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Abstract. We consider a generic biological process described by a dynamical system, subject
to an input signal with a high-frequency periodic component. The rapid oscillations of the
input signal induce inherently multiscale dynamics, motivating order-reduction techniques. It
is intuitive that the system behaviour is well approximated by its response to the averaged input
signal. However, changes to the high-frequency component that preserve the average signal
are beyond the reach of such intuitive reasoning. In this study, we explore system response
under the influence of such an input signal by exploiting the timescale separation between
high-frequency input variations and system response time. Employing the asymptotic method
of multiple scales, we establish that, in some circumstances, the intuitive approach is simply
the leading-order asymptotic contribution. We focus on higher-order corrections that capture
the response to the details of the high-frequency component beyond its average. This approach
achieves a reduction in system complexity while providing valuable insight into the structure
of the response to the oscillations. We develop the general theory for nonlinear systems, while
highlighting the important case of systems affine in the state and the input signal, presenting
examples of both discrete and continuum state spaces. Importantly, this class of systems
encompasses biochemical reaction networks described by the chemical master equation and its
continuum approximations. Finally, we apply the framework to a nonlinear system describing
mRNA translation and protein expression previously studied in the literature. The analysis
shines new light on several aspects of the system quantification and both extends and simplifies
results previously obtained.
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1. Introduction

Timescale separation — where different system processes unfold over vastly different
timescales — is a common phenomenon across the biological, chemical, and physical
sciences [1, 2]. The challenge in accurately modeling systems exhibiting timescale separation
is that they are inherently multiscale, requiring fine-grained resolution of phenomena
occurring over fast timescales to be carried out over long time horizons on which the slow
phenomena evolve. This makes systems with timescale separation prime candidates for model
reduction and approximation methods. The general form for such a system can be written as

d
d% = f(y,,1), y(0) =9, (1a)
Sccll—f =g(y,x,1), x(0) = x°. (1b)

where € < 1 is a small parameter, y(¢) and x(¢) are vector-valued functions of time, with
initial conditions 4° and x*, respectively, and f and g are general operators describing the
system dynamics. If non-dimensionalised appropriately, such that the terms on the right-hand
side of (1) are of order unity, then the factor of € multiplying the da/d¢ term suggests that the
variation in  per unit time is typically large. This is interpreted to mean that the dynamics
associated with x are fast, and hence we call x the fast species and y the slow species.

One particularly well studied approximation technique is the quasi-steady-state
assumption [3] (QSSA), that forms the basis for Michaelis—Menten enzyme kinetics [4], and
is used extensively in general chemical kinetic simulation [5, 6, 7, 8] and analysis [9, 10, 11,
12, 13, 14, 15]. The idea is based on the aforementioned quantitative observation: the fast
species x will equilibrate to their stationary distributions over a rapid timescale, during which
the slow species y remain essentially constant. Thus, on the slow timescale, the fast species
may be approximated by their quasi-steady-state by setting the left-hand side of (1b) to zero
to obtain the governing algebraic relation g(y,x,t) = 0. This reduces the model to purely
slow dynamics without needing to resolve the fast timescale. Other than perhaps a boundary
layer in early time, this assumption provides an accurate approximation scheme [3].

While the underlying intuition — that fast reactions may be approximated by their
quasi-steady state — is convincing, it remains hazy how to systematically improve
the approximation accuracy or estimate its inaccuracy. The key is to recognise that,
mathematically, the QSSA is an application of singular perturbation theory [16, 17, 18]. The
system dynamics are approximated asymptotically in the limit as the timescale separation (that
is, the ratio between the slow and fast timescales, 1/¢) tends to infinity. The QSSA is nothing
other than the leading-order term of the asymptotic expansion. Within this general framework,
contributions of arbitrarily high order may be systematically determined alongside formal
error approximations [19]. As is well known [3], a consequence of approximating the fast
variables by their quasi-steady state is that they cannot satisfy arbitrary initial conditions. It is
for this reason that the asymptotics are called singular. There is a boundary layer in time, that
is, a transient interval over which the initial condition converges toward its quasi-steady state.
The theory of matched asymptotic expansions allows these boundary layers to be resolved
systematically to arbitrarily high order [16].

In this study, we are concerned with a phenomenon that is related to, but different
from, the classical fast—slow systems. Motivated by the prevalence in biological systems
of synthetic [20] or natural [21] oscillatory signals, we focus on systems with an input signal,
or a system parameter, that varies periodically on a timescale significantly faster than the
timescale of interest. Including this in the classical system (1), the system dynamics may be
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written as
d
= = Fly.@,ult/e)), y(0) =", 2a)
6((11—:/: =g(y,xz,u(t/€),t), x(0) = 20, (2b)

for some known vector-valued function w that is of order unity and varying on a timescale of
order unity. For concreteness, it may be helpful to think of the scalar-valued u(7) = sin(7),
however, our analysis deals with the general case. For trivial u, problem (2) reduces to (1),
and thus (2) is no less general than (1). It might be tempting to think that the converse also
holds, whereby we may cast the problem (2) in the framework of (1) by augmenting the fast
state variable x via £(¢t) = («(¢),u(z/€)) whose time derivative (multiplied by ¢€) is given
by §(y,%,t) == (g(y,z,u(t/€),t),u (t/€)) with initial condition £° = (x°,u(0)) and the
prime denoting differentiation with respect to the argument. The QSSA is satisfied by ' =0,
however, this is not a meaningful approximation since w is not constant. In fact, it is precisely
the dynamics driven by the oscillations in w that we are interested in exploring. Thus (2) is,
from the perspective of the asymptotic limit as € — 0, an extension of problem (1).

Problem (2) is inherently multiscale, and thus brings with it all the challenges discussed.
However, it differs structurally from the singularly perturbed problem (1). In (1) there are two
sets of processes (fast and slow) acting separately in different intervals in time, whereas in (2)
there are two sets of processes acting simultaneously in time [16]. The theory developed here
is primarily focused on the response to exogenous oscillations, and therefore does not delve
into the geometry of the invariant manifolds of the dynamics [18]. It is this observation that
allows the treatment to be fairly generic and thus widely applicable.

One approach to problem (2) is to appeal to the intuition that the system effectively
responds to an average of the periodically oscillating signal, and (/&) may be replaced by
its average over a period, which we denote &. This intuitive approximation satisfies the QSSA
since & does not vary in time. However, as before, it is unintuitive how to systematically
improve the approximation accuracy, or obtain an estimate for the approximation error. This is
particularly vexing in the context of problem (2), because it is the system response to the high-
frequency component that we are primarily interested in exploring, which is lost in replacing
u(t/€) by u.

In this paper, we employ the method of multiple scales, whereby a new independent time
variable is introduced to capture the fast-timescale variations occurring periodically alongside
the slow-timescale variations. Similarly to the method of matched asymptotic expansions,
the solution is expressed as an asymptotic expansion and thus allows higher-order corrections
and formal error estimates to be obtained systematically. It transpires that, when the system
dynamics occur exclusively on the slow timescale, the leading-order contribution is nothing
other than the intuitive suggestion to replace u(z/€) by its average @. By recognising the
intuitive reasoning as the dominant term in a systematic analytical framework, we obtain both
a stronger justification for the intuition, as well as a systematic method to improve upon it. Of
particular interest is the common case where the timescale separation is not sufficiently near
infinity for the leading-order term to provide an adequate estimate. Our focus in this case is
on revealing the higher-order structure of the dynamics.

For further discussion regarding asymptotic techniques, including matched asymptotics
for singularly perturbed problems as well as the method of multiple scales, we refer the reader
to Refs. [16, 22, 23]. Alternative approaches, such as the method of averaging, are expounded
upon in Ref. [24]. A more comprehensive historical perspective is provided in Ref. [25].

The multiple-scales approach has been employed previously in biochemical modeling,
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for example, to capture limit-cycle behaviour in gene regulatory networks [26]. However, as
we demonstrate in Section 4, in the context of oscillatory inputs contemporary work has either
not identified the utility of this tool or has avoided its use for other reasons. We seek to remedy
this by outlining the approach in an accessible yet generic derivation. We provide examples
designed to allow the reader to accumulate a solid grasp of the algebra while simultaneously
developing an intuition for how the calculations relate to the underlying biophysical process.
By emphasising higher-order corrections, the presentation is mathematically comprehensive
and practically more broadly applicable. Ultimately, our hope is that this contributes to
demystifying the multiple-scales approach and encouraging its wider use.

The remainder of the paper is organised as follows. In Section 2, we discuss the general
approach to the nonlinear case, and make further process in the affine case. The class of linear
systems (included in the affine case) is of particular importance, since it includes the chemical
master equation [27, 28] and its continuum approximations [13, 29, 30]. In Section 3 we
demonstrate three examples of applying the framework to different affine problem structures:
a scalar ordinary differential equation, a continuous-time Markov process governed by a
master equation (that is, a system of coupled ordinary differential equations), and a Fokker—
Planck partial differential equation. In Section 4, we tackle a system considered in the
literature modeling the expression of a gene of interest by an optogenetic transcription factor.
We show how the multiple-scales approach is applied to a nonlinear fast—slow system. Our
analysis reveals key scaling laws and yields insights that allow us to clarify and simplify the
requisite assumptions, as well as extend the scope of previous results. Finally, in Section 5 we
discuss and summarise our findings.

