t—w N = N(OaPW) (22)

In addition, the zero-point energy level A\g of the Hamiltonian H is related to the survival
probability of an non absorbed particle by the following formulae

1 1 ("o oo
— oy (¢ > 1) = %J (%05 X, +Tx(SPy)) ds.
0

(23)
Y= —éloanw(Tc S s) = %Tr(SPOO) (V) = f 1o (d)V (z).



The Gaussian preserving property is discussed in Theorem Formula (23) is a con-
sequence of the exponential formula applied to the unit function. The trace formula
Tr (R Q) = Tr(SPy) for non-necessarily reversible models is proved in (68]). The conver-
gence of the mean and covariance matrices

(X1, P) =100 (0, Py)

can be made precise using the Lipschitz exponential decays estimates presented in section|5.2
and section |5.3| (see for instance Theorems|5.3|and [5.5)). The convergence of the distributions

h h
M —t—om N and N =0 Moo

can also be quantified with some precision in terms of relative entropy (cf. section or
in terms of Wasserstein distances (cf. section . See also the non-asymptotic estimates
stated in theorem [3.4

Whenever the free particle X; is reversible with respect to some measure v the quasi-
invariant distribution 7., discussed above is related to the ground state hg by the Boltzmann-
Gibbs formula

o = Bio(v)  and 1}, = Bg (o) = Bya (v). (24)

The proof of the above assertion is provided in section [9.1] The left hand side assertion
in indicates that the stationary density of a non absorbed particle with respect to v
is proportional to the ground state, while the stationary distribution with respect to v of
a particle evolving in the ground state is proportional to the square of the ground state.
These Boltzmann-Gibbs formulae yields the Hilbert space isometry

Th ot felo(h) = Th(f) :==/nlt(hg?) f ho €La(v)

with the inverse Y, '(f) = \/v(h2) f hy'.
This a direct consequence of the fact that implies that

920 = v(fg) = v(hG) hg' fohg ' ghy,p and ity (hg?) = 1/v(h).

(25)

The Feynman-Kac propagator is connected to the semigroup of the particle evolving in
the ground state hg via the operator formulae

exp(Mot) Ke = YhoKloX, ' and — L+ (V—2X)=ThoLlloX, .

The Boltzmann-Gibbs mappings discussed in , and and the Hilbert space
isometry allow to transfer directly any known regularity property at the level of the
h-process (KI', ', n) to the Feynman-Kac model (K;, 1, 74), and vice versa.

2 Basic notation and preliminary results

2.1 Some norms and matrix spaces

We denote by M, , the set of (r; x r)-matrices with real entries and 71,72 > 1. When
r =11 = ry we write M, instead of M, , the set of square (r x r)-matrices.

10



A square root of a square matrix A € M, is a (non unique) matrix A2 such that
AY2A12 = A, When A has positive eigenvalues, we choose the square root AY2 that has
positive eigenvalues. We let S, = M, denote the subset of symmetric matrices, S? c S,
the subset of positive semi-definite matrices, and S;” = S? the subset of positive definite
matrices. We also let S, the set of negative definite matrices.

Given B € SY — S} we denote by B'/? a (non-unique) but symmetric square root of
B (given by a Cholesky decomposition). When B € S;F we choose the principal (unique)
symmetric square root. We write A’ to denote the transposition of a matrix A, and Ay, =
(A + A’)/2 to denote the symmetric part of A € M,. We denote by Spec(A) the spectrum
of A defined by

Spec(A) := {\ | X eigenvalue of A},

where each eigenvalue is listed the number of times it occurs as a root of the characteristic
polynomial of A. We also denote by Gl,, € M, the general linear group of invertible matrices.
The set M, is equipped with the spectral or the Frobenius norms (a.k.a. Hilbert-Schmidt
norm) defined by

[Al = vV Amaa (AA) < |Allp := v Tr(AA) < Vi [|A],

where Apq.(-) denotes the maximal eigenvalue. The minimal eigenvalue is denoted by
Amin(+)- Let Tr(A) = >3, <ic, A(4,7) denote the trace operator. We also denote by (A) =
Amaz (Asym) the logarithmic norm and by

¢(A):= max {Re(N\)},
AeSpec(A)

the spectral abscissa. We recall that
1Al = 1(A) = Amaz(Asym) = <(A) := max {Re(A) : A€ Spec(A)}.
A matrix A is said to be stable (a.k.a. Hurwitz) when ¢(A) < 0. We recall that
(A) <0=3a, >0 : ¥t=0 |e] < ae P (26)

The parameters («, 8) can be made explicit in terms of the spectrum of the matrix A. For
instance, applying Coppel’s inequality (cf. Proposition 3 in [30]), for any ¢ > 0 and any for
any 0 < vy < 1 we can choose

a=(a/7)""" and f=(1-7)5(4) with a:=2[A]/[c(A)].

In the case where § = —u(A) > 0, we can choose a = 1.

2.2 Relative entropy and metrics

The n-th Wasserstein distance between two probability measures 11 and v5 on R” is defined
for any parameter n > 1 by the formula

1
Wi (11, v2) = inf {E (|2 — Z]")« }.

The infimum in the above display is taken over all pairs of random variables (Z1, Z3) such
that Law(Z;) = vy, for i = 1,2.

11



We denote by Ent (11 | v2) the Boltzmann-relative entropy, defined as

Ent (1 | 10) := j log (EZ;) dvy,

whenever 11 < vo, and +00 otherwise. Further, the Fisher information is defined by

dv
J (1 | va) = J [V log <dl/;> I duy,

if log dvy/dvy € LLo(v1), and +oo otherwise. The total variation distance between the mea-
sures 1 and v is defined by

o~ vl = 5 sup {la(F) — ()] < F st |fle < 1),

with the uniform norm and Lebesgue integrals defined, respectively, by

o = sup [f@)], i) = j vi(dz) f(z).

zeR”

Finally, given some locally finite measure v on R", for any n > 1 we denote by L, (v) the
Banach space of measurable functions f on R" equipped with the norm

|l := v (LF)™

2.3 Evolution semigroups

The evolution semigroup (X;(z, P), ¢¢(P)) of the equations starting at (x, P) satisfies
the coupled equations

0 X(z,P) = (A—¢(P)S)Xi(x,P) with Xo(z,P) = =z
(27)
Oie(P) = Rice(d(P)) with ¢o(P) = P.

By the Gaussian preserving property of the measure-valued nonlinear semigroup ®;, defined

in , we have
D (N, P)) = N (Ri(w, P),6u(P))  and @(8,) = N (Ri(w,0),04(0)) . (28)

We refer to Theorem as well as section and Proposition for different ways of
writing the evolution semigroup ()/(\'t(x, P), ¢(P) ).

The controllability conditions are well known in filtering theory, see for instance
[18, 66] and the more recent articles [I4] [I7], and references therein. They ensure the
existence of an unique pair (P, Py) of negative and positive fixed point matrices of the

algebraic Riccati equation
Rice(Py,) = 0 = Rice(Py) (29)

In addition, the matrices
A—PypS and A + (P;)" 'R (30)
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are stable (a.k.a. Hurwitz).

For a more thorough discussion on the above assertions we refer to [I8, Chapter 3], [66]
and the more recent articles [14] [17].

As already mentioned, the pair of matrices ((Pg)~!, Pg!) satisfy the same fixed point
equation as tthat of (P, Py) by replacing (4, R, S) by (—A’, S, R). In addition, the matrices
(Q> Quv) defined by

Q= =P’ <0< Q= —(Py)™" (31)

satisfy the same fixed point equation as ((Py)~!, P;!) by replacing A by (—A). Thus, the
matrices (Q, Qo) satisfy the algebraic Riccati matrix equation ().

Let &+(P) be the exponential semigroup associated with the matrix flow u — (A —
¢y (P)S); that is the solution for any 0 < s < t of the matrix evolution equations

O0tlst(P) = (A— ¢t(P)S) E4(P) and  04&4(P) = —E54(P) (A — ¢s(P)S), (32)

with & (P) = I and where we often write &(P) for & (P). In this notation, the solution
of the right hand side equation in takes the form

Xi(z,P) = &(P)z and & ori(Py) = E(Py) = exp (H(A — Py,S)). (33)

From a mathematical viewpoint, it is tempting to integrate sequentially the differential
equations , to obtain an explicit description of & ;(P) in terms of the Peano-Baker
series [79] [5], see also [21} 51], [58]. Another natural strategy is to express the semigroup as
a true matrix exponential involving a Magnus series expansion of iterated integrals on the
Lie algebra generated by the matrices (A — ¢, (P)S), with s < u < ¢. For more details on
these exponential expansions we refer to [20, [72]. In practical terms, the use of Peano-Baker
and/or exponential Magnus series in the study of the stability properties of time-varying
linear dynamical systems is rather limited.

For any semi-definite positive initial matrix P € 8%, we have the following results (see
e.g. [14,22]),

VE>35>0, 0<H_s<¢(P)<M;s and Vt=0, |[E(Py)| < ae P, (34)

for some positive matrices II_ 5,11 5 and some «, 8 > 0, all of which depend on the model
parameters (A, R, S). The right hand side assertion comes from the fact that (4 — PyS) is
a stable matrix. Here, | - || stands for the spectral norm of matrices.

2.4 Linear diffusion processes

Consider an r-dimensional process given by the linear stochastic differential equation
dX; = AXdt + BdW, (35)

for some initial state Xy with distribution 79 on R". In the above display, W} is an rq-
dimensional Brownian motion, for some r; > 1, which is independent of Xy, and B is a
(r x 71)-matrix such that BB’ = R. The random state vectors X; and the Brownian states
Wy are column vectors. The generator of the diffusion process X; coincides with the second
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order differential kinetic energy operator defined in . In the same vein, the h-process (|16))
satisfies the stochastic differential equation

dX} = (A— RQy) X' dt + BdW;. (36)

Due to , the matrix (A — RQ.) is Hurwitz so that X} is a stable Ornstein-Uhlenbeck
process even when A is unstable. This property ensures the existence of some parameters
ap, Br, > 0 such that

o0 a2
He(AfRQoo)tH <ap e Pt and = He(A*RQoo)tH2 dt < —. (37)
0 208n
For a more thorough discussion on the exponential decays of matrix exponential-type semi-
groups (a.k.a. fundamental matrices) we refer to section Recall that

m=N@,P)=V¥t>0 n}=NX!),ol(P)),

with the mean vector

~

X[ (z) = A RQ0)y, (38)

and the covariance matrices

t
(;5?(13) — (A=RQu)t p (A—RQx)'t +j o(A—RQu)s R (A—RQx)'s g
0

Notice that ¢} (P) is the evolution semigroup of associated with the matrix valued differential
equation

&Pl = (A— RQy)P! + PM{A— RQ.,) + R with P}=P.

The stochastic flow X['(x) of the h-process is defined as in by choosing the initial
condition X?(x) = 2. The random function z + X['(z) can be seen as the Gaussian
random field

XP'(x) ~ N(X}(2), 6/(0))-

Without additional conditions on the matrices (A, R) the h-process defined in (36) may
not be reversible, see for instance Theorem Nevertheless, for any z € R and P > 0, we
have

N(XP (@), 0 (P)) —tmso0 1l 1= N (0, Pp), (39)

with the limiting covariance matrix
o0
ph j A=FQ2)s p o(A-RQw)'s qg _ (P11 0 )7L,
0

The right hand side assertion is a consequence of the Gramian formula (see also The-
orem [3.2). Exponential decay estimates to equilibrium can be easily extracted from the
exponential inequalities .
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2.5 Reversible models

Without further mention, until the end of this section we shall assume that matrices (4, R, S)
satisfying the rank condition . In addition, we have R > 0 and AR = RA'.

In this situation, the diffusion process X; defined in (35)) is reversible with respect to the
locally finite measure

v(dz) := exp (U(z)) dz with U(z):=2’R 'Ax. (40)

The stochastic differential equations and resume to the Langevin diffusions
1 1
dX, = 5 RVU(X)dt + BdW, and dX] = 5 BV (U +log hd) (X]') dt + BdW;. (41)

All the limiting covariance matrices (P., P2, Q) can be explicitly computed in terms of
the parameters (A, R, S). The matrix Q4 was already given in @ and we have

S (P =Qu—R'A and Pyl =Q,—2R'A

For a more thorough discussion on these formulae we refer to section [9.1]
In the reversible case, it is convenient to rewrite the generator of the h-process given by
(41) in the divergence form

1 1
Eh — = Un Z axz Uhaxif) with  Up(z) := iﬂfl(Po}cL))_l
1<i<r

Theorem 2.1. For any t = 0 we have the master equation
0y (d) K} (., dy) = nfy,(dy) Ki'(y, dx) (42)
with the distribution n' defined in (@) In addition, we have the density-transport formulae
06 (da) = fo(w) ng,(de) = 0 (dw) = fi(x) mi(dax)  with  fi(w) := K (fo)(@).  (43)

Proof. Using the divergence form of the generator we check that

i (9 £ KLGD) = =5 [ b)Y @)@ ki@ )

2 1<i<r

for sufficiently smooth functions f and ¢ for which we can perform integration by parts.
This yields for any f, g € La(n2) the formula

i (fKiHg)) = nly (KI(f) 9),

which is equivalent to (42)). The density-transport formulae is a direct consequence of
the reversible property . |

The convergence to equilibrium of Langevin-type h-processes can be studied in terms of
the Boltzmann-relative entropy using the rather well-known de Bruijn identity

0,Ent (775‘ | 17?0) = —% J (775‘ | n?o)- (45)
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From this, one can obtain the exponential decays of the Fisher information

T (a1 nly) < JeA=RE 7 (| ). (46)

which also yields the log-Sobolev inequality

Ent (773 | 77?2) < %h J (773 | nffo), (47)

where the parameter ¢j, introduced in . Applying the log-Sobolev inequality to 7}, the
de Bruijn identity now yields the free energy exponential decays

1 .
okt (nf | nls) = =5 7 (o 1 nls) < =" Ent (uf | nl) (48)

The proofs of the assertions — follow standard probabilistic manipulations and are
thus provided in the Appendix. We summarise the above discussion with the following
theorem.

Theorem 2.2. For any t = 0 we have the relative entropy exponential decays
T (1) < of 7 (nl [ nl)  and Ent (o | k) < e Bne (0l | o)

with the parameters (tp, ap, Br) introduced in .

From the practical point of view, the functional inequalities discussed above are rarely
useful when the matrix Qu and thus the limiting measure 7? is not explicitly known.

3 Statement of some main results

3.1 Ground state energy

Our first main result provides an explicit description of the ground state energy of the
Hamiltonian operator for general matrices (A, R, S) in terms of the negative and positive
fixed points of the algebraic Riccati equation .

Theorem 3.1. For any matrices (A, R, S) satisfying the rank condition (@, the function
ho in @ is the ground state of the Hamiltonian H introduced in ; that is, we have

1 1
H(ho) = Noho with Ao := 5 Tr (SPx) = 5 Tr (R Q) > 0. (49)

In addition, we have the Feynman-Kac propagator formula stated in @

The proof of the right hand side trace formula in is provided in section [5| dedicated
to Riccati algebraic equations (see Lemma [5.1). The first assertion and the Feynman-Kac
propagator formula stated in is a direct consequence of @ and Theorem

Theorem 3.2. For any matrices (A, R, S), the law n}' of the random states XJ' of the h-
process defined in @ and the distribution of the non-absorbed particle defined in are
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connected by the Boltzmann-Gibbs transformation @ In addition, we have the Gaussian
preserving property

m=NXo,R) = =0 g =NX"P") and m=NX,P)
with the parameters ()2}, P,) defined in , the covariance matriz
Pl = (P + Q)™ and the mean vector )A(th = PthPtfl)/ft. (50)

The proof of Theorem is provided in the end of section [7.1l The next theorem
provides a non asymptotic expansion of the Feynman-Kac propagator.

Theorem 3.3. For any time horizon t = 6 > 0 and any f € L1(nyw) we have

ho()
oo (ho) Moo (f) + &(f)(x)) k()

M Ke(f) () =

where
et(f)() := @¢(02)(f) — 1o (f)

and ki is a function satisfying
exp (—05 C_QBt) < k() < exp (05 (1 + |z)?) e_%t) . (51)

In the above display B stands for the parameter defined in , and csg < o0 is some finite
constant whose value only depends on 9.

The proof of the above theorem is provided in section [6.4.3

The convergence of 7; to the limiting measure 74 discussed in can be studied in
terms of both the stationary properties of the h-process and the stability properties of the
Riccati matrix flow P,. Due to the exponential semigroup formula , the long time
behavior of the mean vector )A(t is also directly related to P;. Thus, in section [5|we provide a
brief discussion on Riccati matrix flows, including the Floquet-type theory developed in [17],
as well as several Lipschitz type inequalities and exponential type decays to equilibrium for
Riccati flows and their associated exponential semigroups. Applied to our context, these
quantitative estimates allow one to prove a variety of non asymptotic convergence theorems.

To give a flavour of these results, consider the initial distributions

no=N(z,P) and po=N(y,Q), (52)

for some z,y € R” and some covariance matrices P,@Q € SY. Our main results can be
summarised with the following theorem.

Theorem 3.4. There exists 6 = 6(P,Q) > 0, which depends on the distance P — Q, such
that for any t = § we have

W (D(m0), Pe(ko)) < e5 ¢ (Jlz =yl + (|2 v 1) |P —Ql)
and for sufficiently large time horizon we have
Ent (®4(0) | ®e(p0)) < s (1P = QI+ (l=* [P = QI + |z —y[*)) e

for some finite constant cs and the parameter 8 > 0 introduced in .
In addition, when P = Q for any n = 1 we have

W (@4(110), e(p0)) < c5 € o —y|  and Ent (®¢(no) | Pe(no)) < 5 e [z —y|*.
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The case P = () is a direct consequence of the Gaussian preserving property and
the Lipschitz estimates stated in Theorem [5.5] For the general case, we refer the reader
to Theorems and where a more precise description of the constant c¢s and the time
horizon in the relative entropy estimates are provided.

Total variation estimates for initial Gaussian measures can be deduced directly from the
relative entropy estimates stated in theorem using Pinsker’s inequality

|1®¢(10) — Pt(p0) 0 < \/; Ent (®4(no) | ®+(ro))

More generally (cf. Theorem [6.4)), for any pair of probability measures 79 and pp on R” and
any time horizon t = J > 0 we have

|:(110) — (110 |ew < c5(10, o) € *'m
where the parameter 8 was introduced in , and c¢s(no, po) is a finite constant that
depends on the parameters (0,79, 110). The above result implies the uniqueness of the fixed
point Gaussian distribution 7, introduced in . Choosing o = 7o, it also shows that
for any initial distribution 7y the probability measure ®;(ny) converges exponentially fast
towards a Gaussian distribution as the time horizon ¢t — co.