2. High-frequency oscillatory input

2.1. The general nonlinear case

Our aim is to systematically derive the multiple-scales approximation of (2). We begin by
tackling a general nonlinear case, and progressively add more structure which we leverage
to obtain increasingly tractable problems. The goal of this stepwise approach is, on the one
hand, to demonstrate that the method is applicable to an incredibly general class of problems
requiring very few assumptions a priori. On the other hand, the most general setting remains
somewhat intractable, therefore, adding additional structure in a stepwise fashion clarifies the
gain of each additional assumption.

We set out by considering y, @, and u to be vector-valued functions of time, of
dimensions M, N and K, respectively. We consider a general operator setting where the
right-hand sides f and g may both depend on, and act on, spatial dimensions of y and =
if present, denoting the spatial dimension by ¢. We assume appropriate boundary conditions
are prescribed where necessary. This formulation allows us to capture nonlinear systems of
ODEs, PDEs, integral equations, etc., thereby demonstrating the generality of the multiple-
scales approach for fast—slow systems of the form (2).

We assume that the characteristic system response time is of order unity, while the input
signal u(t/¢) is of a high-frequency periodic form, with period € for some € < 1. We exploit
this separation of timescales by a multiple-scales asymptotic expansion [16], which entails
introducing the fast timescale T = /€ on which the high-frequency periodic variations of u
are resolved, and writing the solution as a function of both the slow and the fast timescales,
y(t,7) and z(r,7). Two key assumptions accompany the introduction of 7. First, we treat
the fast timescale T to be independent of the original timescale 7. These scales are not strictly
independent, nevertheless, it proves to be a powerful assumption as it allows for significant
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decoupling in the analysis. Second, we assume that the solution is periodic with respect to 7.
This assumption is required to constrain the additional freedom introduced by the independent
fast timescale. The multiple-scales transformation involves replacing the differential operator
in time via

d Jd 190
— =4 = 3
@' o + €01’ )
which, upon application to (2), yields the system
d 10
St o5 = Fly.au(n).), Yo =", (4a)
88—w + a—w =g(y,z,u(7),1) x|—o = a° (4b)
ot ot =g\y,z, sty =0 — .

Implicitly, we assume that all the high-frequency input is captured in u(7).
Seeking an asymptotic solution of (4) in the limit as € — 0, we pose power series
expansions in €,

Yy~yo+ey +---, r~xTO+HET +- . (5)

The asymptotic solution is obtained by substituting (5) into (4) and collecting terms of
matching order in € and ensuring equality at each order. While a power series expansion
does not capture every perturbation structure [16], for the sake of simplicity we assume this
typical case. To this end, we need to expand the right-hand sides asymptotically with respect
to €. It is convenient to consider the vector combining the state variables and their spatial
derivatives

z:=(y,z), (6)
which inherits the expansion
z~zZo+E2Z1 4. @)

Temporarily suppressing the dependence on w(7) and ¢, we formally Taylor expand f(z) to
find that

f(z)wig—l [dlf(z)

3 -
=i de

] =Y €' Fi(z0,...,2), ®)
e=0

i=0

for some Fj that, crucially, depend only on {z;}i_,. Similarly, the expansion of g(z) takes
the form

g(z) ~ Z £'Gi(20,...,2i). ©)
i=0
Equipped with the asymptotic expansions (8) and (9), we may now determine the
equations governing each order by collecting terms of matching powers of €. Reintroducing
the dependence on u(7) and 7, we find that, for i > 0,

dYi—1 ayi_ — 0

ot * it i-1(20,- -+, 2i-1,u(7),1), Yili=o = v;, (10a)
dxz;_, Ox;

T T = Gz, .,z u(0),0), (10b)

ot ot
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where any terms of index —1 are taken to be zero, and the solution is assumed periodic in 7.
Employing the T-periodicity, we integrate (10a) to find that

d 1 1
$/0 yia,fc)dr:/o Fi(zo....,z:u(1),1)dr. (11)

We have not written an initial condition for x; in (10b) since the 7-periodicity of the
solutions precludes the fast variables x; from satisfying an arbitrary initial condition.

At first glance, it is unclear whether (10) is closed: To determine y; we need both its
t and 7 derivatives, which are governed by (10a) for i = j, j+ 1. However, fori = j+1,
equation (10a) depends on y;;1. Therefore, it may seem that (10) constitutes an infinite
family of coupled equations. As we now demonstrate, T-periodicity is the crucial ingredient
in being able to construct from (10) a hierarchy of closed equations.

We begin with the base case, i = 0, where (10) and (11) become

Yo _

2 =0, (12a)
0

% = Go(z0,u(7),1), (12b)
d 1

% :/0 Fo(z0,u(7),1)dr, 0(0) = 3. (12¢)

We see from (12a) that the leading-order slow variables yo do not vary on the fast timescale 7,
and the system (12b) and (12c) is closed with respect to (yo,xo). We assume that system (12)
is well posed, in that it admits a unique 7-periodic solution. In light of the uniqueness, we
see that we cannot satisfy an arbitrary initial condition. We discuss the ramifications of this
mismatch in further detail in Section 4.4 and Appendix A.

Having determined the governing equations for yy and x(, we argue by induction that the
remaining orders may be determined successively. Given {y;,x j};;}), it follows from (10a)
that

o dYi—
a:':/fl = i_l(Z07...,Zi_1,U(T)7t)_ yalt17 yi|l:0:y?7 (13)

The right-hand side of equation (13) is a known function of # and 7, which may be integrated
to give y;

yi(t,7) = Ci(f)+/OTE>1(ZO(%S)7~-,Zifl(hS),u(S)J) - 8;;,;] (t,5)ds, (14)

where ¢;(¢) is a constant of integration with respect to 7, in other words, an arbitrary function
of ¢ (and possibly space). It then follows from (10b) and (11) that

dCi 1
E_/O E(ZO7...,Zi,u(T),t)dT
SR .
_g/ / F,-_l(zg(t,s),...,z,-_l(t,s),u(s),t)—8y'_1(t,s)dsd‘c, (15a)
dr Jo Jo ot
i0) = f. (15b)
ox; oxi_
Ic = Gi(z0,...,zi,u(T),t) — Ert (15¢)
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System (15) is closed, and, with the assumption that x; is T-period, we assume it is well
posed. Note that (11), which is satisfied by imposing (15a), ensures that y; is T-periodic. This
concludes the induction.

To recap, we have shown that, under very general assumptions on the system (2), the
multiple-scales approach produces a closed system of equations that may be computed to
arbitrary order. This calculation pertains to linear and nonlinear systems of ODEs, PDEs,
integral equations, and so forth. For a more explicit formulation we need to impose more
system structure. One case of great importance that we now pursue is the case of operators
biaffine in the state and the oscillations.

2.2. The biaffine case

To make further progress, we consider the case where f and g contain contributions that are
biaffine with respect to the state and the oscillations. By “biaffine”, we refer to operators f
and g of the forms

Pz unt) = F0) + F()2+ Y Pz + W FY0),
j=1

K
9(z,u,1) =G(1) + G*(1)z+ Y W G (1) 2+ w! GY(1), (16)
j=1
that is, with inhomogeneous, linear, and bilinear components, where we denote the scalar
components of the oscillation by u/, that is, u = (u', ..., uX). The linear operators F=() and
FJ’-‘Z (t) map the state z to vectors in RY and may act on spatial dimensions of z (if these
exist) and may depend (perhaps nonlinearly) on time z. The terms Fo(t),F;‘(t) € R may
depend similarly on time. These comments pertain analogously to the G terms, after replacing
the dimension M by N. For notational brevity we henceforth adopt the Einstein summation
convention, where repeated unbound indices imply summation. This summation will always
be over the components of w, that is, from one to K.

The biaffine class is important because it encompasses many useful models. Indeed,
many nonlinear models are well described locally by a linear form. One particularly important
family of linear models captured within the present framework is the master equation and its
continuum approximations. As alluded to in the name, the master equation is a universal
description of a multitude of biological, chemical, physical, and social processes [27, 28, 31].

With the biaffine notation (16), we retrace our steps to find that the expansion terms Fj;
and G; in (8) and (9) are given explicitly by the forms

F= [Fe ] 24 1o [FO + W FY], (17)
Gi= |G+ WG| 2+ 11 [GO+ 4/ GY], (17b)

where 1;—¢ is the indicator function, taking the value one for i = 0 and zero otherwise.
Armed with more specific forms for the coefficients F; and G;, we rewrite the multiple-scales
equations (10) as

ag,;] - ?;{E" = [F)+/ (@ FF(0)] 21+ 1120 [0 + W (OFL 0], wilio =),
(18a)

a i— (9 i j uz j u

”gt Ly ;; = [G() + 4 (1) G ()] 21+ 1o [GO0) + 4 (1)GA(0)] (18b)
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Turning to the leading order, equations (12) take the forms

Yo _

Fr (19a)
% = |G+ (MG 20+ G0+ (DG (), (19b)
d 1 . _

% :/0 [Fz(t)“‘u'l(T)F;Z(l‘)} Zo(t,T)dT—l—FO(t)—|—uJFJ’.’([)’ yo(()) :y& (19¢)

where a bar denotes the fast-time-average, defined for any function, say a(7), by

a:= /Ola(‘c) dr. (20)

The leading-order slow variables depend only on ¢, and (19b) is linear in xg, for which well-
posedness is well characterised in many forms. For example, with spatial derivatives up to
second order we obtain a system of diffusion equations.