Theorem also provides several ways of estimating the difference €;(f)(x) defined in
Theorem For instance, for any Lipschitz function f with unit Lipschitz constant or for
any bounded functions g with unit uniform norm, we have the estimates

le:(f)(@)] < W1 (®:(02),m0)  and  |er(g)(@)] < 2 [@4(0z) — oo 10

3.2 Spectral theorems

Assume that matrices (A, R, S) satisfy and we have R > 0 and AR = RA’. Let A" be
the matrix defined by
Al i= (PR (A2 4 RS)VA (PR,

where the positive matrix PO% > 0 was introduced in . We denote by Z := (21,...,2)
the orthogonal matrix with columns given by the orthonormal eigenvector z; of the matrix
A" associated with an eigenvalue \;(A") := —\! <0, for i e {1,...,r}.

Under the reversibility condition, the matrix (A2 + RS) may not be symmetric but it has
positive eigenvalues (see for instance (99) and ), so that the parameters )\? coincide
with the square roots of the eigenvalues of (4%2+ RS). We shall assume that these eigenvalues
are ranked in increasing order

A< <

Let HJ (z) be the collection of multivariate Chebychev-Hermite polynomials on R” in-
dexed by the multiple indices n = (ni,...,n,) € N'. We use the multiple index notation

n! = ni! x ... x n,l. Denote by (0) the multiple index with null entries n; = 0, and recall

that H{, (z) = 1. Further, set Ao(A") = =\b = 0.

We are now in position to state the main result of this section.

Theorem 3.5. For any time horizon t = 0, we have the La(nk)-spectral decomposition

Ki(z,dy) = D et @t (2)ph(y) nl (dy)

neN”
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with the LQ(nQC) orthonormal basis eigenfunctions gpﬁ and corresponding eigenvalues )\Z given
respectively by

1
hon . v (21 phy—1/2 h._ \h
oh(z) = — W, (2'(Ph)~ c A= Y Al (53)
vn! ( ) 1<i<r

The proof of the above theorem is provided in section [9.3]

Thus, for any n € N™ and any ¢t > 0 and x € R” we have the formulae

K} (902) e Mt and £ (902) —Al ol (54)

Exponential decays to equilibrium can be extracted directly from the spectral decomposition.
For instance we have the following estimates.

Corollary 3.6. For any time horizon t = 0 we have the exponential decays to equilibrium

_\h
1KY CF) = e () < € = 0 ()l - (55)

Equivalently, we have the Poincaré inequality
MOF =l (D)3, < Balf, £) o= =l (f £(f))- (56)

The proof of the above corollary is also provided in section

The isometry shows that the ILy(v) orthonormal basis and those of Lo (12 ) are linked
to each other by the formulae

n=Tn (k) and @l =77 (e, meN.
The master equation is equivalent to the reversible property

v(dz) Ki(z,dy) = v(dy) Ki(y, dz) (57)

Rewritten in terms of Feynman-Kac propagators Theorem takes the following form.

Theorem 3.7. For any t = 0 we have the La(v) spectral decomposition

(@, dy) = > e on(@) only) v(dy), (58)

neN”

with the La(v) orthonormal basis given for any n € N by the eigenstates

1/4
onla) = ( (P + Qoo)) ho(a) & (2).

1
(2m)"

and corresponding eigenvalues A, := \g + AP
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Using the above spectral decomposition we check the formulae
Ki (pn) = e Ant on and L (on) — Vion = —An @n

Choosing pu(dz) = v(dz)/v(hd) and hy,(z) = v/v(h2)pn(z) we obtain the formulae (7)) and
(11) stated in the introduction. The Feynman-Kac propagator version of Corollary is
described below.

Corollary 3.8. For any time horizon t = 0 and any f € La(v) we have the estimates

v 2 1/2
< et (U(f2)— U((];L%)) noo(f)2> ) (59)

_ho
o (o)

MK (f) —

(f)

2,0

The proof of the above theorem and corollary are given in section [9.3] If, in addition
we have R > 0 and the matrix A is Hurwitz, then we have v(1) < oco. In this situation,
applying to the unit function f = 1 yields

ot (o - 20\
. (v -5a7) (60

ho
Noo (h0>

The above results are clearly unsatisfactory when A is not Hurwitz. In this situation, it is
preferable to use the non-asymptotic expansions presented in Theorem

MKy (1) —

4 Some illustrations

4.1 One dimensional models

When r = 1 the reversible condition is trivially met and we have

_ A++A24+ RS _ A++A2+ RS and pho B 1
R - R *T 2 VAL RS
In this situation, the ground state hg discussed in and is given by

A+ A2 1
ho(:c):zexp<— i 2R+RS:U2> and )\ozi(A+\/A2+RS>.

Poo QOO

In addition, the eigenfunctions defined in are given, for any n > 1, by

1

<PZ(9C) = ﬁ

For instance, we have

ho« [2V/A2+ RS hey. 1 [2(4%2+RYVE L
oi(z) = —Fx ¢ and @5 () =B \T R’ xt—1].

As expected the first excited state 1 of the Hamiltonian is null at the origin, while

R
_0 T . —
p2(@) = 0= 9VAZ + RS

20
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4.2 Mehler’s formula
We now assume that, 7 =1, A = 0 and R = S~!. In this situation, we have
Qo = S, 2Ph = P, =851 and A= -1
Thus, we may choose Z = I. In this context, we readily check that
v(dz) = dz, A:% and )\Zzlgsr(m—k;) - |n|+g.

The eigenstates are defined by the formulae

1/4
onlz) = (ﬂ det <s>) hole) (@)

s

with the re-scaled Hermite polynomials

1

ehiw) = —— M, (V2 5'%2),
n!

and the ground state

ho(x) = exp <—; x'S:B).

We also have that

Sh —t h_ 1 —2t\ -1 o (=)
X/ (x)=e¢"'z and P b (1—e?) 7' = det(P") = o det(S)"
The spectral decomposition reduces to the formula
1 det(.S) 1 _ / _
h _ t t
Ki(z,dy) = g R exp <_(1—e—2t) (y— e ac) S (y— e a:)) dy
(1—e?)
= > e Mt gh(a)eh(y) nlk(dy)
neN"
with the collection of functions
1 1
R . _* 1/2 ho_ Ry _ 1o
Ph() = o M (\/5 S x) and 7 = N(0, P?) N(o, 5 S ) :
Thus, we have
- exp ot (y —et $)/ S (y — et x) exp (y/Sy)
12y P\
1 1
= —Inlt _=_ g 2.\ _* 1/2
n§re WHn(ﬁS x)WHn(ﬁS y)
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Replacing (SV2z, SY/2y) by (x,y) and e~ by p, we recover Mehler’s formula

1 P’ 2 2 2p /
T o (-2 Gal? + 1Py + 1225

- n; P! \/% H, (V2 o) \/% H, (V2y).

The Feynman-Kac propagator takes the form
t 1 1
Ki(z,dy) = exp (—;) exp (—2 x’Sx) KMz, dy) exp (2 y’Sy).
On the other hand, we have

1 1 1 _ _
—733’5’;16—1—53/’53/—1_76_% (y—e tx)/S(y—e tx)

2

1 1 1 e~ 2 et
/ / /
—ySy(l _6_%—2>—x5’x<2—|—1 _6_%>+2:L‘Sy1 — e 2

1 1+e
—3 (ar’Sw + y'Sy) TRy

Thus, we recover the Mehler’s formulation of the Feynman-Kac propagator

_y/det(S) 1 /2 coth (t) , , , z' Sy
Kilw,dy) = 5 7 (sinh(t)) P (‘ y  (@Sr+ySy) + sinh(t)) @y

4.3 Quantum harmonic oscillator

For diagonal matrices R and S we can choose Z = Id. When A = 0, the measure v coincides
with the Lebesgue measure v(dx) = dz. The r-dimensional quantum harmonic oscillator is
associated with diagonal matrices R and S with diagonal entries

h2
2
Sii =R =mw; and R;; = —

12 mw

— \/m = (RS)ZJ = hwl and ((SRil)z,z) i )

for 1 < ¢ < r, where m stands for the mass of a particle, 4 is Planck’s constant, and
w; = +/Ki/m stands for the angular frequencies for some non-negative parameters ;. In
this situation, have

No= > N, and hp(z) = ] ha(z)

1<i<r 1<i<r

Xy, = <n + % ) huw;.
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In addition, the eigenfunctions are given by

1 mw; \ 1/4 1 mw; o 2muw;
On, (Ti) = \/Tz' ( p— ) exp <—2 . xz> H,, ( . CITZ) )

The isotropic harmonic oscillator corresponds to the case k; = Kk = w; = w. In this case,
the energy is given by

oo (\an) .

4.4 Time varying models

Theorem can be extended to time-varying models associated with time dependent ma-
trices (A, By, St) and Ry := ByBj. In this situation, the Hamiltonian H in is a time
varying operator

1
H=—-L+V, with Vi(z):= §$/St$,

with the second order differential kinetic energy operator
1
Lo(f)(@) := (Aw) V(@) + 5 Tr (RVf () (61)

In the above display, Vf stands for the gradient column vector with entries J,,f, and
V2 f stands for the Hessian matrix with entries é’%xj f. In the context of multidimensional
harmonic oscillators discussed in section [4.3| we can choose A = 0 and diagonal matrices
(R, St) with diagonal entries

h2
m(t)’

with mass m(t) and angular frequency w;(t). Replacing hg by the time varying function

(S)ii = ki = m(t)wi(t)* and (Ry)i; =

1
hi(z) = exp <2 z'Qy 90) with  — Q= AjQy + QA — QLR Q¢ + S,
it follows that
ht_l (at + ﬁt) (ht)(:c) — V;:(]I) = _)\t = —TI' (RtQt) .

Let C([0,¢],R") be the Banach space of all paths from [0, ¢] to R" equipped with the uniform
norm. For any time horizon ¢ > 0, any measurable function F; on C([0,¢],R") we find the
exponential change of probability formula

(P o) o0 (- | V() is))

0

= exp ( jt )\st> no(ho) E (F ((Xg)se[o,t]) h;I(Xth)>

0

with the time varying h-process

dX]' = (A, — RiQ,) X} dt + Bidw,. (62)
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In this context, the free evolution diffusion X;, the A-process Xth as well as )A(t and the
Riccati matrix flow P, are defined as in and by replacing the matrices Q by
Q:, and (A, B) and (R, S) by (A, By) and (Ry, St), respectively. For a detailed discussion
on time inhomogeneous Riccati equations and related exponential semigroups we refer the
reader to [I5] and references therein. We also mention that [I5] discusses time-varying
controllability conditions that ensures that the stability of the time inhomogeneous version
of the evolution equations .

5 Riccati matrix differential equations

5.1 Gramians fixed point formulae

This section is mainly taken from [I7]. The difference between the positive and negative
fixed points (P, Py) of the Riccati equation is given by the formula

Py — P, = A (63)
with the Gramian matrices defined via

¢
Ay = f eS(A=P08) g os(A=PoS) g —i 0 Ay 1= JOO eS(A=P08) g os(A=PuS) gq ¢ St
0 0

Consider now the linear matrix functional o
Fy : PeSY—TFy(P):=[(A;' = ALY + (P —Py)] A €6, (65)

Rearranging and using implies that
Fy(P)=1+(P—Py)A; and Fy(Py)=1. (66)

Recall that Q is defined as Py, by replacing (4, R, S) by (A’, S, R). In the same vein, A}
is defined as A; by replacing (A4, R, S) and Py by (A’, S, R) and Q4. Thus, by symmetry
arguments and , we also have

(AL =Pt = (Pr) T = Qu - Q and (6](0),P) = (A1AL),  (67)
with the Gramian matrices

t o0
Al = J eARQx)s g ((A=RQe)'s g, A — j eAHQu)s R ((A=RQx)'s g e §F
0 0

The following lemma proves the second equality on the right hand side of .

Lemma 5.1. For any (A, R, S) satisfying the rank condition (3), we have
Tr(SPy) = 2 Tr(A) — Tr(SP,) = Tr(QuR). (68)
Proof. The Gramian A, satisfies the Sylvester equations given by

(A= PpS)Ap + Ap(A—PpS)+ 8 = 0= A7 A~ PpS) + (A— PpS)AL + AS AL
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It then follows that
Tr (A (AL (A = PuS) + (A= PeS)AL + AZISAZY)) =0
= 2Tr(SPy) = 2Tr(A) + Tr(S ALY) = 2Tr(A) + Tr(SPy) — Tr(SPy),
where we have used to obtain the final equality. From this we obtain
Tr(SP,) = 2Tr(A) — Tr(SPy). (69)
In the same vein, we have

Tr (P, 'Rice(Py)) =0 = Tr(SPx) = 2Tr(A) + Tr(Py'R)
Tr ((Py) 'Rice(Py)) =0 = Tr(SPy) = 2Tr(A) + Tr((P,) 'R).

Combining the last assertion with we conclude that
Tr(PyS) = —Tr((Py) 'R) = Tr(QuR),

as required. |

5.2 A Floquet-type representation
For any P € S? and § > 0 set
= _ —\1-1
X(P) = | Po |~ [IPo = Pl + |P = Po|[] and x5 := [Amin (A5) Amin (—P)] -
The next theorem provides an explicit description of & (P) in terms of the matrices (A, S, Py).

Theorem 5.2 (Floquet-type representation [17]). For any time horizon t = 0 and any
P e 8% we have Riccati exponential semigroup formula

E(P) = 'A% Ty (P)™1 = &(Po)Fy(P) 7, (70)
where Fy(P) was defined in @ For any t = § > 0 we have the uniform estimates
[F(P)7H < x5 and [E(P)] < x5]&(Po)l. (71)
In addition, for any t = 0 we have the exponential estimates as well as the bounds
[E(P)~H < x(P) and &P < x(P)[[&(Pe)]l- (72)
Using the decomposition
Rice(Q1) — Rice(Q2) = (A — Q159)(Q1 — Q2) + (Q1 — Q2)(A — Q2S), (73)
for Q1,Q2 € S, applying we have the closed form Lipschitz type matrix formula
60(Q1) — 64(Q2) = E(Poo) Fo(Q1) ™ (Q1 — Q2) (&(P0) Fr(Q2)7")". (74)

Applying with Q2 = P, and using , we recover the Bernstein-Prach-Tekinalp
formula [76] [77] given by

bt(P) = Py + E(Py) F4(P)™H(P — Py) &E(Py)'. (75)
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5.3 Lipschitz inequalities
Combining Theorem and we easily obtain the following result.

Theorem 5.3. For any time horizon t > 6 > 0 and any Q1,Q2 € S° we have the Lipschitz
estimate

[64(Q1) — ¢1(Q2)] < (axs)® e > Q1 — Q2

with the parameters (o, B, xs) defined in and Theorem . In addition, for anyt =0
we have the local Lipschitz estimate

166(Q1) — ¢1(Q2)| < a*X(P1)x(P2) e %" ||Q1 — Qa,

with the parameters x(Q;) defined in Theorem [5.9
Noting that

E(Q1) —&(Q2) = &(Px) Fi(Q1) ™" [Fi(Q2) — Fi(Q1)] Fy(Q2) "
= &(Py) Ft(Ql)fl (Q2— Q1) Ay Ft(Q2)717

where A; was defined in , we also obtain the following corollary.

Corollary 5.4. For any time horizont = 6 > 0 and any Q1, Q2 € S? we have the Lipschitz
estimate

1€(Q1) — E(Q2)] < ax3 Al e Q1 — Qqf
with the parameters (o, B, xs) defined in and Theorem . In addition, for anyt =0

we have local Lipschitz estimate

1€/(Q1) — E(Q2)] < e A X(Q1)Xx(Q2) e P Q1 — Q2

with the parameter x(Q;) defined in Theorem .
The first coordinate of the evolution semigroup can be written as

Xi(z, Py) = &(Po)e
Using the decomposition

Xi(z1,Q1) — Xi(22, Qo) = (E(Q1) — E(Q2))z1 + E(Q2) (1 — 22),

we readily check the following theorem.

Theorem 5.5. For any time horizon t = 6 > 0 and any Q1,Q2 € SO we have the estimate

|Xi (21, Q1) = X2, Q)| < axse™™ (x5 Al 1] @1 — Q2 + s — w2]))

with the parameters (o, 3, xs) defined in and Theorem . In addition, for anyt =0
we have the estimate

| X (21, Q1) — Xi(22,Q2)| < ax(Q2) e (x(Q)|Ax] |z1] Q1 — Q2] + |21 — 22])

with the parameter x(Q;) defined in Theorem .
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6 Feynman-Kac propagators

6.1 Unnormalised semigroups

Whenever the initial state Xg is distributed according to some probability measure 1y on
R?, by Fubini’s theorem and @ we have

m(v) = [ m(doyinia) = [ m(de) [ KiGedyvoty
- ( | no(dﬂﬂ)’Ct(«%’,dy)> boly) = (oK) (o).

This yields the formula

no(Ye) = (o) with the measure 4 := noK;.

Equivalently, the measure ; is defined by the unnormalised Feynman-Kac path integral

Yo(tbo) = E <¢0(Xt) exp <_ Lt V(X.) ds>> and (1) = E <exp <— j: V(Xy) ds>> |

In the above display, 1 stands for the unit function. Observe that the evolution semigroup
of 7, is linear and given by the formulae

Yirs = NoKsrt = 1m0 (Kskp) = (n0ks) Ky = 75/t (76)

Finally observe that

eenton) = 2 (£ X0 exp (- [ V0n) as) )2 (w00 v e (= [vex) as))
This yields the evolution equation

orve(o) = ’Yt(ﬁ(%)) — (V) = —’Yt(H(l/Jo)% (77)
where H was defined in .