Equations (19) constitute a closed system governing the leading-order yo and x.
We now turn our attention to the general ith order, y; and x; for i > 1. The governing
equations (14) and (15) take the forms

yi(t,7) = (1) —i—/(: [Fz(t) +uj(s)FJ’41(t)} zi—1(t,s) — 8yait_1 (t,5)ds

+ Limi—o [tF°(t) + U/ (1) F(1)] , (21a)

c; _ o -
% = /01 [FZ([)+MJ(T)F;tZ(t)] Zi(l,T)dT* 11— |:F12(I)+U/FIM([)

d rtre 2 ] uz dYi-1
_3/0/0 [F (1) +u'(s)F; (t)} zii(ts) = —5—(1.5)dsdr,  (21b)

P (G )+l ()G (1) - 2L, elo
o) =, an

where UJ denotes the fast-time average of U/ the specific integral «/ from 7 = 0, given by

Ul(t) = /O.T ! (s)ds. (22)

Ultimately, in the biaffine case, we have closed systems of equations governing all
perturbations orders.

3. Slow dynamics with harmonic oscillations

In this section, we tackle the subclass of problems arising from the master equation and the
Fokker—Planck continuum approximation, for example, that are linear in the state and affine in
the oscillations. For the sake of a first demonstration, we consider the case of slow dynamics
(N =0 and « is absent from the system) linear with respect to the state. We thus retain the
bilinear form F** and term linear in state only F* from (16), but neither F'* nor FO. In the
absence of fast variables, we may replace z by y.
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From (19) we see that the leading-order yy remains independent of 7, with its #-
dependence governed by

d —
% - [Fz(t) + u-/F;‘Z(t)} Yo(1), v0(0) =0, 23)

The ith order term (21) may be written, for i > 1, as

yi(1,7) = cilt) + /0 ’ [FZ(;) +uf(s)F;Z(;)} yii(t,s) — 813";1 (,5)ds,  (24a)

where ¢; is determined by

d i ! Z j uz
Ti:/() [F (l)+M/(T)Fj (t)j| yi(tvr)dr
d 1 r7 . 0 i—
~5 | [P0+ R 0] v 09 -t a9asee, @4
ci(0) =g?. (24¢)

The leading-order dynamics (23) coincide with the intuition that the system is well
approximated by the response to the averaged input signal since the oscillations appear only
through their average u/. It follows that mean-preserving adjustments to the high-frequency
component are lost: for example, for the scalar-valued u(7) = sin(2wt — 0), we have i =0
irrespective of 6. Therefore, the mean is preserved independently of the phase, which may
be undesirable if we hope to resolve the system response to the phase. Moreover, in general,
the leading-order approximation suffers from an error of order O(€). When € is small but not
exceedingly so, the resulting errors can be particularly pronounced, requiring a more accurate
approximation. Our aim is thus to demonstrate how the multiple-scales approach surpasses the
simple intuition by capturing higher-order perturbations beyond the leading order, as in (24).
In this case, the first-order contribution captures the dominant effect of the fluctuations on the
system, and thus we calculate the first two orders, to yield the system response to fluctuations
at an accuracy of O(g?).

Before writing down the system governing the first two orders, we choose, for the
examples in this section, a scalar oscillation (K = 1) given by the €-periodic harmonic signal

u(t) =sin(2nt— 0). (25)
The definite integral U and the fast-time averages are then given, respectively, by
1
U(t)= o (cos® —cos(2nT—0)), (26a)

and

cos O
2

ii=Uu=0, U= (26b)

We assume that the initial condition contains only a leading-order contribution. Then,
with the harmonic signal (25) and associated identities (26), the systems (23) and (24)
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governing the leading- and first-order contributions take the simple form

o _ F(0yo0) @72
y1(6,7) = €10+ U (D) P ()0 ), @)
L FWern) + i), @70
() =T | FE ) F(0)yo(0) — 5 F(0)ol0)] | @14)

subject to the initial conditions
0(0) =", c1(0)=0. (27e)

It follows from (27d) that p = 0 for & = (k+ 1/2)w and k € Z. This gives rise to
a particularly straightforward first-order form: the first-order slow-scale contribution ¢; is
governed by the linear inhomogeneous equation (27c¢), but the inhomogeneity (27d) and initial
condition (27e) are zero therefore so is ¢;. Thus, solving the leading-order problem suffices
to give us the first-order contribution:

y(1,7) ~yo(r) +eU () F*“(1)yo(r), when pu=0. (28)

This result may be generalised by writing the form of the first-order inhomogeneity g (7)
in the general biaffine case of system (24) for arbitrary u, where we find that

— W
—\|yi L | =
a 2] j Yot 2 | ar

Ujuk—zl szEiZyO_

Ui — ”’]1 4 [FJ’.‘ZyO} . (9)

It follows that, when the fast-time averages vanish UJj = ul = Uiuk = 0 for all j and k, the
asymptotic solution up to first order is given by

y(t,7) ~yo(t) + €U/ (1) F(t)yo(t), when UJ=ul=U/uk=0forall jk. (30)

Alternatively, we may obtain the result (30) when ul = Uik =0 for all Jj and k (but UJ need
not vanish) if it is also the case that, for all j, F* commutes with F{* and the latter is time-
invariant. To see this, note that the time derivative commutes with F;‘Z, and substitute (27a)
into (29).

3.1. Oscillating growth rate

Our first example employs the scalar equation

p=(a+Bu(t/e))p, p(0) = p’, 31)

with the harmonic u given in (25), which could model growth in the presence of an oscillating
environment, such as daily temperature or light variations, or seasonal water temperature. We
find an analytical solution by using the integration factor e™ J"ot-pu(t/ &)dr 1o give

p=plexp(ar+BeU(t/e)), (32)
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for U defined in (26a). For the purpose of later comparison, we expand the exact solution (32)
asymptotically with respect to €:

p~pPe¥ (14+eBU()+0(e%)). (33)

We now seek a multiple-scales solution, by rewriting equation (31) in the form of
system (27). The state is scalar (M = 1) with no spatial dimension (¢ = 0), and the operators
take the forms

F* =8, F*=a. (34)
From (27a) we find that the leading-order term pg satisfies

dpo
% = apo, po(0) = p°, (35)

and thus is given by
po=p’e. (36)

The scalar-multiplication operators (34) commute and are time-invariant. It follows from (30)
that the multiple-scales solution is given by

p~p’e™ (1+eBU(1))+0(?). (37)

We see that the form (37) matches the expansion of the exact solution (33).

We compare the exact solution (solid curves) to the multiple-scales asymptotic
approximation (dashed curves) in Fig. 1 for varying system and input parameters o, 8, 0, €.
In Fig. 1a we see how different base growth rates o manifest in the presence of oscillations.
We observe that the oscillations are proportional to the magnitude of p and, similarly, the
asymptotic error appears in the same proportion (Fig. 1a inset). The agreement is excellent
even though the value of € = 0.5 is moderate. In Fig. 1b the oscillations and the error increase
with B. The discrepancy appears large despite the smaller value of € because the vertical
scale is less extensive. In Fig. 1c we see the comparison for different oscillation time-delays
0. The agreement is best for O = /2, which is the value for which U = 0 leading to some
higher-order inhomogeneities to vanish. Finally, we see in Fig. 1d how increasing € increases
the period and the error. Interestingly, the maximal error occurs consistently at the oscillation
extrema.

3.2. Master equation of discrete system

Consider a continuous-time Markov chain with two states. The propensity to transition from
the first to the second state is a — u(¢/€), while from second to first is B + u(t/¢€), for
the harmonic u in (25). For non-negative propensities, we require ¢, 3 > 1. The signal u
represents an additional bias of transitioning to, and remaining in, the first state. The master
equation, governing the probability distribution of being in either state, is given by

dp  (—a+u(t/e) B+u(t/e) B
dar < o—u(t/e) —B —u(t/8)> p; p(0) = p’. (38)

The matrix on the right-hand side of (38) and its time-integral do not commute, and therefore
the solution is not given by the matrix exponential. We may, however, solve this system
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Figure 1. The solution (32) (solid curves) and multiple-scales approximation (37) (dashed
curves) of the oscillating growth rate equation (31) for different unperturbed growth rates
o, oscillation magnitudes 3, timescale separation and oscillation period €, and oscillation
shifts 8. When unspecified, the parameters used are &« =0, B = 1, 8 = 0, p® = 1. The inset
in (a) depicts the relative error of the multiple-scales approximation for each value of ¢ in
the main plot (the curves are coloured correspondingly but lie exactly on top of one another
making them indistinguishable).

by order reduction. From the conservation of total probability, we know that (1,1) " p(z) =
(1,1)Tp® = 1. Therefore, the second entry may be expressed as a function of the first,
p=(p,1—p)T, whereby the system reduces to the scalar equation

%I:(t) = (—o+u(t/e)p(t) + (B+u(t/e))(1-p(t)), (39)

which may be integrated by means of the integrating factor elath) o give

)= @ (04 [ (B-+uls/e) e Bras). (0
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Using the specific form for u in (25), we may calculate the integral on the right-hand side
of (40) by parts to yield

p(t) = poef(oﬁﬁ)t + aiB (1 _e*(a+B)t) +
(a+p) [sin(2m/8 -0) +e (@B gin 9} —(2m/e) [cos(Zm/e —0)— e (@B cos 0
(2m/€)* + (a+B)>

(41)

For later comparison, we expand solution (41) asymptotically with respect to € to give

po (@B P (l,e—<a+ﬁ)r>+i

ot p 3 {e_(‘HB)’ cos 6 —cos(2mt /e — 9)} +0(&%).

(42)

To pursue the multiple-scales approximation, we rewrite system (38) in the form of
system (27), including two states (M = 2) and no spatial dimensions (¢ = 0), via

L R

Following the prescribed recipe, the leading-order term governed by (27a) satisfies

d
=0 = Fipo, p(0) =", (44)

which is solved (via the matrix exponential) by

B 1 oe—(a+p)t +B B (1 _ef(oc+ﬁ)z)
T a+B g (1 _e—(a+ﬁ)t) o 4 Be (@B

po(r) p’. 45)

At the next order we determine ¢; governed by (27c), which takes the form,
dC] I7 u. u I7 -1
?:cml—#U(FZF F—F“F)py=Fci+U(a+p) L (46)

with zero initial conditions.  Again exploiting the conservation property whereby

(1,1) e (¢) = 0 for all times, hence ¢ (1) = (c(t),—c1(t))7, it suffices to solve only for
the first component,

dCl

St = —(a+B)er—T(a+), @7)

which admits the solution ¢;(f) = —U(1 —e~(*+F)). Combining (47) with the leading-
order (45) via (27b), the asymptotic solution takes the form

| ae (@B 4 B g(l_e—uxwr)
0B \a(1-e @) o pelathr

pO

pr\/

+¢ [U(r) e —e*(‘“ﬁ)f)} <_11) 0(e?), (48)
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Figure 2. The solution (41) (solid curves) and multiple-scales approximation (48) (dashed
curve) of the master equation (38) governing the probability to be in either of the two system
states p = (p, 1 — p), with a transition rate of o — u(¢/€) from the first state to the second, and
a transition rate of B +u(r/¢€) from the second state to the first, where u is given in (25). We
set B = 1, the oscillation parameters € = 0.3, § = 0, and the initial conditions p® = (0.9,0.1).
The dotted curves show the fast-time-averaged first-order quantity (49).

which, using (26), we see is in agreement with the asymptotic expansion of the exact
solution (42).

In Fig. 2 we compare the exact solution (solid curves) and the multiple-scales
approximation (dashed curves) for f = 1 and two values of the base transition rate a. We
find excellent agreement with the moderate value of € = 0.3. The long-time behaviour of the
base process (i.e. in the absence of oscillations, # = 0) is to converge to being in the states
with probabilities proportional to the incoming transition rate, that is, being in the first state
with probability B/(a+ ) = 1/(ac+1). When a = 1, the base transition rates between the
two states are equal, and the long-time behaviour is to converge to being in each state with
equal probability. When o = 3, we expect convergence to p — (1/4,3/4). This behaviour is
observed in Fig. 2, along with the variations driven by the oscillations.

We conclude this example with two observations. First, the behaviour of the system in
the absence of oscillations is described by the leading-order dynamics. We might then expect
the first-order contribution to have zero mean on the fast timescale, however, we see that this
is not in general the case. In the present example, integrating the asymptotic expansion in (48)
we find that

T+1
I p<t,s>ds~po(t>+we<a+ﬁ>t< 11) 0(e?). (49)

We deduce that the oscillations have an O(g) effect on the process, even once the oscillations
have been averaged out. It might be tempting to postulate that this contribution always decays,
as in (49). However, as we can see from the previous example in Section 3.1, after averaging
the oscillations may still contribute to the coefficient of the leading-order terms. This further
demonstrates the importance of resolving the higher-order terms for moderate values of €.
Second, we have kept the first two examples simple enough to be able to solve explicitly,
to provide an analytical comparison to the multiple-scales approximation. However, most
applications involve systems of far greater complexity that cannot be solved exactly, although
the multiple-scales system remain tractable. Observe how in this example the exact solution
was only obtainable in closed form by calculating the integral (40) by parts for the harmonic
form of u. While this step does not easily generalise (and would require a direct asymptotic
analysis of the integral in more general cases), the multiple-scales solution (48) never required
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the harmonic form of u and thus retains generality. Similarly, while the original equation (38)
is not solvable by matrix exponentiation, the multiple-scales problems are time-invariant
and therefore straightforward to solve by exponentiation. This time invariance is a direct
consequence of the separation of scales: the multiple-scales ansatz encapsulated the timescale
separation, which renders the constitutive systems time-invariant.

We now proceed to an example where we are not in possession of an exact solution, but
where the multiple-scales approximation still provides us with a wealth of analytical insight.

3.3. Fokker—Planck PDE for continuum state

Consider the continuous birth—death process with an oscillating birth rate b + u(t/¢), for the
harmonic u in (25), and constant death rate d proportional to the population size, represented
by the continuum state variable x. The distribution p(x,t) over state and time is governed by
the Fokker—Planck equation

d d 1 0?
5, P(t) = =5 [(bFult/e) —dx)p(x. )]+ 55 55 [(b+ult/e) +dx)p(x,1)],  (50)

p(x,0) = p(x), (50b)
on the domain (x,t) € [0,00)? with zero-flux and vanishing far-field boundary conditions

<—b—u(z/8)+2i2) p(O,t)+b+;7g/s)g—I;(0,t) o0, (500)

p—0asx—oo. (50d)

The parameter Q quantifies the characteristic size of the system, and, while typically large,
the stochastic contribution described by the diffusive term of magnitude O(1/Q) cannot be
neglected as it is a singular perturbation [32].

We may write (50) in the multiple-scales form of (27). The equation is scalar (M = 1)
and contains spatial derivatives up to second order (¢ = 2) where the operators take the forms

0 1 92
PPN = =5+ 50 g oY
. J 1 0?
Fep(x,t) = —a[(b—dx)l?(xvt)] + 3092 [(b+dx)p(x,1)]. (52)

The now familiar asymptotic procedure finds the leading-order contribution governed by (27a)
in the form

0
2L = Fipo, Po(x.0) = p’(@), (53a)
subject to the boundary conditions
d b 81)0
(—b+ 2Q> po(O,t)—&—EW(O,t) =0, po —>0asx — oo, (53b)

The first-order contribution p; is given by (27b), for ¢; satisfying (27¢) which takes the
form
8c1

3 (x,2) = Feci (x,t) + U(F*F™ — F'*F%)po(x,t), (54a)
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subject to the boundary conditions

(bJr 2‘;2) pl(O,t)+%%(O,t) =0, ¢ —0asx— oo (54b)
We do not know how to solve the original equation (50) analytically, and instead choose
to approximate it numerically using the Flips solver [33]. On the other hand, the problems (53)
and (54) are separable, and we could seek to solve the associated eigenvalue problem.
However, the calculations reduce to solving the confluent hypergeometric differential equation
with many details that detract from the central idea. Many other asymptotic limits of the
problem are more straightforward. We choose to consider the large-time asymptotics of (53)
and (54), where the ¢-derivatives are negligible leaving steady state problems. Importantly,
the T-variations are retained, and so the time variations driven by the high-frequency input are
still captured.
We may solve the steady version of (53) by integrating once, and imposing the zero-flux
boundary condition, to obtain

1 d
~ (b= dx)pol) + 5 - [(b+dx)po(x)] = 0. (59)
Rearranging, we find that

L tog[(b-+dx)po(x)] = 202=%

56
dx b+dx’ (56)
from which it follows that the solution is given by
po(x) = ce ¥ (b + dx) W1, 57

for a constant of integration c.
Since the steady form of (53) is F*pg = 0, the steady first-order problem (54) takes the
form F*[c; + UF"pg] = 0, and admits the solution

Cl Z—UFMZ[JQ. (58)

The solution (58) satisfies the boundary conditions since po captures identically zero flux,

therefore, p; = ¢; +U(7)F*po = (U(7) — U)F**py inherits this property, as the flux operator
and F** commute. Using (55) and (57), p; may be written as

p1(x,7) = —c(U(1) — U)% e 72X (4 dx) 40/ d) =2 (2dx+ 2‘3)} : (59)

Ultimately, we arrive at the large-time approximation
P~ po(x) +&pi(x, 7). (60)

In Fig. 3 we plot the numerical solution (solid curves) for different initial conditions, and
note how they do indeed converge to the asymptotic regime in (60) in O(1) time, exhibiting
excellent agreement.

This example demonstrates a case where, despite a seemingly impenetrable problem,
the multiple-scales approximation captures the timescale separation to produce separable
equations that are significantly more tractable.

The examples in this section demonstrate the application of the multiple-scales approach
to systems linear in the state whose dynamics are slow relative to the oscillations. We now
turn our attention to a nonlinear system previously studied in the literature that includes fast
species and show how our analysis may be leveraged to yield fresh insights. Our analysis
quantifies the underlying assumptions of previous work, ties the experimental observations
more concretely to the model, and crystalises the conclusions.
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Figure 3. The numerical approximation (solid curves) and large-time multiple-scales
approximation (60) (dashed curves) of the PDE (50a) governing the probability p(x,t) that
the birth—death process is of size x at time 7. The birth rate is b + u(¢/€) for the harmonic
u given in (25), the death rate is d for b = 1, d = 4, the system size is Q = 100, and the
oscillation parameters are € = 0.1, & = /2. The initial condition used for the simulation is
given by the steady first-order asymptotic approximation (60) shifted by xo € {—0.1,0,0.1},
that is, p(x,0) = po(x —xp) +€pi1(x —x0,0).