6.2 Normalised semigroups

We shall denote by 7; the normalised probability measures

t

n(F) = (D)) = w(f) = m(f) exp (— [ ) ds). (78)

0
We check this claim using the formula
1 t
—Otlogy(l) = —— E (V(Xt) exp <—J V(Xu) ds)) =n (V).
7¢(1) 0

In bra-ket notation, the semigroup property and the probability measure 7; can be
written in the form

e e |ypo)

o =ty = {ple” My = (ple™He M |y) and  ny(th) = o [Ty
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Observe that for any s < t we have the correspondence principle

Y (f) _ VsKi—s(f) _ NsKi—s(f)
’Yt(l) 'Ys’ct—s(l) nslct—s(D

The semigroup ®;_s(ns) = 1 of the normalised measures described above is a nonlinear
mapping from the set of probability measures on R” into itself.

m(f) = =: ®y_s(ns)(f)- (79)

6.3 Normalised Feynman-Kac propagators

There two different ways to normalise the integral Feynman-Kac operators K;. The first
one is based on , which implies that

1) = (e | V) is). (50)

0

This yields the formula

) =& (500 o (= [ 00 ) with Vi) = Vi) -V,

This shows that the normalised measures 7, are defined as 4 by replacing V by the time
varying centered potential function V;,. It is therefore natural to consider the normalised
propagator defined below.

Definition 6.1. For any initial distribution ny and for any t > 0 we denote by K° the
integral operator

kP (@) =& (100 e (~ [ 10X ds) | X0 = ).

Using , it is straightforward to see that

- C e ! 2 « = K@)
K@ = e ([ emv) ds) <t - TAOE. (s1)
From this we deduce that
oK (f) = %11) nokCe(f) = Zﬁ; — ok = ;.

Proposition 6.2. For any s,t = 0 we have the evolution semigroup properties
K = KP K, Nsrt = NP and K™ (f) = ' Ku(f)

Proof. To prove the two semigroup properties, note that

0w = oo ([0 as) oo [ B (V) i) Kinn(N

0 s

= oo ([ @) KRG = K (K 0) @)

0
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The second then follows from 7okl = n;.
To check the right hand side, note that

02 0(1) = exp (= [ @) (V) ds) = e o

The result then follows from .

Arguing as in (77)) with V replaced by V;,,, we also find the evolution equation
Uy 1= K (o) = —0by = Hy, () and = Ome(f) = m (M, (f))

with the normalised time varying Hamiltonian

My, = =L+ (V—m(V)) = (14).

(82)

A second strategy to normalise the Feynman-Kac propagator is to divide by its total

mass.

Definition 6.3. We associate with K; the normalised the Markov integral operator KC; de-

fined by the ratio formula

Ki(f)(@) == Ki(f)(@)/Ke(1)(2) = f f(y) @4(62)(dy).

By and the normalising constant is given by

0

K (1)(x) = 8,K,(1) = exp (- f B.(8,)(V) ds>.

Using Theorem (see also the estimates presented in section it follows that
0z = N(z,0)

— Ki(w, dy) = ©(6,)(dy) = N (Ri(,0), 61(0) ) (dy) 120 1 = N (0, o).

This yields the formula
20.(5,)(V) = )A(t(x, 0)'S)A(t(x, 0) + Tr(S¢:(0)) = 2'£,(0)'SE(0)x + Tr(S¢:(0)),
from which we conclude that
1 1t
Ka(1)(z) = exp (—2x'At<o>x = Tr<s¢s<o>>ds),
0

with
A(0) = f £.(0)'S E4(0) ds —>p o A (0) 1= f £,(0)'S £4(0) ds.
0 0

In contrast with linear semigroups we have the nonlinear transport formula

®4(n0) = B, (1) (m0) Kt F n0Kt,

and thus, the following theorem.
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Theorem 6.4. For any probability measure n on R" and for any t = 0 we have the
Boltzmann-Gibbs formula

(1) = B, (n) Kt

with the energy function

1 1
log w¢(x) = —3 7' Ap(0) ¥ —>4—op log e () = —3 7' Ay (0) 2.

In addition, for any 6 > 0 there exists some constant cg such that for any pair of probability
measures, n and p, on R" and fort = § > 0, we have

_ € o Bt
[@t(n) — e(p) |0 < ) ~ i) ; (83)

where the parameter 8 was introduced in .

Proof. The first assertion comes from the fact that

Ko(1)(z) = @i (x) exp (—;L Tr(Sd)S(O))ds) — By,1) = Bar.

To prove , observe that

B)(F) ~ B)() = | By (1) d)Bry (1) ) (T D)) ~ Kul £)(w)
From Definition and Theorem for any function f such that ||f| < 1, we have

Ke(f)(@) = K /) W)] < [9e(02) — ®4(8y) 00 < 5 ¢ [z —y].
This implies that

|@:(n) — @e() oo < 2¢5 € (J Be, (n)(dz)| ] v f Be, (1) (dx) ||x|> :
On the other hand, we have

1
n(wt) = n(we) >0 with  logwe(x) = —= 2’ Ay (0) z,

2
as well as the uniform estimate
f n(dz)wi(z) ||lz] < f n(dz)ws(x) |=| < Sup jws(x) x| =: 5 <0, t=6>0.
xeR”
Thus
| Batn@lel = s [ldn)mo) lal < 63
z) x| = ) () |zl < ,

= () J T (wee)

which completes the proof of the theorem. |

Observe that

Bo () = N (P74 A0(0)7 Pl (P14 A(0) )
n=N(z,P)=

nky N (E:(0)z, ¢1(0) + £(0) PE(0)') .

Combining these two formula we readily check the following proposition.
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Proposition 6.5. For any t > 0, we have the Gaussian preserving property
o = Nz, P) = m = N (Xi(e, P), ou(P))
with the mean vector and covariance matrices given by

~

Xi(xz,P) = &(0) (P14 Ay(0)) ' Pz
$i(P) = 6:(0) + &(0) (P~ + Ay(0)) ' &(0)

6.4 Some stability properties
6.4.1 Relative entropy

For any initial conditions of the form given in , the Boltzmann-Kullback Leibler relative
entropy of ®;(np) with respect to ®;(up) has a closed form (see for instance the article [93]
and formula (A.23) in [83]) given by the formula

Ent (®¢(no) | P¢(10))
= 5 (T (0i(P)3u(@)™" — 1) + logdet ((@)6(P) ™)

# (R P) - 20.0) 6@ (il P) - 2i0) ). (50
When P =0 = @ the above formula reduces to

Ent (:(02) | ©4(dy)) = %(iv — ) €(0)':(0) "' E(0)(z — ).

To estimate determinants of matrices close to the identity we use the following lemma.

Lemma 6.6 ([43]). For any (r x r)-matriz A we have

[AllF -

N W

1
[Alr < 5 = llogdet (1 — A)| <

For any n > 1 and § > 0 we set

)

1 1/2
tns =0V 35 log (2nas)  with s := (axs)? (T)\maX(H:}é) Tr(H;l(s)) .

with the positive matrix II_ 5 and the parameters (a, 3, x5) defined in and Theorem

Theorem 6.7. For any initial conditions
no:N(er) and Ho :N(y,Q) S.t. HP_QH s n,

and for any t = ts, withn >1 and 6 > 0, we have the exponential decay estimate

Ent (®¢(10) | ®¢(10))

5 - J—
< <4 as [P = Ql + Amax (M%) (axs)® ((xslAcl)? |]® [P — QI + [ _Z/HQ)) 026t
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Proof. We start by controlling the log det term on the right hand side of using Lemma
First note that, by , for any ¢ > § > 0 we have

0 <TIY < ¢(Q) ™" < TIZY = Tr(¢1(Q) %) < rAmax(TTZY) Tr(TIZY).
Combining this with the Lipschitz estimates stated in Theorem [5.3] we check that
1 -1 “14) 2 2 26t
11 = 6@~ 6u(P)r < (PAmax(IT=5) Tr(Y) ) (axs)? e |P = Q).

For any t > t,, 5 we have

1 1/2
t>5 and e < —— with as:= (ax)’ (mmaX(H:15) Tr(HjS))
nOZ(; ) i

— 17~ 6@ uP)lr < 5 1P~ Q.

Applying Lemma [6.6)to A = ¢¢(Q) ™ (¢¢(Q) — ¢+(P)), for any t > tn5 and [P — Q| < n we
have the estimate

[6e(P) = ¢(Q)lIF [6:(Q) "

_ 1\ 12 _
(P (72) TH(IIES) ) (o) 2 [P = Q.

|log det ((bt(P)@(Q)_l)‘ <

<

N W N W

Similarly, for any ¢ > & we have
ltr (1= 6e(Q) e (P)] < (6@ 5 16:(P) = 6:(Q)l
< (M) T) " J(P) — Q)]
< (P ) (o) e 1P - Q).

Finally, we notice that

(R, P) - %5,@)) n(@) " (Ralar, P) — Rut, @))‘ < Amax (1) (Ko, P) =X (v, Q).
Applying Theorem for any t > § we check that

(%oP) = %09 6@ (il P) - Ril0.Q)|

< () (@x0)* €7 (x| Ace | 2] 1P = Q] + I = y)*,

which concludes the proof. |

Applying the above theorem to P = 0 and (y,Q) = (0, Py) we check the following
corollary
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Corollary 6.8. For anyt > ts, withn = ||Py|] and § > 0, we have the exponential decay
estimate

5 _ _
Ent (9,(0,) | 1) < ( 05 | Pol + Mna(I75) (0x5)? (1 + (xslAcol [Po])?) W) e,

4

In addition, for anyt =6 > 0 and any x,y € R" we have

Ent (9¢(0:) | 2¢(0y)) < 5 Amax (7)) (axs)? e o —y*.

DO |

6.4.2 Wasserstein distances

For any initial conditions of the form we have

Wa (@ (o), ®e(10))” < | Xi(, P) = Xi(y, Q) + [ ¢1(P)/* = 64(Q) "

For any P,@Q € S, we also have the Ando-Hemmen inequality
-1
1/2 1/2
1P = QY2 < NP + An@]  IP-al (85)

for any unitary invariant matrix norm |.| (including the spectral and the Frobenius norms).
See for instance Theorem 6.2 on page 135 in [56], as well as Proposition 3.2 in [4]. For a
more thorough discussion on the geometric properties of positive semidefinite matrices and
square roots we refer to [57].

Using and theorem for any t > 6 > 0 we check that

I6:(P)2 = 6u(@)1p < v [T 9] () e [P -

Using theorem [5.5 we obtain the following theorem

Theorem 6.9. For anyt > § > 0 and any initial conditions
no =N(z,P) and po=N(y,Q)
we have the exponential decay estimate

W (@¢(p0), @t(n0))
<anse ™ (o= ol + x5 (18l ol + avr [202L 0] ) 1P -al)

6.4.3 Proof of Theorem [3.3
Observe that

_ ho(l’) _ ho(x)
Ki(ho)(z) e (ho)

Ka(ho) (@) = €™t ho(z) — 1K, (1) () ko(a)

with
k() 2= 100 (ho) /K (ho) (x) = 0o (ho) /e (3z) (ho)
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Observe that

det(I + ¢t(O)Qoo
a() = ( det (I + PpQo)

1/2 1 - R
D) e (5 R0+ Quin(0) " Kuw,0))
This shows that
kit(2) —ja|mso0 +00 and  ky(z) —iom 1

This shows that one cannot expect uniform upper bound with respect to the state variable.
The estimates are now a direct consequences of the Lipschitz estimates presented in
section [5.3] which we now detail.

Applying to P = 0 we check the formula

(I + 61(0)Qu0)(I + PpQu) ™" = I — E(Po) F1(0) ™' P &(Po) (Qes' + Po) ™!
On the other hand, by for any £ > § > 0 we have
[€:(Puo) Fe(0) ™" Poo E(Poc) (Q3 + Poo) ™M < x5 [€:(Poo)I? | Poo(Q3 + Poc) ™" |
Using this implies that
|€:(Po) Fi(0) ™" Poo Ex(Poo) (R + Poo) ™ |7 < /7 X3 @ €7 [ PooQuo(I + PnQor) " |

Applying lemma [6.6] for any
1
t>ts = 5 log (V7 X3 0% | PoQuo(I + PQu) ' )

we have

log (det([ + ¢>,5(0)QOO)>1/2

3 3 2 2t _1
S P I+ P
det (I + PypQw) 4 Vr Xs ¢ |PrQoo(I + PpQux) " |

On the other hand, we have
Xi(,0) (I + Quor (0)) ™ Xi(,0) < [60(0) | [(@1(0) ™" + Qo) ™| [ Xi(w, 0]
Byforanyt>5>0wehave
¢ (0)F ST and  (¢¢(0) + Qo) ™" < (-5 + Qo) ™
combining the above with the estimates and we check that
Ki(w, 0)'( + Qoor(0)) ™' Ki(, 0) < [T (T 5 + Qo) | (axs)® € [

To finish the proof of the theorem, note that for any time horizon ¢ > 0 and any
f € Li(ns) we have the decomposition

M K f)(@) = (mo(f) + Re(H)(@)) kela)
with the integral operator

Ki()(@) = Ko(f) (@) = noo(f) = ®e(82) () = 0 (f)
This ends the proof of theorem (]
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7 Path integral formulations

7.1 Particle absorption models

For any time horizon ¢ > 0, any measurable function F; on C([0,¢],R") and any starting
point x € R”, we have the Feynman-Kac path-integral formula

E( F (Xs)seos) exp | — 1tV(Xu) ds ) | Xg =2 | = E(F}, (X)sepo,) lrest | Xo = ).
( (= Jy o as) 15t =)

We recover the Feynman-Kac propagator formula @ by choosing functions that only depend
on the terminal time.

Theorem 7.1. For all x € R", we have
ho ' L(ho)(x) = V(x) = Ao, (36)

where hg was defined in . In addition, for any time horizon t = 0, any measurable
function Fy on C([0,t],R") and any starting point x € R", we have the Feynman-Kac path-
integral formula

E(F; (X9 seosy) Leest | Xo = )

87
= exp (—Aot) ho(z) E (Ft ((Xf)se[o,t]> ho'(X]) | X = iU) ; =
where X' stands for the diffusion with generator defined by
LM(f) = L(f) + hg ' Te(ho, f),
with the carré-du-champ operator
Tz (ho, f)(z) := (BVho(2)) (BV f(2)) = —ho(z) (RQuz)" V f(x).
Proof. From (8), we have the gradient formula
Viogho(z) = —Quz and VZlogho(z) = —Qu
— Ny ' (2)Vho(z) = —Quz  and  hy ' (2)V?ho(2) = —Qu + (Qu) (Quoz)’ .
This implies that
ho'L(ho)(x) = hy'(x) ((Ax)’Vho(a;) + %Tr (RV2h0)>
= A AQurt [T (R(Qer) (Quea)) - Tm (RO..)
from which it follows that
e Lho) (@) — V() = —%x’(A’Qoo Qe A)r + % 2 (Q RQup ) — %x'Sa: - %Tr (RQ..)

= _)\Oa
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where the last equality follows from the fact that A’Qyp + QA — QuRQyw + S = 0, as in
(S

This yields the exponential change of probability formula

exp (at) E (F((X)ep) exp (= (RS is))

0

. ( F(X)o) ZZE?)) ( Zgg())) exp (_ [ (b Lho)(X) d)>)

= (o) E (F ((X2)epon) b3 (X)),

which ends the proof of the theorem. |

Thus, combining this with Lemma [5.1} Theorem is now proved. Moreover, Theo-
rem is a now a direct consequence of . Indeed, using we verify that the law
nt of the random states X' of the h-process defined in and the distribution of the
non-absorbed particle defined in are connected by the Boltzmann-Gibbs transforma-
tion . The Gaussian preserving property of the linear diffusion process X/ is immediate.
The formulae given in are easily checked using the the Boltzmann-Gibbs transformation
. Moreover, we can check that the pair ()A(t, P,) given by satisfies using brute
force calculations, or by checking that the Gaussian distributions with mean and covariance
matrices ()A(t, P,) solves the nonlinear equation .

7.2 Backward h-processes
For a fixed time horizon t > 0, we let X; be a random sample from N ()’(\'t, P,). We also
denote by Xt’fs(:c), with s € [0, ], be the backward diffusion defined by

axt(z) = (AX](2) + RPN (X](2) = X)) ds + Baw,,

starting at Xt’ft(:z:) =z at time s = ¢. In the above display, P, stands for the solution of the

Riccati matrix differential equation defined in . We assume that X; and (Ws)s<t are
independent.
Rewritten in terms of the density gs of the Gaussian distribution NV (X§, Ps), we have

X, = X[\ (X)) = X, = (AX}, - RVlogg,(X},)) ds+ BdW,.  (88)

The following theorem, taken from [I0] links the non-absorbed particle process with the
above backward diffision

Theorem 7.2 ([10]). Assume that Xo ~ ./\/'()A(O,PO). In this situation, for any t = 0 we
have the backward formulation of the Feynman-Kac path integral

E (F (X)sen) | 7> 1) = E (F (X seton) ) -
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<h . . . . o . .
The random state X, ; is a Gaussian variable with a mean Xt}fs and covariance matrix
PZ}S satisfying the backward equations

0 X'y = AX],+ RP7Y(X], - X,)
a‘ipt}fs = (A + RP;I)Pt},Ls + Pt],ls<A + RPsil)/ - R

with the terminal condition ()?ft,Pt’}t) — (X;, B), where (X, P,) is the solution to the
forward equations described in ([21).

7.3 Extensions to nonlinear diffusions

The h-process methodology can be extended to more general generators £ and other choices
of the potential function V. We now assume that L is the generator of the diffusion equation

dX; = A(X;)dt + B(X,)dW, (89)

for some drift function A(x) and some diffusion matrix valued function B(x) with appro-
priate dimensions. We also assume there exists some ground state hg associated with some
energy Ag; that is, we have that

ho ' L(ho)(z) = V(z) — o
In this situation, the h-process XJ* is a diffusion with generator defined by

LM(f) = L(f) + hy'Tz(ho, f)

with the carré-du-champ operator
L(ho, f)(x) == (B(x)Vho(z)) (B(x)V f(z)) = (R(x)Vho(z)) V f (),

where we have defined R(x) := B(x)B(z)'. Equivalently, the h-process is defined by the
diffusion

dxh = <A(X[‘) + R(X[")V log h0<Xth)> dt + B(X{')dW,

Let X; a random sample from the Feynman-Kac probability measures 7; defined as in
for some potential function V.

Whenever it exists, let gs; be the density of the normalised or unnormalised Feynman-Kac
measures 7); or 7ys. In this situation, following the analysis developed in [I0], the assertion
of Theorem [7.2] remains valid with the backward diffusion

axXt, = (AKX, - divrlog gu(X7.,)) ds + B(X,.,) dW, (90)

with the terminal condition Y?’t = X and the R-divergence m-column vector operator with
j-th entry given by the formula

dive(f)(@) == ) 0 (Rij(x) f(2)).