Table 1. Parameter definitions and values from Ref. [34] for the model (61) for genetic
constructs with five (5xBS-CYC180pr) and two (2xBS-CYC180pr) binding sites (BS) for the
transcription factor (EL-222) upstream of a truncated CYC1 promoter driving the fluorescent

protein expression.

Param. Description 5BS 2BS Unit

Tiot Total transcription factor 2000 2000 —

Kon Activation rate per light intensity 0.0016399 0.0016399 min~—! W~ cm?
koft Reversion rate 0.34393 0.34393 min~!
kbasal Basal transcription rate 0.02612 0.24358 min~!
kmax Max. induced transcription rate 13.588 11.031 min~!

K Transcription factor scale 956.75 1462.5 —

n Hill coefficient 4.203 4.6403 —

kdegr mRNA degradation rate 0.042116  0.042116  min~!
Kirans translation rate 1.4514 1.4514 min~!
kdegp Protein degradation rate 0.007 0.007 min~!
Vmax Maximal light intensity 420 420 uWem—2
A Pulse width 30 30 min

4. Case study: fast dynamics and nonlinearities

4.1. Model overview

In Ref. [34], a genetic construct is engineered in yeast cells to constitutively express the
(inactive) transcription factor (TF) EL-222. Upon induction by light, the TF molecules
dimerise (that is, two molecules join together to form a single construct), which forms the
active TF and enables the transcription of the gene of interest. The transcription produces
mRNA molecules from which the protein of interest may be expressed. We will outline the
model and present the results obtained previously, which ultimately leverage a separation of

timescales to achieve a particular biological outcome.
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Figure 4. The rectangular waveform v(r) given in (62) for A = 0.2 time units and r = 0.4. The
duty cycle r is the fraction of each period the light is illuminated: On/Period.

The model is described by the system of ODEs

dTr

E = Vmaxv(t)k0n<Ttot - T) — kot T, (61a)
drR ™

dil‘ = Kpasal + kmaxm - kdegRR7 (61b)
dp

E = kiransR — kdegPPa (61c)

where T', R, and P represent the concentrations of active TF, mRNA, and protein molecules,
respectively. It is assumed that the total concentration of TF, denoted Ty, remains constant on
the timescale of interest. A light signal of maximal intensity vp.x, modulated by the profile
v(t) € [0,1], serves to activate (i.e. dimerise) the inactive TF molecules at a rate per light
intensity of ko, times the concentration of inactive TF. The activation is assumed to occur on
a significantly faster than the timescales of interest. The transcription of mRNA molecules is
described by a basal rate kpasq1, in addition to the rate driven by the active TF, T, modulated by
a Hill function, with coefficient n, scale K, and maximum rate kp.x. The protein in transcribed
at a rate of kians times the mRNA concentration. The active TF deactivates at a rate kg, while
the mRNA and protein molecules degrade at rates kqegr and kgegp respectively. Parameter
values derived from fitting experimental data in Ref. [34] are displayed in Table 1 for two
variants of the promoter construct.

The experimentally measurable quantity is the concentration of the protein of interest
after a long duration ¢ = t;. Practically, protein concentration is measured via fluorescence
by flow cyctometry. With the parameters in Table 1, simulations exhibit good agreement with
additional experimental results (see Ref. [34] for further details). One of the central outcomes
is the comparison between two different light modulation profiles v(¢): amplitude modulate
(AM) and pulse-width modulation (PWM). AM refers to choosing a fixed amplitude v(¢) = vy
for the duration of the experiment, while PWM refers to using the pulsatile signal

W(t) = 'iwn[o’,} (% - i) : (62)

where 1 is the indicator function: 1 jj(x) takes the value one if x € [0, 1], and zero otherwise.
The profile (62) describes a periodic rectangular waveform with (dimensional) period A and
pulse width rA for r € [0, 1] commonly referred to as the duty cycle (see Fig. 4).
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Figure 5. Dose-response curves in the (a) AM; (b) PWM regimes, for two sets of parameter
values corresponding to different genetic constructs (see Table 1) for a terminal time of
ty = 360kgegp, Which corresponds to 6 hours. Solid curves show full numerical solutions
of system (67), while broken curves show the leading-order multiple-scale approximation
governed by (B.3) and (B.26) for two different choices of f8 scale, and using the exponentially-
accurate Tp given in (A.2). Pulse-width modulation exhibits a nearly linear response and is in
good agreement to both asymptotic approximations. The inset in (b) shows a close-up for
small r, where the deviation from the affine profile is visible.

It may be shown that the AM results in nonlinear dose-response curves (Fig. 5a), while
for a carefully chosen period A, the dose-response curves are nearly linear (Fig. 5b). Linear
response curves allow for the construction of genetic circuits that demonstrate particular
phenotypes through coordinated multi-gene expression [34]. Intuitively, the pulse timescale A
must be faster than the protein dynamics, so that protein expression does not fluctuate, and
slower than the TF dynamics, so that the TF is near its steady state values for most of the
light pulse duration. To quantify these conditions, a “tracking score” is defined for the TF
dynamics, and an “integration score” for the protein dynamics, which require simulations of
the full system. A quantitative explanation for the linearity of the PWM curves is not provided.

Ultimately, the model (61) finds good agreement with experimental data, and yet its
analysis in Ref. [34] remains perplexing. It is not clear how to systematically extend the
transient tracking and integration scores to more complex systems. The mRNA dynamics are
largely ignored, no score is associated to the mRNA although in the discussion it is mentioned
that they too limit the PWM period. Thus, the practitioner looking to build upon this system
may be left thinking that these full system simulations are necessary to tune the pulse widths,
and may be uncertain regarding the constraints imposed by the mRNA dynamics. Our aim is
to demonstrate how a multiple-scales analysis dispenses with these ad-hoc scores, replacing
them with explicit requirements for obtaining the desired PWM results.
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4.2. Revisiting the PWM analysis

We begin the analysis by nondimensionalising the model via the scalings

T — Ttot A’ R= kbasal +kmax Ia
1+ koff/(vmaxkon) kdegR
Tiot > _ Kirans Kbasal + kmax 3

P p

K=—""—"-¥#¥——K, , 63
1 +k0ff/(vmaxk0n) (63)

t

kdegP kdegR

= R
kdegP

where we have chosen to scale time on the protein degradation timescale. Along with the
state variables, we also denote the light input on the dimensionless timescale: v(¢) = ¥(7).
The scalings (63) were chosen to reflect the characteristic concentrations of each species. To
see this, note that, after dropping the hats to declutter the notation, system (61) takes the form

kdegP dl _ V(l) (Vmaxkon + koff) . T, (64&)
V(I)Vmaxkon + kofr dt V(I>Vmaxkon ~+ Koft

kdegP dR 1 1
—=|1- ~R, 64b

Kaegr dr 14+(T /K)" 1+ kvasal / kmax (64b)
dpP
— =R-P 64
dt (64¢)

The form (64) allows a particularly simple explanation of the dynamics: each dependent
variable tracks the first quantity on the right-hand side, on the timescale given by the
coefficient of the time derivative on the left-hand side. Since the light input is bounded
0 <w(r) <1, it follows that the inhomogeneity in the 7-dynamics is always on the interval
[0,1]. Therefore, T remains O(1), and thus so too do R and P, as well as their steady states. We
deduce that the scalings (63) reflect the typical concentrations in the cell, regardless of how
we choose the parameters. Moreover, this wealth of information was available without having
to solve a single differential equation. Nonetheless, the transient dynamics are responsible for
the profile of the dose—response curves, and so we must study the time-dependence.

Turning our attention to the timescales, we see that the time ¢ is scaled with the protein
degradation kgegp, while the R dynamics unfold on a timescale of O(kgegp/kdcor). The T
dynamics have a time-dependent timescale, varying from the slower scale O(kdcgp /kot) when
the light is off, to the faster scale O(kqegp/[Vmaxkon + koff]) at full light intensity (see Fig. Al
in Appendix A). In this particular application these are the same magnitudes (see Table 1),
however, this observation is important for the general setting. For our purposes, the T
timescale is required to be faster than the oscillation timescale, therefore, we take the slower
timescale to give a stricter bound. Finally, to bring the system into the multiple-scales form,
we rewrite the light input v(¢) as u(¢/¢€) for the (dimensionless) period

€ = kgegp A\, (65)

and the functional form

u(m)= ¥ Loy (r—i) = Lo (v~ 1)), (66)

j=—o0
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where | 7| denotes the largest integer less than or equal to 7, thus T — | 7] denotes the fractional
part of 7. We then rewrite system (64), along with initial conditions, as

dr
65 =u(t/e)(o+1)— (u(t/e)a+1)T, T(0)=T1°, (67a)
dR 1 1
S~ |_R R(0) =R’ 67b
Fa l+yl+ (/K] 0) =K, (67b)
dpP
— =R-P P(0)=P°, (67¢)
dr
for
VimaxKon kdegP kbasal kdegP
azi’ = —, = -, 6:7. (68)
koft B kdegR 4 Kkmax koft

Our aim is to solve (67) in the asymptotic limit of fast oscillations: € — 0. The period
used for experiments in Ref. [34] is € = 0.21 (see (65) and Table 1). The TF timescale
0 ~ 0.02 < € and our intent is ultimately to consider TF dynamics faster than the v-
oscillations. Nevertheless, we consider the richer asymptotic limit in which 6 = O(€), which
will allow us to consider separate sources of error in isolation. This is an application of the
Principle of Minimal Simplification in Refs. [3, 35], and highlights that there may in fact be
several different timescales of relevance in the dynamics. The focus on the € scale separation
is a useful partition between “fast” and “slow” groups, but does not negate the possibility of
scales within each group. Importantly, the case of § < € may be studied within the § = O(¢)
limit, since this richer limit preserves the 0 < € case as a (singular) limit.