1<i<gr
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8 McKean-Vlasov interpretations

8.1 Interacting jump processes

Let X; be a nonlinear jump diffusion process with generator
£3,(1)(@) = L@ + V(@) | (@)= F@) mldy) where 7, i Law(X,)

The process starts at Xo = X. Between the jumps the process X; evolves as X;. At rate
V(X¢) the process jumps onto a new location randomly selected according to the distribution
7. Observe that

om(f) = m (Eﬁt(f)) =0(L(f)) = m(fV) + 0 (f)m (V).

This shows that 7, satisfies the same evolution equation as the one satisfied by 7 given in
(14). Thus, for any choice of the generator £ and any choice of the potential function V' we
have that

7 (dx) = ni(dx) :=P(X{ e dx | 7€ > t).

The mean field particle interpretation of the nonlinear process X; is defined by a system
of N walkers, &, evolving independently as X; with jump rate Vi(X), for 1 <i < N. At
each jump time, the particle & jumps onto a particle uniformly chosen in the pool. The
occupation measure of system is given by the empirical measure

1
W= Do O TN T o0 Mo (1)

1<i<N

Mimicking we also define the normalising constant approximations
1t N 1 N 1
7 ns (V)ds := 7 log; (1) —nN-w 7 log 71(1) —t—o0 Ao = Nw(V) (92)
0

The interacting particle system discussed above belongs to the class of diffusion Monte
Carlo algorithms, see for instance the series of articles [23, 24, 67, [68), [80, 8I], as well
as [37, 39, 40, 41] and the references therein. Observe that the N ancestral lines ( :=
(€))o<s<t of length t of the above genetic-type process can also be seen as a system of N
path-valued particles evolving independently as the historical process Y; = (Xs)o<s<t of X4,
with a jump rate V;(X;) that only depends on the terminal state X; of the ancestral line Y;.

8.2 Interacting diffusions

For any probability measure n on R" we let P, denote the n-covariance

1= Py =1 ([e —nle)][e —n(e)]') (93)

where e(z) := z is the identity function and n(f) is a column vector whose i-th entry is
given by n(f*) for some measurable function f : R" — R".
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We now consider three different nonlinear McKean-Vlasov-type diffusion process,

(1) dX;y = (A—"Py8) X, dt + Py SY? dW, + BdW,,
_ _ 1 _ -
(2) dX; = (AXt — 5 PﬁtS(Xt +7]t(€))> dt + B dW;, (94)
_ _ 1 . .
(8) X, = AX, - Py S (Xt +7(e)) + (R+ M) Pt (X = 7(e))
for any skew symmetric matrix M/ = —M; that may also depend 7j,. In all three cases

(W, Wy) are independent copies of Wy; and Xg is an independent copies of Xg. We also
assume that (Wi, Wy, X) are independent. In all three cases in (94)), 7, stands for the
probability distribution of X;; that is, we have that

7, := Law(X,). (95)

Observe that, in all three cases the stochastic processes discussed above depend in some
nonlinear fashion on the law of the diffusion process itself.

Theorem 8.1. In all the three cases presented in , for any t = 0 we have the Gaussian
preserving property

o = N (Xo, Po) = 7lg = 7, = N (X, P) = .
Proof. Let X; be the process defined as in (1) by replacing Py, by P;. In this case, we have
d(X—E(Xy) = (A—PS) (X; —E(Xy)) dt + P SY* dW, + BdWy.
Applying Ito’s formula and taking expectations we obtain
0¢Ps, = (A= P.S)Py, + Py, (A— P.S) + PSP, + R.
This yields the linear system
ot (P, — Pi) = (A— B.S)(P5, — P) + P5,(A— P.S) (Ps, — P) = P, = Px,.

We conclude that X, is a linear diffusion with mean )A(t and covariance matrix P;. The proof
for the other two cases follows the same lines of arguments, thus we leave the details to the
reader. (]

The mean-field particle interpretation of the first nonlinear diffusion process in is
given by the Mckean-Vlasov type interacting diffusion process

dgi = (A—PNS)X,dt+ PN SY2 dWi+ BdW,,  i=1,...,N, (96)

where (Wg,Wi,&é)ng ~ are N independent copies of (W;, W;Xg). In the above display,
the P} are the rescaled empirical covariance matrices given by the formulae

1\! 1 i i !
PtN = (1 a N) PntN T N1 1<1’Z<N (gt - miV) (gt n miv) ’ (97)
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with the empirical measures

& .

2=

1
nlV = N Z 0¢i  and the sample mean ml =

1<i<N 1<i<N

Note that is a set of IV stochastic differential equations coupled via the empiri-
cal covariance matrix P/¥. The mean-field particle interpretation of the second and third
nonlinear diffusion processes in are defined as above by replacing P, by the sample co-
variance matrices P/¥. The quasi-invariant measure 7. and the parameter \g are computed
using the limiting formulae and .

The interacting diffusions discussed above belong to the class of Ensemble Kalman filters,
see for instance the pioneering article by Evensen [49], the series of articles [14, 15, [16], as
well as [43], [44] and the references therein.

In contrast with the interacting jump process discussed in section [8.1] none of the non-
linear diffusions discussed in can be extended to more general generators £ and other
choices of the potential function V.

We end this section with an application of the seminal feedback particle filter method-
ology recently developed by Mehta and Meyn and their co-authors [87, 88| [89L 90, O1] to
Feynman-Kac models. Consider the diffusion

dX; = (A(X;) + Ui(Xy)) dt + B(X1)dWs,

where Uy(z) is the solution of the Poisson equation

S Lo, Ui) a@) = (V@) - (V) t>0

1St 91(2)

In the above display g¢(x) stands for the density of the distribution 7, of the random state
X¢. The generator Ly, of the above time varying diffusion satisfies the equation

T(La () = (L) + Y f Ui ()00, f(z) gu(z) d.
1<i<r

Integrating by part the last term we obtain the formula

n:(L7, (1)) = (L(f)) — f f(@) (V(z) =7,(V)) 7, (dw),
from which we conclude that

Me(Ly, () = 0 (L(f)) = (fV) + 0 (F)Ne (V).

This shows that 7, = Law(X;) = n; coincides with the normalised Feynman-Kac measures.
For linear-Gaussian models we have n; = N(Xy, P;). Thus, the Poisson equation resumes

to the formula
1 0 Ui(w) — (v — X)) P Ui(w) = 5(2/Sz— X[SX, — Te(SP,))

1<i<r

N~ N
>
>

(x — X)'S(z — Xy).
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The solution of the above equation is clearly given by

Us(z) = —% RS@+ %) = Y anUi() = Te(PS).

1<i<r

The resulting diffusion coincides with the second case in (94)).

9 Spectral decompositions

The main focus of this section is the proof of Theorem and Theorem and the
corresponding corollaries. Thus, in what follows, we assume that R > 0 and A’ = R™'AR.
Before giving the proofs, we first spend some time discussing some properties of the reversible
h-process introduced in section and the Chebychev-Hermite polynomials introduced in
section

9.1 Reversible h-processes

Due to the reversibility conditions, the fixed points of the algebraic Riccati equation (29))
are given by the formulae
(P ' =—RTYA-—R ' A2+ RYV? <0< P;' = —R'A+ R Y (A% + RS)V2,  (98)

0

with the square root (4% + RS )1/ 2 that has all positive eigenvalues. A proof of the above
result can be found in [I7]. To check that this square root is well-defined, observe that

A =R 'AR— A+ RS = R(AR'A+8) = R((4)?+ SRR, (99)
which has positive eigenvalues. We also have the formulae
Qo =P, ' +2R7'A and A— RQ, = —(A? + RS)'2, (100)
which yields
Spec(A — RQy) = {—])\]1/2 : X e Spec(A? + RS)} —{=M =AM R
This implies that the spectral abcissa satisfies,
(A= RQy) = - <o0.

Observe that in general situations, even though (A — RQ) and (A — RQ)" have the
same eigenvalues we have

(A= RQux) = —((A)? + SR)V? 4 —(A* + RS)"? = (A — RQy).
Thus even when p(A) < 0 there are situations where

(A~ RQux) <0 < u(A— RQu).
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For a more thorough discussion on these situations, we refer the reader to section 4.1 in the
article [43]. Using the formula (100]), as well as the definitions of hy and v given in and

, respectively, we have

1
v(dz) ho(x) = exp <—2 :L"Poglx> and wv(hg) := Jv(d:z:) ho(x) = v/det(2mPy).
This implies that
Bp(v) =1 and 1, = By (1) = Bpz(v).
The limiting covariance matrix of the h-process is given more explicitly by the formulae

1

1 |
Pli= (P 4 Q) = 3 (Pt + R14) = 5R(A2 + RS)Y2, (101)

where we have used (100) and . Combining this with the second equality in ((100)), we
obtain

Qp— RA— RV(A2+ RS)V2 — (2Ph)1 — % (P2 + Qu), (102)
which implies that
102) — v(h3) = (2m)"2/\Jdet(P5! + Q). (103)
Finally notice that
AR =RA" < (A—RQy)P! + P!(A—RQy) +R=0. (104)

Thus, our condition ensures the reversibility property of the h-process.