With § = O(¢), the transcription factor T is a fast species, while the protein P is a slow
species, and we must decide how [ scales in the limit as € — 0, that is, whether the mRNA,
R, is a slow or a fast species. For the experimental parameters in Table 1 we see that § ~ 0.17
and is thus small. Nonetheless, we consider both the limit of fast mRNA (8 = O(g)) and
slow mRNA (8 = O(1)), and, in the first instance, we assume that § = O(1). Analysing both
cases sheds light on the nature of the multiple-scales approximation, and allows us to draw
conclusions relevant for arbitrary values of 3.

In seeking a multiple-scales solution to the nonlinear system (67), we could pose
it in the general nonlinear form as described in Section 2.1. However, the exposition
is more concise and lucid if the perturbative analysis is performed directly on the ODE
system (67). Introducing the fast timescale T = /€ on which the solution is assumed periodic,
and assuming 7T to be independent of the slow timescale #, we apply the multiple-scales
operator (3) to yield the governing system

JdT 60T

§— -+ - =ul@)(a+1)— (u(r)o+ T, (69a)
OR BOR 1 1

o e ' Teyiramr) ® o
JdP 10P

o tear R (©%

Expanding T, R, and P as an asymptotic series in powers of €,

Tr~Ty+€eT 4+, R~Ro+€R |+, P~Py+eP+---, (70)
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we find, upon substituting (70) into (69), that the leading-order solution satisfies

0Ty _

- A 9B _
€ dt -

u(t)(oe+1) — (u(z)o + 1)To, 57 =0 50

0. (71)
We are interested in the case of TF dynamics faster than the € timescale, which motivates
the limit § /€ < 1. Since u is piecewise constant, this singular limit introduces boundary
layers of width O(6/€) in the vicinity of each switch in the light profile, beyond which
the approximation is exponentially accurate. For a comprehensive discussion on this
approximation, see Appendix A. We deduce that, in the fast-TF limit §/€ < 1, the TF is
well approximated by Tp ~ u(7)(a+1)/[u(7)a + 1], from which it follows that

To ~u, (72)

since u(r) € {0,1} in our application (see (66)). For Ry and Py, we see from (71) that these
vary only on the slow timescale, which is determined at the next order. Averaging the O(1)
terms in (69) over the fast period, we find that

dRo dPO
=0 no—R =Y —Ry-R 73
B ar Mo — Ro, & o — P, (73)

where, with the help of (72), ng is given by

I 1 1 11
—1- At~ [1— —— — . 74
Mo 1+y./0 11 (Ty/K)" " ( 1+y>+r<1+y1+K") 74

We solve (73) explicitly in Appendix B, however, it is more enlightening at this stage to
focus on the large-time behaviour, which is given simply by Py, Ry ~ 1mo. From Table 1,
we see that ¥ < 1, and, therefore, in practice we expect the response Py to be effectively
linear with respect to r. This is precisely what is observed experimentally in Ref. [34]. Using
the multiple-scales framework we have complemented the experimental observation with a
model-based quantification.

4.3. Clarifying the assumptions

It is instructive to reflect on what we have assumed and what this allowed us to calculate. We
assumed the timescale hierarchy 6 < € < 1, and that f = O(1).

Requiring 0 < € guarantees that the TF dynamics will be faster than the input signal
oscillations, thus ensuring the “tracking” score is high, while € < 1 guarantees that the
oscillations are faster than the protein dynamics, ensuring that the protein fluctuations are
small and thereby the “integration” score is low. We thus see how the timescale hierarchy
assumption replaces the need for any ad-hoc scores requiring full numerical simulations of
the system and extensive transient information.

The timescale hierarchy translates into explicit dimensional inequalities:

1
ikexl — — < Pulse width (A) <
off degP

(75)

which are more straightforward for the practitioner to check than transient scores. For
example, the results in Ref. [34] show that for a period of 7.5min the PWM regime is
weakened. This corresponds to € 2 0.053 where the assumption § < € is weaker.
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The second assumption required § = O(1). What happens if the mRNA timescale is
asymptotically fast, whereby § = O(¢g)? The leading-order mRNA dynamics (69b) become

ﬁ@%_{ ! !

e dr | 1+yl+(To/K)" ~Ro, (76)

varying periodically in 7 on the fast timescale at leading order. Using T-periodicity it follows
from (76) that

1
/mmzm. (77)
0

The protein dynamics are still T-independent and to be determined at first order, where we
find, after averaging over the fast timescale in (69c) and using (77), that

%:/lRodffp():n()fPo. (78)
dr 0
whereby the same large-time protein behaviour is recovered: Py ~ 1.

Ultimately, both regimes produce the same large-time behaviour at leading order, and
agree excellently with full numerical simulations (see Fig. 5b). We find that small deviations
from the affine profile occur at extreme duty cycles r = 0 and r ~ 1 (Fig. 5b inset). Since these
are not predicted in the § /& < 1 limit (see Fig. A2 in Appendix A), but are reproduced in the
0 = O(¢) limit, we deduce that these are the result of finite-6 /€ effects: When duty cycle
r is nearly zero or unity, the input signal is nearly constant, with deviations only for short
time intervals. In this case, the boundary layers associated with the singular limit occupy
these short time intervals, and are thus no longer negligible (see Appendix A for an extended
discussion).

For large B > 1, the mRNA dynamics decelerate the protein variations to the mRNA
timescale, allowing for an even longer pulse period. Assumption (75) may thus be relaxed, in
the case of general f3, to

1 1
o < Pulse width (A) < +

. (79)
off kgegp  Kdegr

The general condition (79) provides a more complete (that is, including mRNA stability) and
more straightforward (that is, in closed form, requiring no simulation) characterisation than
previously reported of the assumptions required to achieve the PWM regime of interest.

The discussion in Section 3.2 demonstrates that higher-order perturbations not only
capture the high-frequency oscillations but can reveal additional deviations from the time-
averaged structure. This motivates a higher-order analysis of system (69).

4.4. Higher-order perturbations

In this section we pursue higher-order perturbations, in both the case of fast mRNA (8 =
O(¢€)) and slow mRNA (8 = O(1)). The results presented in this section use Ty given by (A.2)
for which § = O(€). As detailed in Appendix A, this form exhibits exponentially small errors.
In this way, we isolate the sources of error: approximation errors in this section may be
assumed to stem from the order of the multiple-scales solution or the scale of  chosen.

We seek higher-order solutions of (69) that capture the oscillations in both the mRNA and
protein solutions. The calculations are a direct application of the theory derived in Section 2,
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Figure 6. mRNA (R) and protein (P) dynamics. Solid curves show the full numerical solution
of system (67) while broken curves show the asymptotic approximations derived in Appendix
B. Parameters for the 5 BS system were used (see Table 1).

and are performed for both mRNA timescales in Appendix B. As previously observed, when
assuming 8 = O(1), the mRNA and protein solutions do not vary on the fast timescale. The
oscillations are captured in the mRNA at first order R and at second order in the protein P».
This is because T is driven by the oscillations, while R is driven by 7, and P is driven by
R. Therefore, the oscillations, which are captured by the (1/€)d/dt derivative, propagate
through at successively higher order. For this same reason, when § = O(¢), the oscillations
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are captured at leading order in the mRNA Ry and at first order in the protein P;. One striking
outcome of this derivation is that the fluctuations in protein concentration are of order O(&?) if
B =0(1),but of order O(¢) if B = O(¢). In the former case, we see from (B.8) and (B.17) that
the high-frequency perturbations scale as 1/f3, and thus the more general scaling of O(&?/)
includes the case of > 1.

This observation is important for the practitioner. Since small protein fluctuations
are desirable [34], even if a practical range of kgep,r has little effect on the pulse-period
condition (79), it may nevertheless have a significant impact on the protein fluctuations.
This quantification thus provides the practitioner with the appropriate scaling law to aid
experimental design.

To recap, we have computed both leading-order and higher-order approximations of
system (67), in both the cases of B = O(1) and = O(€). Comparing these four solutions
provides deeper insight into the multiple-scales asymptotics. In Figs. 6a—6d we depict the
four solutions computed over the same time horizon.

When 8 = O(1) the leading order (Fig. 6a) shows no oscillations in either the mRNA
or protein, but the time-averaged profiles satisfy the initial conditions and closely match the
trend of the dynamics. At higher order (Fig. 6¢), the initial condition remains satisfied, and
the oscillations are captured. The agreement is good, however, the fluctuations show small
but persistent deviations.

When 8 = O(¢), the leading order (Fig. 6b) captures the oscillations in the mRNA but
not the protein. Since the multiple-scales ansatz is T-periodic, the mRNA does not satisfy
the initial conditions. This explains why the protein profile overestimates the true solution.
At higher order (Fig. 6d) the oscillations in the protein are captured. While the oscillations
match the true solution qualitatively, the mRNA periodicity still results in the multiple-scales
solution to be an overestimate of the true protein concentration.

The plots in Fig. 6 illustrate the approximations obtained using different scaling
assumptions about 3, but the same numerical value of 8 (to match the parameters in Table 1).
This might seem perplexing at first glance, since it seems that the § = O(1) limit outperforms
the B = O(€) limit, despite using the parameter value 8 ~ 0.17 < 0.21 = &. It might be
tempting to suggest that, just as the case of 6 < € may be studied in the § = O(¢) limit, here
too even though 3 < 1, the B = O(1) limit encapsulates this case. However, in this case, our
calculations have shown that the 8 = O(¢) limit is not preserved by the f = O(1) limit: the
leading-order R dynamics differ between these cases because R is a fast species in the former
limit but a slow species in the latter.

The reason the less suitable limit outperforms the more suitable limit initially is that the
B = O(1) limit encapsulates a leading-order contribution that is not 7-periodic and thus it can
satisfy the initial conditions. This provides for good agreement early on, but is ultimately
limited by the fact that the parameters do not strongly satisfy the asymptotic assumptions. On
the other hand, the § = O(¢€) limit is in agreement with the parameter choice, but the multiple-
scales periodicity negates the possibility of satisfying arbitrary initial conditions, and thus at
early times the approximation suffers. In fact, this problem carries over to the TF dynamics
as well, it just so happens that the periodic multiple-scales solution deviates from the initial
condition by only an exponentially small amount (see Appendix A for a further discussion).
At larger times (Figs. 6e and 6f) order is restored and the § = O(€) approximation is more
accurate than the 8 = O(1) approximation in capturing the limit-cycle behaviour.

That periodicity precludes an arbitrary initial condition from being satisfied is
reminiscent of the quasi-steady state assumption (QSSA) not satisfying an arbitrary initial
condition (as discussed in Section 1). Here too a boundary layer is present when the initial
condition deviates substantially from the limit cycle, whereby the periodicity assumption
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is initially inaccurate. Nonetheless, the fast species converge rapidly to their limit cycle
behaviour whereupon the approximation accuracy is restored. Should one wish, just as with a
singular perturbation, a boundary layer analysis can be performed in the vicinity of the initial
time, where the full dynamics of the fast species are recovered, and thus arbitrary initial
conditions may be satisfied.

Our multiple-scales analysis uncovers explicit scaling laws for system concentrations,
and reveals concrete system requirements to achieve the PWM regime. We are able
to more comprehensively and explicitly quantify and thus explain experimental results,
while exhibiting remarkable agreement with the full nonlinear numerical simulations with
a significantly simplified approximation obtainable in closed form.

5. Conclusions

In this paper, we apply the method of multiple scales to fast-slow systems with a rapidly
oscillating periodic parameter or input signal. We develop the general nonlinear theory,
obtaining formally closed systems governing the perturbations at every order. In the
particularly important case of biaffine systems — which include components bilinear in
the system state and oscillations, linear in the state only, linear in the oscillations, as well
as inhomogeneous — we obtain closed systems governing all orders. Notably, this class
of systems includes those arising from the chemical master equation and its continuum
approximations.

We demonstrate the application of the biaffine theory when the oscillations are faster
than the underlying system dynamics. In this case, we find that the leading-order asymptotic
approximation coincides with the intuition that the system responds to the averaged input
signal. Several key features of the method arise from the examples presented. Notably,
in many real-world processes unfolding at disparate timescales, the timescale separation is
moderately large, but not infinite, in which case the system response deviates significantly
from the its response to the time-averaged signal. We demonstrate how the method extends
beyond the elementary intuition of a time-averaged signal (relevant only in the absence of fast
species), by resolving higher-order perturbations that capture the oscillatory system response.
We find that the higher-order system response does not, in general, have zero mean on the fast
timescale. This further highlights the importance of the higher-order terms, revealing how the
solution deviates from the leading order, not only by oscillations but also by slow-timescale
corrections.

The examples demonstrate how the multiple-scales approach achieves significant
complexity reduction by structurally embedding the timescale separation into the
approximation form. This approach disentangles the disparate timescales, allowing the
dynamics on each to be resolved independently.

We revisit a system of nonlinear equations describing a fast—slow system previously
studied in the literature. We show how our multiple-scales framework sheds light on the
underlying assumptions of the system, replacing full numerical simulations and ad-hoc
metrics by explicit, static expressions. We show how different numerical simulations may
also be explained by explicit analytical expressions previously unreported. Formal scaling
laws, including estimates of the oscillation magnitude, reveal a crisper quantitative picture
regarding how the desired experimental regime may be achieved. Here too, the structure
underpinning these results is the timescale separation that is leveraged by the multiple-scales
analysis.

Finally, we discuss how the fast-time periodicity, which is needed to close the multiple-
scales equations at each order, excludes the possibility of imposing an arbitrary initial
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condition for the fast species. This can lead to a boundary layer in the vicinity of the initial
time, when the full solution is not near enough its limit cycle to be near periodic. This is
akin to the QSSA which fails to satisfy arbitrary initial conditions. Just as with the QSSA, a
boundary layer analysis restores the full fast dynamics near the initial time and captures the
evolution from arbitrary initial conditions towards the limit-cycle behaviour.

Several previous studies have dealt with system reduction and approximation techniques
for biological applications (for example, Ref. [36] provides a comprehensive survey in
stochastic biochemical kinetics). The most prominent approach in the context of fast—slow
systems is the quasi-steady state approach, where fast dynamics are reduced to their quasi-
steady state reducing the system exclusively to the slow dynamics. In the Introduction we
demonstrate why this approach does not yield insight beyond the intuitive idea of replacing
the rapidly oscillating signal by its time average. This shortcoming sets this work apart
from classical fast-slow systems. The multiple-scales approach developed allows for coarse-
grained evolution while retaining the influence of the fast oscillations.

Some previous work exploiting timescale separation is applicable to oscillatory
systems [37]. Other approximation approaches have been studied on oscillatory systems
without recourse to timescale separation [38]. The key difference between the current work
and these studies is that we assume the presence of an externally applied, rapidly oscillating
signal. While the method of multiple scales is an applicable tool for rapid, endogenous
oscillations (that is, those arising from the system dynamics rather than externally applied),
the analysis performed here would need to be suitably adapted. In contrast, the timescale
separation is crucial: the oscillations must be fast with respect to the slow dynamics, which
is not the case in these two studies: Ref. [38] does not rely on well separated timescales,
and even though Ref. [37] mentions oscillations, these arise from the reduction of a system
with fast species, in other words, the oscillations occur on the slow timescale after the fast
dynamics have been reduced, and are thus of a different nature to those studied here. On the
other hand, we pursued a perturbative analysis that extends to arbitrary order, and provides
formal error estimates. Much of the previous work cited falls short of these two features.
Timescale separation is assumed in Ref. [37], nevertheless, higher-order approximations are
not pursued. Ref. [38], while also assuming a fairly specific biochemical reaction network
structure, develops an ad-hoc approximation without anaytical control over the error.

In various application there may exist more than two timescales of interest [39], and
multiple spatial scales of interest. The methodology expounded in this work may be directly
extended to tackle these cases.

Appendix A. Dynamics of the transcription factor

The T dynamics in (67a) decouple from the rest of the system, and we rewrite the leading-
order contribution governed by (71):
00Ty
€ dt
Recall from (66) that u(t) = Ly (7 — [7]) for T € [0, 1]. Therefore, when the light is on, the
solution is given by

w(t)(a+1) — (u(t)o+1)Tp. (A.1)

Ty = 1+c(t)e”(@T1er/d (A.22)
while in the dark, the solution is given by

To=d(t)e /3. (A.2b)
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The values ¢(7) and d(t) are constants of integration with respect to 7. They are determined
by imposing continuity of 7j as the light is switched off at T = r, as well as T-periodicity, to
give

—(1-r)e/é6 _ 1 re/d _ a—ore/d
e C 7 . (A.20)
1 —e—(+ar)e/s 1 _ e (1+are/s
These values are constants with respect to 7, thus d7y/dt = 0, and at the next order,
00Ty 00T
—— 4 ———=—(u(r)ax+ 1)T1. A3
€ dt €0t ((r)a+ 1T (A-3)

Since Tj does not vary with ¢, the only 7-periodic solution of (A.3) is zero. This is true for all
orders, and reflects the fact that the multiple-scales approximation (A.1) retains all terms of
the original (67a).

In the fast-TF limit § /& < 1, the leading-order Ty is given by solving (A.1) when
neglecting the time derivative on the left-hand side, namely

u(t)(a+1)

T ~
O u(ma+1

, therefore Ty ~ u(T) when ue{0,1}, (A.4)
as in our case (see (66)). For piecewise constant u, the form of the leading order 7 in (A.4)
is also piecewise constant, and therefore its T-derivative is zero almost everywhere. It follows
from (A.1) that this outer approximation is accurate to all orders, that is, if we expand Ty
asymptotically with respect to &/¢, all asymptotic corrections are zero. This observation
coincides with the solution (A.2): when 6/€ < 1, we see that, when 7 is not within a vicinity
of width O(8/¢€) of switches in the light profile T € {0, r}, the two solutions coincide up to
exponentially small corrections.