Remark 9.1. Assume that S > 0 and SA = A’S. In this situation, the fized point matrices
(P, Py) are given by (cf. [17])

Py = AS7' — (A2 + RS)Y2571 <0< Py = AS™' + (A% + RS)Y257 1, (105)
Thus, whenever S, R > 0 and SAS™' = A’ = R~' AR we have
(A— RQy) = — (A2 + RS)? = (A= PyS) and RQy = PyS. (106)
Using (@) we also have

(P = Po' 4+ Qo = 2(Pg! + RA) = 2R (A2 + RS)"? = —2R™1(A — P,,9)

— det (P! + Qo) =2 +/|det (A2 + RS) |/det(R).
This implies that
RQu = PoS = RP5' + 24 = A+ (A2 + RS)"?.

Whenever S > 0, up to a change of basis, there is no loss of generality to assume that S = I.
More precisely the matrices Py := SY2P,SY? satisfy the same Riccati equation as P, when
we replace (A, R, S) by the matrices

(A, R,S) := (SY2AS~1/2 §V2RSY2 . (107)
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9.2 Chebychev-Hermite polynomials

Before moving on to the proofs of the spectral theorems, we start with a brief review on
multivariate Chebychev-Hermite polynomials.

The generating function for the family of multivariate Chebychev-Hermite polynomials
H! (x) indexed by n € N" is defined for any u,x € R" as the convergent series expansion

u™ 1

S (x) = Z o) H! (z) = exp <u’:v —5 u’u)
neN”

with the multiple index notation

Ny

n=ny...,n) N u=(up,...,ur) ER" = u" :=u' x...xu]

Recall that \/%HZ forms an orthonormal basis of the Hilbert space La(v), where v = N(0, I)

stands for the centered Gaussian measure on R” with unit covariance. Observe that (100))
implies

1
(A= RQqy) = —(A* + RS)Y? = - R(P})™!
_ 1 _ _
= A" = (PR) VA= RQw)(PR)Y? = =5 (P) TP R(PR) 2 < 0. (108)
In addition, we have
Spec(A") = {—\)\\1/2 : X e Spec(A? + RS)} cR_. (109)

Definition 9.2. We denote by z; an orthonormal eigenvector of the matriz A" associated
with an eigenvalue \j(A") := -\t < 0, with i € {1,...,7}, and we set

Z:i=(21,...,2) = 2'Z=1 and E}MQy) :=exp (Aht).
Lemma 9.3. For any t > 0 we have
I—(PY) ' PPM(PY)T? = €1Qx)® and E/(Qu) = &(Qw)-
Proof. Observe that

AR=RA" — R Y(A—-RQy)=(A—-RQy) R}
= Vn>1 R 'A-RQx)"R=((A-—RQx))".

This yields the formula

Pth _ Polé (I _ R71€2(A7RQOO)tR> _ Poié ([ _ e2(A7RQOO)’t>

and therefore
Pt = (1= XA=RQ=)) pl

This implies that

(i)~ VEP[(P) Y2 = T — (Pl /2 HARQu (Pl 12,
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By , we have the commutative property
(P2)"2(A = RQu)(PE)'? = (P2)(A - RQw)' (P2) 12, (110)
which implies that
PhHA=RQx) _ (HA=RQx) ph , MA=RQx) _ ph MA=RQz) (ph)=1
Thus, we have

(Pofé)—l/2 62(A_RQOO)t(PO’é)1/2

_ ((Poié)q/z o(A=RQuo)t (Pofé)l/2> ((Po}é)l/2et(AfRQoo)’(Pofé>fl/2>

and can conclude that

gth(Qoo)2 = EZL(Qoo)gzl(Qw)/'

[
Lemma 9.4. For any u,xz € R" and any t = 0 we have
E (85 ((P2)72XE@)) ) = Sk, (P)722). (111)
Proof. Using the decomposition
—_ law — g —_
(P2 XP () 2 (P) 2R a) + (P) (PR 07,
where W1 ~ N (0, 1), it follows that
1
logE <exp (u’(Po}é)_l/zXf(x) —5 u/u>>
1
_ u/(Po}é)—l/Qe(A—RQoo)t:E -5 o (I _ (Po]é)_l/QPth(Po}é)_l/2) w
_ _ _ 1 _ _
_ U/(Po]é) 1/2€(A RQoo)t(POfé)l/Q (Po%) 1/2$ - 5 u/(Polé) 1/2 62(A RQOC)t(PO}é)l/QU.
This implies that
1
log E <exp (u'(Po}é)_le[L(x) -5 u’u))
(112)
/ _ 1 /
= (eM@uu) (PR =5 (E1(Quu) (E(Qu)u) .
from which the result now follows. ]

44



9.3 Proofs of the spectral theorems
We are now in position to prove the spectral theorems, Theorem and Theorem

9.3.1 Proof of Theorem [3.5

It suffices to show that

E sy (2/(Ph) 72X (@))) = S0 (2/(PE)22)

ethy
where Z was defined in Definition [9.2(and X" := Z/APZ = Diag (A, ..., —A!).
To this end, observe that for any z,u € R", we have
1
Si(Z'r) = exp <u'Z’x —5 dZ’Zu) =S%,(z).
Also note that X Y .
2N Z — N — §(Qp)Z = ZeM .
Thus, combining these observations with Lemma [9.4] we have
E (s, (2/(Ph) 7 2X](@))) = E (SZ, ((PR)72X] (@)
= S5y g2 (P 1)
5 ((P)

- (Z’(Po’g)—l/%) .

9.3.2 Proof of Corollary

We first prove the estimate . Using the decomposition from Theorem [3.5] it is straight-
forward to show that for any function f € Lo(n2) we have
_ovh
1KY =l (D5, = D) el (fen)?
neNT™—{(0)}

_9)\h
< NN ah(fen)?
neNT—{(0)}

_ h
= W (P

Now let us prove that this is equivalent to . For small values of the time parameter
t< (2)\?)*1 an elementary second order Taylor expansion of the exponential function yields

NS (D gy = (1 260) 17 = ()1 + o0

[oe}

45



In the same vein, we have

) = (IR,
U=y et (5 (KR - 1) (kh+ 1))

= |f =0l (N3,n — 2t Ba(f. f) +o(t).

Using we obtain the Poincaré inequality .
On the other hand, suppose holds. The Markov transitions K} satisfy the Chapman-
Kolmogorov evolution equation given in weak form by the formulae

okl = Khch = chich, (113)
This yields the Dirichlet form equation
ol (F ) im0 = —En(f,9) == nlo(f £"(9)),

and hence
AL ) =D, = =2 B (KECH.KL(S)) - (114)
Combining this with yields . |

9.3.3 Proof of Theorem
Recall that ' and K; are connected via
MU, = T o Kpo Ty,

where the isometry Y), was defined in (25). Using this and the formula n% = Bz (v), it is
straightforward to show that

Ki(z,0y) = > e on(z) only) v(dy),

neN”
where
n(z) =T nY - _hol@) hx:MS o) = (@)
)= (o) = 2 ) = o) — 0 ™

and \,, = X\g + )\ﬁ. To complete the proof, note that from the definitions of 74, hp and v
given in , and , respectively, we observe that

N (ho) = (det (I + PuQu)) Y2 and  w(hg) = (det(2mPy))Y2 .

This yields the formulae

v(ho)eo (o) = (2m)7/2 (det (Pp' + Qu)) ™2,

which ends the proof of the theorem. |
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9.3.4 Proof of Corollary

We have the decomposition

ho(x)
N0 (ho)

me(f) = > e pu() v(pnf). (115)

neNT—{0}

MU (f) () —

The proof of is now a direct consequence of the formulae 7, = By, (v) and

2

Z U(fSOn)2 = 27 — U((pof)2 = U(fQ) — | v h0f2 )
(h{)
neNr—{0} AU

10 Appendix

Here we provide the proofs of the assertions — stated in section Thus we assume
that the matrices (A, R, S) satisfy the rank condition and that we have R > 0 and
AR = RA’. We prove the four assertions in the order they are stated.

By the density transport formula we have

(o) = fol) (o) — & (i | o) = [ (L+loghcl (7)) £4(C2 (o)) il

Applying the integration by parts formula to g = 1 + log KI'(fo) we find the de Bruijn

identity

vzch f 2 1

Next, observe that using we obtain
VX/"(z) = exp (A= RQx)"t).
Also note that
VK (fo)(x) = VE(fo(X (1)) = E(VR!(2)(V fo) (XY (2)).
This yields the commutative property

V! (fo) = eAHO) KCh(V fo)

h
Vo)(@) (a-RrQu. (a-Rreeyt Ki (Vo) (2) o (dz).

= f Qo = 0
~7<’7 X ) J\/’Ch (fo)(x) K (fo)(x)
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Applying Cauchy Schwartz inequality we find that

h T 2
(1) = perneonp [ e |fct<\/%K<thv(};o)/(\go>>< )
< Je M2 [l o) KV AP o))

= AR il (19 fol/ fo)-

This yields the Fisher information exponential decays (46|)
T (1) < lexp (A= RQu)OIE T (nl | 1) —100 0.

Applying the de Bruijn identity we have

0 1 0
Ent (nf | nls) = —L o,Ent (nf | nfy) ds = 2fo T (e 1) ds,
which yields the log-Sobolev inequality

e (af 1) < (5 [ lesw (4= RQ9P as) 7 (o ).

0

Finally, applying the Log-Sobolev inequality to 7}, the de Bruijn identity now yields the
free energy exponential decays

ot (nf | 1) = —% T (1) < - UOOO |elA—fiQu)e 2 dS) o (1)
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