The condition of 7 not being in the vicinity of light switches is a consequence of the fast-
TF case being a singular limit: for piecewise constant u, neglecting the 7-derivative introduces
boundary layers of width O(8/¢) beyond each point in time the light signal switches. A
matched asymptotic expansion resolves the dynamics within the boundary layers. Denote T =
T a switch in the light profile, where u(ty ) := limgpq, u(7) = 1 — limg)q u(7) =: 1 —u(7)),
and scaling 7 locally near 7y via

o
t=1+ ¢, (A5)
equation (A.1) takes the form

Ty _ (a4 1)(1—Tp),
f_

(%)
+

u )
T, u(w) o

1
0,

along with the initial condition given by the outer solution on the time interval up to T = 7,
namely

To(0) = u(1y). (A.6b)

Problem (A.6) admits the solution

(A7)
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Figure Al. TF dynamics. The solid curve is the exact solution of (67a), while the broken
curves depict asymptotic approximations. The dashed curve illustrates the multiple-scales
solution (A.2) retaining the t-dependence by considering § = O(¢), while the dotted curve
illustrates the quasi-steady form (A.4) obtained by assuming that § < €.
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Figure A2. Dose-response curves in the PWM regime for different genetic constructs (see
Table 1) for a terminal time of 7 = 360kgegp, Which corresponds to 6 hours. Solid curves show
full numerical solutions of system (67), while broken curves show the leading-order multiple-
scale approximation given by (B.3) and (B.26) and using piecewise constant 7y in (A.4). The
asymptotic approximations are only slightly worse than for the exponentially-accurate Ty used
in Fig. 5b.

which we see matches the outer solution: 7y — u(’L’O+ ) as & — oo, The solution (A.7) may be
written on the original timescale for 7 € [0, 1] by undoing (A.5), which gives

I @ress, gy,

I= o—(1-1)e/8 (A.8)

T>r

The multiple-scales solution (A.2) is continuous and periodic, but exhibits an
exponentially small deviation from the zero initial condition in (67a). The matched
asymptotic solution (A.8) satisfies the zero initial condition, but exhibits an exponentially
small discontinuity at switching points. While the simple form (A.4) does exhibit noticeable
discrepancy from the other solutions (Fig. Al), it remains a useful limiting form to obtain
analytical insight (as in Section 4.2) and exhibits very good agreement with the full numerical
solution (see Fig. A2). This agreement will diminish when the duty cycle is sufficiently close
to zero or unity, whereby the boundary layers are the dominant deviations from the constant
light input profile and thus not negligible.
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Since /e is sufficiently small in our case, the exponentially small deviations
are unnoticeable, and the multiple-scales, matched asymptotic, and exact solutions are
indistinguishable (Fig. Al, the matched asymptotic solution is not shown but appears
identical).

Finally, we note that the convergence of T to u is faster when turning the light on, than
when turning the light off (Fig. A1). This reflects the observation made in Section 4.2 that the
T timescale is time-varying.

Appendix B. Proceeding to higher order in the nonlinear system

In this appendix, we calculate the higher-order perturbations of R and P that capture the
high-frequency oscillations, in both the case of slow (8 = O(1)) and fast (8 = O(g)) mRNA
dynamics.

Appendix B.1. Slow mRNA dynamics

At leading order, we know from (71) that Ry and Py do not depend on 7. At first order,

dRy IR, B
3?+ W7141(1)460, (B.1a)
dPy JP .
S5 =Ro-h, (B.1b)
where
ht) = — . (B2)
1y 1+ (Th(t) /K '

Integrating (B.1) over one t-period produces (73), which is solved by

Ro =m0+ (R)—no)e /P, (B.3a)
Ry —
Py=PJe ™" +no(1 —e*’)—f—oino(e*’/ﬁ —e ), (B.3b)
1-1/B
with 1o defined in (74).

We now seek the fast-timescale perturbations in R and P. To this end, we derive the
higher-order dynamics from (69), whereby, for i > 0,

aRi+1 IR

B P :]l,-:()(l—h(‘L‘))—Ri—ﬁj7 (B.4a)
Py _, , OB
S _Rr-R-5 (B.4b)

The first term on the right-hand side of (B.4a) includes the factor 1,— which takes the value
one for i = 0 and takes the value zero for all other i. Averaging over one T-period and imposing
periodicity with respect to 7, we see that, for i > 1,

dt/ R;dt = — /Rd’L’ (B.5a)

1
dt/ Pdr—/ R;dt — /P,dr. (B.5b)
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Given R; and P;, equation (B.4) with i = j may be integrated with respect to 7 to give R, and
Pjy1 up to unknown additive functions of 7 only. These unknown functions are determined
by (B.5) with i = j+ 1, which guarantees t-periodicity. With Ty, Ry, and Fy in hand, our
strategy is to determine perturbations of successively higher order.

We begin by calculating R;. From (B.4a) with i = 0, and using (73) and (74), we obtain
the fast-timescale R; variations

1
Béilzl—Mﬂ—nO:/1MQM—hﬁ) (B.6)
ot 0
Integrating (B.6) with respect to 7, we obtain
Ry =c(t)+tH(1)—H(7), (B.7)

where ¢(7) is a constant of integration with respect to 7 and

1 T
H(t) = ~ / h(s)ds. (B.8)
B Jo
Substituting (B.7) into (B.5b) with i = 1, it follows that
dc
= _c—d B.9
gy =—c—d (B.9)
for
H(1 1
dzﬁ—/ H(t)dr. (B.10)
2 0
Equation (B.9) admits the solution
c(t) = (d+RY) e /P —a, (B.11)

for the initial condition R(l’, and we have completely determined R;.
We proceed to solve for P;. We recall from (71) that Ry and Py have no 7-dependence,
and thus from (B.4b) and (B.5b) with i = 0, we find that

P

at
Therefore, P; does not vary with 7, but may vary on the slow timescale. From (B.7), (B.10)
and (B.11), we calculate

—0. (B.12)

/0] Ridt=c(t)+d = (d+R))e™"P. (B.13)
Substituting (B.13) into (B.5b) with i = 1, we obtain
%:/OlRldr—Plz(d+R?)e”/5—P1, (B.14)
which is solved by
d+R)

— L (e/B_et) 4P, B#£1,
P = 1_1/5( ) 1 (B.15)

(d+R))te " +Pe, B=1
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To obtain the oscillations in P we must proceed to higher order. From (B.4b) with i =1
and (B.7), (B.11) and (B.13) we see that

o
ot

from which it follows, after integration with respect to 7, that

1
:Rl—/o Ridt = tH(1) - H(7) —d, (B.16)

2
H(1 T
Pr=qt)—td+* 2( ) f/ H(s)ds, (B.17)
0
for an unknown ¢(¢). Substituting (B.17) into (B.5b) with i = 1, we see that

d -1 1 1
7/ Pzd‘L'Z/ del’—/ P, dr. (B.18)
dr Jo Jo Jo

To obtain the 7-integral term on the right-hand side of (B.18), we must proceed to higher order
for R. Continuing just as before (without detailing the intermediate steps), we find that

1
[ Rade=(D+ R, (B.19)
0
for
1 pr7
D:g—@-l-/ / H(s)dsdr. (B.20)
2 6 o Jo

Finally, substituting (B.17) and (B.19) into (B.18) and using (B.9), we derive an equation for
q, namely

d
dg =—q(t)+ (D+RY)e™/P 4D, (B.21)
which is solved by
D+Rg —t/B —f 0 —f
D+ —= (e —e ')+ (P —=D)e", B#I,
q(t) = 1-1/p ( ) (P2 - D) (B.22)
D+ (D+RS)te™ + (P)—D)e™, B=1

This completely determines P>, which capture the oscillations in the protein dynamics.

Appendix B.2. Fast mRNA dynamics

In this section we seek the perturbations that oscillate on the fast timescale in the 8 = O(¢)
case. The strategy is similar to the previous case of § = O(1), however, the solution structure
is importantly different.

For the R dynamics, we know that the leading-order contribution satisfies (76), where
the oscillations are captured in Ry. The solution of (76) is given by

Ro=c(1)e /P +H(x), (B.23)

for an unknown ¢(z), and where

H(t) = f/of[l — h(s)]e&/P)s=7) g, (B.24)
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for h defined in (B.2). Imposing T-periodicity, we find that

H(1)

which does not depend on ¢. Just as with the 7', all terms are retained in (76), and therefore
all higher-order corrections in R are zero.
At leading order, the P dynamics satisfy (78), which is solved by

Py=mo+ (P —mo)e™, (B.26)

for Mg defined in (74). Oscillations in P are captured in P;. From (B.4b) with i = 0 and (77)
and (78), we find that P; is governed by

1
aa—il =Ro —/0 Rodt =ce™/P —my+H(). (B.27)

Integrating (B.27) with respect to 7, we obtain
B T
PI=C(1)—c® (e—“/ﬁ _ 1) — o +/ H(s)ds, (B.28)
0

for an unknown C. Substituting (B.28) into (B.4b) with i = 1 and recalling that Ry = 0, we
derive the equation governing C, namely

dc
=~ _ -D B.2
Qi C(t) - D, (B.29)
where
_ BB ¢ Mo /l/r
p=ct|” (/P —1)+1| - P+ | H@asar. (B.30)
Equation (B.29) is solved by
C(t)= (P} +D)e' D, (B.31)

and thus we have determined P;.
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